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PREFACE 


I N this volume those patts of the subject, ea presented in the first 
edition, published in 1807, have been treated which wore not dealt 
with in the vohirnc published m 1921. Almost the whole of the matter 
has been ro*written, and much new matter has been added whioli is largely 
the fruit of investigations that have been oarried out by various Mathe- 
matioians in the intervening tame. 

In Clmpter I, on numwieal sequences, a greatly extended account of 
the theory of convergence of numerical series is given, together with a 
fairly full account of the theories of conventional summation with which 
the names of Cca^ro. Holder, and M. Ric^ arc associated. 

Chapter II oontoins asystematic account of tho theorios of convergence 
and oscillation of sequences and series of which tho terms axo {unotions of 
one or mors variables; and Chapter III confaiins the application of these 
theories to tho apeolol, but important, case of power'series. 

In Cliapter IV an acootmt is g^von of tho theorem of Weiorstrnss re- 
lating to the represeDtation of continuous functions by sequences of 
pol^momials; of tho theory of convorgonco of sequences on the nvettigo; 
aud of F. Rios?.’ classification of Biimmablo functions. .The proof of .the 
fundamental r&sult of Buiro, relating to the roprosentation of a function 
as the limit of d sequence of continuous (unctions, is obtained by a mbtliod 
wliioh' is due to, do la ValMc Poussin, but witli some modification and 
extension. ’ ' • 

Cliapter V is devoted to those parts of the theory of integration which 
wore not dealt witii in Volume I. Cbnsidcrablo space has been nllotlod 
hero to a discussion of various theories of int^ation, due to W. H, Young, 
TonoUi, and Perron. A short acconnt is also given of the conventional 
summation of integrals. ‘ 

Chapter VI contains an acconnt of the construction, by various mctliods, 
of functions wliich exhibit assigned pcculituitics, and in partioular, of non- 
dificTcntiablc continuous functions. 

A spooinl foaturo of tbo volume consists of tho prominence givon to 
whnt I have called the General Owmagence Tlioorcru, together with its 
developments and consequences. This Theorom is treated very fully in 
Chapter IHI, with a view to the applications of it to tho theories of- 
Fourier’s series and iniegrals contained in tho later chapters. 

Tho large amount of niatter contmned in Chapter VIII, on Trigono- 
metrical Series, gives ample evidence of tho recent activity of Mathe- 
maticians in tlic investigation of properties of Fourier’s series and of tho 
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coofRcienls in the series. Most of the recwit progre.ss in this subject lins 
been clue to the esjiloilalion of the theory of Lebesgue integration nnd to 
till- iipplicution to Fonrier’p series of varioos conventional methods of 
f-iimnintion. Although the remarkable hiator)' of the theorj- of tlicse series 
covers 11 period of iipimnlB of a century and a half, f.here still rcmniii.s for 
solution jit least otio.fimdnmtailally important quc.stion which has hitherto 
hafiled all attempts nf. settlcnicnt. In this choptcr, mainly frocn con- 
siderations of space, I have given references, without proofs, in the case 
of sonic rosiilfs (tint liave been quite recently published. 

The importance of t.hc representation of functions by Fourier’s integrals, 
togetlionvitti the interesting modern tlieory of Fourier transforms, is sucli 
llint I iiave devoted Clmplra' IX entirely to this subject. 

C'liaptcr X lias been added on tho representation of functions by serios 
of ronnnl orthogonal funotions, not only on account of the intrinsic im- 
portance of l.hc Rubjcct, but also because tbc processes which have been 
employed in various recont investigations in this domain a0ord oxoollout 
illustrations of ideas and methods which have been developed earlier in 
this work. 

By far tho greater part of tlic proofs of the volume wore read in slip 
by I’rof. 0. H. Hardy, F.R.S., to whom I desire to express my gratitude 
for many important criticisms and suggestions, the adoption of whioh has 
done mtich to improve the presentation of llto subject.. 

My tiinnk.s are nlso due to the Onicinls and Readers of tho University 
Fress for the courtesy they have shewn mo, and tho troublo they have 
taken, in cnnnectioii with the heavy work of printing the volume. 

13. \V. HOBSON. 

Ciinjsr's CoLLion, CAJimiiitor- 
jieirmler JO, 1025. 
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CHAPTER I 


SEQIfENCES AND SEBIES OP NOMJJEBS 

^1. Let us consider a sot of numbois Oj, o*, Oj, ... Om •••> Buoh that the 
number a„ is defined for each value of » by means of a norm, consiating of 
a prescribed rule or set of rules. Lot the numbers 

fll, Oj + flj, a, + O- + O3, —fOl + Bj + ... + Obi ••• 
be' denoted by Sj, fit, «j, ... s,, ... ; and lot us consider the aggregate 
(«i, Sj, ... Sbj •••)• ^ this aggregate form a convergent ecquence, in 
accordance with the definition givon in I, § 23, it has (sec i, § 30) a limit 

or s, which is said to be the Kwiilinj; or simply the sum, of the 
infinite series Oj + Oj + ... + o„ + ...; in w'hich case the series is said to 
he convergent, 

The condition that the sequence (s,, s,, ...) may bo con- 

yergent is that, corresponding to each arbitrarily chosen positive niunbcr e, 

a value of n can be bo determined that { s,4„ — j <«, form J, 2, 3 

This is then the necessary and sufficient condition that the infinite series 
Oj + a* + ... + + — may bo convergent. 

The difference a a»« + o.t* + is called a ^Hial 

remainder of the infinibo series, and it may be denoted by Jl„, „ . Thus the 
condition of oonvcrgoncc of the infinite series may bo stated os follows : 

TIt$ necessary and sufkdentcondilimlJiaHlie scries Oi + Bj + ... +an'+ ..., 
or S Bb, fuay be convergent is that, comsjmding to each arbitrarily chosen 
positive number e, a value of n can be so determined that all ilte partial re- 
mainders R„,i, S„,2, ■■■ btc numerically less than e. 

Since = “m it is seen to be a necessary, but not a suilioient, 
condition for the convergence of the series that | o„ | bo arbitrarily small, 
when n is sufficiently great. Tbie condition may be vTitten in the form 
lim B, = 0. 

K the series 01 + 05+ ... + o* + ... he convergent, tiien, for any value 
of n, the series b„*i + a„^.3 + ... is' also convergent, and has, in the sense 
defined above, a limiting sum which may be denoted by J?„. This limiting 
sum is called the remainder after n terms of the original convergent series; 
thus s = «„ + Whether tbc series be convergent or not, may bo 
called the nth partial sum of the seri^ S a,. 

It is clear that, the givein series bdog convergent, the sequence 
(iJi, .Rj, ...) isalso conveigent, and that its limit is zero. That this 
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niny lie tlic ra.'c li.-is f’umrtimcs been stated to lie f.ha nnce.'sary and fiiifTi- 
cirnt eoiiclitiou (or the conveigence of the scries; siicli a statement- of the 
condition i", tiowcvcr. circular, bccan.ec tlic esistonce of tlic numbers 
cannot bo nwiiniod unless the gi\xn series is already known to bo con- 
vergent. 

It is important to observe that the number « has not been defined as 
the sum of the in/initc series Oj a. -5- for that trould have 
implied the completion of an indefinitdy great number of operations of 
addifitm; but couversely, the limiting sum, or simply the sum, of tbe 
inCnifc series has been defined to be that number s which was itself defined, 
as in r, § 30, by muaiLs of a convcigcnt sequence. 

NOK-COJAXBOBST ARITHJUiTXC SESIES. 

2. Tlio partial sums a,, a. , of a series a, a. + ... + a, + ..■ 

ina3' be represented in t)tc nsua) manner by an enumerable set of points G, 
on a stmigtit lino. The act 0 has n <Icrivative O', whicl) is ii closed sot, in 
the orclinaiy sense of the term, in case O' is bounded. If O' is unbounded, 
it is (dosed in the extended sense (i, §§ M, 06), when one of the improper 
points -f- « , - 95 is regarded as belonging to the eel, or when both tlioso 
points belong to the set. 

The following oases may arise: 

(1) The dnriTativo O' may consist of a single proper point «. In this 
case the sorics is conrcrgciil, and all tbe pouits of Q, ^vith the possible 
exception of a finite number of tboni, lie in the interval (a — 5, « + 5); 
where S is an arbitrarily chosen positive number. The points of 0 then all 
lie between two fixed pwnt.syi nndi?; or|«,| is bounded. 

(2) The sot O' maj- consist of one of the improper poinfa -f os , — m . 
In this case | j has no upper boundaiy, and (ho scries is said to be 
divergent. If A’ bo an arbitrarily lat^poritivc number, all Micnuinbcres,, 
e.'ccept possibly a finite number of them, are of the same sign, and ntimeri- 
calij' exceed jV. An examine of a divergemt scries is the series 

l/I H- 

For this -series wo liavo = I/{n -f- 1) -f I/(n + 2) -f ... l/(7i -i- m), 

and tliu.s > w/(n -f »n). However great n may bo chosen, ace liavo 
1/2; wldch is inconriRtent with tlic condition for eonvergonco of 
the scric.s. As the sequejic* {«,) is monotone and increa.sing, it can have 
no upjicr limit, except the improper point -t- <0 ; and thus the scrie.s is 
divergent. 

(3) Tiic set O' maj’ be .a (bounded) clc^cd net, whioli contain.? a finite, 
or an indefinitely groat, number of points. If U and L be the upiter and 
lower boundaries of O', the series is .said to be an oscillaling series iritli 
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£7 and iy as the upper and ]avieTUfnUai^indeterminaney* of the sum of tlie 
series. The numbers JJ and L may alM be spoken of as the upper and the 
lower sums of the series respeotivdy, and they may be denoted by s, s. 

It is always possible to determine a sequence ) of partial 

sums, where iii < , wHoh oonvetges to the point U, and 

another suoh sequenoo which coirverges to I/, or to any other point of G' 
^7hich may bo chosen. It thus appears that, by introducing a suitable 
system of bracketing the terms an oscillating serios, according to some 
norm, and amalgamating the terms in each bracket, the series maybe con- 
verted into a convergent one, of which the limiting sum is any chosen ■ 
point of Q', including either limit of indeterminaney. Tho set G' may be 
non-dense in the interval {L, V), or It may consist of all the points of 
that closed interval; or it may oondet of a closed sot of the most general 
type, as described in i, § 80. , 

The oscillating series 1 — l + l— 1 + 1 — ... has I and 0 for its upper 
and lower limits of indeterminaney; and O' consists of these two points. 
Again, lot 

8, = 1/2, Sj - 1/3, «" 1/4, «« - 2/3, s, = 1/5, 8, « 2/4, s, »- .1/6 , 

and g^rally 

■ ■ - (m + l)/(«i + 2), 

+ 8), - 2/(2w + 2). , 

«(«+ui».4-a = (m + i)/{n + 3), 
whore m 0, 1, 2, 3, ... , and where only tli(»e numbeni are taken which 
are less than unity. 

It follows that the scries 

.1__1 L + X_J_4. 

2 2.3 3. 4^3.4 

has 1 and 0 for the upper and lower limits of indeterminaney. The set 0 
consists of all tho rational numbers between 0 and 1; so that (?' consiats 
of all tlie points of the closed interval (0, 1). By introducing n properly 
chosen system of brackets, and amalgamating the terms in each bracket, 
the scries may be converted into one converging to a limiting sum which 
is any prescribed number in the int«rval (0, 1). 

(4) Tbs sot O' may consist of two or more points, amongst wMch there 
is at least one improper point, + eo or - <*> . In such oases fcbe series is 
also said to be an oscillating series; one or both of tho limits of indeter- 
minancy being infinite. Such a Bories may bo oonyerted into a divergent 

• Tius f«rm ia dao toBu Bob-Bermond; m liu AntrilUprogramm, p. S. 
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sories, by introduction of a properiy defined system of brackets; or on tlie 
oilier band if maybe convertedintoa series whicli converges to any proper 
point of O', provided fiiicli a point exists. 

It should be observed that, by some writers, all series which arc not. 
convergent are spoken of ns divei^nt, but tlio term non-coiivorgotit will 
hero be cmploj'ccl in that sense, asuiduding both divergent and oscillating 
Hcries. 

From a certain point of view there exist but two classes of series, 
fho'o which oscillate and tho-se which do not oscillate. Tlio latter class 
incbidca both convergent and diveaprnt series. A divergent series may 
be regarded ns one whicb converges to ono of the improper numbers + m 
and — 05 , and this is a certain juslifiention for classing convergent and 
divergent scries togeUier, as distinguished from oscillating scries. If 

(#1, t •Sni---) denote A sequence of nutubera. lot tis consider llio 

oorresponding sequence ...i ), wlicre is^defined by 


It is clear that all the numbers s. lie \rilhin the intorral (— 1, 1), and the 
improper numbers 4 « , — « may be taken (o correspond to the mmibars 
1, — I rcspcotively. If fhescrjurncefsJ isconvergent, itiscasilysecntlinl 
the sequence {«„} is also convergent; but if {s„) diverges to 4 ®, or to 
— 05 , the oorrespoiKling sequence {«,) converges to 1, or to — I. If {e„} 
is an oscillating eequenee, so also is (<„). Thus the classidcaf ion of sequunecs 
into oseillnting and non-oscillating sequences is invariant for the trans- 


formation S„ •» 2 "j-j - 


3. A Eoricfi* may be constructed which oscillates between infinite limits 
ofinclcterminancy, but which, by IntrodacingOBuitablc'system of brackets, 
in accordance with a norm, maybe converted info a aeries which converges 
to nnv pre.'oribed number whatever, or wbicli diverge.^ to » , or to — « . 


the points i. of the inlcnml (0, 1), have a (I, 1} correspondecce with the 
points x', of the unbounded interval {—«,«>). If, is easily seen that o 
set of points {r}, in the interval (0, 1), corresponds to a set {x'), in the 
interval (— “ > “ ). the relation of order being conBcrvod in tho corre- 


spondence. Further, a limiting point of the one set corraspoiids to a 
limiting point of the other set. Tho raUonal point* of tho interval (h, 1), 
of X, correspond to a set of points everywhere dense in (- « , « ). Thi« 
method of corrcspondnpcc may 5»e appli^ to the series obtained in (3), 


Sto He 


,, I>ne. lad. Salk. Soe. (2). toL zn (Itel). p. K. 
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which oscillates betareen the limits of indetenninancy 0, 1, and which 
can be made, by introducing suitable bracbete, to converge to any pre- 
scribed number in the interval (0, 1). We find that 

5,' = 0, 5/ = - 1 /s/2, = - 2/V^, St’ = l/V^g, «»' - - 3/2, 

s,' = 0, s,' = - 4/\/5, St' 1/V^ V = 2/V'3. «.o' = - 
and generally 

= - Sm/Vam-t- 1. «'„(„+!)-«=- - - 3)/v'2 (2 ot - I), .... 

= ml'/m + 1 , ~ — (2m -i- ly/VZm + 2 , 

= (« - 1)^2 

Therefore the series 




2 Vo 


has the required oharaoter. It may be converted into a series which con- 
verges to any assigned number whatever, or may diverge, by suitably 
bracketing the terms together, in accordance with a norm; the terms in 
.each bracket being amalgamated. 

An oscillating series which has the two limits of indeteimineney -f » , 
— « , and for which G' has no proper poinha, may be conatruoted, for 
example, by taking ej„_i •• n, — — n. Tbns the series 
1 - 2 -h 3 - 4 + ... -h (2» - 1) - 2n -h ... 
oscillates, with + se., — os as limits of indetcrmin.mcy. Tho sorios 
l + (-2 + 3) + {-4 + 5) + ...-, 

(1 - 2) + (3 - 4) + (6 - 6) + .... 

are both divergent. The set O' conUins no proper points; and thus the 
series cannot be converted by bracketing into a convergent series, 


4. From the time, .in the seventeenth century, when infinite series 
were first employed, until for into tho nineteenth oentuiy, such series were 
freely used, with but little enquiry as to whether they were convergent 
or nob. It was generally held, as for example hy Lagrange, that the con- 
vergence of a„ to zero, as n is indefinitely increased, is sufficient to ensure 
the coavergence of the series Tii„, althon^ it had been established by 
J. Bomoulli that the series B - is drveigent. The first writer who com- 
pletely emancipated himself from the nucritical extension of the operation 
of arithmetic addition to the case in which the number of such operations 
is indefinitely great was Bol/jino, who gave* the necessmy and sufficient 
condition for the convergence of a series in the form given in § I, that 
i Sn+m — s„ I must bo arbitrarfly small for all values of m, provided n is 
• Hein aTialyliichtr Biaeii .... Preg J8I7{ tliB if leprodnccd in CsTrald’e KJottiter der exaclat 
TTweiifcS. Ko. I.S3. p. 21. 
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ktiffitrirtHlj' Inrpe. It howvcr, owing to tlic wTittngs of Cnuohj-* and 
5inp/' ]?n!zi]no’y work remninod almost unknown for n. long lime, 
that tlio modem fiieory of thoconvcrgencD and divergence of Rcries gradu- 
ally nttJiiiied ncccplaoec by mafhcmatictans. An iiitorcsHng account lias 
been given by RurkiiartUJ of the history of attcrapls, made even in the 
iiitiefeentli ccniiiiy’, to justify the omploymeiit of non-convergent series 
in ealculnlions. In rceent times, various rigorous methods have been 
df'viwd, by wliieli, in necordnnee with strict definitions, snob series mnj' be 
erni)loyed. An account of some of these methods will bo given later. 

O-O KOTATIOK. 

6, <]i(n) denote n function, defined for the values 1, 2, 3, ... of 

the variable a. and puch that ^ (n) > 0, for all tlio values of ii. If ^ (71) 
denote a function of «, rucIi that ^ ^ ^ is less than Komc positive 

number K, independent of n, we may writa ^ (71) =■ 0 {^6 (71)}; lint if 

ill" 1^) " ^ t’‘W- 

Thus, for exnmplo, (1) means that | 0 „| is bounded; and 

n, "■ o (1) means that iiinfl„ "» 0. Again <in=‘0 («) moans that, 1-2^ Is 
bounded; ntidc, >" o<h) means that lint — *0; «„•» <?(?("*) iiiBaiiP that 
n‘i7„ is bounded ; and = 0 («"*) means that lim {«*«,) = 0. 

It is ciuilv sect! that 

0 {^f., («)).£) («)) » 0 {^, (n) 4., (n)), 

0 (it, (n)} .0 {0. (a)) - 0 {^, (K) 5ffs (?»)}, 
o («)).o {<li} («» " 0 (n) (71)}, 

The p.ainc iiotalion may ho applied to the cose of functions of a variable x 
wliieh varies continuously in a field a S a; < 00 , or in a field 0 SS .r < A. 
Thus ^ (. r ) 0 {^1 (r)} denotes that is bounded for all values of t in 

tlie iield ; niul ^ o {^1 (r)j denotes that Hm =.= fl, or lim 0, 

ifl {x) >li [X) 

as tile ease may be; U>c function 0 (j-) is, ns before, as.siimed to be positive 
throtighoiif the given field of the variable. 

Tlie O-o notation was first employed Kysliunulioally by Landaug, 
aitlioiigli, ns staled bj' him, the symboi O was employed earlier b3' 

' Vcip liK (IpSnUion of Ute comGlionnf conTotUROvr, wb Caers tV Al<J. (ISCI), 1^7. 
t S~- lii! memoir on tlir l.iBomfoM ttirareni. Crrlfc'* Jevrnol. toI.i [ 18201. p. 313; ■.!.«, for 
& iiiorrTJ.''cl loTOuUlion, »«.• OTtHf/t, Cnil rd. val.ii.p. 137. 

t .Mall,. AnaaUr., rnl i.xx (IMl), p. IfA Rrir, CrrrM. itr vnrnAUch'.a Rdhn. Tiilp|n;r<-T. 
(iSsPi nmj-n(<o Iv ocoj.illwl. 

S I'frt/ioiVimj th.r Pnmvihlfii. voL t, pp, 31, C3.<i2; alw »ul J!. p. PS3. 
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Baolitunnn*. It linr, recuiitly aomo jnt» general «so in investigations con- 
ncotod witii series nnd integrals. 


A OENER-SL rROPJERTV' OF SEQUENCES. 

6. If. vill bo proved tlifit: 

//Jim a„ = 0, thtn the partial sum of the scries a i + fi.-i- a„ 
has the properh/s^ ■= o (ji); f.e. lim ~=O.Almfif «„"0(n). 

It is convenient to estaWi^ the following general flioorem of whieb 
the above tbooreni is a particular coso: 

// denotes a monolOHC increasing srguenee of positive numbers, such 
that p„ increases ind^iMidi/ with n, and if {«„} he an;/ seguenee of numbers, 



and t« particuter, if \ lim txxhic, then lim alto has 

thesumedefinilemluc. If^^ ^diverges to +<o, or to also diverges 

, Pnti - P>' Pn 

to m , or to ~ <a . 


Tbo first tiiaorom is oblaiocd by tnhing fi„ " n, a„’^ s„. To prove titc 
gonoral thootem, let U nnd L denote liic upper nnd lower limits of 


An integer n, may bo dotermlnod, snob that, if ij Iki an arbitrnrily oboson 
positive mimber, 

If + »! > ~ for n a n„. 

Wo lincl, by taldng n •= n, + 1, ...' «, + ift — 1, eiiceeasively, 

(Cf + g) (i9„,*.n - /S„,) > - fl,, > {£ - 1?) - A,,) I 

Keeping «, fi.vecl, and Jetting m intironso iiidofiiiitoly, avo tluia Imvo 
17 + ij - Ibn a /J - ij; 
or, since y is arbitrary, V S lira ^ £ lim -^^L. 

Ill COSO diverges to «, if A’' bo an arbil.rni’ily oJiaaon positive 

niinTbor, w, maybe so cJioscn tUat—il — A^ foe 7t& : wo fiavo (,iicn 

P«« - Pn 

A' or ^ /ilu'). 
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lifting 0! increnpo indcfinil^Jy, we haw 

litn fei'i'; 


nnd Fincp 


;Y i.-j arlnlriiry, it follows that Jim . Tlio cose 

dh’crgcs to — 00 Jnaj' he treated in a similar manner. 


EX^UIPLES. 

(1) If £ On convort’n. m.toa driinilo ninutcr, then 
O, 4 2n, 4 Sff, 4 ... 4 TMo a o (h(. 
Let n, 4 <1 4 n, 4 . ... 4 *„ = n 4 1, then 


litn *' * *nVi * *” 

:e IhelflM UniU f-dstfl. Thismny l>c wriltcain tholorm 


whence It follows that 




(2) II 11m >nj„ ejista, then lioi ^ •Jt . *?" = Um »in„. To prove this 

tot Ok ■> a, 4 2oi4 ... 4 na„,S^sn. In porticiilar, if nOn = n(l), then 
0, 4 !a, 4 ... 4 "o„ = 0 {«). 

(5)* II (<V,) te n tnoanioae tncrcoring sequence of poaillvo nntabers, which diverges, 
lliou, il S fln /f convergent, Cm *•; * ( 1 ,^ genernliafion 

of Ex, (1). 

The reUtian . q(1 ) is sallsfied if * 0(1). 

This is the sciUTnUzation of Kx. (2). 

(IJt lfj'>0,ond iitii^^, has adcSiUtOTOhin. thru lim ^ s lim . 

(5)t If lim ne» hns n definite Taloe, IhcaBm » litn tio„. 

(Git The t«o conditions a, 4 2a. 4 3«, 4 ... 4 ■«„ = 0 (n), lim , 

ore snnifient to ensure that the series a, 4 Oj 4 -. should converge to s. Eorfi of Ihpio 
conditions is neces-sary, nnd the. two together arc antlicienf. 

(7I{ If (3nl dcnolc n raonolnne w-quence of decreasing numbcTs whicii converges to 0 
HE n ~ 05 . and if litn tbenliiD^"al«oe]ust 8 and Inis (he usme vsliio. This 

mov Vc oblAined from the general theoreai by chan^tignq.^n into J/nq, I/.dq respectively. 

• Eee PriDg'hcim. Sitonsrtrr. iftwl. dbid. roL atxi (190Q), pp- 44-IC. 

t Ihid. voi ixxi, pp. an, 52). 531. 

; See, for an independent proof. Dromwicli's Tlrtiry qf InfniU Stria, p. 377. 
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CONVEET.ENCE AFD X>IVBBQEI?CS OF SEBIFS WITH POSITTVE TEKlfS. 

7. If allthetermB of a series, with the possible exception of afinite num- 
ber of them, be positive or zero, it fa clear that the sequence 
is jnonotonenon-djminisljing.fiomandaftersomefixedTalueof n.ItfoUowe 
that the series is eitiier coiive^ent or divergent, but cannot oscillate. 
Moreover the convergence or divoi^nce of the series is unaSected by the 
removal of a finite set of the numbcm ... ; and this set may be so 

chosen that the partial suma corresponding to the negative terms are all 
removed. Tims there is no loss of generality in considering only series in 
which all the terms are positive or zero. 

If o, +0}+ ... 4-0, -f ... bo such a aeries, it is clear that the sequence 

«j, ... s„, ... of partial sums is monotone non-dirainishing, and therefore 
either eouvorgoe to a deiiniio limit s, tire sum of the series, or is divergent. 
We may thus state that; 

TJiinecMsaryandsuffkimtamdilionlluUaseriesa, 4* Sj 4- ... 4- a, 4- 
of which all Ihc terms ore SO, shouUl be cmvergetU is tltal a fosilivc Tiumber 
K exists, such that e, < K,for all values of n. 

B. TIio following property fa possessed by a convergent scries of whioh 
aUthetermsarepoEitlve. Thcoxpression positive will betaken toincludezero. 

A series evch that all its terms are terms of a convergent series 
flj 4- Ot 4" ... + o, 4- ..., 

aU the terrw of which art positive, is also convergent. 

If s',> be a partial sttm of Ibc second scries; r can be so detonnined that 
all the lerms in s',, arc contained in the terms of then s'„. se„<K, 
where is a fixed positive number; sioco s',- <.^, and $'„■ cannot diminish 
as n inoteases, it follows that s',^ has a definite limit as r' ~ ; therefore 

the second series is convergent. 

If a second series be obtained by rtarrangmg, in (zcoordonce mUt any 
prescribed norm, the order of the terms of a convergent series 

*1 + “l + ••• + «n + —J 

all the terms of which are positive, then tke second series converges to the same 
sum as the first. It is assumed that the new series is. of the same type ui, as 
the original one (see § 29). 

TIub theorem may be expressed by the statement that a convergent 
series of positive terms is rmcondilioiiedly convergent. Let s', denote the 
nth partial sura of tlic second series. If e be a proscribed positive number, 
R, may be taken bo great that s — s„, < «. An integer Rj can be so chosen 
that s'„, contains all the terms of therefore a', S , if n £ tij. 

We have now, a'„ > s — c, if n £ For any value of n the terms of 
a', are all contained in if mis eoffidently large; ai2d therefore a'„ < e, 
for all values of n. Since s'„ fa in the int^val (e — «, «) if n. £ Rj, and e is 
arbitrary, it follows that lira s', = s. 
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9. Ivsl two series 

fl, i- a,+ ... + a„+ .... 6, + 

in c.ich of which all the JonnsnTepoa{-ive(>0),boconsulercd, and IcMhcir 
nth partial sums be dcijotcil by «'» tcqacctively. If tho ecrios are both 
conrorgeni. we have lim Ji„ 0, lim B\ = 0. In ease 0 < lim i 

the accend series may bo aniil to eonfcrge as rapid/y as tjiejirst; and in 
ease lim -j~' = 0, the second series may be said t-o converge more rapi/itij 
than tho first. The first series may then also be said to converge more 
slowly than the second. If tlie series are both divergent, then, in case 
0 <litn -? < to , the pocoj»d scries may be said t-o dherffcae slou^ijas tho 
first; and in case lim — = 0, Uie second series nmy be said to liii'creic 
more thicli/ than tlic first; and also tlie first scries may bo said to ilivergc 
more rapUVy than the second. 

I/liwcoiimffent series S c„, S c\,forholhof tpAtc/i f/ie terms arc j^wiiWw 
(> 0), be such that Hm ^ 0, fften (he Jirsl series converges more rapidly 
tftan the second. 

li e bo any presoribed positive number, then e, < «c',, provided n is 
greater than some fixed integer n<. It follows that < eli‘„„n, ioi 
all positive integral values of m. ConsoquenUy wo have Jf„,S 
and tisus & c, for nil vnliies of ti ^ nt. Since e is urbitrniy, it follows 
that lim ^ « 0; from whicl> tl»c result follo\\‘8. 

I/tmo dii'crgcnt series S S d\, both consisting of positive fcnns {> 0), 
hv. such that lim » 0, then the first series dtveryca more sfoicfy f/ioa the 
second. 

If -p < for fl > «, , we Jiavc < t («'„ — ; tliercfore 

from which it folloa's that lim g e. Since < is nrbilrnry 'vo must- liavo 
lim =- 0, nml thus the result has been established. 

10, If the series o, + u. + ... + a„ d - all the terms of which arc 

positive, be convergent, so also is the scries l',a, + fjO. + ... + k„a„ + ...; 
icficrc I'l, h., arc posifiiT «rfmi<cr«, all of ichich arc less than some 

positive nvmbcr K, independent of n. 
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For it ia clear that where denotes a partial 

remainder of the second series. It follows that, for all sufficiently large 
values of n, R',,, „ < c, where e is an arbitrasrlly small positive number. 
The condition of convergence of the second series is thus satisfied. 

Tlie series 2 being taken tobeconve^ent, so that a„ -= J?„_j — R^i 
let us consider the series 2 where o’„ i^n, and = 

p being a fixed positive nttinber. We find at once that s'„ = s" ~ 
and therefore lim a'„ = The series 2 a'„ U accordingly convergent; 
and since ^ we see that, in caeo 0<p < I, R\/R„ increases 

indefinitely as n increases, and thus the convei^enoe of the second series 
is slower than that of the first. The following theorem has accordingly 
been established: 

Hwoinij giveit o convergent series oj ^xysitive wmbers, another such series 
can be determined which converges more slowly than the given one. 



and since !, for each value of n, we have S 1. In case 

liin = I, the corresponding limit of | _ P' 

I _ some positive number K, independent of li. 

Thus since 7fa'„,wo sec that the series 2 is convergent, 

Wc thus obtain the following theorem: 

If 2 a„ is^ a convergent series of t^ick the terms arc positive, the series 
2 is also co7iveTgent, for every positive value of p. When p < I, its 

convergence is slower Chan that of 2 ’ 

It wns first established by Abel* that, if 2 d„ be a divergent series of 
positive terms, a seq\iencc of poritive numbere, increasing indefinitely 
with n, can be so determined that the series 2 d,//;, is also divergent. 
The corresponding result for canvorgentseiieB, here stated, was establishedt 
by Du Bois-Reymond. The spemal theorem that tliis result is realired by 
^'n = 72 „ 1 . where 0 < /> < 1, is duej to Pringsheiin . 

• CttlUs JourTtai, toI. Ill (I8S8),I>. Bl;sbo (Bum*, I, p. 108 (Sndeditjon).' 
t CreJJsV VouniaJ, vol. Lxxvi (I873i p. 80, 
t Ifart. .dnnolcfi, Tol. suxr (1880), pp. 329^ 330 l 



12 Sequences and Srriest of Numhprg [Cii. l 

It !!• c!f;ir that a sequence of series may be.foriiicd, commencing 'w-ifii 
the convergent series S o„, all of which arc convergent, and such that 
tlic convergence of each one (rf tlicm is slower than that of the preceding 
series. This idea is duo to Do Bois-Roymond ; Pringsheim lias indicated 
(ioc. cif) a general method of forming such a sequence of series. 

If a sequence oj emvtrgfTil Jieries with positive terms S where 
p =■- 1, 2, .1, ... , i« siic/i that, for each value of n, the sequenu. 



is monotone increasing, then a series can be formed which converges more 
slowly than any of the series of the sequence. 

A theorem practically equivalent to this has been given* hyHadnmnrd. 
To establish the theorem, let denote the ntli remainder of the son'e.s 
S I-ct the integer be tl>e smallest integer such that 71^^' £ ji 
andlct Hjbo the smalJosl integer which is > n. and also such that 
and that also — .B*'* < — 7?”’. 

I-ct h„ *• for « £ Mj; Iho cliflerctico which Is greater 

fhati — 7?!,^’, or than + ... + a^’, can be divided into n, — tij 
parte h„,4.i. greater respectively (hnn 4),*+,, aji*+si ••• “b,*- 

Wo proceed to determine the jnlcgens Uj, ... suceesivcl}', in a similar 
manner. In general, if is determined, n, is the smallest integer 
{> nf.i} which satisfies tlie conditions 



The difference H‘J' *’ — 77*’’* which is greater than 77^”*"’ ~ can 

be divided into n.„ -flp.i parts greater respectively 

thano|f Proceeding indermitcly in this manner, the 

forms of a aeries 2i b„ are defined; and this series is convergent, ainco it is 
equivaient to 

•'’ 1 ? i^n! - - ^n!) + - ■ 

in which 7?Jf* converges to zero, as p~ <c . Moreover the Urms of the 
series S are, for n > greater than those of the series 2 <*1”'**- 

A scries has thus been constracted which converges at least as slowly 
as any of the given series. 

If tlio Kcries S 6„ does not converge more slowly than tiio series 

• AOs Hath. toL nan (IKMJ. p. 32S. 
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2 a^\ for every value of p, we may f<ma a Mries wliich converges more 
slcnvly than 2 b„; and this new series will converge more slowly than 
2 whatever value p may have. 

11. If the series d, + d* + ... + + ... be divertjenl, so also is the 

series + I'sdj + ... + i.d, + ...; wScre ii, fc*, ... ... are positive 

numbers all of which exceed some positive number K, independent of n. 

For, s\ denoting the partial suns of the two series, "wo have 
s', > S!s„, and thus, if a„ increases indefinitely with n, so also does s'„. 

The divergent series 2 d„,all lie terms of uihieh are positive, is such that 
d„ can be expressed in the form — if«, where {M„) is a monotone fn. 
creasing sequence of positive numbers withoul upper limit. Conversely every 
series of the formldi (Jfn+j — is divergent. 

We have only to taljo to prove the first part of this thoorom. 

Toprovothoconvorsc,weobsorvcthatjlf„t, — ilf,i8th6 partial sum of the 
series, and tliis merea.ses indefinitely with n.. 

■ ■ Ifiht.eeries 2 is dioergeiU, then d, can be expressed in <Sc form 
Conversely every series for wAac/t Hhe general term has 


c fa^en to be those 


M — M 

the form ■ ■ 2 is divergent. The numbers {if,} 

of a pojifive monotone sequence without upper limit. 

Let {JtfJ be defined by the relations if,*, = (1 + d„) i/„; then- 
ilf..-! = ifi (1 + dt) (1 + d^) ... (1 + d„) > Mi (1 + ej; 
honoe If s„ increases indefinitely with «, so also doM if„+i, and therefore 
the sequence {if,} satisfies the prescribed condition. 

To prove tiie converse, we observe that, if be any fixed value of n, 
if„4, - if. ' 






provided w.has sufficiwitly lar^ values. .The scries therefore cannot 
converge, since it has partial remainders greater tlian liowever largo 
Jij may be. Tlie nearer is to unity, the smaller is d,. 


In case < 1, for all valnisofn, lot rf, = 


Jlf,, 


-M, 




= j>f„/(I - d„) - ilf,/(l - d.) (1 - d*) ... (I - d„) . 

>MAl + d,)[\ + df)...{l+d„). 
or Jf „+j > jUj (1 + s,) ; it follows that itfa+j increases indefinitely with n, 
if 2 d, is divergent. It is easily seen, as before, .ttiat a series of which the 


general term is of the form 


if,4 


-M„. 


drvorgeiit. ■ 
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ScquoKXS and Series of Numbers [cn. ; 

It 5s dear {hnt a spqnnnce of series may be formed, commonoing mt!i 
the convergent Rorics I! o„, oil of which are convergent, and such fli.U 
the convergence of encli one of tlicm is slower than that of the preceding 
series. This Idea is due to Du B«M-Rcymond ; Pringshrim has itidicafed 
{foe. cil) a general method of forming such a sequence of series. 

7/ a seqjtenee of eonvergent series $Dtlh posHire terms S irXerr 
p •- 1, 2, 3, .... besveh that, for each value, of ti, the seguenee 



ts monotone inereasin/j, then a series can be formed- tehich converges more 
slmdy than any of the scries of the seguenee. 

A theorem praotienlly equivalent to this has beon^ven* by Hndainnrd. 
To establish the theorem, let denote fclio nth remainder of the scries 
LcL the integer bo Uie smallest integer such that P'*’ fS 
and let «j be the smallest Int^er which and also such that S p, 
and that also /f”’ - Jf"* < 

Let 6 „ = for n £ n*; tbc difference ■which is greater 

than or than a”!,., + ... + can bo divided Into - n, 

parU ... greater respeefivoly than 

W« proceed to determine the integers n,, «», ... suoccssivol}’, in a similar 
manner. In goncml, if fl»_, is determined, is the smallest integer 
(> wWeh satisfies the conditions 

ft, 2P-t ", ”, V. Vt 

The diflorencD * "^bieh is greater than con 

bedis-idedintonp -n^.i parts grentcr respectively 

than ^*’ 5 , ... Procec^g indefinitely in this manner, the 

terms of a series S b„ are defined; and this series is convergent, since it. is 
equivalent to 

-i- + (K™ - it“‘) + ... , 

in which 7?^' oonvergos to zero, os p cc . Moreover tho terms of the 
.scrie.s 2 arc, for n > Jip.j, grealm- than those (rf tho series 2 

A .scries ha-s thus been constnictcd ■which con^verges at least, as slowly 
ns any of the given Kcrics. 

If the series 2 docs not conveige more slowly than the Bcrioa 


3raA. vgl 


: (1894). ^ Sts. 
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Criteria of Convergence and Divergence 

EXAMFL3S. 

Consider the dirorgent scries I + I + I + ...;we have then a„ = n. It foilorre from 
Abel’s firsf. tboorum that 2 ^ is di Wgenti atsJ torn the seeond theorem that E ia con- 

veigent, provided X > 0. 1 

FromDini'stiieorcmitUdcdodWetkatS — - j— — ia a divergent eerics. 

It is elrar that, by contmuatioD trf the process of forming from a giTen 
divergent series one which divo^es more slowly, an ent^oss sequence 
of divergent scries can be obtained, each of which diverges more slowly 
than the preceding one. 

The followag theorem is the analogue of the theorem of § 10. 

7/ a aejttence* of divergetU scries with poeilive ierme, S where 

p » 1. 2, 3, be sac/t Oiat.for each valve of n, Pie sajuence d‘^\ ... 
is mmoloM' decreasing, tfteit o divergent series can be formed which diverges 
more slowly than any of the series of the sequence. ‘ 

Tho proof of tho thcorera ia precisely similar to that of the corre- 
sponding theorem for convergent series, given in § 10. 

OBTrsnu OB cokveroence ant> orvunonucj! of series 
tviTH poarm'B TEBJiS; ■ • 

13. Much atUntion . has been devoted by mathcmatiolans to the 
problem of obtaining criteria sufficient to dedde the question as to whether 
a series of prescribed form converges or diverges. These tests, as reguds 
a series Z a„, oi which ^1 the terms ok podtive, arc usually obtained by 
comparing the series with other series which are known t-n be either 
convergent or to be divergent. Such tests, formed by comparison with 
other series, faU in tlw main nndcr two beads, first those in which the 
general torm a„ is alone involved in tlte criteria, -and secondly, those in 
which the criteria have reference to the form of the ratio These 

tests may be referred to as erf the first and second kinds respectively. All 
such testa provide Buffioieiit, but not necessary, conditions for the conver- 
gence or divergence of series; no test can be given which mtU be decisive ns 
regards every series that can be defined; thus the necessary arid sufficient 
condition of convergence, which, for a series of positive terms, is that 
should be bounded, cannotin the general case be reduced to any equivalent 
form winch is of simpler applicatioa. Yaridus sets of criteria of conver- 
gence wero givou during the first half of the nineteenth century, the most 
important of which will be ^ven below; mid more general theories of such 
criteria were given by Dinit, and Du Bois-Reymondt. The most complete 

* Hadamnril, Aaa 4raiS. ToL xnn (iSM), p. 526. 

t SulU kHi u Itrmini ^rliisi, Via. 1867. } Cre^a Jouma!, vol. rxxvr 


(1873), p. C2. 
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13 , u] Critei'ia of Corwergeaee and Diva-gmce 

Since we see t<bat = 0, and thus lim o„ = 0. If 

now n be sufBcieatlj' large, WB have < «, for all Talucsof m\ and thus 
the series is convergent. 

If jjoi ilia = i > l.letpbe annmber between 1 and k, thonffl„4.j>/«i„, 

for all sufficiently large values «. Hence *1*“® 

increases indefinitely with w. Since the condition lim o„ = 0 is not satisfied, 
the series is divergent. 

14. "When the above tests other teats must be applied; one of the 
simplest of these is that Icnown as Cauchy’s condensation test, which may 
be stated as foOows : 

//, in tAe ssrice X a„, aO ihr. terms of tohick are jxisiiive, and such thai 
On - ®n+i > values of » (c< least from and after some fixed value of n), 

then Hie ttvo series S On, L 2"Oj» are both convergent or both divergent. 

To prove the theorem, we observe that a," + Oj*+i + ... + is 
loss than and greater than It follows that is loss 

n , ' «4l 

than ai + r2"as'i and greater than c, + i 5. 2"aj«. «om this we see that, 
in case X2''a,” is convergent, converges to a fixed limit, as ~ , 

and therefore the scries S «„ is convergent. Conversely, if X a„ is con- 
vergent, converges to a definite limit, and hence ^ converges. 

For example, let •• then 2"o,« ~ 1, from which it follows that the 
aeries 2 - is divergent. 

If the scries So,, all the terms of which ai© positive, be such that 
a„ i for all values of n, a continuous monotone non-increasing 
function / (*) may be defined for tiie infinite interval (1, » ) such that 
/ (n) = a„ , [or all integral values of n. A precise form of / (x) will often he 
suggested by the form of a,, or it may be defined by 

/(*) = «n*i ~ 1). 

in the interval {(!„, 

Let us consider the function F (x) = J / {») ilx ; wo have 

J («)-"? 

and this is not less than oj -{- Oa + — -1- «i. and not greater than 
o, -1-oj-f ... 

Wo thus have ■ S # (a.) S «„_i. 
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Criteria of Convergence and Divergence 


” „_2»k«a.logloB»...po6log...logn)’' 

converges whenj) > 1, nnd divesga»'wlH«i)S I. 


15, If tlie series £ c, is convergent, it is a suiScient contiition for the 
convergence of S o„ that — should be less than some fixed positive number 
K jiiciependent of n. For, if denote the partial sums of the aeries 

2(i„, Sc„ respectively, we have a„<Ka„'i and thus, if s,' has a definite 
limit, so also has This oriterion may be stated in the following form; 

7 / 2 a„, S c„ 6e tioo series wUk fosUive term, and the taller be con- 
vergenl, it is a sufficient condition for the convergence of 2 a„ that lim ^ 
shculd -not be infinite. 

Again, if ^ is greater than some poaitivo number L, independent of n, 
and the series 2 d„ is dlvorgeot, so also ie 2 eg. For e„ > Lsf; and thns 
If sf Increases indefinitely with n, eo also does e„. This theorem may be 
stated as follows: 

i/2a„, 2i„ be two series with jwsilive terms, and the loiter be divergent, 
i/ien tf is sufficient for Ute divergence of %q„ Oust should be i 7 reafer 
than zero. 

It has been shewn, in § 11, that every divmgent series can he expressed 
M. — M ' ■ 

inthefonn 2^ — The following theorem gives the corresponding 
result for a convergent series: 

Every convergent series '2 c„ ts steci^ thal Cg cc» be expressed in 
the form eonversdy a series of which the terms have the 

taller form is convergent. 

For let = 2 , then e, = M~^ - M~L = • 

Cdnvcreoly, we have = 26i =- Jiff ^ — -^n+i • converges 

to Jlff^ 

This theorem and the corresponding theorem for divergent scriea, given 
in § 11, maybe employedto express the CMiditionB in the two first theorems 
above in the following form : 
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T’/i'T icrics S is convfrgcnt if a nonGtoncincrcasing ecqiicitce of pysitivc 

niimbcTs {J/„} ityUhont vpper limil, such t/tat < k . 

The ecrics m dh'ergcnl, if {J/ J con be so dclarmined that lim o„ ^ " ^ 

If /> > 0, the sequence has the same essential oliaracteristic ns 
the sequence {jV,}, that it is monotone incrcaMg, and such that 1/" lias 
10 upper limit as « ~ . 

^^!±J — ^^5 bp denoted bv t-, the series 2e. . is convorecnl, and 

in ense p < 1, it con^-ej^es mote slowdy than the series 2ci,„ or Se„. We 

-.IP ^ . 3/„ 

may vote e,,„ in tiic form — where A, denotes 

Sinoo has a /Inilc lower limit, ns » , it follows that the series 

of ivhicli tlio general term is jg also convergent, AVo thus linvo 

Jlf,*, l/„ 

the theorem : 

The seria of uiJiieJilhe general term where p is anppositiee 

nvnbif, is foiiucrffcn/, and eoynKrges the more slotriy, the more «f«riy ilfj 
increases asnis ind^inifcly increase. 


Emplojing this result, we may now state the following general criteria, 
eqidvalent to forms due to Pringsbeim* : 

If hm Op jj frj/' > in case < 1 for all valves of n. 


then the series So„ ta divergent. 




'■f '””“-377^ 

Sa„ is convergent. 


*i3f» 

.-3/„ 


CO , where p la a fixed positive wmicr, then 


The nuinbere M„ are subject to no condition except that M„ increases 
indefinitely with n, the sequence {3fp} being monotone. It is clear that 
the criteria wil! be the more effident the more slowly Af„ increases as n 
increases. Commencing trith a given sequence {31,}, by substitution for 
31,5 of ever more slowly inercaring numbers, there can be obtained a 
saecesaion of criteria of continually increasing delicacy. 

The criteria may be somewhat Amplified if it be assumed that {3f,} 
is such that — jv—* isle&s than some fixed poativc number independent of n. 


HaA. 4>raa!fE.Td.xxsr(l890).p. 3ST. 
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TliD criterion of aonvergenoethoa takes the form lira a, 




16, An important series of criteria may be obtained by substituting 
successively log, log, log, ... for 3f„ in the sequence {M^. It is 
convenient to denote log.z, log,log,z, ... lc^,log, ... log.z by 
logtez, log®z, ... log<"»z, 

z by iog<®*(a), and the jHoduct zlt^‘*z log**lz ... Iogf”’z by L„ (z); also 
z,^ L„ (z), It can easily be filiewn that the two functions z — I — log z, 
log z — 1 + - are both positive for all values of e in the indefinite interval 
(0, « ) ; except that they both vanish when z «. 1. Thus ws have 
log.z sz-1, log.sai--, forO<z<i», 


Let z 


t'-jpl; ive then have log Jf„*i — logilI'„ s and 

— . Again, assuming that n is so largo that log iif„ > 0, wq bavo 
^ logJI/.^i- logA/,, ^ jl/„i - 


logSi Mni-i — log**’ if, i 


logJf, 


W, log if „ ' 


«... - . 0 ,.. «. . 

Troooeding in this manner, we find that 

logl-i K.„ - logI-i«. £ , 

the number n being taken to be snflioioaily large. 


If it be assumed that ig legg than a fixed positive number, indo- 

pend(3nt of n, which is equivaient to the assumption that lim 

is finite, we see that lim = 1, and generally that lim j 

logJl, • , ® ■' iogi^Jir, 

It then follows from the two inequalities obtained above that 
io|i"i jf„, -iosi.a jf. .ud 7j‘: 

are in a ratio which, lies in an interval (i;„, 1), where 0 <k <1. 

In accordance with the theorems of § IB, we have the criteria that, if 
,. log«"^Jf„ 
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ilip «orio.'; i? divergent; «nd if 

Pog^"’ Jfny ^ - 

* log*"} - logi-’IJf „ ’ 

then }2ii„ is convergent. 

Emplojing tlic restriction that lim is finite, wf 
following criteria*. 


[on. 1 


If lim a„ > 0, the series So, is divergent; and if, where p > 0, 

iTz"- _ 

the ieries U convergent, yiibatever integral valve m maty have; it liciiig nssirmed 
that ^/le j{j«£7iee {MJ is such that is finite. 

If ivo tftUo we obtain, ns a apecini case, a scries of criteria wliich 

were first given oxplioitly by Do Morganf, nithovgb tlie essentials arc to 
lie found in a posthumous memoir ol Abel. Tlio particular case in which 
»i - 1 had been given by Cauchy, and the full criteria were ro-disooverod 
by Jlortrand, Tlio oorrespouding criteria for integrals wore first given 
fully by Ronnott. 

If Ijhn «a„ > 0, S<?„ is diivrgcnl, and in- pctiera?, if fitft (n) > 0, 
Su„ js dii'crgeni. If lim < « , ra„ is convergent, and in general, if 
(logl’"’'ny < ee. So. »« contvrpcn/; tAc number p being jjosrttsc. 


17. // S dnbea divergent se-ries, and /(i) -> 0 {**’■*}> vheref (a) S 0, 
and 8 > 0, then the scries S / («,) rf, fs coBwergrenf. In jwrljcwftir, (he series 
S c""" d„ is convergent if p> 0, and it is divergent if p S 0. 

Since f {»„) d„ < , where K is some fixed pojsitive number, and the 

series S — "'j ii.as been slicwn in $ to be convergont., it follows that- the 
series S /{r„) if„ is convergent- If/ (*) = e-", (/»>0), it is ensily seen that 
i’+^e-^'lias, for positive values of a;, a finite maximum. 

In case lim d„ is finite, rf, is less, tor all values ot n, than some fixed 
number D. The tenns of the seric.=> S rf,/(a.-,) arc less than the corre- 


" Priticutirim, AOrit. Anvaln. rol. xxxv psaoj, p. a.IO. 
'' intuit ■ir.<i rB>>9niICBfeitru (1839). p. 32C. 
^O'VVmimir. nJ.TmdUa), p. 76. 
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aponding terms of 2*** S -^,'vrhero»ti88uchtliats„_,>D; and there- 
fore the series S (Sf,_i) ie convergent. It has thus been shewn that: 

7/ S £f„ 6c a. divergent series, and d„ = 0 (1), an<f f[x) = 0 
when f (x) S 0, and 8 > 0, Oim the series S / («„_,) «7„ U convergent. In 
farlkular, the series S ffi eonwxgeni, if p>0. 

The following theorem has been given by littlewood*. It can easily 
ho proved by the method employed in § 14: 

If H is divergent, and <f„ «« 0 (1), and if /(*) be a eoniinwms 
,jiosilm ilecTcasing function of x, ffte» S converges or diverges with 

//(»)*• ■ " ' i„ , -I , 

The series Ld„, being «Jivcrgcnt. the eorios ^ ^ 

divergent, in accordance 'with the tbeorem of § 11, 

Now log s„ - log e,_, s . and it thus follows that the Berios 

'^1 — logs ' ' It is easily seen that it diverges 

mote slowly than Sd„. 

6iiiii!arl3' wc sec that 

and since 2 ^ dirergent, it follows that 2 is 

divergent. Proceeding in this manner it ie seen that the series 2 
isdifcrgen{,'/or jn = 0, 1, 2, 3, .... prorufed2d„ is diuersenf, 


18. Writing Jf„+^.{or s„, we see from the first theorem of § 17, that 
for any monotone increasing sequence {Hfj, the series 

is convergent if p > 0, and divergent if p £ 0. 

• Employing the criteria of § 15, we now se^ by substittitiug for c„ or 
the value that if Om - 

P ^ 0, the series 2o„- is convergent; and t/ ^ 

series Son w-ditierjenf. ” 

• irMseiiyerc>/3fafll.,Toliixis(I9io^Ii. lOI- 
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- < K, for aD ralncs of n, we Eee that 

‘°e T|f "l ,, +p i>"» 


s less than a fixed number, and thns that vr- 

Jii,., — jif, 

a number < 0. Similarlj-, if 


for its upper limit, a 


> k, 


ive see that •; 
whieli ii 


+ p has for its lower limit a iinmbor 


s 0. Wo thus obtain the folloHing critoria : 

// Hro log > 0, /Ae series Sa„ is ecnvcrgcnf; and if 

Urn log < 0 , (kc stria U divergent. 

If wc Bubatitute for Jf, in these criteria, and assume that 

•• 0 (1), Avo obtain* the following seal© of orilorin; 

^ convergent! 

arid if ifin log *"* divergent. 

If wo take jlf„ = a. wc have tlie follon-ing scale of criteria: 

n ^°S (^) ^ generally if lim log jT'fnyo' ^ 

the stria is cemvergeni ; and t/lim - log < 0, and generoWy if 


the series is divergent. 

Dio first of the criteria of this scale ore cquh-nient to the following 
criteria doc to Cauchyt: 

7/ lim o" < 1 , the series ra„ ia convergent; and i/]im o" > 1, the seria 
So, is divergent. 

It has however iiecn sltcwn in § 13, that tias last condition may bo 
replaced by the loss stringent condition lim o“ > 1. 

0, that if Jim ^ Jog ~ > 0, the 
t.p. It, 


The criteria given by the cj 
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series is convorgent, aadthafeif Jim <0, the series is divergent, 

were given by Caucby*; tbe whole s^o was given by Bertrandj'. An 
eqtiivalent scaio of criteria was aJeo given by dc MorganJ. 

19. It has already been observed that tlie criteria which have been 
obtained for the convergence or the divei^enoe of a series with positive 

terms yield suffioient conditions for such convergence or divorgenee, but 
not necessary conditions. It can be shewn tliat tlierc exists no set of 
positive numbers Aj, for which limA„»»0, such that the 


condition Em ^ ® is a necessary condition for tho convergence of the 

series So*. On the contrary, a convorgont series S b„ can always be erm- 
Btiucted such that Sm > when tho eequonoo {A„} has been prescribed. 

An increasing soquonce of integore %, n*, ... ... can bo so chosen that 

K ^ ■■■ Kp, ^ 

NowlotOfl «• forulivoluesofn which do not belong to the sequence 

{«.„}; and let a„„ « , for to - 1, 2. 3 

The series consists of the terms of tbo oonvorgont seriee 
2 ^ 2® ^ 2’ ^ ’ 

in a difforont order, and is therefore convergent. Biit ^ 
and thus fim ^ . 

In particular it has been shewn that there exists no set of positive 
nmnbors {A„} satisfying the condition llmA,'=»0, such that 
is a necossaryl condition for the convergence- of tlie Horios So,,. It can, 
however, he shown that it is a necessary condition for the convergence of 
Ba„ that «= 0. provided the sequence {A,J be properly chosen. For 

if lim ^ > 0, fc can he so chosen that a, > iA„, for all snfficicntly largo 
values of n, and thus, if the sequence {A,} be so chosen that SA„ is divergent, 
the series Bfl„ is also divergent. The incorrect statement has been made 


• C'eiirja'/fnoryjs.Hrf. (!821),p.l37.' 

t lAouexTIe'i Jcmrnc}(l}, toI. ro <I84S), p. 37. See <a»o PauoJrar, Crenc’t Jotimat, toI im 
(ISr.I), p. 1S8. 

t DiSfcrenlinl and Inlfgn! Cakutaa, p. 320. 

5 ThiaUconlr'ty'o nil Mauraplton tnaJehy DaBoo-Bcjawnd: on thSspointBM Pringshoitn, 
a/oll Jnnofcn. vol. xxiv (1890), p. 346. 
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by Dini* nnd others, that if is divergent, it is a Jiecessary condition for 
t!ie convergence of So, that Hra === 0. This statement ordy becomes 
correct when the additional condition is added tliat lim^ line a unique 

It pnii be sliewn in a nimilar roanner tlint tlicre esisls no set {A„} of 
monotone increasing nurabere such that the condition lim > 0 is neces- 
sary for the divergence of Sa,. In fact, if {A„} bo prBsoril)cd and bo sucli 
that SA„ is divergent, a serice Ea, can be so determined as to bo divergent 
ond also such that lim ^ = 0- 

20. Lot a, 4- flj + ... -b o„ + .... 6^ -b 6j H- ... + 6„ -(• ... dehoto two 
series of wbioh the teinia arc positive. Let it bo asatiincd tiiat S 
for all values of n that are S m. Wo find, by giving n tlio values 

that ~ ®ti for nSm, whore k denotes tho number 

Trom this it follows that, if E6, is divergent, so also is Ea„. 

Simllariy, if it bo as.siiiiicd that ^ for » S m, wo sec tliat 
a„ S khn ; and tlius that, if be coiivoigent, so also is . 

Taking Sc„, to donate a convergent series and a divergent series 
respectively, suiTicicnt contlitiens tor the convergoneo or divergence of 
the scries £0, may be expressed in the forme 

lim P, j < 0, for divergence ; 

(A) 

lim P„ > ®> for oonverganoo ; 

^vherc {P,} denotes any arbitrary sequence of positive nuiubcr.s. 

To Kherv that tlicse condition.^ arc suiHcient, assume that tho first is 
satisfied, we have tticn P„ < — ij. where ij is some positive 

numiicr, provided 71 6 some nambcr m. It then follows that S -J— , 
for 1 ! S tn; and thus that Ea„ is divergent. The second eondition can Ijo 
similarly shewn to bo sufilcicni. 

These criteria are .spoken of by Pringslicinif as tiic generat tj-po of 

P- 

criteria of the second liimi, since Umy are rcduciliie by writing — or 
. — 0- _ for P„, to a form in which only the ratio of to o„ is involved. 

• i«. cil. p. 12. S«- I'nasdi'iin, loc. cii. p. 34^ t f'l- p- 355. 
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It shoiUd be observed that from fie relation a„ & JA„ or from the 
relation o„ S Iib„, it cannot be dcdnccd that or 

CoiiREijuently it does not necessarily foD(tw that, when one of the criteria 
of the first kind is satisfied, the cmzesponding criterion of the second kind 
is also satisfied. If 2o„ is a ccnTcrgcnt series, the limi t of S does 
not necessarily exist, hut may oscillate in any manner. In fact, if we have 
a presoribed convergent series Sb„, we may by an alteration of the order 
of the terms, which alteration does not aftect t^ convetgence of the series, 
ensure that the limit of oscillafes in any prescribed manner. 

If we take P„ — , the above criteria become 


lim ^ — 5“) *■ divergence ; 
lim Q- > 0, ter convergence, 


The 'second of these criteria (A), (B) can bo reduced to a different form by 
utillritig the theorem that Se'**«d„ is a convergent series when p > 0. 
Thus, let o„ » the second criterion (A) then becomes 

This may he written in the form • ' • ' 

ito [p, (!-■ - g) - r. - 1)] >0. 

If we choose P„ to be such that P„ «„+, e't, •» I, the criterion becomes 

s fes " “ '■“i.'.r ■'] ^ 

Assuming that lim d„< oo, wc have ^ ^ j — » since 

e- S i _ 2 ’ fellows that, by chooring p snfficiently small, lim — — - 
may be made as small os we please. Conscqnently the criterion becomes 




provided lim d„ < « . Thie resfriction on d„ may be removed. For, 
assuming that, the condition liin J — d“) > ^ satisfied for a 
set of values of d„ such that Km d-’ = oo ,apQririvc number A can be chosen 
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so small (bat IJm ~ J ^ > 0, 

and therefore such that 

Ixit ^ = i- H- A, thus Urn d'„ £ tHen by hypotheaia the condition 

lim ^ !bl . .? T~) ^ ® 8®**®*^- ^ scries T,d'„ convorgoa, 

this condition falls under Die second condirion (B), and is sufficient for 
the convergence of Sa„. In case Bd', diverges, since lim < « , it falls 
midftr Ibu preecding oase. 

It has now boon alictvn that the condition 


Is sufficient for the convergence of So,, where Ed„ is any divergent scries. 
Combining this condition witb the second criterion (B), ramoly that 
Hm - — ^ > 0, %vo SCO that « sufficient condition of convcfgente 


of the series Ea„ is that ^ (ti) — ^ (» + 1)^ > 0 , nihere (»)} 

any o^sfgned sequence of ■positive numbers. For the series S 1/^ (») ia either 
oonvorgont or divergent, and in either case the criterion is sufficient. 

Tiiis criterion, whicli may carily bo proved directly, was first obtained 
by Kummor*, who however added tho unnecessary condition that ^ {«) 
must bo such that lim (n) = 0. That this latter restriction is un- 


noces.snrj' was ehemi by Dini and by l)u Bois-Kcymond. 

Companion criiorin of convergence and divergence may now bo stated 
as follows: . / a 1 1 \ 

lim ^ > 0, lor convergence, 

^ (T 5^) divergence. 

The particular case in which =" 1 gives the criteria of d’Alembert 
and Cauchy wliich were obtained by comparing tho series Sff, wifli a 
geometric series. Thus we have 


I ■]><!■ equivalent to lim < I, for convergence, 

j lim < 0, equivalent to lim > 1, for divergence. 

• CrUU'r Jc^f7,al. rot lui (1S.-BJ. p. 171. A dhnil proof rf «.i> critorfon hw twn pri'vn iT 
StoU, Vert'mnjrn flfrrr oJJj. Arilt. toI. t, p. 250. Tbo crilciioa wm m-aisooTertC by JtafcD- 
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iid„= l(n, we iiave Raabe’s criteria* 

lim » — 1 j > li for convergence, 

iini n < 1, for divergence. 

In general, let ^ 1/Z,e.(«); we obtain then Certrand’st logarittmic 

scale of criteria 

lim («} -2^ - L„ {« + 1)[ > 0, for convergence, 

. ^ ’ m=l, 2, S, .... 

lim (») ^ - Z.„ (n + I)| < 0. for divergence. 

It is easily scon that all these oritraa fail in case lira oscallates between 

limits one of wbioli is greater than unity, and tbe other less than imity. 

21. If -22- has the form 1 + — +0 where A> 0, wo have 

On+l , «• W'W 

and 'thus lim n = A. Therefore, in accordance witli Roabo’s 

teat, the series 2c„ is convergent if ri > 1, and divergent if ^ < 1. In 
the case A - .1, wo can apply Bertrond’e test for m'= 1, Lj (n) •• n log n. 
We have 

nlogw.^ - (n + l)log(n+ !)••(«+ 0 

Now Um 0 log « «■ 6, sinoe lim — ^ = 0. Moreover 


lim (» + 

has the value — 1. It foliows that in this case the eerios ia divergent. 
The ioUbwing rule has thns been estabiiehed: 

If has the form 1 + ^ ® A > 0, Ute series Sii„ is 

cmvtrgtnt if A > 1, and UU divergent if A & 1. 


For example, consider the aeries 
a. P . a(a+l)^(p-H) 

1.2,y(y-|-I) 

a(g + l)...(a+»-l)...g(^-}-l)(,8 + >t-I) 

1 .2 ... ».7 (y + 1) ... (y + m — I) 

* Baamgutaor and Ettinghftwm'a ZeiUdr.f. MalK n. Phyitt, toL x. Sco also Cahaniol, 
Limviai’i Jeumtt, toL rv (1859). p. 214 and nil VJ.p. 85. 

t Zimivilk'i Jouma!, vol. ra (1842), p. 42. Seo aho Bonnot, ibid. rol. vm (1843), p. 89, 
and Pauoker, Or«U«’a/ourMi(I851J,ToLTm,p.l43. 
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. (»-^i)(y + «) „ 1 . " (y -?• t + y 

(«+ri)(^ + n) ■ (a + «){/S‘+Ji) 


honco the series is convergent if y — n — > 0, niul it diverge.? if 

y-«-/3s0. 

If "" = — + P«"~* + - 

ivo liave 1 + + 0 ; and thus the series is convergent if 

a — A > ]. and is divorgont if o — .4 5 1. TJiis crilcrioj)* was given bj* 
Gauss. 

22. Employing tho ihcorcm that if Lrfa is divergent, is con- 
vergent, for /»> 0, n-c may in Uiooriforion 20, wife rf„r'"-iforc». 

It is thus ft sitfficicnt conilition for the convergence of rn„ llmf. 




is equivalent, to tlic condition Hint j— ^ > a positive 

jnimboT p, for all values of n m nfixodniiml>crfl,. From this it now follows 
that „ 

7/“ ^ ^ ”n 

(£t, '^) ^ ^ P' 

for n <5 n', where /i is some fixed positivenumber. Tiiis conditionisoortainly 
snUffied if liin log > Q, provided p lie properly chosen. 

Hence a tujjiciciit condition of convergence of 2«„ is that 

In a siniilnr manner it can be ahcim that a sufficient condition of difcr- 
genee of the serirs is that 

V- 1 I „ 

hm -j~ tog ~ — 2ii < 0. 

n-aC.tl a„Man 

li it be rvr.'iiimod that iim d„ is finite, in the ivholo of the foregoing 
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invcsligtilion may bo mibstitnted for b"'*.. Wc thus oblain 1.110 

ciitcriti , 2 n d. 

j iiH? J ^ *K/^*®*^ /'’*■ convergence, 

^lini j- iog °**^’*** < 0, Bii^dcnt for cftycrj/cncc, 

•provide'} lini d„ iaftniic. 

Riiico Iho <iivergeiiee of the series — j i® c- ueccssery conso- 

qiionce of tlio divcigenee of ivo can replace d, by j in the 

ubovu oriloria. They then pve rise to the scole of criteria 

lim j - "J” ^ *■ ^JliderUfor convergence, 

JHny divergence, 

so/icrcni " 0 , 1 , 2 , 3 , .... 

In 0180 wo lot •>■ I, have the following ocalo of crilorui! 
lim log >0, 

lim /;"■(«- w«0. 1,2 

8i(]7ie!'cn(/or eoaierijcnce; 

iiiii log < 0, 



sufficient for divergence. 

Tlie crilerin corresponding to m “ 0 arc 

lim (n — > 0, 

lim (t? — 1) log < 0, 

Since I'ni n = - lim log ^1 + - 1. 

tlicsn critcrin become 

lim 71 log — i- > 1, for convergence, 

lim 71 log — ~ < 1, for divorgcace, 
a criterion which wns given by Scblomitch. 
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23. Let M {x), w{a) denote monotone functions, positive in the 
infinite interval (! , cc ), of x, which both diverge to co , na a: ~ oo , and nro 
such timt M (x) > m (x). It will bo assumed that / (x) is monotone non- 
inercasing, and positive. 

Let 

F (M (X + !,)} ~ F {M (z)} 

J-vw + 

where li is an arbitrarily chosen poalivc number. It will be shewn that: 
T/)c series S/{n) ami-ergcstf lira ^(x) < 1, anddfwrgMi/lini ^ (x) > 1. 
first assume that lim ^ (*) > 1 } then ^ (x) £ 1 4- e, for x £ f, where e 
is some positire number, so that 

{;/ (* + f,)} - {*)} S (I + (* + A)} ~ ■P’fm (*)}]- 

from whidi it follows that 

F {M {? + n/i)} - F {M {()) a (1 + r) {F {m « + nA)} - F [m (f)}], 
for olJ positive integral values of ». 

Wo iiavo now 

F{Jlf (g + nA))-F{Jtf(») , 

F {m (g + nh)] - F [M (g)} 


F{J>/(g)}-F{we 


P a <1 + <) ^ {« (V + n/()) - > {J&'M 

SJ + <, 

provided n bo chosen so loige that F {ni (g + n/r)} > F {Jlf (g)}. From this 


it follo^vB that 


,. F{flf(g-i-»ft»-F{J/(g)> ^ ^ 
sS A' {« (I + -F{M (g)) “ ^ 


If j / (z) dx, or F(» ), were finite, tho limit of the ospression on the 
left hand side would have the tiniquo value I, hence it follows from the 
incqu.ality that F (as ) *> oa , and thus that S / (a) diverges (sec § 14). 

Next assinno that lim 4' <w) < 1 ; then ^ (*) £ 1 — « for x 5 g, and for 
some positive number «. 

\Vc find AS before that 

F [M (g -f- 7</,)) - F {M (g)} £(!-*) tF{.a (g + nA)} - F{m (g))], 
and hence that 

F{M fgll-Ffm m 


F{M{$ + nh)]-F{iJii)] . .. j 

F (m (g +nh)} - F {df (g)) - F {m (g + n/,)} - F {d/ (gl)f ' 

If now F{a> ) = « , wc find from this incqualit.v that 

•^ F{Jtf(g-haA»-F{3nfl} I . , 

r {m (g -f- aA)} - F {M (gj) ^ 

which is impossible, since F{3f (g + aA))> F{m (g-!- nh)). It thus follows 
that F{« ) must be finite, and thcreforotbat S / (n) converges. 
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^ {if {X + h)-M {» + &)} F [M[x + /t)} -F{M (a) } 

{w (* + A) - m (*)}/{!» (»)} i" {w (* + A)} - -f {m (»)} 

. {M{x + h)-M(!x;)}f[M(x)] 

{m{x + h)-m (*)}/ {m (x + A)} ’ 
i tliat the criteria, can be reduced to the form 


lim 


M(x + h)-Ji} {x)}f{M {* A)} , , ,, 

— , -r .. - > I, for divergence, 
+ A) -»»(*)}/{»»(*)) ^ 


< 1, for convergence. 


\^ .{M(x + h)-M (x)]f{M (ar)} 

I™ {m (X + A) - m (* + A)} 

where M (*) > m (*). 

A epecitil pair of oritoriu can bo obtained by taking m(x) = x in the 
first criterion, and w (as) = * — A in the second; we then have 

hm ^ ^ > i, for divergence, where if (») > «, 

lim convergence, where if (a:}>D! - A. 

In paiticular, if A 1, wo have 

j (=c+ »)} > divergence, when if (a) > a, 

i ^ for convergence, when if {*)>»- 1. 

• '«-« ■ /(»; 

These criteria were given by Kohn*. 

If M{x), m(x) have dolimtc - differential uceffiolentB M'{x), m'(x)', 
differ cihitrai'ily little from 
unity, if 7t be taken small enough. In tlris manner. we can obtain the 
following criteria: 


lim ^ ^ ^ ^ *’ 'ii'rergence, 

n — ^ < 1, fw convergence. 

■= J w 

The companion conditions obtfuned by taking if {x) =’X,m (x) < 
j '^ (x) f^(m (a:)} ^ ™ divergence, 

fM_ 


m' (a:)/{m(K)} 
e criteria are dne to Elrmakoffl. 


< 1, iat convergence. 


: (1883), p. 142, 
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Taking /f (i) = K-, m (*) = log*, wo have the special criteria 
lira > I, for (livcjgcDCc; Uin < 1, for convergence; 

iitii / > I, for clivew'cnco; lim < 1, for convcrccnco, 

roxvnuoKSCB of sbries nr oeseral. 

24, We jiroceed to consider the ease in wliich the terms of a series Sa„ 
nre not all of ) lie same sign. Tlic simplest ease is that in irliieli the positive 
and negative signs occur nllcniatively. la tliis case the following criterion 
is frequently applicable to decide the q^ocstion of the convergence of tlio 
aeries: 

If Hit iurmf of n ierjM w, + ... bt of ohcrnoic signs, and 

if ii„ s stn+j./or ci.cri/ jiclitc of v, il is necessary and sufficienl for the con- 
wrgmcR of the series Hmk liin w„ •. 0. When, this last condition is vot salitfied 
the series osciVloles bciiceen imite, both of m/ifc/t are in the interval (0, ii,>, 
ttiXcrc me tnay oastiwe w, to be jxtsilive. 

SinuQ |Sn — 8„,i| » |n„|, il is noccs.sary for the eonvergonoo of Sn 
lira «, » 0. Agnin we hare 

"" I - 1 ■... - + ... + (- I s I «... I . 

If lira •!(„ => 0, for all SHfliciently largo values of « we liavo | Sn+n — I < *> 
an arbitrarily ehoson padiivo iramher, for m » 1, 2, 3, ... . Thus the con- 
dition of convergence is satuflcd. 

If lira ju„ j is not zero, it is aeon that 0<Stn<ii,, and that Sj„ docs not 
diminish ns n ineteascs; therefore has a definite limit, in the interval 
(0,1/,). Similarly, wo see that never increases as n increases, and that 
it lic.s in the interval (0, Mi); Ihns 8ja+i has adoHnite limit in the interval 
(0, 11,). The limits of holh Uo in the interval (0, «,) end ditlcr 

from one anotiicr. 

For pcrie.s in which the signs may be distributed in any manner (he 
follovring tlicorem is of importance. It was first cstnhlislied l<y Catalan* 
and Dedekind -f, and depends essentially upon alomnut dne lo AheiJ. 

This Lemma consists of the identity 

i,ir, H-iv'i+ — + <•-«. !>,.,)«, + lr„s„, 

where s, denote.^ the rth partial sum of the series 2 u„. It has a role in 
• Trc!Uft^mr-r.lali^ Sa firritA (1600). p. 32. 

t St.' hi? edition ol Forf. 0. ZakUnthrurU, 3hl m 1. p. SaC. 

J Fora bissory o( theibfOrccSKoI'fiagiBehB, jl»io!rii,TBL liv (1883), p. 
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thn thoai'y of infiuite scries similar to diat ot intogration by parts in the 
Integra! Calculus. 

If (he series «, + Uj + ... + «„+ ... 6c citAo- coniicrffcnt or osdUaliny 
between finite limils, and {fc„) be a sequence of numbers sveJi that Jim k„ 0, 
and ihal the series 2 \ k„ — is eoiwcrgentjUieKUic scries 
+ its«s + ... + k„K„ + ... 

is converqcnt. In jyiriicutar it is sufficient that form <i monotone rfon- 
increasing sequence and that Jim *= 0. 

A partial remainder of the series is expressed by 

+]«„+! + + ^n+m’*ii-*ii> 

, = ^^-+1 («.*1 - ■?,) + *»«(««« - 9 »* l ) + - + 

. - - i-Ml -I- (*«.« - K*s) -f. ... 

+ - *ii+m) «B+m-l + «B*n • 

If the series «{ + Vg 4- is ciilior conrergent, or oscillating between 
finite limits, wo bavo j «, i < vl, for ali values of », %vl4crc A is some fixed 
positive number. Tiio integer n can bo chosen so large that 1 | < c, 
where m > 1, 2, ,9, .... 

If tlie series S | f-v ** <^11.41 1 is convergent, n mny be cliosen so largo 
that [ I + „. + I | < «, for m — 3, 3, ... . It 

follows that, if n be siifficlcnlly large, 

i w«+i + ••• + «»♦« I < 3.ds, 

for the values 1, 2, 3,... of m. Since < is arbitroty, it follows that the 
series ijiij + ij«j + ... is convergent. 

The following theoiein may also bo cstobliehcil: 

If the series Ui + iij 4- + ... benmverqenl, and {fc„} i« a scjj/RncR 

of numbers, such that \ l:„ \ is less than a fixed jrosiitve number K, for all 
vdluescf n,andi8alsosuchllialtheseries S \ k„ — k„n\ is r.emvergant,thsn 
the ^enca fciiij + + ... »s convergent, fft pnriicufar it is sufficient that 

{fc„} should be a non-diminishing sequence of numbers ivith a finite wjiper 
limit. 

We find, as before, by writing « — 

= - *,^5) - ... 

If JI be taken so large that | + ... + j fc^+n-i - *„+„ | < f, for 

w = 2,3 and also so large that [ <«, for wv= 0, 1, 2, ..., wc have 

I + -• + | < 
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for 771 1, 2, 3 Since ZK*. is arbitauily small, the condition for 

convergence of tlie eerics is eatisfied. 


EXdMPLi;. 

Since £ Binr<! = nin^— tfsin^COSCCg.WBbave.for any vftiueof wticliisnolwro 
or a muKipIo of 2ir, j I rinnfl j < j coocegj, ai>d Unis tbo series osciUstes belircen finite 
limits. Similarly, if 6 is neilhcr smu nor a multiplo ol 2ir, tlio Bcrics E cosriJ oscillates 
between finite limits. tlTio first ncrifs is co n verge n t, and the eeeonii isilivergent, isben S = 0. 

It follows from llic above tbeoreni lliaf,lf {ib^JlTOftScqocncoof oumbejs which converges 
loifro, aiidlsiraolithat 5 ) ) is conveieent, Uio series S i„BinnS is convergent, 

for any fixed vnloo at A; nod the scriea Z l^eoeiteit convergent for any fixed value of 
A that ie neither zero nor a mulUjde of Sw. Id particular {{>,} may bo nsy sequence o( 
eoQ-IncrcAsing nunbere witiUi eoovrrgcs to virro. 


^ 25, It can bo nhewn lljal, if Iho sorioa j «, | 4- ] «* ] + ... + | tin I + ••• 
^ eonvnrgont, tbe scries «,+«.+ ... + u, + ... is also oonvergonb. Lot tbo 
first 71 terms of this socoiid sorics contain n, lenns with the positive sign, 
and tr, terras tvith the negative sign, and let </„,. — o'„, denote their sums; 
(inis «„ 1" (r„, - Non- e„, + o'„, is the will partial sum of the series 
] «, j + I It, j and, since this series is convergent, <r„, + ir\, is less 
than a fixed positive number, -whatever value n has. It follows tliat 
c^.o'bi are each less than some £scd positive number, however largo Wi,7i, 
may be. 

Since {a„,), {<7'.,^} are both raoDotonc non-diminisliing sequences it 
follows that lim 0-^,, lim e’„, arc both doSnite numbers; hcnr.e lim s, is 
a dcGnife number, and therefore tho series a, + u, + ... is convergent. 
The limits of v,,, </„, are hidepcndcnt of tlio orders of tho terms in tlio two 
Kcriefl, and of the partioiilnr sequences of n, and 71, . 

If tlie series 51 1 u« | is convergent, then the series S «« is said- 
n6,«ofi//dy convcrffcnt. 

If tiro scriesT-Og, "Sili^are such thal^islimTidAd, Ihenif^i^iAebAolutcly 
convcryciil, «o alto is Sff,. 

For, if j ^ I £ A', for fdl values of w, wo have S \a^\^ K 
and thus, ifwisindeSnitolyinci'cased, 51 | a,,| converges to a volucwliich 
docs not exceed K times tbe sum of the absolutely convergent series 

Jr'''"'' 
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It may Iwppon tliat — a'*, htis a dcfimtc liiuit , ns ii ia iudofmito.ly 
increased, but that «r,,, o'„, incrcaso indcfinilcly. In that case Iho scries 
S «„ is convergent, but S | «„ | wdiTcrgent. 'flic'series S i/„iK then said 
to coiivcrffc 5H)7j-(iiaofi/te7y, 

It n convergent, series S of ndiioli the sum is a, hosucli tiint ovor\’ 
series \vl)ich consists of the Bnmo terms in a dtffcrotit. order eotiverges to 
tlie vnlno s, then the series £ «, is said to be nnc/yniUlmtalhj rnnvcraciil. 

It iias been slio5\-n in § S tlml, if all the terms of the Hcries are i>ositivo, 
and tliosericsiscons'crgcnl.thenitiBnccessftrilyuncondjtioniillyeonvRrgont. 

For scries in general the following theorem wll Iw cainblishorh 

A «frirav:hieh i.iabsofuMyconrcr^iitiealMounronditionaUi/canvcrffr.nt; 
and eoni-erarty, a serfr-s u-Jiw?* is wneonrfitioiiflWy atnvtrscnl is also chfoliUdj/ 
eanvcrgenl. 

The trutli of the theorem is clear from § 8, b) ci»’c nil of the tonn« 
liavT! one nnd the same sign, with (ho exception of a finite number' 
of thorn. It will accordingly bo nasmncwl (bnf. this in not t!io anac. 
Assuming that the' series is nbsoluidy eonvorgcnl, it hna been shown 
that o'„, botliconrergo to definite limi('<, ns h is indofiiiiUdy increased, 
and Unis H| and n, are both indefinitely inereased. If the given series bn 
pcarrnngerl in accordance ■nitli any norm, the t.wo scries irhioli contain tlin 
positivo and (:ho negative terms respectively arc also re.aiTnngctI, bill, as 
has been shewn in § 8, their limiting sums are not thereby nltorccl, and 
they converge rcspoctivoly to Hrn o„„ — lim It then follows that (.ho 
rearranged series oonverges to lim <r„, — lioi <r',,,tho8aineBmn riawlien Uio 
terms M'ero in the original oixlcr. 

Next lot it bo asmnicd Ibiil the ecrics S w, is iiiiconditiomilly e<m- 
vergent. It is impossible timtono of tlie two limits liin lira a',,, elioiilil 
be infinite and the otlior finite, for in Unit case X wmild bo ilivergonl,. 
'Ilius,imlesslhoyaroboUidivergent,tJioscric3 S | «„ | is convergent.. I/5t 
it be nsaumed that Jim <»„, , lim o',, nro both oj ; it will Ihon bo sliowii tliat 
S It, cannot bo unconditionally convergent. 

Conrespomling to each number n thcro ato numbers rii, rij, both of 
which increase indefinitely witli n. For each value of rii, lot n,' bo the 
smallest integer Huob that » 2(r„. Wo then oonsidor Iho (wo scquonec.s 
of numbers {rij'}, {n^\ a correnponding rcarrangemont of the terms of the 
given series can bo so made that Uio first w,' positive terms of the series 
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are (nlceii (ogolher with the first n. negative terms of the series, to make 
(he fiivt fij' forms of the new scries. The parrial sum of tho new scries 
is t!irn o,,- - o'„, ? 2o„ — Since Om — o'„, hos a finite limit, and 
diverges, it follows that o, ,• — o„, diveiges. Therefore the series lins heen 
sr> roivrmnged that it hocomre diveigcnt, and this is contrary to the 
lij-potiiesis that the scries is unconditionally convergent. Hence o'„, 
must holii be conve?gi«l, and therefore the scries S [ «„ [ is conveigciit, 
or 2 i(, is ehsolutcly convergent. 

Tlic foiloiriog theorem, dno to Biomann*, \riil now he cst.ablishcd : 
TAc lcrnh<: 0/ 0 tion-absolntcly, or conditiOKoffy, convergent scries can 
ch'ftys be -to reananged in a scries of type tu, in accordance tcilJi some 
norm, that either (1) (^« iicu» Jtnea converges to an ar6ffran7r/ aMij7ncff ftim, 
or that (2) the ncia series is dit'eryent, or (hat (3) the new scries is oseiUnfon/, 
with crfiifrnn'fy astignol limits of mfderminancij. Moreover each such 
rearrmigment may be made in on indefinilcly great number of uvi/s. 

Irft A’l, i'l, ij, ... bo a monotone increasing sequence of positive num* 
hors, defined in oocordnnc(‘ with some prescribed law. Take p, positive 
lemts of the given series Sn,, so that <r„ > f-,. whilst o,,., S k,; next 
lake negative terms fiicIi that o^ — fc,, wlillst. n,, — > I'l- 

Next take p, — p, more positive tonos of the given Borics so Hint 

whilst — a'f,f£ t.: then take g. — y, more negative terms, so that 
— e'/i wliilsl — Proceeding in this Jiinniicr, wo 
obtain two sequences of integers {p,}, {7,) such that £!.•«> 

wliilst cTp, — > l;„, arid £ b„_,. Denoting the positive 

terms of the series S«„ by 0,, o., ... n„, ... , and the negative tenns by 
hi . bf , ... //„, ... , we obtain a reamingement of the eorie.'i, wiiioh i.s such 
tliat 

(0, + 0, 4- ... + a^] - (h, + h. + ... 4- 6^) 

+ -f ... + a^) ~ {b„^^ + ... 4. + ... 

+ + - -i- - (V-,*. + - + 

is l \ . wliil.si , if wc leave out the tenn 6,,, it Is > . This auni a,, — 

imcorclingly dillers from by Iom than 6^. If the whole of tJie Inst- iimclial 
be omitted, the e.\j)ix.«.=ion then ditfeisfrom by le-«s flmn flf,. in nccord- 
nncD with tlie mode of determination of If n bo stifficieiitly large 
a^„ and arc botli Ics-s than on arbitrarily n-ssigued number c. Thus, if 
some or all of the le.rnis in the !a.>rt bracket are omitted, thcexprcs.sion I lion 
difTrm from by Ic.cs than e. If the two last, bmckefs are omitlofi, tiio 
remaining exjirossion diflore from Jt„_, by Jess than, 6^., . and v may be 
■ rariJiit' r>ifferfnthi^UKl*inyn, Braiinsctivets ItSCS), p. <1. 
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ohosen eo large tliat this and are both less than e. If the whole of the 
lastbrackct and apart cl the termsia the last bracket but one are omitted, 
the remaining expression fe between i„_j — « and k„ + e. It follows that 
if Pn-i + 3n-i ® “ Pn + Jnj Bum Sfi , of N terms of the rearranged 

series, lies between — * and ifc, + e. Now let the increasing sequence 
{/!:„} converge to a positive number ft; tbmiji;„_(, k„, in+n •••all differ from 
k by less than t, provided » ia taken aufficiently large. It foUows that su 
differs from k by less tbim 2e. Since e is afLilrary, it follows that the 
rearranged series converges to it. Since k may be defined in an indefinitely 
great number of ways by an increasing sequence (k,}, it follows that there 
are an infinitely great number of such toarrangemenfs of the terms of 
the given series. 

In cose the aequeooe {k,J ie diveigent, it ia clear that the rearranged 
series will also be divergent. 

In case the number k is negative, the method of procedure is osseatiuUy 
the same; wo then commence by taking negative terms of tJie given seriesi 
the numbers being taken to be n^ative, and {k„) to be a diminishing 
sequence. 

To establish (S). Tjoth, Ic' be two arbitrarily assigned positive numbers 
such that k > k'. T/Ct k be deBned as the limit of a sequence {kn} of in- 
uieasing positive numbers, and k' as the limit of a similar sequence {k'„}; 
we may suppose that > ii/„ for nil valiica of n. 

Ab before, two sequences of increasing integers {$]) can be so 
determined that 0 ^^ > k,; o„_, £ k,'; — o'^s fc'j, — o’„_i> fc',; 

and generally so that o,,, — S k,, o,, — o'^S k'*, 

— a',„.i>Jc'a. In tlus manner a series 

• (tti + ... + «„) — (ft, + ... +h«,) + (o»,+i+ ... +«»,) 

- + - + &,.) + — + - + a^) - + ... + 

ie formed whioli differs from k', by less than 6,,; if the last brocket is 
■ omitted the remainder diiTere frotn k„ by less than fi„,. It is now easily 
seen, as in the previous ease, that the ectfos oscillates butween k and k'; 
this reiurangement can be made in an indefinitely great niuaber of ways. 
In case k and k' are of opposite sign, only a sl^ht modification of the proof 
is required. 

A special ease of this general theomn artees when the given series is 

— Oi + Oj — Oj 4- Oj — ffj 4- ..., wh«e each positive tenn a„ is followed 
by a negative term of the some ab&olnte value. . Provided lim = 0, the 

• series is convergent, but ifOi + a, + a 3 + ... is divergent, the convergence 
of the series is non-absolute. It now appears that, from the terms of a 
divergent series Oj -b ... , where Hm a, 0 , series can be constructed, 
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[on. I 




in an indefinite variety of ways, wUch coirrofge to a prescribed Bum, or 
are dirergent, or oscLlato between ^ven limita; aU such Beries having the 

Q, -<-Oj+ ... -n.-Oi-... -flft + ... 

~ ®«l+l — ••• — “s, + ••• , 

the numbers pj, p,, ... being detennined in the manner e.vpiained 

nbavc. 

EXjUlPUiS. 

(I) TJic firira + j "" S *" "■ Mavergent, 

it/i sum bcu^g loc, 2, The BcriMi J+j~g + g + ^“j + —. which il obuinol by o 
By«temeUc rrarniBgcmcnt of Uio lemw ol the firel series, convergM <o | log, 2 . 

lorweliinl *„ ^ - 4 

«:<3, for the «cond «riw.c-„ = V (,£^^3 ♦ 
therefore ‘ “ 2 ’-i 

filoco <„t Sp, belli converge to log, 2. os «-«>, it follow* thot r,, ooDverges to g1egi2. 
Sineo only differ from ~ 2 ni'*^ ^ they have llio 

Sams limit ms’gn I tliucforo (ho sewond series converge* to |log. 2 . 


(2) By roarrnngbg Ific ten 

we obuiii tlio scries 

.1 .1 1 I 


es of the nen nbsofutelyconvs^cst sc 
*» >*’ «* 




+s+|-l+|t|+|- 2 «-- 

2 3 4 2 B 6‘'‘7'*’ 


1 ^ ^ 1 ^ ^ 1 

_L » i 1 _ 

: - i * 3n - 2 * 3n - J Sh 
■*■ 0 “ 3 '*■ ■■■ 


Lofll; 


« - I - If + I - l)« + 2 ■■ n' n 

conrcigra (otogiS. ibesecoad to log. 3. and (lie third direrge.i. 


, CKSAHO’S S1355MATIOK BY ABITHSIEno MKA^S. 
27. Denoting by s„ the »th partial sum of the scries 
a, -r o. -r ... +a. + ... , 

and by S„ the arithmetic mean ^1 -h — + 1 « qj niinib 
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ifc has been shewn in § 0, Es. 1 that, -wheoerer lim a„ has a definite value a, 
so that the given series is cienvei^ent, then lim iS„ " t. The latter limit 
lim 5„ may, liowever, exist when the sffliea is convergent, as is seen, 
for example in the case of the scries 1— 1 + i — 1 + ... . 

Whenever i?„ has a definite limit, as » , the given series is said to 

be summalile by Oesaro’s meOtod of arifhmeUe means. In view of a develop- 
ment of Oslto’s method of summation, to be considered later, it is also 
said to bo summabU (C, 1), that is bj’ Cesiro'e method, order 1. It may 
happen that jS, ie not coovcigent but oscillatory; the values iS, S of 
lim S, , lim 5, arc then said to be tiic upper and lower sums {0, 1} of the 
series. In case S, S are both finho numbras, fire given series is said to be 
bounded (<7, 1). 

Trorn tho point of view of the theory of seta of points, it may happen 
that the points P^, Pj, ... P„, ... which represent the numbers 

tl,S„ ... Sa, ... 

do not converge to a single limiting point, bat that the set of points 

P‘1, Pi, ... P„ where T', is the centroid of tJio points Pj, P*, ... P„, 

has a single limiting point 1', which then represents tho Ces&io sum S. 

We have, sinco sj + s, + ... + a„ — nS,, — {»— 1) 

therefore a„ ■» nl3„ — 2 (n — 1) 5„_i -I- (» — 2) 5»_s; and hence 

? - -I) «- V - «■ -X’ - ;) 

In ease S, has a definite limit as « ~ , it follows frem these last two 

equalities that both co n ver g e to zero. In case is bounded, but 
not necessarily convergent, it is seen from tiiesame equalities that and 
are both bounded. It has thus been shewn that:' 

If a series Sa„ be bounded (G, 1), then, a, = (? (»}, and 0 (n). If 
ike series is summable (C7, 1), then a„ o (n), " o (n). 

The folloiving theorem may be obtained at once from the general 
theorem ^ven in § 0. Writing, in that theorem, = n, a„ = we 
have; 

If 2a„ is oseiUalory, betweenfiniU or infinite limits 
lita.r„S lim iSaSlimiS, alim «„,• 

and in jiarlicular, if the series be eummaMe (C, 1), its Oesaro sum lies in the 
inipral formed by the upper and lower earns of the series. If the series is 



> iSc?'ics of Kumha ft [cii. l 

:v i'.Ua i.’jffriftn/, to + » , or — « , 05 //le m#c mny bt. In 
j'rt.'r <i.i o ft’HiVc Humtrr w os + « or — » , lim S„, eiisU 


Ct'i. Tim fiillow 'mg tHforoin will be established: 

IJ a (i„ IS 5iim>Ra&lc {C, 1) (hi emeu £ ^ is convergtnl; and if 

E a„ in {C, 1) the eeries S -,'j is convergent, provided 8 > 0 ; 

iiWTforcr the neries S — m then btnttided. 


Tlic ( 


iirics Z -A mav bo written m the form 

nS„ - a (W.- 3).$r„., -f fn - 2) 



+ Tn8„. 


1 


' (in - 

Tho two last terms arc equivalent to 

If Sn Sb bounded, tills converges to vero, as m ~ , provided S > 0. 
If 5 = 0, tlio oiepression is Iwundcd when J5„ is bounded. It S„ has a 
dofinitc finite limit, and 8 <; 0, the expression converges to zero, as rr 

I 


The scTics 
i.9, since 


s + Oj, (l 


+ 1 




wlicre 5, are botli boitndi-d, and converge to zero, ns n ~ « , numerically 
than "s" I A'„ | 

If 8 > 0, and | S, | is bounded, this is less than a fixed number inde- 
pendent of tn. 

If 8 "0, the series becomes E -tk- which is nhBolulcly 

l{R/ .2) 

jnf'*'' V •' ’fnit, thcserics 


jnvergenl if b- bounded. 

Tt has tin/ ' that-, when '' 
~ i" cons! ' that, whe 
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It should be observed that, altiiongh tlie series S is 

n-i (71 — 1) 

absolutely convergent when is summablc {C, 1), it does not' follow that 
tie convergence of the series X — isabsdhite. Foe, in the transformation, 
— is replaced by the sum of three terms, •which are then rearranged, and 
the series may tins become an absoIntelY coovergent series. -For example, 
theseriesl — 1 + 1 — 1-i- ... is convergent ((7,1), but the series ^ ••• 

is only non-absolntely convergent. 

The following is a gcncializataon of the second part of the above 
theorem, and can be established in the same manner: 

If <Ae fen'es S n, js bounded {C, 1), ani {ife„} be a sequence of numbers 
such ihal i, ■■ 0 and mch tluil the series X n\h„— [ « 

coTiiwjeTit, then the series. Z l\a„ is convergent. 

SlJBtES OF IRaKSFDaTF XXrE. 

29. If Sj, «j, «j, a,, 

bo a set of numbers each one of which is definite, and in whioh every index 
that precedes some onmber ^ of the second’ class ocenrs as a sufSx, and 
if the Belies 

lit + tij + ... + «« + ... + u- 4 ti.« 4 ... 4 It, 4 ... 

he formed, where 

= s, — — s„ — a,_j — ]im«„, u. = — s„, • 

« s.,. - fi.4, . ... tt, - -• a,, ... , 

in which the indices of u inolnde every number less ttmn fi, then the series 
is said to be a convergent series* Of typo fi. If y bo a limiting nnmber, the 
limit , of a sequence {y„).then a, is defined to be lim Sj„. If ^ he a limiting 
number, the series has no last term,- but if JJ he a non-limiting number, 
the last term of the scries is 

An ordinary infinite series 

II, 4 -a* 4 

is of type a>. A series 

+ «j + ... 4 Wn4 ... 4®, 4.«^ 4 1>, 4 ... 4 Vr. 4 ... 

■ SticIi series have b«n inrr^tljrstcdma diSermtioBxiner by Hardy, Pros. Zand. 3falh. Soc, 

(2). ToL j p. £S3, 
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is of tj-po 0/2; finri n douhio scries 



4- n., </(. + (1-3 + ... 4- (7.„ 4- ... 

+ Ojj %>- -f- — 


+ (’nl + "nS “n* •f' ••• 


is of tv 7 )Q w’, if ikbc tiikenincolumnssuccessivdy, or in rows successively; 
blit it i.s of type (u if the terms firo taken dlagooaUy in the form 
0,1 + (fl,* + o„) + (q,, 4- «j. + a,,) 4- ... . 

Conversely, a setica of any type ft is convergent if nil the sums 

... ... 0 ,, ... S„ ...Sg 

bn definite numbers, 

It is clear that, ^ being any given number of the second class, any series 
of (he ordinary typo w can have its terms so arrauged that the serins 
becomes of typo p. For a correspondence can be defined between all the 
ordinal numbers less than fi, and the ordinal numbers of the first class. 
I/et us now suppose that all the terras of a conrorgont scries 
•u, + «s + ... + V. + + ... + «^ + ... , 

of type p, are positive, and thus that 

Sj < Si< ffj, ... < ... < 8g, ... <«e. 

If wc represent t!ic mtmbeis 

in the usual manner, by points on a straight line, the terms of tbc scries 
are represented by a set of intervAls 

(Si. «sl, — (^. «-+i). — 

on the straight line; e.ach interval abnts on the next; and all tlie points 
6., where o is a limiting number of tbcBccond class, are serai-cxlernal points 
of the set of intorval.s. Tlie end-points and the semi-estcmal points of the 
set of interval.^ forni .on ennmerabJo closed set which has con-scqiiciitiy 7.ero 
content.; and it follows, from the theorv of the moasnres of sets of points, 
that tbc set of intervals has a measure equal to that of the whole inlenwl 
0, «,), Tvhicb is therefore Sg. Since the measure of an infinite sequenw; of 
inten-als is equal to the sura of the measures of the interval', it follows 
that, if the intervals be arranged in a sequence of type u>, their sum is s,. 
The foilo'ring theorem has thus been established: 
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Series of Transfimie Type 

If a ssri&s of posiHn ■numbers be convergatl.tnjd of fi/jie it iriU also be 
convergent trJtcn arranged in typs<a;aUot}tesmKsiciUbe.ifiesamc. Conversdy, 
if if be canvergent tchen arranged in type ta, it mlt also converge to the ftime 
sum icbcn arranged in type p. 

We may jia«i to the coaad^tian of series of type jS, of -whicli the 
terms are not necessarily all poative, bnt of which the convergence is 
nhsohitc. 

afisoIifteJy mnvergeni sertefi of type ^ is a series trSi'cJi is convergent 
vJten each term is repiaced by its modalus. 

Ix!t VIS suppose the intervals constracted as before, which represent 
the terms of tie series 

l«i! + i«t! + r- + i«-i4-|v,*il -f ... + !«,! 4- — - 

If we choose ont from this set- of inteirals those which correspond to 
poatiTe tenns of tie scries 

«i -f Vs ri- ... 4- 4- ..., 

wo 'have a set of intervals which has a definite finite meiisiire; and the 
same is rime of the sot of those int^als wMch correspond to negative 
terras of the given series. The given series converges to & snni whioh is 
the dificrenee of the moasnres of these two sets of intervab, end this s«m 
is nnafieoted hy the order in which the intervab are taken in either the 
poritive or the negative compoDont-. It has thus been shewn that: 

If a tents be absohdely convergent, and of type §, then the scries is oon- 
vergent, and its svm is independent of the type, 

nOUBLS SCQPISOES ACTD POCBIS SHOXES. 

30. A set of numbers {«„„}, where each of the indices m, n may be 
any positive int^ral nninbex,and the number is defined, in accordance 
with some norm, for each pfdr of values of to and n, b said to form a 
<?oui7« seyiiencs. 

If, for a given double sequence, a number s exists, such that, corre- 
sponding to each arbitrarily fixed poritrve number e, the condition 
! ® j < f be satisfied, for all vala^ of m and 7i such that mSp, 

n^p, where p is some integer dependent on e, then the double sequence 
bsaid to bec£wverycn(,andthenumber#5ssaid to be the/iwiif of the double 
sequence, or the dor/iZe Zimff of the sequence. This is denoted by 



Tlic theory of double sequmces may be correlated with that given in 
I, §§ 302-306, of the double and repeated limits of a function of two 
variables. For, if we assume x = \}m, y = Ifn, the nemher may be 
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talii'n to define the- value of a fwuctioa / (x, y) at the jioiiit x = 1/iji, 
v - i/fi. That the function is not defined for nil positive values of x and 1/ 
in the neighhourhood of the point * = 0, y = 0 makes no diilerence as 
regards the validity of the results obtained for a function of two variables. 
TIk.-sc results may no'v bo interpreted as properties of the sequence («„„). 

The doiiblo limit bin / (x, y). wheu it exists, is identical vritli 
lira .s,..,,, and the csiKtenco of cither of these double limits implies that 
of llie odier"'. 

Corrc-»})onding to lim/(x,y). Um/(a^y), y), the notation 

v-o ^ i~e 

lim.',,,, lim«„„, iim may be employed to denote respectively tlic 

upper limit, the lower limit, or Uie limit of for a fixed value of m. ns 
n ~ . The limit exists when the njHicr and lower limijs are idenlienl. 

Tlio notation may bo used to denote fbe upper and tlio lower 

limits, when either i« to be taken indifferently. The correspording 

notation 

lim lim lim s„„, Km 


may bo employed when n ha* a fixed value, and in — » . The ropeaf<‘d 
limits lim lint lim Km eorrespnnd precisely to the repeated limits 
liin j/), Km Iim/(a:,y). 

The following results arc obtained by transposing those in i, § 303; 

The fxi'sfenec <1/ the dmiUe limil « s Km impUes the ezislenee. af 
iht. repealed limits KinUms.,„, KmKm,v„,, ««d that these both have the 
i'fiUic s. 

The existence of s is not a itcccMary consequpticc of the cxistenre and the 
(jjimlitij of the fnv repeufed limits. 

The existence of rteTC;>fof«f7ii«i7 lim lima„„rfocfl not nccwsorify i/ivofre 
that of lim s„„, 05 a definile. number; but it iiHpfias that lim lira s„„ and 
lim ^ have one and the same value. Thus lim lira s„„ has a more 
general meaning than has lim {liins„„}. 

In case the sequence be such that , for every set of 

values of m, n, til' and n'.soch that n'£ a, the . sequence is .said to he 
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nonolone. It is also said to be monotoiie Trhen tbe conditioa is replaced 
bv ^ . This definition Ls equivalent to the correspondiiig deSm'tioa 

in r, § 307. 

The folloTring theorem has already been established in I, § 307; 

If the seqiiav:e.{e^^l&m<m<ftone,ike€3istenceofanyoneoflhelhTee Umils 
lim litn llm I'"* b'm 

ir^vdtes the exitfence of the other iuro, anti the equality of aU three. 

31. If the conditions are satisfied that lira f,,,, lim are finite for 
each valne of m, and that, corresponding to an arbitrarily chosen positive 
nninbei t.aTaluenr, of n, can beso chosen that lies hetn-een lim 4v., -r c 
and lim s„„ — «, provided n S n,, for ereiy valoe of m, it may be said that 
the simple sequences <*,, ...) are oreUh/cry, vnifTrmly 

ieiih resped- io n. 

In caiK lim s^„ emsts a; a definite nnmher, for each vslne of m, end in 
esse, correspoading to an arbitranly chosen positive number e, en integer 
fi, can be so chosen that | — lim e„, | < «, provided n S rtc, for 

eveiy value of m, the simple seqacnces ... ea„, are said to 

amverpn uniformly v.n'fh raped tom. , 

Tn. the present case the statement of the condition (2) of the theorem 
contained in i, §304 may he simphlled, it being observed (see T, p. 387) 
that the condition may be so strengthened that the theorem gives the 
necessary and so£dcct conditions for the. existence of the double limit. 
The condition there given is that corresponding to each arbitrarily fixed 
positive number <, anumbetn, exists such tfaatfor each value njOf n> ?!f, 
a positive number exists such that s„„ lies between li/n -f e and 
lim — «, for all values of n that are S and for aD values of m that 


e > T7i,j. It being assumed that lim a,^, lima. 


is clear that, for m 
— «, for all values 


= 1 , 2 , 3 ,,,. 
3f n that a 


£ some fixed nnmher 


finite for all values 
een lim e„^-^£and 


o, be the greater of the two numbers «„ we see that the condition is 
equivalent to the condition, that^,,. lies between lim -j- e and Irm b . — ^ 

for all valnes of ft S Sj and for all the values 1,2, 3, ... of m. Tlie coodition 
may now be stated in the form that- all the simple soquenc^ 

are osciEatory, uniforroly with reqtccf- to m. It will clearly mate no 
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diflurenco if, for a finite number of ralues of m, Jim s„„ or lim is not 

linite, or if both are infinite. 'Die theorem so modified now takes tlic 
foliowiii;; form; 

The vccmcryanil sii^a'enleondilionsforihcccislenecof (he double Umil 
lim fi„„nre (l),ffi<i/liio«nn — Um s„„ should convergetozero, asm , 

and dial fiiii s„, — sAoirW converge lo zero, as n~ m , arid {2), that 

the scgueneoi ... ®„„. ...),wherem— 1, 2, 3 should oscilla- 

(on/, itnifonnlij with resjxxf to m, wilh the jiosaible exception that this only 
holds irhen a finile number of them arc disregarded. 

Ill case all the sequences (s„j, ...), with the poaaiblo exception of 

ft finite number of them, nro coiiTorgent, the condition (2) reduces to that 
of unifomi convergence of tlio sequences, and the theorem may be stated 
as foVonn; 

//lJnis„„ CTi'sW as a d^nHenumber,foraU. values of m with the possible 
exception of a finite set of stiek values, the neeemry and enffieient eonditiotis 
for the existence of the double Jimit, as a definite number, are {!), ffiat 
lim 

should converge to zero, «<«-»», and (2), lhal the sequences 

) 

ore Kniyernify eoneerftCH/ ii'irt respect tom, a finite M of these iejifcnees ficinff 
possibly amitled. 

32. Another form of tho sufficient and necessary conditions for the 
existence of the double limit is contained In the following Ihcoruin; 

The riccMsori/ and sujfietent conditions /or the existence of the double limit 
of B„„ are (1), that Hm Ihn s„„ should exist as a definite nt(ni6cr, ond (2), that, 
when possibly a finile set of values of m is omitted, the sequences 
(««!.«-*, -) 

arc oscillatory, uniformly with respccl lo w. 

in case the sequences («„, , s*., ...) are convergent, at least lohen a finite 
set of these sequences is oniiVfcii, the necessary «n<f sufficient eondiViww arc 
(l)l/iaf lim lim Snn^'>i^asadefinUev.-umbcT,and{2)thal theabove sequences, 
when possibly a finite set is omitted, eonvttrye uniformly unlh respect lo »n. 

To prove that the conditions arc snHicient, Ictssiim lim then, 
if rn > m,, we have s + e >iim £ lim s„„ > « — e, where jn< is some 
integer dependent on t. 
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Also, if n is greater thaa eoioc fixed amnber «« , wc have 
lim + « > b*m > li™ 3mii — c, 

for all values of m with the possible exception of those belonging to a finite 
sot. When m > r/it, and n > nt, wc have « + 2e > > s — 2«, or 

1 B - 1 < 

Since c is arbitrary, it follows that s is the double limit of s„„. 

To prove that the conditions arc necessary, wo assume that 
s s lim 

exists. That the condition (1) is satisfied is at once cleat. Also since 
I e - I < e, 

for m > «tj n. > «,, where m, , 'n« ere fixed integers dependent on «, we 
have a + « > > a — lor «» > m< , » > ti*. It follows that 

s + r S Sm & Um Ss ~ e, 

provided m > m,, From this wc deduce that < Sm e„„ + 2e, and 
1.12 e„„ — 2«, provided m> »a«, «> n,. Now oonsidor the values 
m ■» 1’, 2, S, . . . ffl« , of m ; for each of these values of m ffit which 

has finite upper and lower limits a value of n. can be determined such that 
Snn < Hm + 2<, and s„„ > hm — 2c , for this and all greater values 

of n\ it follows that a value n/, of n, can be determined so that these 
inequalities hold for all the values 1, 2, 3, ... nt, of m, provided the upper 
and lower Umite exist. .If fit be gtcat,or than both nt and Tie', wc now see 
that lies between lim s„„ + 2e and — 2c, provided n>7i,. 

for all values of m, with tbc possible exception of a finite set. Since c is 
arbitrary, the necessity of the condition has been established. 

33. The preceding results may be appUed to questions concerning 
tho convergence of a double series £ ' as m and 7i are indefinitely 
increased. Denoting this finite sum by a,,,, when tho double limit 
lim 

easts as a finite number «, this number is said to be the mm of the double 
series, and the double series is said to be convergent, and to converge to s. 
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The terms of the fcrica may be arranged in rows and columns, 


wiiich has been tlefincd in § 20 oq a series of type w'. The sum is that 
of the finite series 

0,j + Ojj + ... + fljn 

+ n.j + Qts + ... + fljn 


+ 0„i + d- ... + ffnift. 

If lira 15 + ® or - « .tliodoublcscriesis said to bodivergent; 
if ifnj s„„ does not exist either ns a finite number, or as + « , or — « , 
tlio doublo Bftrics is said to o.«ciUnf<. 


1( are denote by the upper and lower limits of indeterminanoy 

of the series Om, + a„g +”... + 0 -., + ••• , wluch consists of the terms of 
the »»th rot!’ of llio given series wlicn arranged in typo «*, tve have 
S., ■■ lira («»,„ — Sm-i.n), where = 0. 

If now' the double series be convergent, from which it follows that 
lira lim s„„ and llm lim 

exist and h.ave equal values, it follon-a that 
fiin s„„ — lim 

converges to zero as m ~ co ; it is then cleat that S„ — must converge 
to r.ero as m . It follows that^ allhougli it is not necessary for tiie 
convergence of the double i?eries that the single rows should converge, 
it is ncccssarj- that only a finite number of the rows sliould diverge, or 
iiave infinite limits of indetoiminancy. Fnrtiicc it is necessary tlmt the 
difference betweer the lirails of indctcrminancy of the sum of tlie series 
consisting of tlio mill row should converge to zero ns m ^ • Similar 

••('atonienls may be made ns to the series a,, + «tn + ...+a„„ + ... of 
which the terms are the constituents of the nth column, ami of winch 
the upper and lower limits of indeterminanm' may be denoted by 2„ 
•and r„'. 

If all the rows are 


convergent, we may consider the scries 
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obtained by sammation first by rows and then bs' columns; and also, in 
case tte columns ate convergent, we may consider tbe scries 
S,' + + ... ^ S.' -r ... 

obtained b3' summation first by colonuis and then by rotrs. 

Tbe series 

vhicb is of type tu, is said to be the dittnonal scriM corresponding to the 
double series. If this series converges, its sum is said to be tbe diagonal 
sum of tbe given double series. 

The convergence of the two scries 

Si + Sj a. 4 . *t* ••• , Si^ •}• S/ 4* ... + S„’ + ...» 
obtained respectively bj- summation fiirst by rows and then by columns, 
and in the reverse order, docs not neccssarUy jnrolre the convergence of 
tbe double scries; the double scries may iniaetbe oscillatory. 

If tbe double series be convergent, and alt the rows bo convergent, 
Ilia Um must bo equal to s, the double sum of the series, as has boon 
observed in § SO ; and since » lim (£„„ — Sn-i. «) follows that, if 
Uiu &v[sts, so also docs lim s„„. But lim4i„ exists, being equal to 
Si; hence, by induction, we sec that lim e.vists for every value of m. 

have clearly Si + Xj -}■ ... + S« — lim <«,••> and therefore the series 
Ii -i-X: d- ••• ■)' Sfli'h ...converges foe. A similar result can be established 
' for the series Xi' + X/ ... -h X/ 4- ... in case all the series of columns 
arc convergent. Thus it has been shewn that: 

If ilte double series be convergent, and if every row be convergent, the 
eeriss of the sums of the rows must converge to Ifie double sum. A similar 
elalemeni applies to the eclamns. 

The double sum may exist when the rows, or columns, are not all 
convergent. 

34. In accordance with a theorem in § 29, if all the terms of a double 
MrtK be positive, the existence of tiie double sura ensures that, when all 
the [•erms are arranged in a angle series of any tfpe, that series converge.'! 
to the double sum. We have tbas the theorem that: 

If all the terms of a douMe series ore positive, and the double series be 
convergent, then the series obtained by stunmetton first by rows and then by 
columns, or in. the reverse order, and the diagonal series, are aU convergent, 
and converge to the double sum. 

It folio^i s that all the rows and all the columns must be convergent^ 
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A (imtlilc Fprirs i^o„„ is swd' to be absc^wtdtj convergent if tho double 
KTii's of vhicli f be Icrms nre [ n„„ ! is convergent. It i.s clejir Hint, tlie con- 
vergence of tlie tioulilc scries |a„Bi involves Hio conx-crgenco of Sn„,, 
tlic given double Rcrics. For may bo expressed ns where 

find nre hotli positive and monofono non-diminishing fimclinns of 
D! nnd n defined bj' 

= £ S{A + 

and 2 S{|(|n,,|-«„)}. 

Till' finitls, as ni ~ <o , w ~ , of and «5^ must bo both finite 

and cfttiiiot oscillate, for lim (fmn + »««) is finite and .s^i, nro both 
incmolone nud uon-dimijnsbing; llicroforo Uni (sj’i — rJhb) is a definite 
number. 

In an absolutely convergent series, both 2 lon»|. S J«mF.| nnist 
be DCinvcrgcnl', llio first for all valuv.s of m, and tlio second lor all values 
of fi, since each is less than the double snm of S| <i„„ {. It follows that all 
tho rows and all the oolnnms of the given series art) oonvorgoiit. 
TItereforo, In virtue of the tlioorem proved above, the series of llio sums of 
tho rows, nnd t-ho series of the sums of Iho columns, must converge to tho 
doiiblosum. Moreover, in mtuc of a theorem proved in § 20, it follows that, 
if tho terms be arranged in a single scries of any type, it is convergent nnd 
its sum is independent of the l.ypn. Tho following theorem has thus been 
established: 

If a double series he absohndy convergent, it ia ebscJuiely convergent >e/icn 
Mimmeii by roinr nnd by eolumna, in. either order, or when orro»«?«/ aa a 
di'njoffa! series, or ns a single series of any type; moreover, in caefi case, the 
sum is equal to that of the double series. 

Sn far as tliis theorem relates to summation by rows nnd columns it ia 
due to Cauchy. 

Moreover it can he shewn that: 

A double series is alsolulely convergent if the single scries is eemvergent, 
of which the inlh term is the sum of iheabsblvie twfwes of the terms in the mlh 

For, if the scries 

• It has bwn »AMrtcd by Jcntin that tbexe «xLitonty ubiolulely COTrcTpait dotibjc wriw; 
sto tiij Court iTAnalyit, rol t, p, SOJt TIim «tAt«iKat rtalB opon * Mnvw dtrmition of Ibo 
ocorrrpaw of such Krim. 
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is convergent, it follows that £ J | is less than some fixed number, 
independent of m and », and toerrfoie Uiat lim | | must be finite. 

Therefore the double series S ] Sns I ® coavMgent, and conseq^uontly 

n.n 

S Oct„ is convergent. Moreover, ance S | j is absolutely convergent, 
S is convergent, so that (he rows, and similarly the columns, of 
the series Sii„„ are aU convergent. It then follows from the previous 
theorem that the sum of the series is tlie same whether taken in either 
order by rows and columns, or in any other manner. 

Thus, for a series in which any one of the sums 

I . I ...I, 1 1, 

{1 “i" 1 + I "sh-il i 4- ... -f i 0 ^ 1 1} 

U laiown to exist, any one of the four equations 

£ Cmn * a, £ S Onn ^ S, £ £ = 8f 

S + Oi.ji-1 + ••• + ® 

implies the other three. . 

35. The theorems of ^ 31, 32 can ho applied to the consideration of. 
double scries which.are not absolutely convergent. 

Since ■s„^- (Oji + a„ + ... + «„») H- (a„ 4- aji+ 4-a„,) 

4- ... 4- 4- o»n + ••• 4- «*,«), 

the sum of the infinite series 

(a,i + a„ d- ... + a„,) + (a„ 4 . d- o„j) 4- ... 

whenitexistsis lim It is sufficient toconsiderthecase in which these 
series are .ell convergent, except possibly a finite set of them. We have 
then the follorring theorem: 

If all the series 

(0,1 + oji d- ... 4 a„i) 4 (Bit 4 a„ + ... 4 fl„t) 4 ... 
ore convergent, except possihfy/or a finite set of values ofm, {he necessary 
and sufficient condilions for the amtergence of (he double series are 

( 1 ), that the sum of the above series should converge to a definite n-umber, asm 
is indefinitely increased, and (2), (hai aR the above series except possibly a 
finite set slmild converge unifomly vilk respect to m. 
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Tiic series when summed rows and columns, and by cohimns and 
roK's, may be convergent, and rosy have the same sum in both cases, and 
j-cl the double series is not necessarily convergent. A convergent double 
series v'hicli is not absolutely convergent can bo replaced by a new series 
Mhidi diverges, or osciltafes, and is such that each term o„„ occurs in a 
definite place in the now series, and that no terms occur in the new series 
w})ioIi do not belong to the original bno. This can bo proved in a similar 
manner to the corresponding theorem for simple series, A goneral typo of 
non-al)so!utcly convergcmi donblo series has been given* by Hardy. 

36. With a view to the investigation of thediagona! series correspond- 
ing to a double series, tho following theoremf will be estoblisbcd: 

// 1 I is less than a fixed postVitie number g, for all valves of m and n, 
and if lim has a d^nite value 9, then 



Wo luivo 


f»1 r-r+I r-n-n+I 

whore l <p, nnd7i>2p-)- 1. If < he an arbitrarily elioson positive number, 
j) and n may bo so chosen that | — s j < «, for 

r = jj-h l,p + 2. n -p; 

thus tlio second term on tbo right liand side of tho oquotion is numorioally 
loss than (« - 2p) c. The sum of the first and tliird terms is numorioally 
lo.ts than 2p {<7 + j # ]}. It follows that 



Keeping p fixed, and letting « iucroaso iDdefinitoly, we soo that (ho 
expro-ssion on the right hand side converges to e; and since t is arhitmrj’, 
tlic result stated in the theorem follows. 

It is easily seen that 

gi.« + + ... S, + S.+ ... +S„ 


wlicru S„ denotes the Jith partial sum of the series 

®Il + (<’jS H' ®Il) + — + (<*!« + ••• + Qnl) + ••• I 
theroforo, if the limit of one of those espressioriB exists, that of the other 
also exists, and their values are identical If now the diagonal series 
is convergent, in accordanco with Uio theorem of § 27 the second of 
these limits exists and has tho value of the sum of tbo diagonal series. 
Since tho first of the above Hmits then exists, and has the same value, 
' Proc. Lon'!. MaA. Soe. (2), voL I (1003). p. 124. 
t I*fia£nhcin>. Sikn^AfT. 3f0iict. vot XX^'n (lOnO), p. 123. 
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it foUoTTS that the sum of the diagonal senes is the same as that of the 
double series, provided the conditions of the theorem are satisfied. If the 
diagonal series could diverge to + oo ,orto — co , then (S, 4- S; + ... + S„)/n 
vould diverge to + os or to — w , and this •would be uiconsistcnt with the 
convergence of tho double snm. Thm the diagonal series cannot diverge, 
but may oscillate herircen finite or infinite limits. Tlie following theorem 
has thus been established: 

7/ ilic convergeri ^anble series S Omnt *1^ wliich s is (he suvi, is such 
that j [ IS less than a fixed positive nHwftcr, of m and n, 

then the diagonal series caaiiol diverge, but mast be either convergent or 
oseillaling. In case it converges, ilssumistliesaracas that of the double series. 


EXAMPLES. 

(1) Let «nii= ’*■*)» whetu p >0, j>0. la fils cote litu»mn" ha>»™n 

do net «sbt as definite numbers, bet tbe tliree fimita 

lim Um'«na. lim liiu lira 

all exist, and are zero. In tUs r.ase Cm to Sno= - osd oseiUotos 

nniiormly for all caluee of m. 

{S) Let e,„„ = f' 4i ^ repealed linuu both oxiaf, and are zero; 

hot tho double lislf does cot exiel. A eimilar case eriscs if a • 

{3j Let Offin* ^ ‘sd®* 

£ ^^^^;;;^isalsoconeetsc&l,ancolbegeQenltvnuUleaafi>aa^. Cut each ui thoseiiea 
2 Onnhzu)n-<»uvergciit,iuidcoiucqneDtlythcdooblc£si{est3liotconTergent.Allhongbtbo 
scries 2 q,„ conTcrgo uniioraoly with raped to ni, lor m > 1, tho serica 2 o,,. 
S^(o,„ + o.„). ... do not converge njfifonnJy. 

(4) . Let* n”" ' I® th** a®®® th®' the double serioa osciDatea between 

the liiOite J log 2--^ and •|log2+^ The repeated euma arc both egaol to J (log 2- J); 
and the diagonal series oscillates bclwccn + a and — eo. 

(5) Couaider* tho dotiWe scries 

+ K •»■ he) + foi - 6.) + a. •»■ <•> ■•■ «. -t 
(- Oo + M -t- (- Ot - M - oj - "s - Oi - 
+ i, -6i +0 + 0 + 0+.. . 

+ bj -6, +0 + 0+0+... 


sdBanlj. iVeeiXonif. JfoI&Sgc. {3), vol. nfl&lM), p 175. 
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Tlic double sum tain nuy »»e «ro;lrat tic snins of tho first two rows (ire not coarergtnl 
if 2o„ doea iioi convcrEC. The disgonal earn Is liai (o„+i„) if tliLa limit cxfets, and it wfi] 

otboravo be oscill.Mory. The series S (o„ + Oj^s- ... 4- Cni«) lire nnifonnlyconcerjcnt, 
when the Ferire ooiresponding to r»«: 1 is omitted, incase that series is non-cosTcigent. 

(0) RiiowthaltheRcrifS I -2_"isconcefgcntwhcn0TeT S On'isconvergent. This 
tiieorcm is dno to Hilbert. Jlilbcit'e proof was ontlincd by Weyl’j other proofs have been 
given by AVicricrt.SchurJ.anil llaitlyS. The lasldcdoccsitfrom the theorem that, if 2 <i„* 

is convergent, then Z is convcrgcnls where s, = a, + Oj + ... + o„. 

This last theorem is a parlieolar case of tbo more general one that, if i'> 1. and 
2 a,*iseonrctgenl, Ihtn 2 is convergent. 


TJrr, CON’VEItQKJCi; of the OAOCHY-PBODUCT or Ttt’O series, 

37. TeCt us consider the two series 
o, + a. + ... 

6, + 6. + ... +b„ + .... 

nnd let the scries c, + Cj + ... + e„ + ... be forraed, where 

Cj = C,&|, Ct Oib, -f O.bi, .... C„ = 0,6, + Ott>n-l + -h dfl&t> 
then the last scries may bo termed the Caochy-product scries of the 
first two. 

It fs clear that the scries X «„ is the diagonal series corresponding 
to the double serifs X where «„„ = o„6„. Also 

where i,' denote tlicffitband «th parlialsmnsof tbeserias X a,, X 6, 
respectively. 

In C(v.<(ebolji the series X a„, £ b„ arc convergent, having s and e' 
for their respective sums, we see that the double series X (inn i® 
convergent, its sum bring ss', but it does not ncecssarily follow that tiic 
diagonal series is convcrgeul. It can, however, beslietvn that the diagonal 
series cannot diverge, but must eilber osciUaic or converge. For it has 

• Iniaruml di.(v;rlatioi». .SiRTatere lidfjraigWthangai^ GtiUin^rn (1003), p. S3, 

t MaA. AT.Mln. voL f.xvin (1010). p. 3B1. 

1 Cr’l<y, Jmrr.nl. ruL csi. (IPISJ. p. I. 

5 MaK 7.-.iy:l.r. Tol. VI [IMOl. 3i<; id.o Jf^iei^er ef ilaA. rot TLVm 


(1916), p. 1«. 
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been shewn in § 36 that, 8^ denotn^ iiie «th partial sum of the aeries 

Sc,, we have and if the series Sc„ were 

n~M n 

divergent, the limit on the left band ad© would be + m or — co , which is 
not the case. 

Since, when Sfi„ ia convergent, its sum is lim 
we obtain the following theorem due to Abel: 

In caj!e tha three ecrtea So, S6, Sc <we all convergent, the sum 8 of the 
series Sc is egwd to the product ss' of Ike sums of Ike series Sa, S6. 
Moreover it follows that: 

If tlie series So, Sb are convergent, the series Sc has for its Ces&ro sum 
the product ss'. 


38. In ease the series So, Sb are both absolutely convergent, the 
series So is also absolutely convergent, and its sum is the product of the 
sums of the two formes series. This follows at odcc from the theorem of 
§ S4, that an absolutely convergent double series S a„bn is such that, 
when arranged as the diagonal series Sc,, it is stlU absolutely convergent, 
the snm of the diagonal series being equal to the sum of the double 


This result, which is duo to Cauohy, is inolodcd in tho following more 
general theorom due* to Merteus: 

In case one at least of the two convergent scries So, X6 be absolutdy con- 
vergent, the Oauchy-producl series Sc ts convergent, .and sum is ss', Ote 
prodwi of n^e sums of the two given series. 

To prove this theorem, we have 

-S, “ (oi + Os + ... + o„) (6, + 5, + .1. + i,) - 6,a, - 6, (a, + a,_i) ~ ... 

+ a„_, 4- ... + Os) 

= s„sf — b, (s„ — — 6j («, — s,_g) — ... — 6„ (s„ — «i) 


s' j £ I s„s„' - Js* 1 + 1 b* 1 1 s, - 




ii* 


Let m be an hither < n, and so great that 

Un - M a, - «,41 h - I «» - «n-l i 

are all less than a fixed positive number it is clear that n may be taken 
so large that the integer m exist®, and that this bolds for all greater values 
of 71. Wc have then 

! S„ - ss' i < I I + , {| 6, 1 + [ 6, 1 + ... + ] |} 


* CretUs Jounwi, viA. ujuE (1876), p. ISa 
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Ix-t it now be assumed tliftt the series is absolutely convergent, and 
le{ S be the nth partial enm of the eeri<B £ j 6 | . The numbers 

are all le« than some fixed number A, independent of n and m. TTe have 
nceordinglj' 

I .S„ — ia’ I < [ «»«„' — ««' I + Tj — S,) -b ^ (S„ — E„_„4]). 

The numbers m, n can be so chosen that ] - ss' | < 0, and that 

j Zr. - j < O', where 0, 0' arc arbitrarily chosen positive numbers; 

if this lie done, wc have 

\Sn-ea'\<.OT-nB^e'A, 

where B Is some positive number independent of m and n. Since 6, t;, O' 
ore arbitrarily small, provided n is sufficiently largo, liS, —sa'] is less than 
an arbitrarily chosen positive number. Therefore the series Lc converges 
to <«'. 

^VhOR both the series So, X6 aro non-absolufcly convergent, their 
Cauchy-proflucl does not necessarily converge. Classes of ca-sca in which 
the Cauehy-product ot such series is convergent have been studied by 
Pringsheim*. Vossf, and CajoriJ. 

Tin! CONVKRCrSCE OF rCFIXlTJ; FROnUOTS. 

39. Let Ox>Oi< denote aserjoenco of positive numbers, none of 

which are siero, and let the product a, Oj... a, lie denoted by p„. If;»„liavo 
ft definite limit P, as n end I'f O, the infinite product aja. ... a, 
is said to ho convergent, and to converge to the value P. In eftso limp, 
has the value zero, the Infinite product is said to diverge to zero. The 
infinite prodiiet is also said to be divergent in case limp,, or P, u+ «• 
In case lim p„, or P, OHcillates between limits of indeterminaney, ooe of 
irhich may be .f « , the infinito product is said to OEcillate. 

.Sines logp, = log a, -t- log o, + logo,, if is clear that in case 
p, has ft definite limit P(^tlb logP is the limiting sum of the series 
S log Tut if h'm p„ ■= 0, the series S logo, is divergent. Ittbnsappeam 
that the question of the convergence of an infinite product is reducible to 
that of the convergence of a scries. The parallelism between the case' of 
an iiiilnite sum and an infinite product is made complete by the convention 
that when lim p„ = 0 the infinite product is to be regarded as diverging 
to zero. 

• >!c!k. Ar.rjitn, VC.L in (1S33). p. E?; toL Xin (i&W), «rk^r* Pn-ir«tHo U» 

ttA thr CwJcliy-prcKioct cf Itrt ii u 'o a . jm e uica l 

1 Mah. .1nai!,-i.Td.IXTTtl65IJ.p..i2. 

: .'.'-.r 3 Vf Ba!/. (2), Tot I tliaS) lui-j Amfr. Jam. «/ .Vitt. Tol it 

V.!- n-,t.. p. ISO. 


J?3|, p. 303, 
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TBe theory of infinite products may however bo developed indepen- 
dently of that of infinite series; Mid this has been carried out in detail by 
Pringsheim*. A abort account trf thin thoOTy will be given here. 

If lim have a value JP 0), the {ollowmg two necessary and suffi- 
oient conditions are satisfied : 

(®)> 1 Pn I > ff, where 3 is some fixed positive number, sndn = 1, 2, 3, ... . 

(£p), I — p* I <e, where® is a prescribed positive number, provided 

n S Tie, an integer dependent on e, and m = 1, 2, 3, ... . 

These conditions (cs) and (6) may botfi be included under one condition 
(n). Thus: 

Tht nteeasary and sufficient condition that p„ should converge to a definite 
wttwfcer P 0) is that 


(o), jSaiJr — 1 j<ij, where t» an arbitrarily chosen positive number, 
for n & n,, a nnmbar dejicndenl upon t], and tn= 1,2, 3, ... . 

When (a) and (&) are both satisfied, it is cloar that (c) is satisfied; and 
thus tbe condition {c) is necessary. ' 

In order to shew tliat it is sufficient, we see from (c), taking < 1, - 
that I p„ I lies ' between (1 + ij) ] p„^ \ and (I — ij) j pn„ ], for all values 
of n thataTe> th,. Thus, sbce| p« | is, for all values of n, with the possible 
exception 6£ those of a finite set, greater than the fixed positive number 
I J fi, i . than tho fixed positive number (1 + ij) [ Pn, i , 

it follows that |pn[ is greater U>an some fixed posilivo number g, and 
less than a fixed positive number O, for all values of n. Thus the 
condition (a) is satisfied. Also, from (c) we have 

for all values of n > n,. 

Wo have now, for n£m,, Ijin — Pn, j < ffij < J«, if tj be chosen to be 
\clG. Prom this it follows that j j>»+m — j»k | < «, for n£«,, and 
m = I, 2, 3, ... ; thus the condition (6) is satiafiod. Since the conditions 
(a) and (6) ate both deducible from (c), it follows that the condition (c) 
is sufficient for the convergence of the product. 

Let m. “ 1, then ttie condition (c) shewe that | B„+i — I | < tj, and 
thus, since tj is arbitrary, we have lim {a„ 1) = 0. Writing b„ = 1 + c„, 

we have lim c„ = 0; and it is consequraitly convenient to consider the 
product in the form (1 -i- c,) (1 ^ (1 + e„) ..., where limc„ = 0 is 

a necessary condition for tbe conve^ause of the infinite product. 

* Zfolt. voL JULUU (1^89;, p. 119. 
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It is clear that \^’c may so far relax Iho condition that 1 + c„ bo positiv-o 
for all values of -n. as to admit tho case in which it is negative for a finite 
set of values of n. Tliose factors for nrldoh tins is the case may be removed 
u-ithoiil uHecting the convergence or divergence. 


40. 1/ a„ S 0, /or ct»ry value of n, it is neccssory ajtd siijjieiad for the 
eoinxrgeiicc of the ii’Jinite products 

(1 + 0.) {1+0,) (l + fla)... (1 + 0,).... 

that the series So, should he convergenL 


Consider first the product (1 + 0 ,) (I + 0 ,) (1 + a„) .... Wc have 
j;, > 1 + a. + Oj + ... + a„', and consequently So. must converge lo a 
valuo less tlmnP, tlio limit of j>,; thus the condition is necessary. 


Agnta 5?= - (1 + «.„) (1 + a..,) ... (I + «...) 

P>1 

< 1 . 1 . "s’ », + ( "s' «,)’ + ... + ( ”f ‘ a,)“ 

r»ntl \r-n+l / v-n+1 / 

If S Or convergent, n may be so chosen that S Or < £> for all 

r«l r»B+l 

values of 7i; thus 


? , l ! tg — 1 < t .f (m^ ^ 2e 

P« I — € 

provided e bo chosen to be < 1. Since this holds for all sufficiently large 
values of «, and since « is arbitrarily small, it follows that p, converges 
ns n ~ . 


Coitoidor nest the product (1 — aj)(! — a, )...(! —o,) .... It will ho 
OMumort that a„ < 1, for all valuM of n, for if the product bo convorgont, 
tliis condition nill bo sotisfied «( a finite set of terms is removed, and if 
2(7„ is convergent this is also the case. 

Wo Imve then 

(i _o,) (1 -a,>...(l -aj ^ "i" 

> 1 +«, +«j + ... + n,. 

If the series So, is divergent, wo tiicrcforo have 

lim (1 - a,) (1 - Bj) ... (1 - «,) =* 0, 

and the product diverges lo zero. Thcrofotc it is necessary for convergence 
of the product that the scries So, should be convergent. 

Next, if Sa„ is convergent, n can be so chosen that 
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for m = Ij 2, 3, and 

(1 - (1 - a»+s) > 1 - (a«« + «-«). 

(1 - «„+,) (1 - a„„) (1 - a„„) > 1 - (a„*i + <Jn+4 + a„„). 
and generally 

(I - C„^,) (1 - a„«) ... (1 - 0„*„) > 1 - (BnM + - + «n*m) >1-^5 
and therefore 

I (1 - a.„) (1 ~ ... (1 - B„^„) - 1 1 < e. 

The condition for the conviaBenoo of the product is therefore satisfied. 
Tlie condition that 2ff„ shoidd be convergent has thus been shewn to bo 
sufficient for the convergence of {I — «j) (1 — a,) ... . 

41. It can be shenn that if a. SO, for oU values of n, and the order 
of the- factors of the product bo rearranged, iu accordance with any 
prescribed law, the type of the infinito product being nnoltertsd, then tho 
new infinite product converges to P, the limit of the infinite product in 
the original order. Wlien this is the case for any infinite product winch 
converges, the product is said to converge uncondiMoJifllly. 

Let p„' denote the product of it factors svben the new order Is token. 
Lot the faotois 1 •}* Si, 1 + Ot, ... 1 •¥ a„, all occur in pn'; thus 
Pn' ” ■where I- 0 + fl]) (1 + 0 |) ... (1 + o„,), 
and. denotes ' 

(1 + a,,) (1 + ff.,) ... (1 where «, < Oj < ... < n„,; 
thus ffi > ni . It is clear that^ as n e , also, Uj ~ . 

Now 2„, d (1 + «.,) (1 + a..«) (1 + ... (1 + a.^) 



The integer n can be chosen so Inigo fhat ih is sufficiently largo for tho 
inequality — 1 < * to hold, provided »'£»]. It then follows that 
g„, ^ 1 q- and therefore p„' lies between p,, and (1 + «), provided 
71 is scfficiently largo. Since c is arbitrary, it follows that lim p„' — lim p„j. 
It bas thus been established that: 

-V Uj, Oj, ... a„, ... art oKS 0, and (he infniltprodvci 

(1 + a,) (l + flj... (!+«„)... 

is convergevi, which is the case when So„ f« convergtnl, then the convergence 
of the prodvcl is vnco7iditional. 

42. ITAea a^, Oj,... o., ... are not all positive, the infinite prodvcl 
U + ••• + Un) is convergent if iheproduet 

(l + |u,l)(l + |o=I).-.{l + |«»!).- 

is convergent, that is if 2 [ a, | is eomeeipeiif. 
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Tlie converse oi (liis theonsm does not hold, good; thus 
( 1 + 0 ,) ... (1 + oJ ... 

may be convergent whilst (1 + | «, j) ... (1 + J tt, |) ... is divergent. 

To prove the theorem, we hove 

(1 + On.l) (1 + - 0 + a-t-) - 1 = + ... i 

hence 

I (1 + a„..) (1 + a„,) ... (i + «,«) - 1 1 

s!nn..l + |a.«|+|a.«a.«( + ... 

(I + I “n*, I) (1 + 1 ««« I) - (1 + 1 a-*. I) - 1 

< f. 

for all values of n that are euffieiently largo, and form = 1, 2, 3 Tlsus 

the condition of convorgeoco of tiie product (I + <»,) ... (1 + a„) ... is satis- 
fied. In jinrticular, if c,, n*, ... a„, ... are all positive and 
(I+n,)(l+a,) 
is convergent, so also is 

.... 

The convergence of the product (1+ a,] (1 + a,) ... (1 + o„) ... is said 
to bo olisofide, in case the product (I + 1 a, |) (1 + | a, {} ... (1 -t- 1 Cr |} ... 
is convergent, which is the case if the series £ | | is convergent. 

It can be shewn that; 

An infinilc produel vhiek ccniKrges a&soltt/di/ le also meondllionalhj 
eojivergcnt, and conversefy, if the convergence is imconHilimal H is aiisoMc. 

I>et p„ , p„' denote the product of the first n factors in the original and 
the now orders. Choosing any value of ». a greater value n, can he bo 
chosen that all the factors in arc contained in ; we can regard Ui 
ns a function of n. If p,, fi„' are tlic corresponding products when | Hr | 
is tnhen in cadi factor instead of a„, wc see that all the factors in p,' are 

cont.-iincd in Sr,. Since 5^1 — 1 conssls of the same terms I, but 

Pn Pr 

with all the terms positive, we have 

?>» I Pn 

Since p,' s p„', we have 

\P-.,-Pn[£pn,-pn- 

On account of the absolute and unconditional convergence of 

we per tbnt [ p,, — p^' [ < f, for alt sufRcicntly great values of n. J'ow' p», 
ditTcre from p by Ics.s than e, if » 1 ms taken eufficiontly large, Iienoe p. 
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differs from f by less than 2f, for all sullicieotily largo values of n, aad 
tUus Iimp„' = p= lim p„- The convergence of the absolutely convergent 
product has thus been shewn to be tmeoaditioBah 

Nest, let it be assumed tJiat the product converges unconditionally. 
Let those factors for whicli'o, & 0 be denoted by 

1 + b,, 1 + 6 1 + hr 

and those for which < 0, by 

1 -Cj, 1 -Ci , I -e., .... 

By hypothesis the product 

(1 + 6,) (1 + 6,) ... (1 + M (1 - Ci) (1 - c,) ... (1 - c.) 

converges to a definite number p, when to r and a are assigned the corre- 
sponding values r„, 6„in any two divergent iacreasing sequences fj.r,, ... 

and Sp the number plieing independent of the particular sequences 

ohcBen. If (1 + 6jl (I + 6*) ... (1 + 6,) ^verges as r , it is clear that 
(1 — 0,) (1 — Cj),... (1 — c.) ^verges to zero as « ~«3 , for otberwisa the 
product (1 + 6i) (1 -1- &,) (1 — c,) ... (I — c,) could not bo convergent; 
and thus both the series divergent. When this is the case, it 

can be shewn that sequences of values of r and s can be so chosen that the 
product converges to any assigned value A which may differ from p, and 
thus the given product Is not unconditionally convergent. Lob bo the 
smallest value of r such that (1 -{- 6,) {1 q- bj ... (1 + 6„) > A, and flj tbo 
smallest value of s such that 

. (1 + bO (1 + b,) ... (1 + b„) (1 - Cl ) (1 - c) ... (1 - c„) 
is < ; then let r{ bo the anaflcstTnluo of reuch that 

{1 -h bi) . .. (1 -i- b„) (1 - C.) (1 - Cl) ... (1 - C.J > ^ , 
and s, the smallest value of g such that 

(l-hbi)...(l+b„)(l-cO...(l-c„) 
is < A. Proceeding in this manner we obtain a eequonoe of the numbers 

(1 + bi) (1 + b,) ... (1 -i- (I - c,) (1 ^ cs) ... (1 - cJ, 

where jt — 1, 2, 3 

The ratio of 

(1 + bO (1 + bj) ... (1 4- bj (1 - Cl) (I - c*) ... (1 - c,„) 
to .d is less than 1, and greater tfaan (1 — c,J. Since converges to zero 
as 71 ~ 05 , on account of the convurgence of iJie product, it follows that 
the ratio converges to 1 ; hKice a sequence of products has been obtained 
which converges to the arbitrarily chosen number A. This is inconsistent 
with the assumption that the product convmgcs to p, whatever sequences 
of values are assigned to r ands. It follows that the product 
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is convergent, and thus that the series is convergent. Also 

must .accortlinglj’ be convergent, and consequently the series 2c, is con- 
vergent. It now follo^vs that the product (1 a,) (1 -f Oj) ... is absolutely 

cfHivcrgent, since 2 | a„ | = 2fe„ -1- 2c,. It has tlius been shewn that an 
uncoiidilionally cniivergent prodoet is also alKolutcly convergent*. This 
is the analogue of the theorem of § 25. 

It follows from llie above theorem that, if a„ ieXdfor all vahice of n, 
nnrf the. jiroihul (I - c,) {1 — n,) ... (1 — a„) ... is canvergeni. Him Ihc con- 
vnrgcnr.e is vvewiiiilimtah 

By a niodificalion of the process in the above proof it can bo shewn 
that lliR terms of a conditionally convergent product can be so arranged 
that the new prcMjucb cither diverges, or bo that it oscillates with assigned 
limits of indetorminanoy, as in the case of condirionolly convergent series 
(sec § 20). 

43, Thofoliowing theorem will be established, wbichfsduetoCauohyti 
// ihc scries 2o„ is cotuHHonaUi/ eonvertjCTil, then the product 
(1 ■ho,)...(l.|- a„)... 

is wiivcrgcnt, or divtrga louards zero, aemding as the series fs con- 
or divergevt. 

Employing Maclaurin’e tiicorom (§ 142} wo have 

log (i + fl„) = 0, - where 0 < fln < 1. 

Hor«. 2^1013 (1 + „.) _ 

If a„ be positive ^ < o„*; and if a„ bo negative, it must, except 

l)os.rih!y far a finite set of values of », ho> — 1, so that 
J -h 0„a„ > X + «, > 

[1 -J J (I convergent, it is now clear 

that 2 convergent, and it tlicn follows that 23og{l -!-««) 

is convergent, and thus the product (I n- Oj) (1 + a.) ... is convergent. 

■ Tbo proof of thMIi'Orem pwrnhy Pringdirimin Jfolb. jtorinIf.TOl. SXini (18S3).I'- 

conUiiuahiolus. He orpuM th»t, it «naiieonditi<«i»llj»iOov«foit product any isaan'T 

into two 1',^. ir„^ rnoUllntUoi 1 ',^ jr,^ = P.»benB,.n,diTerp: to infinity ifiappeodratly of one 
miothcT. then \ V !<*. H ", nmourtii to the M-’nioptiun Hint 

i’.,i ti*o^ ronrrrpcH to U, not only farall|iniivof»eqae 2 icnofvAlaet ofti, andn,, bntfiTtouni/ornfy 

foral! Buchpiure of tCTiocfieee: that tbte ia tlte cim doca not appear lo be ioinicdiiWy ebrfoea. 

1 COTr^<r,tnoJyt'af5rf7.ny«(18ri),p.CC3. 
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We have also, when Xe,* is divergent if a„ is positive, 

(Trfe? ^ (I +«.r^ ’ 

wiiere I + a, < <?, for at! vaJnes of «. Since a„ must be positive for an 
infinite set of values of m, it follows that E divergent, and 

therefore the serins Slog{l4-4iK) diverges U> — , and the product 

(1 + n,) (1 4- a,) ... diverges to zero. 

It is clear that, if Sob* is convergent, the series S log (1 + a-rt)i 
tliereforo also the product (1 +Oi)(l +«*) — , oscillates or ^verges in case 
the series Xa„ oscillates or diverges. 

A proof has been given of the above, theorem by Pringsheira, in which 
the series of logarithms are not employed (Ice. dt. p. 1 50). 

EXAMPLE. 

If a > 0, tho product ^1 + ... (l + ... nod the produet 

QTC both divergent, elnco Z -is divergent 

Tlie eeciw Z |log ^1 ~ ■’ convergent. »e Ijm been diev-n above; thus 

eanvergee ee n - so . Since | + g + ... + i - log n eonveijve to a fixed nuabor C, H 
Jollovs that n*« ^1 4 0^1 + + i^iaeonv-agent. 

The product ~ (a ' 4 jT ) ** convergent as « ~m ; it is defined 

to be the Gnuseinn (unction □ ( 0 ). 

THE SCSntABmTr OF SBRIES. 

4^.' Various definitions have been introduced in recent years of what 
• may be termed the conventional sum of an arithmetic series. Such a con- 
ventional sum should satisfy the coaststency cmidition, that its value for a 
convergent series coincides with the enriinary sum of tho series, whilst the 
conventional sum should have a deSnito value for oscillating series 
belonging to some class wider than, bat including, tho class of convergent 
scries. The value of the introductaon of such conventional sums will bo 
clearly cxliibifcd when we consider the case of scries of which the terms • 
BTC functions of a variable, os for example, in the case of Fourier’s 
scrie.s, or in that of power seriw. 
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As-'itiming tliat (lift consistency condition is satisfied bj- a particular 
conventional sum ot a series, the utility o£ suck conventional sum irill !w 
affected by tlic fact of its possessing or not possessing various simple 
projierties ivhicii appertain to the ordinary sums of convergent series. 
Examples of such properties are the following: 

E + S^6. = + fi„) 

i: S «. = S ta, 

dt ■i' d' ■■■ = d| -f- (dj + [fj + ...)■ 

It can bo Keen lint cU lliese properties lioJd good for the conrentionnl sum 
as defined by Ccs 4 ro, which wDl ho considered here, but the last of them 
is not nocossarily satisfied* in the case of Borcl'e definition {§ 40 ); for it 
can be seen that the series of wliieh <i, is the first term may be summablc, 
hut not that of which a, is the first term. None of the conrentionai sums 
have the property denoted by 

sj + Os -7-03 + ... = (<7, +<ri} + (a, +04) + ...; 
which liolds good for the ordinary sums ot convergent series, 

The simplest definition of a conventional sum of an arithmetic scries 
is that involved in the summation by arithmetic means, which has already 
been treated in some detail in §| 27 , 28 . This definition has been extended 
in two different manners by lldldcrf and hy CesaroJ. Taking HSlder's 
method fir.st, let •“ *** f* bo denoted by and let 

... + 

be denoted by hS,*’; and generally let A*’ denote 

where 1: is any positive integer. In case Um a”’ has a definite value, for 
some inlcgral value of h, the scries S <i„ is said to be summable in accord- 
ance with Holders definition, of order h, or to be ."luminalile (//, /0i 
liiR value of lim /ijf’ is said to be the snm (fl, A) of the scrie.s. 

Cej aro'fi owtj c 5 tcn.«ion of the method of arithmetic mcan.s is as follow.' : 
fyct p, be denoted by let aj®’ ... 4 ^^®* be denoted by and 
generally let s^'"” 4 s?'"” ~ ... + he denoted by si’''*, for each 

positive integral value of h. 

• Harfy. Cans. PM. rrenc. voL nr p. 300. 
t Hah. .InraJra, voL Xr (lasT). p. 53i i Bunrii'n <i. Sc. Ha! 


I. voi. xtv (lEMt- 
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Let ttieaif, for some positive integral value of 

k, lim ”■ definite value, tiie series is said to be summable ((7, k), 

that is to be summable by Cesiixo’s method of order fe; the sum [<7, /:) of 
the series is then taken to be the limit of as » eo . 

It can easily be shewn by meuis of the theorem given in § 6 that, 
when the series is eonveigent, so that lim^„ —s, both lim and 
lim exist, and have the value «. 

For, if = we have = 

. Thus, if ajf"” eouverges, as n - » , so also 
doss Cn \ and the two limits are the same; letting k have the values 
r, f — 1, ... 1. suooessively, we see that if converges, so also does Cn^ 
and both have the same limit. 

Again, if ft,, — jS„ — n, we have «„ — ««_t = ;S„_i — 1; 

and thus, if converges, as n ~ eo also does end the two limits 
arc the same; letting i have the values r, r — I, ... 1, successively, we see 
that if Jin \ or s„, converges, so also does and the two limits are the 
some. 

Tt was first shewn by Knopp* that a scries which is siimmahle {H, k) 
Is necessarily summable (C, k). The converee was established by Sohneot 
and by Ford$. The simplest proof of the complete equivalence of the two 
definitions of .summability of order k is that given by Sobut§; this will 
be given in a modified form In §55. A proof has also been given]] by Hahn. 
In view of tiiis oompieto equivalence it is unnecessary to consider any 
fiirther Holder’s rnethod. The metiiod of Ces&ro, in an extended form, in 
which k is not necessarily a posifive integer, will bo dealt with below.. 

45. Another method of summatioii waa introduced by M. Riesz. Let 
[n] denote the greatest integer lees than a positive variable n, and let A (n.) . 
denote a positive monotone function of », which diverges to » with n. 


then, if has o deSrate limit as tJie continuous variable n 


m lei der Annaienmg an dU Oaneer 


(1909). p. lin. 
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imWiiiilcly, the series Vg + «, -f «- + ... is said to be Bummable {li, A, r), 
or summtvblo by Biesi’s method of orferr. The order r is not necessarily 
a positive integer ; but may haTe any valae >0. 

The simplest and most- important case of Biesy-'s method is that, 
'.vliieli A (ii) ■= ?i ; in this case 



if has a definite limit as the continuous variable n is indefinitely in- 
creased, we shall say that the scries IE is summable (i?, r); r denoting 
any positive nnniber. It uiil hereafter be shewn (§ 68) that this method 
of Riesy. is completely equivalent, for positive values of r, to that of 
CesAro, when the latter i» extended to include non-integral values of 
r. Another important case of Ricss’s general method of defining a 
conventional sura is obtained by talcing A {») •» log,?r. Riesr/’s mcUiod 
has rceoived an important application* to the case of Diriolilet’s Borire 
S or more generally to the series 2 where A,, A., ... is n 

diverging sequence of real increasing nuinb^. 

$G. A general modef of defining conventional suras of a series depends 
upon a principle which may be stated as follows: 

If a repealed limit of a function of two variables has a deflnito value 2, 
but the rejicalcd Jirait taken 5n the reverse order has no definite value, it 
may bo agreed to consider X as the conventional voluo of the second 
repeated limit. A method which was employed by Poisson in connoefion 
will] certain series may be considered as an example of tliis method. Let 
us consider the repeated limils of 

+ + ... 

wlicre Os A < 1, as a function of the two variables nand Ii. It may happen 
that the series U(, -f ii,A + + «,A« + ... ig convergent for 0 ff /i< I, 

and Jins S (A) for if« sum; thu.s 

S (7i) lira (h, + tt^h -i- u^k- + ... + WaA"). 

If -S’ (A) converges to a definitenumbera, as 7t~l, wo have 
s lira lim (a, -s- M,ft -)- «,fp + ... -f «„A"). 

It may happen that the scrir_s«o + «j -I- a* -h ... is not convergent, so that 
bm Um (tio + a,A + ... + 

has no definite value. In that case a may be regarded as the conventional 
I’oi.'csoc sum of the series «« -h «i -i- a* .... 

' £<-" Ito Canlridsf IrAcI l^-a H.Haidy «nd K. Riwi on TA* ctninrl lA^ory oj DinOUi't 
t Hardj, Jourrnl. voL XXXT 


(1004), p. it 
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Ab another example of the ppaciple, the conventional value of 
lim lim J f {x, 71 ) dx, or lim {x, n) dx, 

th 

may be taken to be the value of lim lim | /(*, n) dx, assuming that this 
latter repeated limit exists. 

If y {2. n] = e-^ + “j n ■*■—+“- ^1)’ 

we have + ... -h 

= Oji + «, + Oj + ... 4- a„. 

Thus the conventional sum of the series S is taken to be 
lim lim c-* ^a, +a, ^ + ... + <*«^ 

If now the scries Oo + ®i •>••••+ o« ^ + ... converges for all values of x 
in Ihointerva! (0. A), wehave (scc§2l4(l)), since the convergenceie uniform, 





Thus the conventional sum of the series Og 4- Ct 4- Og 4- ... tviilhe taken 
to be ' 



where it is assumed that this integral exists. 

We have thus the method of Borel, in accordance with which the con- 
ventional sum of the series a, j- a, 4 * a, + ... is j'* s-'tt (*) the, provided 
this integral exists; whorea (*) denotes the 6 «m of series 



which is assumed to be convergent for ^ values of x. 

It is necessary to shew that this holds good in case O 5 + a, 4- Oj 4 - ... 
is convergent, and that the conventional sum then agrees with the ordinary 
sura. For a general theory of this method of summation, and for its rela- 
tions ivith other methods, reference may be made to a treatise by Borel*, 
where, however, the question of consistency is not considered. 

• LcfOM sur Its s&!u <?i'wjCTt«,ftii»(I90I),ii.9B. Seo »!iO b memoir tj- G. H. Hardy 
and S. Chopman, Caarferfy JotnuJ, voL xm (1911). p. 1*1, and further, a memoir by 
G. H. Hardy and LitUewuod, Proc.Xoni jraO. Aw. (2). Td. xillflll), p. I. See also Brom- 
wich's Theory oj Infmltt Stria, pp. 267-273. 
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nxTEKsroK OF oesAro’s theory of spmsiabilitv. 


47. Tiic tliwry of summability introduced by Cesaro (see § 44) has 
boeii extended bj’ S. Ctiapman*, and Knoppf to the case in ivhich the 
order of Biiminability may ho any numher, not necessarily integral. 

It is convenient, to denote the series by Oj H- (ij + Uj + ... + a„ + ..., 
and Oo, Co + n,, ... , Co + o, + ... + a„, by Sb, 

Lei iSn' denote 


-■G>- 

ivliicli is equivalent to 

rr)- 

where ^ denotes 


(rH- l)(r + S) ...(»• + 5) r(r + «+l) 

*! ' nr+TrnTTTj- 

Wo (hen define to bo equal to where r may have any 

real (or also complex) value, except that negative integral ralitea aro ox- 
chided, In tiio following invcsUgatiODsr%vi1l in general bo oonfined to have 
real value's > — 1. If, for any such value of r, lim has a definite value, 
fiiat. value in said to be the Cesaro sum. of order r, of tlio glvnri scrle.s, or 
lo he tlio sum {€, r] of thal, series. 

It will he seen that when r is a postrivc integer, Qiis clcfinitioi is in 
agfcemcnt with that of § 44, allowaucc being mado for tho diilcronoo of 
iiotniiun. 


A series which Is suntmablc (0,0) is by definition convergent; and such 
a series may he suniinablc (C,r) for values of r which arenegative. Thceon- 
sider.-itinn of such cases may be expected lo throw light upon the nature 
of the eonvcTRcnce of swell a convergent aeries. 

In ca«e [ o|[’| is bounded for all values of n, tlic .scric.s is said lo be 
bounded {C, r). 

'Faldiig Stirling's! osyinptotic value of T (1 + *), which is 
e-a:' (2va:)i (1 + «„), 

• rror./^.^. .Sw. (e}.T-oLjx(l9I0), i).3«a). 

t J>i>,.,riat;on, Ifriio, leOJ. AboJrrffr A .Vatt. ». '-ol, lU 

innjptftc trvnltiirnt of Ibr O'Rlro method for anrcstrictrd orUcfn is «ontftiri..‘d in 
* , . .^nfi.'rNr’n h wurk, S^ull^•r orrr Ctvro't SvmmbililiUmtthodc^ Osppniinpon. ID 21 . J'nr U’n 
wricH t.,. C. X. Traiw..diwT. JIalk.Six. vol. XVI (1013), p. 73. 

. A pmof of Slirlinc'. It-oir-ni i, pv>n in Bnnnoich's Thms of Infinite S”<r-, p- f Ot 
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rfr + w + i) 


( 54 ) r(r4-i) r(»n-i) r(5- + i)'' 

where ~ 0, as 5i ~ « , It thus appears that 

c?lr' = r(f + 1)^(1 + {.'), 


where ~ 0, as ti — co . Aooordingly, ■— has a definite limit, when fcbe 
series is summable (0, r) ; and it is boonded when the scries is bounded 
(0,r). 


4B. Since the series 



is absolutely convcj'gcnt when | a; ] < 1, and lias the sum (1 — *)**■, if the 
aeries is multiplied by tiie finite scries s, + s,* + e-®* + ... + Sfli*"! the 
Cttuoliy-pioduot series is absolutely oonvcrgcnl, and has for its sum the pro- 
duct of tins sums ot tho two series that are multiplied together. The ooofQ- 
olont of a" in tlie product aeries is Hence 

(s» + s,a + ... +4(„a")(l - a)-' 

ia the sum of an absolutely convergent series, of wliich the first n-l- 1 
tornie aro ■ ' ' 

5^'’’ + <’ a 4 

1^0 assumption ia here made as r^ards the convergence of tlio infinite 
scries S Sji'^a''. 

It follows that So + 4 ••• 4 s„a" is tiie product of (1 - a)'' into the 

sum of tlieseriesof wliioh the first -n -hi terms have been stated. Thereforfe 

S? - 0 s", + Q 1 l-Qs”; (3) 

and tills holds for every value of n- In case risa positive integer, the series 
stops after r + I terms, if n- > r. In a precisely similar manner, by the 
employment of tho series for (1 — it jg found that 

.. = <> - (' + ') + f t ') si'L. D-f I y," ....m 

where the series stops after r + 2t(winB,mcaser isa positive integer < 5i— 1. 

M’heii I a I < I, it lias been shewn Uiat the sum of a certain absolutely 
convergent scries of wliioh the sum of th® first » + I terms is 

■So' + ■Si'’’a -t- ... -r is (1 —x)~'{s„ + SfX + ... + s„a"}, 

which is equal to 

(1 - {{1 - a)-^ + tfj* + ... + JnX”)}. 
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Tliis Inst e.vpression is the product of (1 — ar)-<"''t into the sum of nn 
absolufclj- convcrgoiit of which the sum of the first » + 1 terms is 

s'cT’ + iSi'^^ + .-.+sr^. 

The Caiicii 5 '-product of Uiis last series and the scries for (I — ej-t'"’' is 
a series of n liicli the sum of the first » + 1 terms Ls 

sir’ H- ST’* + ... + Sl'V. 

There cannot be two diilercut series in powers of « which converge, for 
I r I < 1 to the same sum (see § 134); it follou's that 

~ .sr + (' - ’) + c «r-’, + ... 

I'l 

Wc shall assume that r' < r, in this expression. In case r' > r, we Imvo 
~ ) “ p becomes, on infer* 

uhango of r and r', 

Sir'’ - + {'■ - ... + (- d- f 

( 0 ) 

where wo ns.snmo that r' < r. In cose r — r' is an integer less than n, the 
cxprcBBioii breahs oft after r — r’ -i- 1 terms. 

If, in (5), Avo have r> 0, we may lake r' = 0, and the formula reduces to 
(])in§ 47. If r> 1, wema}- taker' = — l;an<J since -Sn'^^On, the formula 
reduces to (2), 

If, in (0), wc taker > O.r' = 0, the formula reduces to (3); and if r> - 1, 
r' =■ - 1, it reduces to (4). 

43, If, in (0), we ^vritc r + 1 for r, anti r for r', wo have 
Taking also the relation 

it is seen, by emidoying Sltdx’s theorem given in § 6, that; 

7/ 0 sfriM !S .nimmai/e (G, r) MiJi«r6 r> - 1, i< l'» a7se siimnialrk 
(C.r-r-l). 

For we liavc only to write a, = Sn-*’, fi, = in the theorem of 

§ 0. " ” 
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This theorem is only a particnlsr case of the more general theorem* 
that: 


If a- series is svmmabh {C, r), it is also summaSle (O, r’), where r, t' are 
any real numbers such that r* > r > — 1; and Ike sums [C, r), (O, r') have 
one and the same value. 


In order to prove tiiis theorem, the following theorem, due to Ceskro, 
■will he established: 

If {a„}, {P„} are sequences of nianbers such that ~ , % converge respectively 
to definite limils a, fl,aB n~ (d , then 

lim °i^'' •h “tpK-i + ••• + Owfe r (f 4- 1) r (a 4- 1) g 
n— »'•”** r {r + 5 + 2 ) 

provided r and s are numbers both > — 1. 

Let a„ = on'' (I + ij„), « /5»* (1 + 5ii); then, since both con- 

verge to 7^0 as n -w go , they are both bounded; thus \t]„\<A, \in\<S, 
whore A and B aro iixed numbers. 

CD- rri'i) '■ (' r) - 

(r, Sr converge to zero, aud are therefore bounded for all values of n, 
we have ' ■ • , 

, - r (r,+ 1) O (1 + . r (« + 1) f (1 + 8.') (■= + 

whore ««', 8„' are bounded; and thus | c„' | < A', | S,' ( < B'. We now have 
«ii8» + + ... + - r (r + 1) r (s + l)'c,8 

Since ^ ^ j > hch^f the coefficient of s?* in the pro- 
duct (l-arl-O-i-Kfl-ay-l'H), or is equal to 

■we see that the part of *" ^ obtained by omitting 

r,’, is ” 

r (r -H) r (a 1) + * + " + . 


which converges, as n — to , to -h 1) r(e + 1) 

* - r(r-}-«-(-2) 

Consider nest the sum S e,' ^ —7+^ ^ choose 

• Si'S Knopp. Inaugiinl IKswnstios, BerSn (1907), P-46: also Anhh i. Hath. n. Physih (3), 
Tut sn (1907); tho tbtorem is abo pnttvd Chmpmiui, Proc. ientf, MaUt. Soc. (2), toL cc 
( lOU), p. S77. S«akoOlto!pngIii,Owm. BMIalijRf (3X vot rox [1911). p, 2.39. 
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the integer ■ 
greater than i 


so that I «,' ] < Tj, for t > m : ntid wc may take n lo be 
. The part of the sum taken from t = 1 to t = tti is lers 


t-iii 

when tliis is mtiltipEDd by it converges to zero, as n~t6, the 

integer ?« being kept fixed. The part of the sum from to/nn 

is numerically less than I ^ ^ ^ f ^ "l ^) ’ is 

multiplied by convokes, as «~*>, to a fixe<l multiple of i/- 

The sum S ^ *) (* n divided into two parts 

by taking m so that ! 8'ii-»+j| <17. for I 
separately the sums for f « 1 to n 

ns before, when n oe , the sura when multiplied by — 
to a fixed multiple of tj. 

We have lastly to consider 

this is mimcrically less than 

and this has hcen shown to converge to a fixed multiple of jj. Since 

<hA±!IiiL:i±::i±^l> 


and consideiing 
1 , and from i »• n - ra to t = «! 


has been shewn to have upper and lower limits 
whieli differ from ^ ' p g ^ ^ ^ multiple of the arbi- 

trarily chosen number 5j, Cesaro’s tbeoicm has l>cen established. 

o(0 

In thi.s theorem, let. a„ denote 5„ , where is assumed to converge 
to the definite limit p-^— ~ y the ecries being taken to besumrnablefC, r); 
and let «“>d is thus such that converges to 

nTr^ r, i when r' — r — 1 = a, and r’ > r. 


inploying the expression (5), of §48, for 
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converges to therefore ^ converges to fl’’', the 

Slim (C7, t) of the given serieji. 

The particular case of OeaJaw’s theonxa wWeli arisea when r = 0, 
s = 0 is that : 

If {cr„}, {^„) are Uao seqtuMxa of numbero which convenje lo a and p, 
mp&clivdijy then converges fo aj3. 


50. If a series is divergent (C, r), ndiere r > — 1, it is also divergent 
(O.r + i). 

By divalent (C, r) is meant that the Gesliio sum ((7, r) is + eo , or — « . 

.. — - — = +» , or — oe , or 

"Cr)' 

. Appljdng the theorem of § 6 , it 


The condition of the theorem is tliet Urn - 


TH- r + !• 




follows that lim 




i-hr + 1\ 


» + ot> , or - «o ; therefore' the given series is 


divergent (O, r + 1). ’ 

Now, if r •• 0, it follows that, if Die given series is divergent, the sum 
{C, 1) is infinite. This has already been shewn to bo the ease in § 27. It 

now follows, by letting r snoc^sivcly have Use values 1, 2, 3 that the 

Cosiro sums of all integral orders arc infinite. By employing the theorem- 
of § 40, it now follows that the series cannot be summable for any positive 
value of T, for if i(; were so it would also be summable of order the integer 
nest greater than r. Hence we have the theorem that: 

If a series is sumTnaiile [0, r), for arty jrasirioe valve, of r, the given series 
either converges or oseillaies between finite or infinite limits, biU it cannot he 
divergent. 


In case the series 2a„ is eummablo {C, Is) for k>r, but not summable 
(C, k) for h < T, the nunibcr r may be called the index of snmmnbility of 
Sfl„. If the aeries is summable {G,t), theindcoc of summability is said to 
be attained. Clearly tlie index of summability of a series may be zero, 
and yet the sories may not be convergent, the index zero being in lliat 
case unattained. 


51. The following mnlUplication theorem due to ICnopp, and of which 
Chapman has given a simpler proof, is applicable to the Cauoby-produot 
of two seric-s which arc sununable (C, r) and {<7, «) respectively. 
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// 2 B, « sumniohJe (C, r), and S 6, is sammabU {C, ?), ithere. t> — 1, 
^ > - I, Ihc icric! Z e„, ichere c, = + --- -r Ooi'n is mmmabh 

(C,T s -r 1). In jwrttcHfar, if (lotli the given series are convergent, Sc„ 
i« snv.mahh (C, !). The Cesdrosum (O, r + s -f 1) o/Sc, is fhejuodud of 
tie sutne (C. r) and {C, s) of the series So,, ^b„. 

Ctfhtn csf.iblifihcd ihb Ihcorem for tho com in which r and s arc both 
pr>-ilive integers, or zero. To prove the theorem generally, wc employ 
O.-^ro'ft theorem given in § 49. Ijefc o* = for the series £a„, and let 
for the seriM £&,; then fdnee >Sl,*’/n' converge to 

n?Tl) f (aVl) respectively, 

4 -i- ... -i- 

converges to lim C» ’ . lim (r -f « -f 2 ). 

ITtc product (tf, -r a,x ... + 0^.3^) (1 — is, when arranged in 
powers oi *, an abscrfutcly ijnnvcrgcnt scries, for | * j < 1, oi which the 
first n T-'l terms are -i- }^{'x -i- ... + anti a similar Btatement 

applies to the product {b^ ~ b,x -r b„3r) (1 - r)*!'*”. 

The first n 4- 1 terms of tJie Caucliy-product of the two scries arc 
S {5n 5?’ H- iSil’-iiSj’ + ... ~ the Cauehy-prodiiot series 

bt-itig nhsohitoly convergent. This fcrics has the same sum m tho Cauchy* 
product series of (he two series for 
(Cj + fl, z-h ... -! a„jc")(l -*)-<''*«, (6, + 6j***-... -f 6n*")(l 
and the first n 4- 1 temmof thfa series are the same as the first n + 1 term.s 
of the series for (Cj + «,x-r ... -r Ca**) and are thus 

.5o -t- + ... + ,vSr*'^”x" 

wfierc.^^’* *’ refers to the series £ c„. Conseqnentl3"5rc have 
.^,.,+ 1 , ^ ^ 4- ... + .9o‘-5''„‘’. 

It now follows that lim = lim Ca’. lim C'^f; which es- 
tablishes the theorem. \ « / 

S2. J/ £ a„ IS »i<m>«aWc(C,r),ic/i£r«rA<i««cafue> — i.tAen 
vlertr' hosanyvahie.KT. Also.iJ ^ anisbound<d{C,T)ihen 

Tliis generaf theorem was given by Andersen*, but partis' I 
• X»i rit p. Jl. 
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were known previously. In case *■> — !, we can take r' = — 1; and in 
case r > 0, ^vc can take r' = 0. Wo thus have : 

If r> — \, then a, = o (aO. or a„ = 0 {»'), according as the series 
2 a„ M summahh (C, r), or bwnded (C, r). If r > 0, then •= o (n'), 
or s„ = 0 (n'), oceorrfiTig as the series is sttnanable, or is bounded {C, r). 

In order to prove tlie genera) Oieorem, we employ the relation (0) of 
§ 48, We have 

- s" - {' 7 + ... + I- II- C “ '') sf’, 

wlieru tlie series stops after r — r* + 1 Icnna in case r — r' is on integer < n. 
When the scries is bounded (C, r), with V and L os the upper and lower 
limits of indoterminancy, we may \vrit« 

stye* J ') - ! (U + 2,) + j (B - 1) e, + 

where ) S„ | S 1, and converges to zero, us n -« « , and is accordingly 
bounded. 

The part, of iSlf^ wliich involves } (If L) is 

the series in the bracket is the cooflieietil of z" in the produot of the series 
for (1 — x)'-'' (I — x)-’, where | x| < 1, or in the eerie.s for (1 - 
and It is thus equal to ^ Wlicn multiplied hy wo soo tlni-t this 
part of .dj,' converges to aero, since ^ ^ bounded. 

The remaining part of 

rffS- [<-'>’ C ; 0 (‘ -S)'“ + f-' »<''-''> + '->] 

If r — r' IB an integer Joss tiinn » the ecrica stops after r — r' + I terms 
and the last term does not oocor. When this is the case the expression is 
less for ail values of m (> r — / + I) than a fixed number, smeo 
«n-i>. L-r bounded; and thus is hounded. 

If P as L, since lim £„_, = 0 , for each of the r — r' -f 1 values of p, it 
is clear that Sn^jn’ converges to zero, aa » ~ . 

Nest let it be assumed that r — r' is not integral ; we then have to 
consider the whole of the above expresaioii, the number of terms being 
now no longer independent of n. 
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I r ; 'll - r ' '' ; ”)l < • “ 

number; imnee converges to zero, wlicn 

r -i- I > 0, r - r' > ft. as n ~ ; it tliua appears that tlio last term in 

tlio above expression converges to zero; it may tlicreforc bo omitted. 

if r > 0, the part of is, since numerically less than 


-(1 + ^ 


where vi (< n] and n are so ohosen that | i ^n-j- 1 than an 

arbitrarily ehosoii positiax number 8, /or p = 0 , I, 2, ... m; and K' is a 
Used juiinbcr. 


Tlic 



series S ~ /) ^ convergent, wJion r-r'> 0 ; lienee 
j I is less, for all values of vt, tlma a fixed number, iiideponilciifc 


of n, Also m can lie cIiORcn so large that Z | j < 8. It thus 
. . a«m+il ' P / 1 

appears that ( 6 n/!>' | is bounded ; and, if O' — it is Jes.'i, for all anlll' 
cienf.ly large values of v, than a fixed multiple of 8; conseipiently it 
converges to zero, ns n ~ . 


If 0 > r> — 1, we divide the e.\prc.ssioii for into tlitee parts; 

the first of these is 


r f Vii’i [<-')’ f *- + ■ 

where m i.s a fixed number less than Ja, and n is so large that ) | . 

j e„., I lire < 8, for 2> w 0, I, 2, ... n. Wc haw then *- 

as before, this expression is seen to bo lioundcd; and when 0 = 2/, it is 
Ii'.ss t ban a fixed niiiltiplc of 8 ; the number m being kept fixed. 

Wc next fake the sumroatioii from j» = wi + l to p ~ which 
denotes hi or { (n — I). The number f» may lie bo chosen tliat it Eali-sfics 
(he condition under coii- 


•sidcratioii is then numericallyless than a fixed multiple of 
v hich i.s < 8. The bust jiart of the expreason is Ic.sa than a 


of Z 1^1 -717^, "which is IcM than a fixed multiple of 

I 
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and this converges to 0, aa m—oo. It has no^wbeeIl shewn that, for r> — 1, 
;■ _ r’> 0, IB bounded, or conveiges to zero, when ^njn^ is bounded, 

or is convergent. 


53. If 2(1, IS either aitmmaUe {G, r). or bounded {G, r), where r > 0, and 
{«„} is a sequence of 'n.-ii»«6crs, ihexi 2 is convergent provided. (1), 
fn ~ f (2), Sw'V'"*^Wa is absoiuldtf convergent; and the sxim of 

S a„v„ is that of the aeries 2^"^* vdiiidi is absolutely convergent. If 

theconditiou (1) befephced- by {1)", v„ —O , and (2) remains unchanged, 
the series lja„v„i8bcmnded. 

The sum of tho aeries ~ ^ 2 ^"+8 ” ••• ^ 

denoted, by V'+'v,. It is infinite when r is not integral, and it may be 
legnidccl na a genornlisation of tbo dcfinitioD of differences of integral 
order. This seiiea is convergent because 

is convergent aad|w„^^j ia bounded. Since Cn® X (— I}' "J" the 

finite Bum X a„Vn is equal to 


The cooiBcient of Sjf’ diflers from by 


which is, in absolute value, less than 


n + l)-f* ■*■(!»-» + 2 y+' - j ’ 


or than 2—^^; whereX and JC' are fixed positive numbers, and 

I I < rjm, for all values of j»S«. When M = »n, the absolute difference 
i® ■")’ ^ than ^ y" . We now see that 

2 differs from X S^^V'+rr,, less than 

I ■■■) 1 
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where iH is n. fixed positive number; and this expression reduces to 
llj x‘-'e-^dx, or jWr{«). Tlie absolute convergence of the series 
. S has now been estaUished. From the general theorem we now 

obtain the following special theorem; 

If Sa„ is bounded {G, r), w sumntabU {O, r) where r > 0, Ihe series 
• h; — where s>r, is umverge»i, and the series ^ is bounded. 

The first part of this theorem and the corresponding part of the general 
theorem were established by Chapman*. 

54. I t has been shewn in § 52 ttiat, if I! a„ is stunmuble [O, r), then 
a,/ii' converges to zero, as n increases indefio^ly. This may be expressed 
by the statement that the summation ((7,r) is inapplicable, for all values 
of r. if 1 re„ I increases too rapidly with n; for example, if o„ = (— I)"!;", 
where fi> I, the series J, (— is not summable (0,r) for any value 
<d r, It can, howover, also be shewn that the method of summation may 
also be inapplicable in case | o, | diminishes too rapidly as n is inoreasod. 
This appoara from the following important Iheorem, which is due to Hardyt : 

// na^ is howideil, iJte series S a. cannot he sttnimable {0, r), for any 
positive vahies of r, nsdess the series is convergent. 

In particulnr,' if lim ntt^ m 0, the ecriea oannot be eummnblo {0,r) 
unless the seiics S «„ is convergent. Wo may take r to ho an integer. ■ 

Lot it be assumed that | (n- + 1) | is less than a positive number ft, 
for all values of •», and let (» + 1) o,.»* 6,. Wohave 

where we take r to be a po^tive int^er; thin involves no loss of gcncrahty 
Bince r can always be replaced by Uie nesxt greater integer. We may define 

rt- = + G) + G ; ■) + ... . G " r ■) 

and it can easily be verified that = (n + r + 1) and 

that H- = (a + 2 ) 

' rroc. lotul. ilalh. See. (2), ToL u (1011% pp. 382-387. 

' t J'roc. Land. Jfott. Soe. (3). id. vin (1909), p. 301. 
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which may he taken to be greater than jfej by as email a difference as we 
please. 

Since it follows that > (i-i — ii) 2*'’'; thus 

^ for SnSlf, where' S, is a number wliich we may 

suppose less than bj by as little as wa please. 

We nosv have 

’if 3*-“ A- (-i) > a,®' ’i" A' ~ ; 

y-M V*- + 1/ ■ —A' » + 1 

and the expression on the right band side is 

**’^'*''“'’'{(9, + l)(A’. + 2)-.(A'. + r)'(A' + 2)(A' + 3).,.(A' + r+'lj}' 
Wo l»ve j®, + 'vlmr" h » 1™ »«» 1 

by as small a difference as n'C please, provided A'', Is siiiHciontly largo; also 

srrm +"i> ' -un-r+ T > ' i- ®™‘" 

than or Uian Jf, (r - 1)1 . The 

number 1;* having been fixed, for sulfidenUy largo values of A'', we may 
choose 1-480 that it,' < X4< 1; thws, for nil sufficiently targe viiluca of A'^iSueh 
that Tv"*' > 1=^'’ the value ot S 2^''“ A'— r-v exceeds a fixed nosiUvo 

r-/f, « 

number. It is therefore imposaiMo that tlie serjcs Tj' cun 

converge; and tlicreforc tiro given series cannot be summablo (C, r), 

If lim yl’”''/"' = series is suramablo (O.r) it ha.s been shown 

abo trbe snmmable {0, t - 1). TIius. if n<i„ is boundud, and llio scrie.s 
2 a„is snmmable {C,r), lor any integral value of r, it is also Bummnblo 
■C.,T - i), and therefore also it ja Bominablo (C.r - 2), ... ; it is bonse- 
• sammable {C, 0), tJiat is, it is convergent, 

''-t-fiTxBi of Hardy which has now been established has been cx- 
\v5iicii ( , ' to the onso in which Ba„Js bounded on one sicio only; 

Wo have - ■ ’ . ' • 

"s’n'N 
whicii Ls Ic.ss thnn 

H 
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EXAMPLES. 

(1) If S On is bounded, or svimnmMs, <0,r), irlioco r 18 any real numtcr, shew that 
2 -^L-iFiRummahle (C,r - I). Thistiioonan wasgiTOn by Giapman*; llio case whco ris a 

positive integer, aad the eeriea is aummaUe (C, had been given by H. Bohrf snd M. RiesaJ. 

(2) If rie a positive inCogu', and S aniBbotnidcd((7, r), sheiv that S is summablo 
(C, r), provided 8 > 0, wIietlierebeintisralorDDt Tlita theorem is due to H. Bobif- 


(3) If S a„ is aummablo (C.r), when r is a, pontiro integer, prove that E ia 
aummablo (C, r - e), when) a > fh Tliia rcauU waa given by M. Kioflst. 

(4) If$ thn aeries 2 is bonnded (C,v), and Rumnuiiile iC,r+ I), vlicro rg - 1. 
show that the series is eumnublo (C.r + J), provided #> 0. 

(0) Provo that the socles i* - 2* + 3' - .... is suiunaUe (C, r), providod r > a. Tho 
uumhci a may have oitlier sign. This theorem was given l>yChapTnsn!|, It bad boonsbcwii 
by Brottwlohll that, when a is integral tho scries ia tuiamebIe<C,4-f l)i and by tlioaamn 
metbod it oould bo proved that it is bounded (C, a). 

(0} If thoaories £ Onis bounded (C.r), wbero r> - 1, and the eerii's £ {>„ is bounded 


{0,'s), whoro a > - 1, then the CMieby-prodoct £ e. is bounded (C, r a -t !). 


TEE EQtrrVALEKOE OP CESlEO’s AI4P UOLDElt’h UBT1I0D3 OF SOMMATIOE. 

65. Tbc notation of §44, in wliich the given series is taken to be 
fti + ... + a„ + .... wiD be employed here. K *1 . Kj, be an 
infinite set of variables, and a set of numbers such that •> 0,, 
when m > n, and a„„ 4= 0, for m & n, lot us ooiisidor the set of etjuations 

y^ = a„iXi + «„**+... »= 1 . 2 , 3 

Denoting the matrix 



by^, we may regard the set of variables {yj os obtained from the set {x„) 
by means of the operation u4, and tbisfact may bo expressed by (y) = A (z). 

If, wliencver Hm lias a deSnite value, lira has also tho same definite 

value, the operation is said to he regular. 

The set of equations by which *1, ... ... may be expressed in 

terms of y,, yj, ... !/„, ... define an operation wfaioh may be denoted by 
* L<y.. cit p, 388. } Svs Aiidemcn, iuc. cf!. p. 50. 

t Complex nendtu, vol. Ciliii (1909), p. g Zoc. eiV. p. 397. 

f It/id. p. 1658. Mot© general tbeor^ns axe there ^vca. ^ T^corj/ of InfiniU Series, p. 317. 



SG Sequences and Series of Numhers [cii. i 

ihiis (t) (y). If A and A-^ arc botli regular, A may be tenned 

a rcvmibh operation. 

If a third set of variables z„ are obtained from tlie variables by means 
of .nn oiicration JI, or 

b,, 0 0 0 

b„ b„ 0 0 


so that z - B (y), the operation bywhich tie variables z„ arc obtaineel from 
the variables ar„ may be denoted by BA -, thus {z) BA (x). In ca'e 
AB = BA, the operations A and B are said to be tnUrchant/ealle. 

If A and B are two regular operations, AB is also a regular operation. 
.Moreover (lie operation — a)5, for vfhieh the constants arc 

“flnir. H- (I - «) J's-.j is also regular. AUo AB is reversible if A and B arc 
rovorsiblo operations. 

If two operations A, B arc such that, when y = A (*), s = J? (a), 
for fivery Requenoe {*„} the sequences {y,}, {z„} are cither both convergent, 
with one and the same limit, or both non-convorgCDt. the operations A 
and B are said to bo ajHivalenl. Since (y) = {*), (z) = BA~' {</), 

l.lio operations A and B are equivalent only if AD-', BA-' are regular 
operntionH. 

Tiic idonticnl opomtion E represents the set of equations 
for wliieli a„„ « 1, f/„„ = 0, when m ^n. 

5C. If we talw for niSn, for 7n>n, wo have 

III" ■“ M (s), /d’l «= Jf (/,(<)), ... JW » M (Ifit-V), ajid thus h» = AJ' (s), in 
accordance with the definition of Holder's means, given in §44; whore 
.V denotes the operation wjUi the matrix 

1 0 0 0 ... I 

i i 0 0 


In accoTslance with the definition of Cesaro’s means, given in § 44, 
svp lievc 



and thFretore ^ =*2"^™ -r r - 3^ cji;"”; 

and till" can be wrillen in f be fonn 


from wliieli we liavc rCn *’ = fr — 1 ) d- — (n — UC^Tii- 
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It then follows that 

^ c.‘r''*ct-" + -^cfr' ^ ^ 

which may be written in the foim 

rM (Cf-’t) = (r - 1) Jlf {(y>) + (CM), 
orif(C<'’'")=iS', (C^'i), where ifif, denotes the operation - ^ M. 

Since 7i'” - we have (Al*>) » M (ilH) = M (Cl'l) =. S, (Ci'l). Al?o. 
since the operations i?i, iSj, ... are dearly ioterchangeable with 31, and 
with one another, we obtain 

(A'«) = JIf (A«)) = MSt ((?«) - StM (Cm) - StS^ (C(«); 
and proceeding in this manner we find that 

(7l!')) = StSi ... Sr (<?'>) - Pr(C^% 

' where P, denotes the operation S^Sf ... S,. 

Now 31 is a regular operation (see §55), and consequently <9t, 3 8, 

are regular operations, and therefore P, is a regular operation. Conso- 
rjucntly, if lim (7^^ existe, bo also does lint Ii'n, and the values are the some; 
thus one part of the theorem of equivalence has been established. 

Tn order to prove the second pari of the theorem it is necessary and 
suflioSent to show that the operation P, is reversible, for every value of r; 
and in order to prove this it is eufficient to show that the operation 

s ^ ^ I — 3/ is reversiWe. Writing o for it will be sho^m* 

tiiat, If 0< aS 1, and the limit 

lim |aat„ + {1 - a) 

exists, as a definite number, then lim«„ exists, and the two limits have 
the same value. 

Denoting — — by we see that, if < X„, then 

>: X„; that, if = X„, (Jien X^-t ^X„; and that, if t„ > X„, then 
X„_, < X„. These results follow at once from tho identity 

It has been shewn in § 27 that, if Em x„ — -i- m , or lim a:„ =± — co , 
then lim X„ = + co , in the first case, and lim == — oo , in the second 

* The ]>iccf of thhi part ol thotheorem hem is a inodificeitnn of fb.at by Knopp, 
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case. It fiien fotlou's flint, since 1 — a S 0, lim {ax„ + (1 - a) A'^} is -f a 
in file first case, and is — <o in the second case. It has thus been eliewii 
tiiat tilt sequence {A’„} cannot be dive^nt, and must therefore, unless it 
converges, oscillate betwem limite, rather of which may be finite or infinite, 
lyct it he ns-sumed, if pos-siWe, to osciUate. Let P and Q be two ntunbers 
such that 

Ihn JC* > P ><3 > lim X„ , 

wliethcr tho upper and lower limila he finite or infinite. If N be an arbi- 
trarily chosen Integra, tlicre in an infinite set of values of n (> -V) such 
fliot A'„ > P, and there is also an infinite set of values of n {> N) such that 
A’„ < Q. If, for every value of n (> H), a:„ S wo have S A'„, 
and tbu.? the sequence {AT*) is monotone noii-inoroasing, for n> JV, and 
itlhcrcforo converges, since it cannot diverge. Since Jf,, a.t„ + (I — o) A'„ 
both converge, a.vn ^ « ,iifollo\vs that converges. Similarly, if > A,, 
for cverj’ value of « (> X), it can he shewn tliat x„ converges. Tlio onso in 
which fhoro la only a finite set of values of n (> S], for whioh a„ S A'„i 
or that in whiuh there is only a finite set of values of n (> N) for which 
x„ > X„, can be redttced to Ihc above, hy proper ohoioa of N. Wo have 
tbci'ssforo only to consider the case in which there is an infinite set of values 
of 71 (> N) for which x, 5 A„, and also an infinite set for wliioh *„ > A'h. 
The integer m (> X) can be chosen so large that, amongst the integors 
X 1, X .j. 2, ... m, there arc values of n for whioh x„ S A’,, and also 
valuc.sforwliicli x„> X„. Lclm bealso so chosen that > P;ifxB> A’m 
wo liave x„> P and Ihcrefore ax„ + (1 - «) A', > P. If. on tho other 
hand, A’„, wo have AT^., a A„; lot m, be tho greatest integer < w, 
.and necessarily > X, for which > A'*,. We have then 
A'*, S A*,4 .j & ... £ A'„, 

and > A'^^ > A’^,; tlicrcf*!!* x„^ > P. It hos thus been sliEwn tliat a 
value of n, greater than tlic arbitrarily cltoaon integer X, exists, such that 
X, ? P, mid also X„ > P. 

For this value of », ax„ + {1 — «) X„ > P. In a similar manner, 
taking x„ < Q, it can be shewn tlmt a a-Rliie of n (> X) exists, for wliioli 
nx„ u- (1 - a) x,_ < Q. Since N is arbitrary, the results arc incompatible 
w'ilh the convergence of nx, + (l - «) X„. It follows that A'„ must he 
convergent, a.s n — • co , and therefore x^ converges, as n ~ • 

The reversibility of the operation P, liaving been calablisliod, if the 
sequence {li},'’) converges, so also does the sequence {C4'’^}, and tlic t"'o 
limits arc the same. The equivalence of tho two modes of sumnmtioti has 
now been completely ostahlishcd. 

57. It may be remarked that, in the tlicorem that has been proved 
iibovo Ihaf, if fjr„ q- (1 — or) X„ convrages to a definite limit, x„ also <locs 
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so. the condition 0 < re ^ 1 may be replaced by the wider condition 0 < re. 
In fact the tiieorem can bo very easily estoblished in the case a> 1, and 
this, taken together with tho case 1, shows that it holds for 

0<a. 

Let «„ = aa;„ + (1 - a) Jf,, or o*„ = «. + {« - 1)X„, we then have, 
if re > 1, relim !c„ £ lira tt, + (o — 1) limX„, and also 
re lira iK., + (o — l)ltm 

It follows that 

. a (lim.i!, — lim.T,) S (lira -t- (re — 1) (lira X„ — lira X„) ; 

and wo have (see § 27) 

iimoin Slim X. & lira 


and thus 


lima, — Iimx,S (limu, — limit,); 


it tlion follows that, if lim n, exists, so also' does lim The thooicm it 
a partleular case of the following general theorem, due to Knopp" : 

■V 6*1 a 0, and S b„ is divergent, and a > 0; tlicn- if 

+ + ... 


a*fl + (1 - re) 
is convergent, so also is 


+ 6j + • • • + 6, 

, , and the two converge to the same nvmber. 

The theorem can be proved in exactly tho same manner as in the case 
6„ " 1, established above. 

In the memoir by Knopp (loe. eil.), the following theorom is given: 

I/, for a given sequerice {»„} the rdalion 

holds for a particular integer k (£ 0) emd- a ■ptaliaAor integer p (£ 0), then 
it also holds when k is replaced by a greater integer, or when p is replaced by 
any integer {SiO), or when both ebanges are made. 

This theorem and tlie foregtni^ are employed by Knopp to obtain a 
new proof of the equivalence of Caro’s and Holder’s methods of sum- 
mation, and to obtain a new proof of Hardy’s theorom (see § 64), that if 
a series Stt„ is summable lG,r), and if na„ is bounded, then the series is 
convergent. 

* Math. Zeiischr. v<A. XTX (1924), y. 99. hi the proof laora gives, tile posBibiUty thnt ai, and 
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THK KQUIVALEXCE OF CESilRO’S AKD ETESz’s METHODS OF SUSIMATlOy. 


58. If tvo denote by oj;(cii], where ihSO, the sum £ 0,(01— r)‘; 

in accordance witli Riesz’s mettiod of summation (§ 45) the series 2 a, 

is Bummable if lim has a definite value; where o) is a continuous 

variable, and not merely ascquence of integers. If Jim — 2-?- has a definite 

.-.(«+ j 

value (§ 47), tho series 2 a, is Eununablc (0, k). It will bo shew-n that, 
if cither of those limits exists, then tho other exists, and both have the 
same value; and thus that tho two methods of summation arc equivalent. 


Throughout tho following proof, when a relation (n) = 0 (n)} Is 

employed, 'wdiero <fi (»), ^ (n) involve ono or more paramotors basldes »>, 
it will be understood fo loeun that, if « be arbitrarily chosen, then for eacii 
fixed sot of values of the paramctcre, n, con be so chosen that 


llWi 


for M > m; 


hut that nt cannot necessarily be so chosen as to be independent of the 
values of tho parameiere. A similar rcmaric applies to a relation 

0 (rjl ^ (") = 0 (»)}. 

*’ 0* into wc SCO that lim --^ = 0; 

similarly if li^ exists, it is seen that, by changing the value of a,,, 


tho limit becomes zero. It is therefore sufficient, in order to prove the 
theorem of equivalence, to shew* that, it eitber of tho two lirails exists 
and is zero, then the other cxLste and is also zero. 


Some preliminary proposiliona, requited in the proof, will be first 
CRtahlii-licd. 


(a) If A'l* dcnolc the differences 

x'-{x~ 1)‘-, a:‘ - 7 (* - 1)» + (* - 2)* - ... -f (- 1 (ie - r)', 

for r =1,2, K, ... , le/icrei - r > 0, ffien 

A'-z‘ = k(,k- 1) ... {/;-»•-!- 1) **-'• + O 

* Th^iwooriiirjffiren is rounder! upon IbstjDdfcatrfbjM. RIesx, Cempfii vol, cui 
(le I.l). p. IC 51 , and il hu WemuppIeoienMd by refereoee lo « ielter uritten Iiy 
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It is easily seen that A'** may be expressed in the form 

£{&— 1) ... (Is — r+ l)j «i«ij 

where a;-r>0. Thus j A'a^-i(ife- 1)... {k—r+ l)ar*’-'| is expressed by 
fc (fc — 1) ... (fc — r -l- 1) J i&i J*" — uj‘~’)du,. 

The integrand z*-' — is positive and less than — (» — 
since u, is in the interval [x — r, x); and this is lees than 

'■-'[■-('-jn 

which is equal to 0 (a:’'-'"'). Therefore 

A'*" - * (fc - 1) ... (i - r + 1) = 0 


( 6 ) 


T(n + k+l) 


nl 




From Siding’s theorem we find tiint 

Ijm + ^ „ 1 . 

fl... 

Denoting tlie expression on the left hand side by/ (n), we have 

/ w -/(»+!)- (i + i)‘*} 

-“(»)• 

It follows that 

/<”> " r(tVi) ■ 

and this is less than a fixed multiple of 21 or of — ^ — ; hence 


/(«)- 


r(ife + i) 


-(»). 


r (a + ft+ 1) 


(o) If i is an inUger, eon be expressed as a linear funclion of 

(«). (n), (»), ... (»). 
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Wc I,.« ,4» -T + „a 

mimcrotor of the coefEeient is of the form {» — r)* 4- (n — .•• + »!; 

where A, , A are integers dependent only on t. Thus we have 

K («) + («> + ..• + «'! 1^0 («)}• 

(d) ct (oj) can bt expressed as a linear fundion of ... Sjf’, 

n/icrc K is the integer next less (hank, and n< iaSn+ 1. 

Wc have 

the Furies stops after Jf + 2 terms, or after r 4- 1 terms, whichever is the 
smRllor of these nnnibers- Suhstitutiog tliis valao of in the expression 
2(7, (<ij — r)”, wo have 

X {(« - r) {if + 1) (cu - r - 1)* + ...}. 
ts'herc the niirabcr cf fenns fn the bracket b, for every value of r, 


69. lir order to prove the equivalence theorem, throe lemmas trill be 
required, Irfsmmol: 

// lim ^ •» 0, then lim j- ■= 0, where k' < k. 

B-.» n‘ n-n. *** 

Ttib hn.s already been proved in § 52. 

We proceed to the proof of Lemma IE: i,, 

7/ lim = 0, and f tcany tnfepcr/eastfian k, then 1*™'^ “ ®- 

The lemma will be first proved in the ease in which k is an integer, so 
tiiat i has any one of tlie valuM i — 1, fc — 2, ... 0. Lot n he the integer 
next less than a,, so that n < «> S n + 1. 


ytf’O - (f- - jO aJn + -r) + 


1> . (fc - p) (fc - p - 1) _ 


21 




, k-p\ 


+ (- 1)"- 

where p maj' liave the values 0, 1, 2, ... it — 1 . 

The coefficient of a, in this expression is 

and this is tlic coefficient of ^ in — {k — p) -i' 

(— — J)*-**. It follows that the coefficient of a, is of the 
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form Aa{n — t)^ + (n — + ... + Ag, where A^,, At, ... depend 

only on /; and It then foUowB that 

cTi (ji) ~ (k- p) (» + g) + — + ("■ 

■ }]as tho form Af^Of (») + (») + ... + A,at {n). 

I.6tj3 = 0, this oxprc88ionthenbecomes./ls<ro(a); thua Po (n.) is expressed 
as a linear function of £»t (m), ^» + g), ... ir,; (b + !)• Nextlot^ = ], 

we have then the form Aa^t (») + AiOo («), henco itj (b) can be expressed 

as a linear function of o* (b), (r»^B 4- j) Letting p have the values 

2, 3, ife — 1, we see that v# {#), itj (n), ... <»*_! (jt) are all expressible as 
linear functions of Cj. (b). o,.^ + ... + 1 ). 

Now has been shotra in theorem (o), of §58, to be a linear function 
of cj (ft), ei(ft), ... cft (ft); therefore S?’ is ft lin«ir function of 

(»). j) ’ ** 

If oonverges to zero, converge 


to zero, since ft<<uSn+l; it then follows that ^ converges to zoro ; 
giiy 

honoo also, using Lemma I, ^ converges to zero, where i is an integer 
less than I;. 

Next let i not be aninloger. and lefciC be the integer next less tiian Js. 
It wDl be proved that 

I V a. 

Integrating by parts, we have 

1 ><‘> ■“ - [“"»<■> ■» 

Proceeding in this manner, we have, since ({) = if I S a, , 


' {k-K){k~K+l)...lk-l)\ 
K\ 

“ (T-Ji)...(fc-l)fc,£ 


XI S a, (eu - t)’'-! * 
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Tlius Ui (cj) is a fixed multiple erf ^ <rK (t) (ta — dl. Dividing the 
integral in Uvo parts, in which (0, n), («, ea) »re the intervals of integration, 
rcspcotively, we slinll con»der first j as (0 (<»* — dl, 

I(. can be shewn tliat Ok (0 ~ (Tj («) (i — du ; for 

dl' («) ® ft X a, (w - f-)*'-!, 

and J dj' (ii) (t — = X (« — r)^"‘ (t — d«. 

Changing the variable in the integral on the right hand side to ip, whore 
t — n w (t - r) jp, the expression becomes 

h X fi, (f — r)*- (I — w)*-* cf?p 

wliieh is a fixed multiple ^ of o£ (f). 

Wo now hat’o 

J"^ <rs:.(0 (<o - t)!--*-'-* ift -I Jf I (<o — rff J oj' (u) (( - u)-l‘'W(fu 

= («)*' !'(< - (w - dl; 

the validity of the inversion of the order of integration following from the 
fact that the repeated integral exists when the integrand is changed into 
its absolute value (see i, § 4‘iO). 

Let j V ~ (a> — be denoted by ^(w); thus 

OK (/) (to — <)*-*■-» </t =» Jf J d,.' («) iji (m) du. 

The function ift («) diminishes as «• Increases, for it is the difference of 

j“ [I - (a, - dt and J''(l - {«. - f)'=-^-‘ dl ; 

and the latter integral inureascs with «, whereas tlie former reduce?, 
by substituting the new variablo to, given by (t — v) - (to — u) ip, to ” 
constant.. 

Employing the second mean value theorem, wo have 
foK (1) (m - - ilf .A (0) wt (t) 

wheroT is in the interval (0,n). To express ^(0), we have 
vf. (0) („ _ dt. 



1 suppose that 
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Let t = mf , wo have then 

Thus ^ ( 0 ) is bounded for all values of «; or 

1 1 V It) (« - ()»-'-■ * I < H, 

where t is in the interval ( 0 , m), and A is independent of n and to. 

Let it now ho assumed that = 0 ; if ' 

lt~» to* 

iiin I y - j > 0> itispossibletochooseapoMtive number Tj, and a sequence 
of values of to, so that | *[£.^2) j > ,j,for all values of m. where t„ is the 

value of T that corresponds to «►„. Now j j <>7, if t is greater than some 
Used number jS; and it thus follows tlial t„S fi, for all values of m; and 
then lim ^ “ 0, from whid> it follows tliat lim 0 ; contrary to the 

hypotlvosis. Honoo lim j j must be zero, and therefore 

pin ^ 

Next, let us consider j ok (0 (w — on suoceesive integration 

by parte, tliis is equal to 


fa - 0^ 




k~K 


’K (W)-; 


fa - 


' (i - /o (t - + 1) (A - ^1) .. 

and this is a linear function of os. fa), <rs~i fa), oo fa)- 

If we assign to te, ^ + I different values oii, tg all within 

the interval {5t, n -\- 1), we obtain JC + 1 such linear functions. As tbe 
determinant of these linear fnnetiODS is a multiple of 


fa - ’0*^ 


3 

... fai — n)'f 

1, Ut~U, 

... 

1, ‘ur+i -n, 

faErw — 


which is a multiple of the product of the diSeceaces of pairs of 
<U„<|)2, ...tOK+1. 
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the tlcfcrminaiit docs not vanlsli, and tlicrcfore the linear functions are 
independent. Therefore <rE(«), «rs-i (»), ••• <?« («) are all expressible as 
linear functions of the K + ! expresHOns j” ' bk{I) (w, - 

From theorem (c), 5^^ is cxprcsabic as a linear function of 
0 b(«). Oj(»). — <r.(n); 

nnd if folimv.s that f^n, for nil intcgcisf £ /C < I is expressible as n linear 
funetion of the K -i- 1 expression J '<Tjc(0(<^r - If now ave 

assume tliat lim «• 0. wnco lim i f err (1) (cu — dl => 0, ne 
<.-.0 of ,~ao®*J0 

have lim | uk (0 (<o — dl = 0. 


If, as n increases, so increase that the tliflerciiccs 

<Sn^ 

<ji, - n, tu, — II., ... WK+t - « remain constant, wo see that 0, 

for all integers t < k; thus the Lemma has been proved. 


00. It remains to investigate Lemma III; 

^(0 

1/ lim ~ « 0,/or every tnf<?/cr t, less tkan k, then 

IS - 0, whore cj’ . y|±nTCT • 

On account of Lemma I it follows that linv = 0, where li is the in- 
teger next less than k. 

Let denote the maximum of j | for r S ?! ; it can be Fliown 
otKI st'O 

that, it lim ^ *0, then lim -2j- = 0. A number v can bo so fixed that 

1 j I I 

* - < «, for r > p; there raosts a namber Jf buoIi tliat I — < il/,for 

r ^ 1, 2, 3, ... p. Wo have then, taking » > «>, 

maximum of \ 8^ \,for r&n 

r* 

S greater of the numhccs <, M ; 

?! can 1)0 so ciiosen that M < «, and therefore 

g.ilO gUT) 

— and thus lim— 0. 
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We have now 

it.M . ',«r^r(i+ 11 1' 

h?' ^?“r I • \ 


^ I Bf r (i + 1 , (i. - i) I + 1 - ^,)| 

as is seen by employing Uieorem (6), and remembering that 
<i) r(fe+« + i) 

'* ■ r(i + i)»! • 

Employing (6), o£ § 48, we have 

S'^ 1 Ifjst pr:‘(k-K + i)-l\t,iz)\, 

and therefore f ” b 

It liae now been shown ibot 



Next, we oonwder ' ^ -. T! "** I . Employing theorem {d) 

and the formula (6) of § 48, we see that this is not greater than 

~ j "'I ■' s''^^ {AK+‘ («, - r)t - r (fc + 1 ) ciM" *■“) I 

+ [Bf ‘o (1) + S^iO (1) + ... + (1)] 1 . 

Since lim ?= 0, each of the jS + I expressions —”1 - , ... 
i8o(l). In accordance with theorem («), we have 

A^+i (to - r)*^ = t (i - i) ... (fc - ff) (to - r)*-S'i + O {(to - r)’=-*f-2} 

= i (i — 1 ) ... (i — ^T) (» — + O {n — , 
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Ai^^o 

r (t A 1) = i- (t - 1) ... {k - K) — 

^IIKI I - r)» - r {k + 1) ■' I « 0 {(n - 

for r s ?i — Jf — I, from theorem (ft). Tlius we Imvc 

So(l|+»-*«“0(l) 

where A denotes sojno fixed number. 

The Lemma Ima now been cslablishod. 

The equivalence theorem con he ofc once deduced from the three 
Lemmas. For, if ithe assumed thafclim 0, we have, from LenimoII, 

oH) """ " M) 

11m ^ », 0, (/ < k), and then, by Txsmma JU, lim = 0. If it ho es- 

M-) g«) 

Burned that lim ~ 0, by Lemma I we hove lini = 0, t < k, and 
then, by Lomm.a III, lim = 0. 



CHAPTER n 

FUNCTIONS DEFINED BY SEQDENOES OR SERIES 

61. Lot Si (k). 5s (as), Sj (*), ... 5, (a:), ... be a sequence of functions 
defined for tlie values of as in some given set of points E. All the functions 
5„ (as) will, in the first instance, be taken to be single-valued functions of x, 
in tho sense that, at each point of E , (*) has a single finite value, oithcr 
finite, or -1- ® , or - CO . The function s, (a:), when everywhere finite, is not 
necessarily hounded in the set B. The set E may be a linear set, or a 
p-dimensional set, in which case as symbolizes a point (as,, asj, ... as,,), of 
the set. The set E is said to be the field, or domain, of the variable as, 
for which the functions are defined. It need not be assumed in the first 
instance to be restricted in any special manner; thus it is not necessarily 
bounded or closed. 

At any point f , of the domain of the functions, the Bcquenco of numbers 

(^). «{ (f). Jn iS), ••• maycither (1), have a single finite limiting point, 
in which case the sequence {a, (*)) is said to he convergent at the point 
or (2), it may have a single improper limiting iwint « , or - ® , but no 
further .limiting point, in which case the sequence (en'(3;)} is said to be 
divergent at the point i; or (3), it may have a set of limiting points, either 
finite hut containing more than one point, or infinite, which may include 
either, or both, of tho improper points + co , — « ; in this last case the 
sequence is said to oscillate at the point 

Let the function s (a) he defined in the field for which the functions 
of the sequence are defined, by the rales that, at any point f at which the 
sequence {s„ (*)} is convergent, $ (() is the number to which the sequence 
conveiges; at any point at which tlie seqneiice diverges, « (^) has the value 
-I- « , or — « ,as the case maybe; and at any pointy, at which the sequence 
oscillates, s (|) is multiple-valued, having for its stock of values those 
defined by tho limiting points, finite or infinito, of the sequence {5„ (|)}. 

If U (f), L (^) are respectively. the upper and the lower boundaries of 
all tho numbers (^), the two funefaons U (®), L (*) are single-valued 
functions which may be tonned ihevipperbomidaTy function and the lower 
boiindary function of the sequence (*)). Either or both of the numbers 
V (f), L (^) may he infinite. 

The set of values of s (i) at Miy poiiit f, when it does not consist of a 
single point, necessarily consists a closed linear sot of points, the term 
closed set being extended, ^en necessary, to include oases in which one 
or both of the points ' — w belong to the set. It should be re- 
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mcmbcTcd (lint if, for nn infinit« set of values of n, the values of .% ({) 
are all identical, their common value must bo reckoned os belonging to 
tlio clofcil linear set of values of s (f). 

The upper and lower boundaries of this closed set, of values of ^ 
in fly he denoted by s (f), s (f), where eitJier, or both, of theso may lie either 
finite or infiuifo. The single-valued functioiu: s {x), s (a;) dcCiied in the 
field E, ns having at each perint i, the values respectively of «(f), 
are. termed the upper limiting function and the foiaer ftmitiiig /idiction, 
respoelively, or simply the upper avd loiver functions, defined by the 
sequence {«, (a:)). 

At a point f, of conTcrgcncc, or divergence of {«„ (i:)), we have 

s{0 = s(0- 

If c bo an arbitrarily chosen posirive number, and if S {$), § [^) arc both 
finite, s„ (^) must lie in tJte interval (s(f) — c,« (/) + c), foroverj' valiioofti, 
with the possiblo exception of a finite number of suoli values. If » (f) , 

und s {^) is finite, only a fiiiilo set of the numbers (^) can he less Uinn 

HS)-e. 

Itlaoloartivot, at every point r, the relations U (*)SI(a:)fej(!r) 6 /y(it), 
are satisfied. 

Ill case, Jit each point of E. the sequence {«„ (*)} is ooiwergonf., 
« ^ (*)» find f'te limiting function s (r) ia single-valued and finite. If, 
at onoh point of E, the sequence (s„ (*)} is either convergent or divergent, 
e (r) is also single-valued, but at each point of divorgonoo of the sequence 
it has for its value either «• , or — ® , as tbc case may be. 

If (Pk Pi’ ••• Pni •••) be a sequence of increasing po.'iitive integers, the 
scqucncQ {Sp. (x)] may bo said to be a su 6 -se 9 u«ncc 0 / (he sequence {;„ (>)]’ 
Such a sub-scquencD will have nn upper function that ia Ss{«), and a 
lower function that is Ss(x). If a siib-scqucnco be convergent, it uia)' 
have for its limiting funcf.ioo either 5 (*) or s(x) or some fiinclion whoso 
value at eacli jioint is a liniiting point of {«„ {*)} in tlic interval boimdcil 
by l(x) and s (x). When all possible sub-sequences of { 3 „ (r)} arc tahen 
into account, (he totality of that upper functaons may bo spoken of as 
the set of upper /unctions of (he sequence {«, (a:)}. Similarly t.he set of 
lower fimctions of Um sequence is defined as the totality of the lower 
fund ions of all siib-seqiicnccs. 


62. If the iiiL’thod of transformation given in I, § 219 bo applied to the 
functions of the sequence {ff„ (ar)), defining the function a„ (®) by 




- 

"iTrrai’ 

we observe the fact that, for any poinl 


and (7 (x) hy o (i) =, 
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I, corresponding to llic eet of TiJaes of » (f) in (~ » , » ), which is dosed 
cither in the ordinary sense, or in the extended sense in which + » and 
— 05 are admissible points ot the sel^ (here exists a dosed set of values of 
a[$) in the interval (—1, 1): jnOTCOver Ihc converse of this holds good. 
Divergence of {s„ (f)} to + «> implies convergence of {c, (f)} to Ihe 
point 1, and divergence of {s«(^)} to — «> implies convergence of {cr„ (^)} 
to the value — 1. 

ITrom this point of view, the distinction between convergonce and 
divergence of a sequence, at a point, is unessential, whereas oscillation is 
essentially diatinet from either. Thus, for example, if {«„ (a;)} .bo at all 
poinls of E, either convergent or dlve^ent, the sequence {a„ (*)} is, at ali 
poinfs of E, convergent. 

In case H- «o , or — » , is tho value of (x) at a particular point $, the 
corresponding value of o,, (*) is 1, or — I, as tho case maybe. 

It is sometimes convenient to modify the transformation just employed. 
If (o„ (s)} be a sequence of functions of irfaich the values aU lie in the 

inl.iT.1 (- 1, 1), may take («) - , | '*<*>" 1-Vf(;t) '| ' 

where {%„} is a monotone incitoming soqiicnco of positive numbers con- 
verging to 1, as limit. Tlic ndvatilogc whicli this transformation has, 
over tho one above which corresponds to tho case 1, is tluibff„ (*) is 
necessarily bounded, for each value of n, being numericaHy S y— ^ • 

83. If (aj), Uj {x), ... Mb (*), ... be a sequence of functions defined in 
a given ilnear, or p-dlmcnsionai, set of points E, let 

*»<*)=■ «j (*) + «»(*) + — + (») ; 

then the sequence {«, (*)) defines, as explained above, the limiting function 
s (*). This function may be termed the sum-function of the infinite series 

Mj (x) -J- «,(»)+...+ «B (*)+ .... 

It thus appears that the theory idating to the sum-function defined 
by an infinite series, each term of which is a function of one ormore variables, 
is identical with the theory of the limiting turotiona of a sequence of 
functions defined in tlie^vendomam.^. Tims any tlieorom rdating to the 
theory of. infinite serie.s of fuiietious of one or more variables can be stated, 
as a theorem relating to sequences of functions. The functions S (x), s (x) 
may bo termed the upper mtm-fmuUm; and the hntter sum-funciion of the 
given series. At a poinl- f, of convergoice or of divergence of the series, 
we have s (|) = a (^) = « (f), the number s (f) being finite at a point of 
convergence, and eitiic.r co or — «>, as the case may bo, at a point of 
divergence of the series. 
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FcrscmoKS rewted wmi a given function. 

G4. In I, § 220, the maxinial and minimnl functions at a point*, of flic 
domain of a single-vnlued fonction of a angle variable, liave been defined. 
These definitions can be e.vtonded to the case of a function s (e), of an}' 
number of variahics, when the function is not necessarily single-vdliied, 
but may have, at each point x, upper and lower boundaries U [*), L (x). 
and upper and lower limits » (*), I (x), each of which may be finite or 
infinite. The values of a (*), for each x, form a closed set, wlien s (r) is 
defined, as in § 01, by means of a sequence {«„ (*)}; but in cose a (r) is not 
defined in that manner it need not be assumed that the set of values of 
5 (*), at *, is closed. 

Ivct E denote the domain of the function s (*), and let f be a limiting 
point of E which hclongs to the set. The upper boundary of tbo nuinbera 
U (*), for all points ar, of E, in a neighbourhood A, of S, eouvergos ns the 
span of A flon\'orges to zero, to a number jlf (^) wliioh is the value, at f, 
of the maximal function, il {x), asaocialed wU?i. * (*). fiimilarly, the lower 
bounrlaiy of the numbers L {*), for all points ar, of E, in the neighbour* 
hood A, of I, converges, os the span of A converges to zero, to a number 
«i (^), which is the value, at of the minimal function m (*) nssoeiafed 
with s (ar). 

Iji these dofinifions, the values of x include i itself; but If the ^’nliie f 
be oxoludod from the permissible values of ar. eo that the values of s (?) 
are irrclovant, we obtain, instenil of Af (f), and m (f), numbers A (?), a (?]i 
the value.? of which arc termed res|)eclivcly tlioso of (he 7ipj)er osaoemied 
fiinclion A {*), and the loioer aafocioted function aix). The number M (?) 
is clearly the greater of the numbers V (f ), A (f) ; and the number m (?) 
is the le8.?or of tlio two numbers L {?), a (^. The definitions are applicable 
also to a point ?, of E', which docs not belong to E, and at such a point 
21 (?) *= A (?), and m (?) « a (?). At an isolated point ?, of E, (iio nr=so- 
elated functions do not exist, but ilf (?) •= f/ (?), and m {() ^ E (?)• 

The above defimtions may be stated more explicitly in Uie following 
form : 

// ? hr. a limiiivg point of the set Bin udtick the single or rnt/f/i>/e tvliiid 

funclio7is{x)is(IcfiTie.fi,andif{A„}lieasequenceofneighbouTJioodsof ?, each of 

uhiclicoufams the Jicxt, and mkioheonvergeta (he pointy, (hen if V [A^)dcnole 
l/ic upper 6ot<ndarf/ of U (x), for all points x, of B, inA„,i/ie non-iitcrcasing 
sequence {U (A„)} has a louxr limit 31 (?), as m , ichicii is taJxn io lx- 
the wlue, al ?, of tlis maximal function 21 (*). Similarly, if L (A„) denote 
(hcloieer boundary of L {x), for ail points x, of E, in A„, thcnon-dminisMng 
sequence {L {A„)) has an upper limit m (?), which is taken to he the tn/iif, 
at ?, of the minimal function nt (*). 
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If U (A„) denotejtht -upper horntdofy of V (»), for all points x, of E, 
accept^, in A„; and L (A„) djeMMtktXowerbowadary of L (a;), /or oR points x, 
of_W, excep^^, in A„, tke Hmils A(^, a(£) o/tfi« (loo mimoione 4e3«fi«<;es 
{U (A,,)}, {Z (Am)}, define tke valves, at i, of the upper and lower associated 
/t£j!cJio!w A {x), a (a;). 

It is easily seen that the fo>ir numbers defined are independent of the 
particular sequence. {A„}, of neighbourhoods employed. T'nr, if {A'„} be 
any other siiuh sequence, and m be sullicieatly large, A'm is contained in 
a nnigliboiirhood A^q and also A'„ contains &„■, if m" be sufficiently 
large; so that V (A'„) lies between V (A*-) and U (A,,-). A similar argu- 
ment applies to all four numbers. 

It is seen from the dehnitions of the maximal, minimal, and associated 
functions that, at every point, they satisfy tire conditions 
M {x)^ A («) g a (a) ^ fft (x). 

65. In aocordanoe with the definition, of Jtf (|), having given an urbi- 
traiily olioson positive number e, a neighbourhood A, of can be so deter- 
mined tliat the upper boundary U (A), of s (*), for all point* of E, in A, is 
< ilf (^) -I- e, and that there exists one point a; of at least, in A, at whioli 
V{x)>M{S)-e. 

' Similarly A con be so dotermined that the lorver boundary L (A), of 
s [x), in A, is > m (f) — e, and which contains at least one point at which 
Lix)<m(S) + e. 

It is clear that 'M (|) is tho Dccossoty and sufficient condition 

that '8 (it) should ho continnous at tho point f. '.Dhie condition may also 
be expreskd by s {i) •• A [i) — a (f). It is also clear tliat the necessary 
and sufficient condition’ that $ (x) should be upper semi-continuous at> $ 
is that Af (f) = 8 ({), and tliat wt (f) *• s (f) is the necessary and sufficient 
condition that « {x) should be lower semi-contanuous at f. It is here 
assumed tliat « (f) baa a sin^e value. 

For the case of a singlo-valued functimi it has boon she\m by W. H. 
Young* that the relation A (x) £ 8 (x) & a (x) holds, except possibly at 
points of an enumerable set. 

It can be she5vn that; , 

Tke functions M (x), A (x) are both upper semi-contm-uoiis, and the 
functions m (x), a (x) are both lower eemi-contimiouB. 

For if, m every neighbourhood of there are point* nl which 

M{x)>M{i) + e. 

for some fixed value of «, there m'ust be points at which V (x) > 31 (f) -f c, 

• Quarl. Journ. vol. SX.X1X (!908),p. 82,»ndP«ic.£<»it JTott. «oc. (2), vol, vm (IDIO), p. 119. 
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point of a given linear or ;>-diiiiBnac>nal domain, tlie definition of uniform 
convergence of tte series maybe stated as foliows: 

//, corresponding to each arbibrarily assigtied positive, numher c, a value 
of n, independent of x, can be so determined that 

I I i2„.. (a;)]... 

ore all less than, e,for every value of x, the aeries it, (*) + it, (x) + ... is said 
to converge uniformly in the given domain. 

In case the convergence of Uie series at each point of the given domain 
is a-ssumed, the condition of nniforai convergence may be stated thus: 

If the series it, (a:) + (*) + (*) + ... converge, for each value 

of X, in a given linear, or p^ilimeiKtional, domain, the series is said, to converge 
uniformly in that domain provided that, corresponding to each arbtlrartf?/ 
iMstjnecf posiiive number c, « nitmber n, independent of z, can be determined 
avch that all the remainders R„ {*), J?„+, (*), ... are, in absolide value, less 
than c, for every value of x in the.given domain. 

In oaso » sequwico (»)} converges uniformly in a set E, it is oloar 
that the sequence also converges uniformly in any part E , , of E. But if 
(2?,, ^ 1 , ... Ji>r, ...) bo ascqncitce of sets, each one of rrhioh is contained 
in the next, and of which B is the outer Umiting sot, a sequence {a„ (x)}, 
defined in B, may converge uniformly in each of the sets Er, and yet may 
not oonveigo uniformly 'mB. If n (r, «) bo Uic least integer such that, nt 
every pomt’of Er, | s{*) — a, (®)| < e, provided n S » (r, e), it may happen 
that, for some value of «, n(r, <) has no upper boundary for r= 1, 2, 3,...; 
in that case tliere exists no integer n (<) such that | s (x) — s^ (a) \ < e, lor 
n&n((), and for all points of £; tbo convergence is in that cose not 
uniform in .0. For example, let s (a:) — «„(*)->?, in the infinitely groat 
seini-cloaed linear intcrvol (OSx). In any interval (0,b), whore h>0, 
j » (x) — a„ (x) I < «, if n>hlf, bnt.thcro is no value of n for which 
I s (x) — (x) 1 < c in the whole interval 0 S x. Thus, altiiough the ee- 

quenoe converges uniformly in every finite interval (0, k), it does not 
converge uniformly in the infinite interval (0 5 x). 

SIMPr.Y irHlFOKU CONVERGENCE. 

67, A mode of convergence of a series, or sequence, in a given domain, 
less stringent in character than tiiat of uniform convergence, has been 
considered by Dim and by other wiit^. This mode of convergence lias 
been termed by Dini “ simple aniform convergence,” and has been defined 
by him* as foliows : 

The series Ui (x) + w, (x) + (*) uibibb converges at each point x, 

of a given domain, to the value s (*), is said to be simpty-uniformly convergent 
’ SeoDini'j by Lomai «nd SchoMi, p. 137. 
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in the domain if, corresponding to each arbitrarily assigned jjosiiive number t, 
and to each nrhilrarily assigned integer m’, at least one integer m, net Iv! 
than vi', can be so determined that, for ail values of x in the domain, 

I (®) 1 < «- 

The condition of simjJe-nnifonn cMivergence is less stringent tlmn 
that of uniform convergence, in that, in the latter case, all the remainders 
after n certain one are numerically less than e, whereas in the f oniier case, 
not necessarily all the remainders arc, for all the values of x, numerically 
icss than c. 

As regards tlie above definition, it should be remarked that, if there is 
one integer ni (S w') such that | }t„ (*) | < «, for all the values of x, there 
nnnl ho an infinito set of such int^ers. For we liave only to ascribe to n’ 
successively values which increase indefinitely, and for each of llicso there 
exists a corresponding value of m. 

T,/Ctr r, , C], ... bo a. sequence of diminishing positive numbers u'liich 

converges to zero. If 2« (x) be a amply-uniformly convergent series, 
ri, cun be determined so that j | < «,, for all the values of x; then 
nil integer n. (> jij) can be so determined that j (*} [ < 

Wj (> rij) 80 that j i?„ (x) j < <3; and bo on. 

It follows that the sequence s„, (x), (x), (x), ... converges uni- 

formly to a (*). If now the first Ji, terms of the series be amalgamated into 
ono term, then those after the first n, up to, and including v„, (x), and so 
oti, the series is transformed info 

(*) + (*«, (X) - (X)] + (e„ (x) - s„, (X)] ... : 

and in this form the scries is uniformly convergent. . 

Tt lias thus been shewn that: 

A simply-uniformly 'imvergenl series can be changed into one wldck t> 
nni/ornili/ conrergent, by bracketing the temw suitably, in accorda-nce iri/A 
sonic norm, and faking each bracket to eonslitule a term of the new scries. 

It thus appeal's that, if {*, (*)} is a convergent sequence, it is fimply- 
imifonnly convergent provided it contains (x)), (p = 1, 2, 3, .. ). a 
-suh-sequoiice which is uniformly convergent in the domain. 

It should be observcrl that, when the sequence {«„ (x)} does not con- 
verge evcryn-Iiere in the domain of x, it may still be possible to dctcniune 
a siib-soquencc {s„^ (x)), p ^ 1, 2, 3, ... which converges uniformly in (he 
domain of x. 

If oaoh ferm (x) of a uniformly convergent series lie repUiced. 
accordance witli some norm, by tlie sum of r„ hinctions, such tliiit 
(X) - U„., (z) + U„.. (x) + ... + U„.r„ (®). 
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then the new series 

{^) + (*) + — + (*) + (*) + — 
is nob recessnrily convergent, but may at any point of the domain he 
osefflatory. If, however, the series be convergent in the domain of x, ib 
converges at least Bimply-nnitonnly. In any case the series is reducible 
to a uniformly convergent series by introducing a suitable set of brackets 
and amalgamating the terms in each bracket. It thus appears* that the 
distinction hetween uniform convergence and simply-utiiform convergence 
is less fundamental than might at first sight have been supposed. 

G8. A Beries which converges for every value of a; in a given domain is 
certainly simply-uniformly convergent in that domain in case there exist 
an infinite set of values of n such that (x) = 0 for all the values of x. 

Let U6 next suppose that tliere are at most a finite set of values of n 
such that J?„ (a) « 0 for all these values of n, and for all values of *, in E. 
It will be shewn that the definition of amply-uniform convergence can, 
in this case, be roduood to a simpler form, vix. that, for each e, a number » 
aan bo deteimincd bo that | (x) | < «, for every value of x, and simh that 

(x) does not vanish everywhere. LctU8dcnoteby3?„ the upper boundary 
of [ J?„ (x) I in the domain of x; 7l„ may be either infinite or finite. Let it 
bo assumed that tltciu exists one value of n, such tliat | Ji„ (x) \ < c, and 
suoh that (x) does not vanish for all values of z in the domain ; wo havo 
then «. Let us take a positive number «, less than Jfni ^tid also loss 
than nil of those numbers B2, ... Bn-i which do not vanish. By hypo- 
thesis there exists an integer %, eiiob tJiat | (x) { < < s, and such 

tliat J?„| (x) does not ovciywlier© vanish. This number n, oannot be one of 
the numbers 1, 2, 3, ... n; for it is always possible to determine a value 
of X for wliioh | S„ (x) | is arbitrarily near its upper boundary, and is 
thus> tj, Similarly it may beshewn tluit an lutogerTis (>«,) exists which 
has the same property such that | S„, (x) | < «. Tlius an indefinitely great 
set of values of n can he so determined, for which | i?, (x) | < e, for every x; 
and the condition in Dini’e definition is saUefied. We have accordingly 
the following modified form of Dini’s d<diniUon: 

A series tvliich converges Jot every value of x in a given, linear, or p-dimen- 
sional, domain is said lo converge sintply-vniftemly either, (1) if there are 
at most a finite set of values of n for which B„ (x) — 0,/or all the values of x, 
and if, corresponding to each arbilrarily assigned positive number e, an integer 
n, independent of x, can be so de/er7R»ned that | B„ (x) j < e, for all the values 
of X, vohilsl It„ (x) does not vantshfor aU Ike values of x, or (2) if there be an 
indefmitehj great set of values of nfor wdtich i?„ (x) = 0/0/ off the values of x. 

■ Sc® A«®lii. Boloona BcTuTiconlf (6), voL Tin (1839); rfso HoVwo, Prac. TsmS. Math. Sx 

(2). vol. I(1SNM1. p. 37G. 
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A Fcries whicli is uniformly convergent is also simply-iraifonn]}' con- 
vergent, but tbe converse does not hdd. 

If llie scries be simply-nnifortnly convergent, but be not unitonnly 
eonvergent, tbere must, corresponding to each sufficiently sniaii (, lie an 
Indefinitely great set of values of » fat wbich the condition | (i) | < «, 

for all the values of .r, is not satisfied; for if there were only a finite set of 
such values, 71 could be taben greater than the greatest of these, and thus 
the condition for uniform convergence vould be satisfied, wHcli is con- 
frniy to hypothesis. 

If all tliB tcrais of a series (*) be non-negative for all values of x 
in the domain of the variable, and if thcise.ricslSit, (x)iBsimply-\mitonnly 
convergent, then it is necessarily umfonniy convergent. For in tlus case 
{«„ (*)} is a monotone non-diminisliing sequence, for each value of x. If 
]«(»)- 5, (*) I < <, 

for any value of n, and for all tJic valnc.s of *, it follows that the inequnlitj’ 
holds good for all greater values of n, and therefore the convergonoo is 
unifonn, 


TOirORJt nn'EBOEKCE A>'D TOIFOnM AEPROAOH. 

69 . Let it bo assumed that, in a set £, , the sequence {8„ (»)! diverges 
at onch point, cither to -f- w or to — « . 

If, corresponding to cueb arbitrarily assigned positive number nn 
integer n.v can bo so determined that, at oadi point of Sj , one or otlier of 
the conditions (a-) > N, (3;) < — N, according ns the divergence is to 
-t- M or to — « , is satisfied provided the number n.y being inde- 

]iciidcnl- of whatever point * may be. in Ei, the sequence i.s ss'd '0 
(Utxrgc unifomly in . 

If Ei be a pari of ii domain B, for which the functions of the sequence 
{«„ (x)) are defined, and that sequence converges uniformly in B -Et, 
whilst it diverges uniformly in £, , then the sequence is said to approach 
8 (11) uniformly in E. The term uniforiR approocit may be ta-lrcn to ineludc 
uniform divergence and uniform convergence. 

Tiic dcfiiiilion of unifonn approach may be stated as follow,?: 

//, rorrMpott’Uiig io eacJt eTbilrarilif assigned pair 0/ positive ntmbas 
A, t, an integer n (A , t), inde.pendfni of x, can be so determined that, at ene!i 
poini of convergence of {«„ (a:)}, j s (*) — s„ (a:) j < c and at each point oj 
divergence s„ (x) > A, or |*)<-A, according as Ifie diisirgcnce is to f- or 
to — a: , proiddcd in each easenSn lA.e), (he sequence is said to approncn 
s (x) unijornil'j in E, it Iteing assumed that (he sequence is not oscillator'.! 
ant/ point of E. 
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The justification for this tennimdogy b to be found in the fact that, 
if tho transforination (*) = ^ j ^ employed, the sequence 

{cr„ (s)} is uniformly convergent in £, in accordance with the definition 
of § 06, provided {fi„ (a:)) approaches e (*) uniformly in S. 


To prove the theorem, lot ij be on arMtradly chosen positive number, 
and let A and e bs such that e<iij- At a point at which 

s„ (*) > ^, for ji. £ jn we have 


1 1 - ». (=) I - 1 1 - I < < I ; 


and similarly, at a point at which «,{*)< — ^,we have | — 1 — (ar) | < rj, 
for n a m. At a point at which | » (®) ~ «„ (*) | < e, for n £ m, we have 
I (7 (as) - o, (a) ] < I 8 (*) - (*) I < » < 5j, provided | s (*) | > e, in which 

case s (*) and (a) have the some sign. li, however, \s(x]\£ «, we 
have I a (x) - o, (*) | < | «. (*) ) -i- 1 « (*) | < 3* < ij. It thus appears that 
(ob (*)} convorges uniforoily to o (») in set £, slnoc, for tho arbitrarily 
ohoBon numbor ij, ( e (»} — w, (*)(<■»}, for »£-in, and for all points x.inM. 


The converse of tliis ttteorom does not bold good. If it bo assumed 
that {vbI®)} oouvcjgas uniformly to vfa:), iiltliorigh it oan be inferred 
(see I; 1 219) that (*)} converges or diverges, at every point », to 8 («), 
tho approach of the sequence to tho limiting function is not neoossarily 
uniform. 


, Uniform approach of tho sequence {«,{*)} to «(*) has been defined* 
otherwise by Hahn, as subsisting whenever {o, (»)} converges uniformly to 
e (s). There Is however a certfun arbitrarinoes in this definition, as it 
depends upon the employment of a fqiccinl transformation. 


POINTS OP UNlFonM AND OP NON-DNIPORM OOKVEKOBNOE. 

70. Lot the sequence {«„ (*)) conveige at each point of a domain E, 
of one or more dimensions, to the vabie of « (a). Let n («, k) denote the 
least value which n can have, for a particular point x, such l.hat 

I <*) - s (i) I, I 8„+i (*) - e {*) I, I {*) - e (*) I. ... 

are all < t ; thus n (e, *) has » definite value for each value of e, and for 
each point sc, of E. For a fixed value of e that is suffioiently Bmall, it may 
happen that Ji (c, x) has no upper boundary in £?; thin will be tho case 
when the convergence of tho sequence is non-uniform in E. 

In accordance with tho theorem of I, § 213, there must be at ie^t one 
point of E, in case B be closed, such that, in an arbitrarily smaE neigh- 
bourhood of n (e, *) has no upper botmdaiy. There may be a finite, 
or an infinite, set of such poinb! f; and in an. arbitrary neighbourhood of 
any point of this set, n {<, a) has no uppor boundary, and thus has values 
• TArffric dcrEreRen J'BslfTenEn, w>L j; p. 247. 
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greater than an arbitrarilj- clio!:en poativc number A. N’evertiicless 
71 (c, z) has a flnil.c vajoc at each peunt of £, for othenviKe the sequence 
would not converge nt iho point. 

A )mn/ for 7vliicl<,for each value of < (>0), there is some neighbouTlood, 
in geiicrol on c, in which n [t,x) has a finite upper boundary, is 
said to be o jioint of uniform convergence of the sequence. 

A in the neighbeatrhood of wkidi n(<, ai) has no finite vpjKr 

bnnndnnj, pTm'idvi c be fixed sufficiently small, is said to be a point of 
noii-unifor/ii convergence of the sequence. 

If 1 lindoinnin K be not cloned, the pmnl f in the neighbourhood of wliicli 
V {«, r) has infinity for its upper boundary, need notbclong to £, although 
it iiiiist lliou Ijo a limiting point of E, and would thus belong to the closed 
sol K M (£, E'), obtained by adjoining to E those of its limiting points 
which do not belong to tbc set. Thus vve should have to consider points 
of non-uiiiforrn convergence which belong to E^ but not to E. Although 
the most important case is that in which the domain E, for wlilnh the 
functions of the sequence {f. (z)} arc defined, is closed, being a closed linear 
Interval, or a closed enutinuous domain of any mimbcr of dimeiisions, we 
slmli, for gcnernlily, consider llie case of any domain E which is not 
necessarily closed. 

Tho above definitions are equivalent to the foUotving: 

If, for n jioml of E. or of A”, Ihere exists, for each jnsilivt value, of e, 
a neighbourhood [f — d,, f -l- rf«) {linear or pdmensiojial) stich that, for 
n n., a number dependent on «. | s (ar) — s, (*) | < <, for all points x I'n 
that neighbourhood , the point f is said to be a point of uniform convergence 
of the sequence {e„ {r)}. 

If, for a sufficiently small lalve of e, »io such neighbourhood exists, f w 
said to be « qainl of non-uniform convergence of the sequence {s„ (*)}- A point 
(, of E', udtich docs not belong to E. may bea point of non-uniform couvcrgaicc. 

'J'lir dpfiiiitioiis may also be elated in the following form; 

At a point of E, or of R", the convergence is uniform or non-vnjform 
acMrding as | i7„ (r) | has, or has not, the unique double limit zero, as x~^, 

71. It is canveiiicnt in this definition to take a iieighbonrlioofl 
~ d,, ^ -i- d,), of which ^ is the middle point, in the case of futiolions of 
a single variable; and it is convenient to fake a square or cubic neighbour- 
hood in the case of fimclioiis of two, or of three, variables. In general a 
neighbourhood 

rejircsciitcd also by {{ - d,, f + d,), can be taken in the case in v-hiidi 
f is u point (^''h ... £*»>) of a p-dimensional set. If 1 s (r) — «« (^) I 

for n £ II,, in a neigiibourhood (f — dc, f -t- rf,), lliero will be .an infinite set 
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of vahics of (It for wliioh the condition is satisfied. This sot ^vill liare a 
maximum value f?f, such that, at any point within the neiglibourhood 
(f - (it, f 4- ci*«)i tliO coiidition | (*) — s (*) | < c is satisfied for n 5 n,. 

If we ^ve to dt the value 2 rf«, for example, wo have a rule for determining 
a neighbourhood, definite for each points, in which (including its boundary) 
the condition is satisfied. 

At a point of uniform cojiveigcncc, the. number dt \viU in general 
depend upon the value of « ; und if « ~ 0, and tn increases indefinitely, the 
numbers it will converge 1o a number which ie either positive (say d') 
or is zero. In the former case thcreexists a neighbourhood (f — d", f + d"), 
where d".<d’, in which the convergence is uniform; points of con- 
vergence for wliich this is the case were considered by ^^'eie^st^a8s*, 
and spoken of as points in the noighbonrhood of which the scq.uonce 
. converges uniformly. Heprovedthnl^foracloseddoroainJK, if every point 
has tlds property, the sequence conveigcs uniformly in B. In case S, 
converges to zero with t, the point of uniform convergence, has no 
neighbourhood in which the sequence converges uniformly | such a point 
has been tenned by Pringebcimt a sintjtJar point of uniform convergence. 
Such a point is in general a limiting point of a ect of points of non-uniform 
convergence. When the functions s, (x) arc discontinuous, a point of 
uniform convergence may even he an isolated point of the set of nil points 
' of uniform convecgcncct (see §05). The definition of a point of uni- 
form convergence was given explicitly by W. H. Young§, and later by 
Van Vleokl). It was given implicitly by other writers, for example, in the 
first edition of this work. 

.Tti the case in which the domain B is linear, a distinction may be made 
between uniform continuity, at a point (, on the right and on the left, 
If tlio condition |.s (x) — s„ (x) ( < «, focn £ He, ie satisfied for all points x 
in an interval (f, | -f. d»), and for all values of «, the point (■ is one of 
uniform continuity on the right. By employing intervals (f — dt, f), 
uniform continuity on the loft is dofined. A point is of uniform con- 
vergence if it is uniformly convergent both on the right and on the left, 
A similar distinction might be made when Hie domain has two or more 
dimensions, 

72. It has been shewn that if, -for aomo sufficiently small value of e, 
n (e, x) lias no upper boundaiy in a dosed eet E, there must bo at least 
one point of non-uniform convergence, which belongs to E. It follows 

• See I^CTie, vol, n, p, 202i ska So Bon-Kcvmond. Cr«Ue'< rol. 0 (1887), p. 035. 

I J/fiwA. Silnittgibir. for 1919, p. 419, ufacn aome irmsrltg of s hiatoricsl kind will bo found. 

t.SeeVV.H, Young, Proe./xmd, SToA. ^oe. {S}, toL t C1903). p. 90, but it k in agreement witb 

hu Bo(B-Reymond*fl deOnition of ‘'ateUge Coavergena” at a point. 

§ Proc. Lmd. JfnU,. Soi. (J), rot i (1903), p. 89; ace sbo (S) roL vi (1908), p. SS. 

II Prm,. Amv. ZtaA. Six. vot wn (1907X p. 2M fooloofe. 
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grnatf^r Ilian an arbitrarily chosen poative number A. JJevertlielt'ss 
j) (c, *) has a finite value at each pemt of E, for othenvise tlie sequence 
M-mild not converge at the point. 

A foint for each tnl«eo/ « (>0), there is some TteiiffiboiirJ/ooii, 

depcv^cjil ill general on c, in which n (*, 2 :) has a finite tipper homdary, is 
said to be a jmnt of uniform convergence of the sequence. 

A pointy in the rteighltotirhooil of whic/i n («, x) has no fttiile ttpjKr 
boundary, provided t be fixed sufficiently small, is said to he a point of 
non-uniform convergence of the sequence. 

If t lie domain E bo not closed, the point fin the neighboiirhooil of which 
n (<, r) has infinity for its upper boundary, need not belong to ^.nlliiougli 
it must then ho ii limiting point of E, and would thus Iwloiig to the closed 
set Eq b Jlf (E, E'), obtained by adjoining to E tlsose of it? limiting points 
which do not belong to the sot. Thus wo should have to consider paints 
of non-iinifomt convergence which belong to Eg but not to E. Altlioiigli 
the most important case is lliat in wliioli the domain E, for wliioL the 
functions of the sequcQco {$„ (x)} are defined, is closed, l^eing a closed linear 
interval, or a closed continuous domain of any number of dimensions, we 
glmll, for genomlity, consider the cruse of any domain E wliioli is net 
necessarily closed. 

Tlir above definitiojis arc equivalent to tlie following; 

//, for a 2>oi?it $, of E, or of E', there exists, for each jiosUive valve of c, 
a neighbourhood, (fi — di, f + d<) (fuicar or p-dtjnerwtona?) swh that, for 
n S 71. , a 7!VM6cr depatdent on r, | a (*) — (*) | < e, for all })oinls s in 

that neighbourhood, the point f is said to be a point of vnifam conwgem 
of the sequence {s„ (x)). 

Jf, for a sufficiently small twfae of t, no such neighbourhood exists, f is 
said to be a point of non-unifor/n eonvergencs of ihe sequence {i, (*)}• ?»"i( 

f, of E', which rlocsvol belong to E, maybeapointof non-uniform convergence. 

Tiic definitions may also be slated in tlie following form ; 

ylf a point f, of E, or of E', the convergence is uniform or fion-vnifuTm 
according as j 11 „ (z) | has, or has not, the unique double limit tero, as 

71. It is convenient in this definition to take a ncigliboiirliood 
-d,,^ - 1 - rf,), of wMcli i is the middle point, in tlie ca.se of functions of 
a single variable; and it is convenient to take a square or cubic ncighho'W- 
bood in the case of functions of two, or of three, variublcs. In gencr.il s 
neighbourhood 

(fi'> - d,, - dr, fii + rf„ ... ^-d.), 

represenfed also by - A, f + A), con be taken in the case in 'diicii 
^ is a point f*-), ... ft*)) of a ^'dimensional .set. If \ s (x) — s„ {^) 1 < '• 
for n £ ji„ in a neighbourhood (f ~ A, ^ -f A), there will be an iiifinilc set 
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tliBt, if even’ poijit of tlie closed doDiftin £ is a point of uniform con- 
vergence of the convergent sequence <«„ (*)}, the sequence is uniformly 
convergent in E. This docs not hold good it B is not closed. 

If a point f, of K, or of E', he sucli that a sequence Hj, ji., Jij..,, of 
incrensing inleger.s exists such that $ is a point of uniform convergence oi 
tlic sequoiice s„, {x), {*), (*), unthout necessarily being a point 

of uniform convergence of the convergent sequence {s„ (*)}, the point f is 
said to be a point of simply vniform convergence of tlio sequenco {s„ (i)}. 

It is clear tlint, if the sequence {«„ (i)} is simply-uniformly convergent 
in ft closed domain E, every point of £ is one of simply uniform convergence 
of the sequence. For we hove only to apply the foot that, if (*)} con- 
vcvgc.s uniformly in E, every pwnt of .S is a point of uniform convergeneo 
of that seqiicnoo. 

The converso Ihoorom tltat, if every point of is a point of simply 
uniforni oonvergence, tlicn the scqncnce convoiges simply uniformly in 
E, does not hold. For tlie datum only ensures the existence of an integer 
Boqiionco Ui, «j, os in tbo definition, (or each point of .£, but thoro 

may exist no one such sequence which applies to all tlie points of E. 

73. If {«„ (f)} is divergent, saj' to + oo , and the condition is fintisficii 

that, for each poaitlvcnumbor .4, a neighbourhood of thopoLntf, dopenileiit 
in gonorni on A, exists, such that at every point * in that neighbourhood, 
Sn (.'«) > w4, for a 2 the pointy is said to bo a point oiunifomiivtrgiSK 

of the sequence {#, {x)). It is seen at once tliat, when the tTansfonnatioti 
»fi (*) * I applied, a point of uniform divergence of {e„ (s)| 

is a point of unlfonn convergence of {o„ (*)). 

It now follows that, it every point of tlie closed set S is either a point 
of unifonn convergence, or a point of uniform divergence, of (*))' 
sequence {&„ (*)} converges uniformly in E. 

74. I'ho definition of uniform convergence of a sequence {Sn (*)) 

a point { may be stated in the following form, in -which the convergence 
of the sequence is not presupposed: 

// f/(C funciion-’i of a sequence {«. (*)} ore defined in a domavi E,^ 0'^ 
sequence is said (o be uniformly convergent at a point f, of E, or of E , if 
corresponding to each orfiiVrarfly asaigned positive number e, a neighbourhood 
{f — if, ( -p t?r) con 6c so determined that, for every point x, of E, <« 
neighbourhood, the condition | «■(*) — «„>(*) | <€, for nliVr, n S 
satisfied; inhere n, is some integer dependent on e. 

'J'hat tlie definition*, in this form, implies the convergence of t 
sequence at the point in case f belongs to E, is seen hy inlnng ^ 
in the condition (hat is satisfied. It is, hoivevcr, not nccessariiy ilic cn c 

• Tilts definition u given in Hahn's 7Aearie dev ref Uvn Fiinlliontn. vol. i. p. 2*‘- 
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that, when the condition is satisfied, the sequence should converge at any 
point in a neighbourhood of except at the point ^ itself. This definition 
is accordingly applicable to any sequence {«„ (*)) not assinned to be oon- 
rergeiit in K. It is thus more general than in tlie form, given in § 70, tiiat 
the double limit of | i?„ (x) | at the point (f, “ ) should exist and have the 
.value zero. For (a) neednotexist exc^tatf, inensef belongs tolt’. 

This definition may be expressed in the following equivalent form ; 

If the fmictions qf a sequence {«, (x)} are defined in the domain E, the 
sequence is soul to be niti/ormly emiverqenl at a point of E, or of E', if, 
corresponding to each arbitrarily assigned- posUine number «, n- ncigkbotirliood 
A, of can he so delermirted (hot, for every point x, of E, in A, the conditions 
I (.v) - s tx) ] < r, I «„ (*) - f (z) I < « are satisfied, for n > nc, where 
S (s), s (z) are the upper and loiver limits of s„ (x), asn — ee , 

To prove that this form follows from the first, chocso A so that, in A, 

I 5„ (*)-«,'(*) I <J<. 

for nsufi 7t'67t». By giving to »' the values in n properly cliosotr 
sequence, a„-(z) converges to »(z), and by a different seq\:encc it converges 
to « (z) ; hence j a„ (z) — 5 (z) | < «, [ a,, (z) — j (z) | < «. To prove that t!ie 
first forui of tlie definition follows from the second, choose A so that 
ls„(x)~f(x)l<l<. Is„(x)~s(x)l<if, 
for nlin,. It now follows that, if n S n,, «' £ nr , ) «„ (*) - «„• (z) j < «. 

76. A more stringent condition than the one eontnined in tlie above 
definition would be obuined by assuiuiug that 'j s„ (z) - s,- (z') [ < e, 
for nan,, n'in,, and for every pair of points in the neighbourhood 
(I “ d,, f de) of the point When this oondiUon is satisfied the sequence 
is said to he conlirtuonsly convergent at the point f. This condition may bo 
slated in the form that s„ (z) should be ooniinuous tvifch respect to (z, n) 
at the point (f, as ), so that s„ (z) has a unique double limit, as z ~ f, 

It is dear that, if the sequence is continuously convergent at the point f , 
it is also uniformly convergent at Hiufe point, but the converse docs not 
in general hold good. 

Consider, for example, the case of a discontinuous function s„ (z) defined 
for a flriitc linear interval containing the point z= 1, by (1) = I, s„ (z) = 
for z^ l. -We have then s (1) = 1, a («) = 0, for xfi 1. Tbe condition of 
Uniform convergence, that, in a sufliraently small neiglibourbooti of the 
point 1, 1 «„• (z) — (z) ) < e, for n^ni, »'£n«, is satisfied, but the 

condition | s„. (z') — s„ (z) | < «, is not satisfied, as is seen by talcing z = 1. 
Thus the sequence converges uniformly, but uol continuously, at the 
point 1. In fact the douHe limit of fi, (z), at (1, <» ) is zero, but that of 
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that, if ovei'3' point of the closed domain £ is a point of unifovm con- 
vergence of the convergent sequence {«„ (*)}, the sequence is unifonnl)' 
convergent in E. 'J'iiis does not Iiold good if ^ is not closed. 

If 11 paint of E, or of B', be such that a sequence U;, n,. ... oi 
increasing iiilcgers exists stich that i is a point of uniform convergence of 

tlie sequence s,, (x), (x), (x) without necessarily being n point 

of uniform convergenee of the ctmveigent sequence {s„ (x)}, tlie pointy is 
s.iifl to he a poiril of eimpi}/ uniform convergence of tlie sequence {«„ (x)). 

It is clear that, if the sequence (s, (xj) is simply-uniformly convoigent 
in a closed domain E, every point of .Bis ono of amply uniform cuin-crgeiic.c 
of the sequence. For wc have only to apply the fact that, if {s,j, (s)} con- 
verges uniformly in 1?, every point of B is a point of uniform convergence 
of that sequence. 

Tiio converse theorem that, if every point of B is a point of simply 
uniform convergence, then the sequence converges simply unifonnlj- in 
E, does not hold. For the datum only ensures the existence of im iateget 
Boqucnco nj , ?t.j, n,, ..., ns in the definition, for each point of E, but there 
may exist no one suoh sequence whioh ajiplies to all the points of E. 

73. If {.?„ (f )} IB divergent, say to -p «o , and tlie condition is sotisflcd 

that', for each positive number A , a nciglibourhood of the point?, dcponilouf 
in gonerni on. ^4, exists, such that at every point x in that noigbhourliooil, 
e„ (x) > ..4, for ?! S ri.^.tlic point? Is said to benpointof tmt/ormdfwrfffriet 
of the sequence (x)). It is seen at once that, when the transfonaalion 
a„ (x) •» i j ** ^ point of uniform divergence of (*)} 

is a point of uniform convergence of (*)}. 

It now follows that, if every point of the closed sol E is eitlicr a point 
of uniform convergence, or a point of uniform divergenee, of {s^ (*)1> 
sequence {e„ (x)} converges uniformly in B. 

74. Tlie deKnition of imifoim convergence of a sequence {^n (x)} ®t 
a point ? maj’ be stated in the following form, in wliich the convergence 
of the sequence is not presupposed: 

If the functions of a stgiienee {»„ (*)} are defined in a domain E. 
seqiiaicc is said to he vniformly convergent at a ■point ?, of E, or of E‘, '/j 
corrcsjjoiiding to each nrhilrarily assigned positive number t, a neigMioiirhoo'l 
(? — (It, i H- d,) can be so determined that, for every point x, of E. in ll‘”' 
iicighhourhood, the condition ] Sa {*) —«,•(*) | < e, for uSur, n'&n.,is 
satisfied; where n, is some integer dependent oji e. 

'J'h.at the dciinition*, in this form, implies the convergence of il‘® 
soquencu at the point ?, in ease f belong to B, is seen by tailing x ? 
in the condition that is satisfied. It is, however, not necessarily (ho ca.e 
• This (!f-rii,ilion is siven in Hahn’s TiCTne rfer rsrf/on l^niUostn, vot. I, !'• -*’• 
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that, wlien the condition is satisfied, the sequence siiould converge at any 
point jti a neighbourhood of except at the point | itself. This definition 
is accordingly applicable to any sequence {e„ («)} not assumed to be con- 
vergent ui E. It is thus more gracraJ than in the form, given in § 70, that 
tlie double limit of | E„ (x) j at the prant oo ) should exist and Lave the 
v(duB Kcro. For Ji„ (*) need not exist except at f, in case f belongs to E. 
This definition may be expressed in the following equivalent form; 

// the JunrAiniis of a sequence {«„ (*)} are defined in the domain E, the 
sequence is said to be 'unifarmly convergent at a point f. of E, or of E', if, 
corr6<(j)ondii>3 lo e.aclh arbUrarilg assigned positive number e, a neighbourhood 
A, of I, can be so determined (hat, for axry point x, of E, in A, the conditions 
I fl, (a;) - « (i) i < e, 1 «, {®) — f (*) | < '« are satiated, for «>w,. where 
S (s:}, § (.1!) are the upper eatdhwer lirnits of s„ (*), asn—'Oi. 

To prove that this form follows from the first, choose A so that, in A, 

I Sn(a;) -.s„.(*}| < 

for n'&n,. By giving to n' the values in a properly chosen 

seiiuciicc, (x) converges to S (x), and by a different sequence It oonvergea 
to I (x) ; hence [ a„ (x) - 5 (x) | < €, | j„ <x} « (») | < «. To prove 'that the 
first form of the definition follows from the second, choose A so that 
|?,(x)-#(x)|<f<, |««(x)-j'(*)|'<Je, 
for Jia It now folloivs that, If w n' £»», ] (x) — (®) | < e. | 

76, A more, stringent condiUon than llic one contained in tiie above 
definition would he obtained by tuisuining that '( s„ (x) — (x') | < «, 

for fl s n' £ n,, and for every pair of points in tlie nelghbourhoocl 
-t- dt) of the point i- When this condition is' satisfied the sequence 
is said to be continuously convergent at the point Tills condition may be 
ataied in the form that e„ (x) should bo continuous with respect to (x, n) 
ut tlie point (i, to ), so tliat s, (x) has a unique double limit, as x — f. 


It is clear that, it the sequence Is continuously oonvergent at the point 
it is also uniformly convergent at that point, but the converse docs nob 
in general hold good. 


Consider, for example, the case of a discontinuous function s„ (x) defined 
for a finite linear interval eontainingtiiepomt® = 1, by «„ (1) 1, 5„(3:) 
forx#l. We havethena{l)=-i,«{j:) = o, forx#l. The condition of 
uniform convergence, that, in a snfficientiy anal! neighbourhood of the 
point 1, I ^ (X) - (jr) j < for n^n„ is satisfied, but the 

condition I fi„. (*') - (i) 1 < c, is not satisfied, as is .scon by taking .r = I. 


Tims the sequence converges ucifonnly, but not continuously, at the 
point 1. In fact the double limit of Jf, (*), at (1, „ ) is 7.evo, but that of 
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s„ (a) is not 5 (1). It caji, hoxvcver, be shewn that, if an infinite number d 
t]i(3 fanctions 5, (a;) are continnons at the point S, and the convergence at 
that point is uniform, it is then also continuous. From the condition 
of unifom convergence it is seen that s (f) exists and has a finite vnluc, 

A neighbourhood A', of and an integer «£, can ho so oho.sen that both 
the inequalities ( «„ (x) — (a:) j < e, [ s„ (^) — « (^) I < e, hold for n S v,, 

n'S,7i,, [irovidud x is in A’. Lot »(2n() have a fixed value such that 
s„ (x) is continuou.s at i, tlien a neighbourhood A', of f, contained in i', 
can bo so chosen that, if * is in A", for the fixed value of rr, we iiavc 
( I < f_ From the three inequalities it is seen that', in A', 

I (x) — «{?)!< 3r. for n' $ n,; and therefore | (*) — «„'• [x'] ( < fe, 

for overj’ pair of points *, belonging to B, and in A", and for all values 
of n', n" that are £ n. . Since e is arbitrary it follows that the convergence 
of the sequence is continuous. 

7/ fAc sc^KCTtee {«„ (#)) »« cmtlinuously convergent al the point i, tk 
/unctions S (*), s (s) arc both eonlinnons at the point i, w/fcre (hey both htc 
the vahin a (f), vn. ease f »« a point of E. 

Since, in a ooitain neighbourhood A.of — Sn(^}| < r. for nisni, 

by giving to n a sequence of values such that s„ (*) converges to S (»), ns 
n has the values in the sequence, wo have | s {fj — e (x) | S e; thus « (*) 
is continuous at and in a similar roaonor it is seen that# (x) is continnons 
nt f; in fact S{b) —s («) converges to zero, as 

76. K tiuj loims of a convergent series E«, (e) arc all oontiniious at 
a point f, and consequently all the terms of the Rsqucnco {«„ (®)} 
continuous at that point, and if s (*) be discontinuous at that point Is 
one of non-uniform convergence of the series (see § BC), and may be said to 
bo a visible* point of non-uniform cxmvctgcncc. But if s (xj is continuous 
at that point may still be a point of aon-unifocm oonvergcnce, and may 
be said to be an fnwefbfe point of non-uniform convergonuo. At ever}' 
invisible point f, of non-uniform convergence, R„ (*) is, for each value 
of «, continuous with respect to *, but (®), considered as a function of 
z and 71, is discontinuous nt (f, m ) with respect to (z, n). 

Wlien some, or all of Ihc functions m„ (*) are discontinuou.';, there are 
slill two clii.s.aes of jwints of non-unifonu convergence, the visible ones, 
al which one or more of the functions s (*), «, (z), «s (x), ••• discon- 
tinuou-R, and uivisiblc ones at which Uiey are all continuous. That the 
discontinuity of n single function (x), at f, wli entail the cxisiciico of 
a point of non-uniform conveigcncc at (, if all the other functions are 
continuous, is seen from the consideration that — v, (z) is the snra-funcfion 
of the series (z) + ... -p «,wt (*) — a (x) «,*, (x) -i- .... 

* S«i W IL Young, Prot, Loud. Hath. So;. (2), voL I, I'. 03- 
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TESTS OF UBITOEM COHVEEOENCE. 

77, The following tost, hnown S8 W«Brstrass’ test, is frequently suffi- 
cient to establisli the fact that a series is omfonDly convergent in a given 
douiftiii of the variable. Tike domain may bo of any number of dimensions. 

If 2U|, (a:) denote a series of functions darned in a given domain of x, 
and if ii, de)iote the upper boundart/ | Un I domain, then if the 

■ series % ■¥ «j + + — is convergent, tiie series (*) is uniformly 

convergent m the domain, and is absolutely convergent for each point x. 
Moreover S | u„ (*) 1 is icnifinredy convergent. 

T\"c have 

1 «•»*! (s) + Mu+l (®) + — + (®) I S + fin+j 4- ... + n„.t„ 

for all values of a: in tbe given domain. iPTOni tU© oonditioii of convoigonon 
of Sfi„i it follows that, if « be an arbitrarily proscribed positive number, 
n may be so oiioaon that the sum -t* + ... 4- iln*n < s, for all 

values 1, 2, 3, of m. Tlins, 'with this value of », ] i?„, „((?)(< «, for 
all values of x in the given domain, and for m = 1, 2, S, .... Therefore, 
in aoooidoaioe with the definition of § OC, the series Zu„ (x) Is uniformly 
oonvorgont in the given, domain. 

Since 

1 («)[+! (*) I 'I- ...'-I- I (*) I S -i- !2„4s + ... + 

the uniform oonvcigcnoc of the scries S { u, (») | can be established in the 
same manner. 

78, If all the terms of the series Sn, (*) art HO, for all values of wirt a 
given domain, of ‘one. or more (Itmensfons, and if Ike series converge uniformly 
in that rfomaia, then any series of type at, obtained by rearranging the order 
of the terms, is also uniformly coiwergeni in the dofaain of x. 

That the new series, obtained by tie rearratigement of the order of 
the terms, is convergent at each pmnt of fchn given domain, and has the 
same sum as the original series, has bem proved in § 8. Considering the 
first n tDims of tho given series, and the remainder M, (x), there axiste, 
corresponding to n, an integer »' sueh that tlic first n terms of the given 
series all occur amongst the first «' terms of the new series. If 2l'„- (x) 
denote the remainder after n' terms, of the new series, -we have 

provided n is so chosen that fi„ (*) < e, for aB values of x in the given 
domain. It is dear that, if (») '< c, then also {^) < ni= 1, 
2, 3, since lb© remainders oleacly cannot increase ns the index increases. 
It follows that the new series convenes nnifonniy. 
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Iflhescrics [ iij (x) \ A- | + — +Iwii{*) 1 + ■■.ccnveTgcsnmfomhj 
in a given domain of x, then, the series Wj (*) + u, (ar) + ... + u„ (i) + 
also converges imiformlif in the same domain. Moreover any other series of 
type <j>, obtained hij rearranging the order of terms of the latter series, is 
uniformly convergent. 

In occordancc the tl>eoreni of § 26, the second seric.s conrarges 
a(. caoli point til the domain of *. If » be so chosen that the remainder, 
after n terms, of the first scries ia < «, the absolute value of tlie remainder, 
after n terms, of the second series is also less than e. Therefore the second 
f.erics is uniformly convergent. Since, from the last theorem, a rearrango- 
ineiit of the order of the terms (rf the first series does not affect its nniforra 
convergence, it follows that a corresponding rcairangoment of (he terms 
of the second scries does not affect its ttniform convergence. 

Tlic converse of this theorem has been established by BirJtlioil*, end 
may bo stated as follow: 

If the scries Xu, (*) be mifonniy convergent in the domain of x, and if 
all the scries ohlained hy systematic rearrangemenl of the order of the terms 
be also vniformly convergent, then theserics'I,\ (») | is uniformly conwgerit 
in the domain. 

78. H. may be shewn that: If^ii^ (x) is uniformly convergent in agiven 
domain, the terms of the series may be so braeke/ed that the resnlling series is 
absolutely convergent for all values of x in Ihc domain. 

It is enrily seen that a sequence n,, n,, ... s,, ... of increasing integers 
may be so determined that 

l»., (»)-».„ Ml 

forr <» 1, 2, 3, and forni! the values of x. Ittlien follows that the series 
(*) H- K (*) - % (x)l + ... d- {«„,(x} (x)) + ... 

is absolutely convorgent for all the values of x. 

The following theorem is sometimes u.'^eful: 

// the terms of the series u^ (x) + k, (*) n- ... be continuous in a ■perfect 
tfomam of x, cither h'senr, or in any number of dimensions, and if the terms 
are all g 0, for oil the values of x, then if the series converge throughonl the 
perfect dmnain to a continuous sum-function a (x), (he series converges «ni- 
formly in the domain. 

Let Xj bo any point of the domain, then 

s (r) - s (X;) = K <*) - (*,)} + {li^ (x) - II. 

The point Xj being fixed, corresponding to an arbitrarily assigned positive 
number t, n can be so dctcmiincd that S„ ^,) < Jt. This value of fi being 
* See Annali cfSfalK (S), roL vi(190a}. p. 00. 
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fixed, a neighbourhood (», — 8, a^i + 8), of caji bn so determined that, 
if a: be in tliis neighbourijood, both ( « (a:) — a (a^) [ and | s„ (a:) — «„ (a:,) j 
are < J e ; this follows from the conUnuity of s (a:) and (a;) at ar, . We 
now see that, if 3: is in this neighbouriiood, tlie condition R„ (a) < e is 
satisfied; and since tiie teirms of tho series are never negative, it follows 
that i?,+„ {x) < f., for jtj — 1, 2, 3, .... It has thus been shewn that Xj 
is a point of uniform continuity of the series; and since a-j may be any 
point whatever of the given perfect domain, the convergence of the series 
is uniform in (o, fi). 

It is dear that, if the sequence {«« (*)} of partial sums is monotone 
non-diininisliing, ,? (*) is the siim-f unction of aseries of which all tho terms 
arc & 0. Thus the theorem may be elated aa follows ; 

A sequence of fimetiona {a, (*)} which arc aU conimwxis in a perfecl 
dortioin, and whieft sequence vs monolvne non-disniaisJiin{/ (or nert'increasmq), 
and ooiwergas to a r/mlinvoiu> /unetioa s (*), converges uniformly in the 
perfect domain to 3 {«). 

80, The following theorem* provides a test of uniforra convergence 
which can be frequently employed; 

Let U] {z), (x), ... u., (x), ... be defined in a given perfect domain, of 

one or more dimensions, and it, (x) S 0, /or off values of n and x, and further 
u„ (x},fcrall values o/n and x. Also let it be assumed that iti (x), 

and 'consequently «„ {x), is bounded in the given domain. Then, if S a, 
be any convergent numerical series, fie series X «*ti, (») is ^lniforInly con- 
vergent in the given' domain. 

Moreover, if S a„ do rwt eonverge, bnl oscillate finiisly, then, provided 
the additional condition is satined that the funciioNS u„ (x) are aWcon<tn«o?«, 
and tiled lim u„ (x) «« 0, for each value of xin the domain, the series 2o,ti„ (x) 
1.9 sdiiformly convergent in the perfect domain, ond its sum is consegriently 
continuous {see § 86). 

In tho usual statement, of tie second part of tlie theorem it is 
unnecessarily presupposed that (x) converges uniformly to zero in the 
, domain. It will be seen that Oris umfonn convergence is a consequence 
of the conditions stated. 

When the domain of x contains one point only, the theorem reduces 
to a theorem given in |24, of which one part is due]' to Abel and the 
other to Dirighiet. 

* Sec Harrtj, P'oe. tend. Jfoa. See. (2), tiA it (1907), pp. 250, 251. 
t Sec end Watson’s aaneEo/JfoieTiiXiw^ft, Srded, (1910), pp. 17,50. 
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If the scries f ?ti (x) ] + !»•(*) | + ••• + (*) i + ••• converges miformt^ 

in a given domain of x, then the series «, (») 4- iu (a:) + ... + «„ (j-) + ... 
also converges wiiformli/ in the same domaifi. Ilorcover any other series 0/ 
type w, Maincd by rearranging the order of terms of the tatter series, is 
uniformly convergent. 

In nccordance wiUi the theorem of § 25, the second series ooiivorgca 
at each point of the domain trf *. If n be so chosen tliat tlie rDinainder, 
after n terras, of tho firat series is < e, the absointe value of the remnindcri 
after « tenns, of the second Bedes is also less than c. Therefore tho second 
series is uniformly convergent. Since, from the Inst theorem, a ronrmiigo- 
ment of the order of the tenns of tho first series docs not affect its uniform 
convergence, it follows that a corresponding rearrangement of tlie (enns 
of tho second series does not affect its uniform convergence, 

Tiio converse of tills theorem has been established by BirWioff*, and 
may be stated as follows; 

If the jcriee Su„ (*) fw xinifomHy convergait in the domain of x, ml if 
all the series obtained by sysUmalic Tearrangernent of the order of the terms 
be also stniformUj convergent, then fJic scries'Z \ «„ {x) \ is uniformhj convergent 
I'n the domnfti. 

79. It may bo shewn that: If {x) is xmifoTmUj convergent in a given 
dotnain, the terms of the series may hr. so bracieird that the resitUing series is 
absolutely eoiitsr|7C»t for all, values of z in the domain. 

It is easily seen that a sequence n,, Wj, ... n,, ... of increasing infegen 
may bo so dolennined that 

forr a 1, 2, 3, .... andfor all the values of z. It then follows that the Borics 
•fn. (*) + {«„, (*) - a,, i*)} + ... + (a„, (z) - (z)} + ... 

is absolutely convergent for all the values of z. 

The folloK-ing theorem is sometimes useful : 

If the terms of the series Ui[x) + v,[x) + ... be rmiinwm in a jxrfeci 
domain of x, cither linear, or in any number of dimensions, and if the terms 
are all £ 0, for all the values of x, then if the series converge throughout the 
perfect domain to a continuous stu»-/t(»cfion s (x), the series conixrges uni- 
formly in the domain. 

Let Zj be any point of the domain, then 

5 (2) - s (z,) = {s, (z) - S, (Zi)} + (z) - i?„ (z,)}. 

Tiie point z, being fixed, coirespooding to an arbitrarily assigned positive 
number e, ?: can be so determined that (z,) < ^ e. This value of n being 
• E«!.tTini»£»t/jrmi.(2),T<»L VI(ISOO), p. 00. 
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m every nriglibouriiood of jr = 0, dneo arWtmrily lai^jo valuEs of | R„ (i) 1 exist in sucli 
nclglibonthood; but the sTiTn-fimotioa is coQtixuuHia ats* = 0. 

(J) Let* = + + 

wlicre (i) = V2«.n sin’ rr.*""’'*’***'. Hio senea wliicU dofinra s„(i) converges uni- 
formly, since I ! z)|S 1; and lhnsa„ (x) is continuous fimciion of r. T)\o sum- func- 
tion « (X) is also a eontinuoiis fiinctioD of-x; Imt tbs eourccgcitcc of tiic fiitietions t„ tz} to 
s (i) is non-uniform in every sob-hitPTrai of tbc interval (0. 1). 

(5) Lett (zl = r*'*’’, «--(*) “ - (l Vihoro 0 < z < 1, niid 

■ I (» •»• •)!) 



The series S« (i) is siDipli'-untformb- uonveegent- in 1), but it ui not uniformly oon> 
Tergent. 

(G) Cbnsiderl the ecries 

to .>( x-t-2>».’-txH-z)ft*l-g . 

SffTz)'' J)m7?«TT7 

Here u„ (z) « [^1 -t + u* ViJ' 

4 (0) » ] ; and tliu sum-function is UicKforc discouiinuous ot the point 0- 

Sinec Jf„ (z) « find on e<]<ia(ing Ibis to e.nnd wiving for ii, 

ti --{z -i- 2 - . (z -► 1) -» VJfz V 2 - , (z -v i)|* v".z (3 - x)3)/2raj 

tiiRS, for n fixed <■ the valnc of s iheteues indefinitely ns t spptonclies lbs vnliis 0- 


(7) Tlicecrivsl 

rr? " rr** ■’*<1 +*z’i« * (i -f- <T+z-r’ " 

is uniformly and absolutely convergent in nny iuterval (-<4. J3). For «j„ (z) = 0, 
*«+!(*) = heiieo ^i)(z)< iheteforo Ibu aeries converges unlfotniiy to 

the Slim rcro- The series 


1 (1 -eit’)’" 1 .^z»+(^-^zS)’■^(l-^-z’)*■ (1 -t 

jbt.nined by remronging tJie terms of tho given sracs. is bou-evor tion-nnlfomily con- 
vergent in {- vI, R), tlic point 0 being a pimt of non-uniform convergence. For 




not sAtisIy Uio eondition stated in the neeond tliei 


• Osgood, BiilWin of rt«Jrasn-emi2f,rt*.a)e.(SJ,vol. 'lit (IBDC), p. 70. 

1 Vollerra, <?for, cfi Mai. voL ui (IRBl). p. 79. 

X Stokes, jlfnlii. and ikiperj, voL i. p. 280. 

5 BOeber. AnnaU of Jfirtt (2). roL fV (igot), ^ 183. 
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In case the series S«, is conve^ent, the partial remainder (t) 
of the scries S(7n!/„ (*) being 
{fl.,-.! + "a*. + • . • + a.*r,) (*) 

+ 's” («„« + a„« + ... + «„tr) (a:) - (r)l, 

WG see that, by choosing « so great that all the partial remainders of Iho 
scries 2o„, after the »ith term, are mimcrically less than the arbitraril}' 
preserihed positive nnrnher e, tlie coadition | !?„,«(»)[< cIr„^^ (r) is 
sni isdefl. Therefore, since all tlie differences (x) — (*) arc S 0, 

for every value of * in the domain, we have 

ivhotu C7 is the upper bonndnjry of % (*) in the domain. Since kU is arbi- 
trarily small, the couditiwi of uniform convergence of 2a„?r„ (T)js satisfied. 

TVhen Sff„ oscillates between finite liinite, K con be so determined that 
1 Ofiii + «in2 + ••• + Or.+r| < E, for all values of n and r. TJien we have 

Since the sequeneo {«, {»)} is monotone, non-incrensing, and converges lo 
f'hc continuous limit zero, in the perfect domain of x, and v„ (x) is con- 
tinuous, it follows from the third theorem of | 70 that the oonvergonee 
of tlio sequence to zero is uniform ; and tiius, if n bo sufflolontly largo, 
lu„«(x)|<e/X. 

for nil tlio values of *; and therefore [ (*) | < s, The uniform con- 

voTgonco of the series has thus been establiehed. 

The first part of the theorem con be extended to the case in whloli 
(j, , Oj, ... a,, ... are functions of *. provided 2a„ converges uiiiformly in 
tlio given domain.^ The second part can also be extended to tiio oflW in 
which Oj, a., ... a„, ... are funclione of *, provided the partial sum s„ 
numerically le&s than some fixed Dumber K, for all values of n and r. 

EXASIH.ES. 

(1) -i),05*^l. IntluBcaTO»(!i:) = a-.forO<*<l:bi'‘*W’^ 

for ^ = 1; aii(] tbo f erica cemrerj^ non-unifonnly in Iho jiojghbourhood of tfio point i - 

(2} = If|a:[<l.wofind4(*) = = 

lini i(i) = CO. 'I'lio smc.1 converges non-nnifonnly jo tlie ncighbaurhood cf (tc p®""* *’ 
iimi itstom-funedoD hn.9 an infinKodiscontinnity at that point. 

(3) Lcti<„(r)= - 2(n - + Here s (x) = 0, for rvrry vniM nf 

*: .K»W= - nnflat ?T. The eerics conTcri5M!ion-«'‘ff'’''"‘b 

* Ajwtt, Mrmorieii AiTo^a (5), voL VIB, p. 139. 
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Let i^i (t) = '•W “*«'**> + ■*■ ■'■ ~ f 

Tbo series wticli dcfiiira s„ (i] converfM onifonuly, and itnis f„(x) in a eonliniimis fimolioii 
ol X. Ill Ilie neiglilxjiirliood of any tnlional point x s= p/q, <ho ciirvo j/ " (r) liss nenks 

nrising from tlie term a^l«1> k b Ibo imaDoit itilcgcr siicli that II is ilieislblc 

by 7. Tito series converges to tho limit s (7) s 0, non-unifomily in any interval ivbnUvcr 
(n, 6), Inken In tli©inlen-al ((*. 1). 



81. Tilo following upocial flioorom, wliicli follow'd from ffio gnnornl 
theory given in § 85, enn sometimes l>o usefully employed"; 

If 2 ii„ (m) ieo aeri£« w/«V7» conwrgMWJu/ormfy f{»/(m),/oroH 7 >i»sif»i!C 
iTifciyraf valuti of m {or for «iH eonfinito/t.vfy oaryiwj twjiViw toft/CA of tn) 
07id if each Umil lim «„ (wi) txifis, then Jim / (m) nntf the ficrjM 

liin «„ (m) ii conywfftnt, onrf Aas limy(w)/crifaliHittmft stmi 
For, if ( be an'orbitrarily chosen positive numher, wo hnvu 

j/M 

provided the integer N is large enough. It follows tlmt 

jlim/{tn)- s\„|sc, |^/(»n)- Sn^j.-ic, 

where ii„ denotes lim «„ (m). It is then seen Hint 
j iim/(m)-]^/(m)j 22 ci 

and Bince c is arhitraty, lim/ (m) = lini/(»t}; or lim/(m) oxiata aa a 
definite number. 

* See Ongood, Tjfkrlntekder Funltimenitiwitt vol. r, p, 521. 
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( liat the series whose terms »ro the absolate values of those of Iho given series sboo! J [. 
uniformly convergent. Fortheseries 

» » ** ** 

* ^ 1 + ** ■^ 1 H- (1 -e z»)' - 

has its sum discontinuous nt die points; = 0, and llmreforo docs not converge mufondri: 
aninteiTolt-^f.fl). 

W -rfTrrSji- 

In this case, thu senes convQiges for all values of x, nnd 

' 

In anintorvalfa.^i), which conjiuiw tho point a: = 0, HiossriBa oonvergensimplj'-uniloreij, 
hut it does not converge uniformly, siiicc JJ*,-, = 1, however great « may be, and ltd 

has sot tho unique donUo limit zero, at srxO, and that point is aecorilinglpoatri 
non-unifocm convergesoe. 



(fl) Lett = 0,forOg*£ 1. This series convctgcsnoa-urafwal' 

in the neiglibourbood of the prrint » = 0. The approximation curves y = Sn (*^) ***'”' 
of height wliich increase indcSnitdy in he^ht as n is iiioroased. At tlioeane litnr.tl 
-j, at which the ordinato is a maximum, continually npproaohcB the point 0,»tb 

thus. ;n any ncighbourbood of tlio point 0, * anti n may bo bo clioacn tlis* '•W” 
nrhitrnrily great. At the ptrinl* = 0, we have = 0, for overy n. 

{10) = The curvesy = s„(r) 

tho same height A, at tho points 7 = As in the last example the point! = 

peak, continually approaches the ori^ oa n U metensed. The convergence is oon-stif!^ 

in the neighbourhood of x s 0. 

• Tannery , Th^crie du /rmethma, p. 134. . 

t Ojgood. rimer. Joarnafo/JfoUL roL ziz 11897) n lEOi also G. Canfor, ' 

vol. ivi (IfiSO), i>. 200, 
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I^t = = + (*) + •••= 

Tho series whiob dc&ies Sn(2) oonw^ onilimty; and tiiiu t„{x) is a continuous function 
of X. In tho neighbourhood of tiny taUoDtd ptnnt x = p/j, the enrre y = «„ (a) has peaks 
arising from the term ^^ki(x), where il; in tho smallest integer such that kt is divisible 
by q. The eeriea converges tei the Bmit s (z) = 0^ Don-unifoniily in any interval whatever 
(o, i), f^on in the interval (0, 1). 



81, The following special theorem, which follows from the general 
theory given in § 85, can sometimos be usefully employ^*: - - 

If (m) he a series uiltich co«wr^ vnifomly iof (m), for aU positive 
inlegral values of m (or for oil cotftntcously tnrytn^ posUive values of ta) 
and if each limit limte„ (tn) exists, then Iini/'(m) exists, and the series 
S lim «„ (m) is convergent, andkos]iinf{m) for its limiting sum. 

Vot, if « be an arbitrarily chosen podtiTe number, we have 
|/(OT) -^S te„ (j») I < c. 

provided the integer N is lai^o enough. It follows that 

I lKn/(*R)-'‘irv„j£v, 

where v„ denotes lim u„ (m). It is then seen that 
I lim / (ot) — lim / (m) j ^ 2e; 

and since e is arbitrary. Bin/ (m) = or lini/(jn) erdsts as a 

definite number. 

' See Osgeed, Xetrtwideri'iniitimEiiAsons, voL I, p. S2I. 
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Farthor. sirme j lim / (m) — S t>„ | £ e, lor all values of S greater tlmn 
an integer is’t, dependent on e, it is seen tl»at S v„ is convergent, and lias 
lim / (w) for its limiting sum. 

In iipplj-ing llic theorem, in case m has positive integral values only*, 
it. frcr]ucntly happens that, for each value of m, the series 2 v„ (in) Ims 
only n finite nanrber of terms, that number being dependent on m, and 
incroaring indefinitely’ as m does so. Sueli a finite series is, of course, a 
jinrticular case of an infinite series, which arises when all the tenns after 
n fixed one are zero. 

RXjOIPLES. 


(1) II X to any fixed mt number, and m n poaillvo integer, wo 

■(■-a,. 


the 






For II lixNl value ol r, the (r4 )f(h (erm of (lie series Is nunicrioally loss tlmn ^ |»l' 
mill tliii' is tliu (r i* l)(Ii tenn of a eonvergent eeries. Thus tb« condition of unifonn eon* 
vrigenee in llio ntiovu tlicoreru usatisfied. Tlie serin formed by taking the limit. Mm •v 
ol caoli (erm o[ the above Rcries. hi the eonvergent. scries 


14 


It follows that llm 






cxiiits, and is (he sum of the convergent series 


(2) Ite.vn lie shewn by an clemcniafy process (lint 

(-S-(-^) 


/sin i/m> 
\ */"» } 




viicre m is a posilivc Inlegrr, and the aeries slops oftcr a finite nnmlicr of tem.?, so llisl 
2r - 1 < in. Tlie gcneml term of the seiicn is nnmcricony Icai than jnjjji wbicli. fer c-i'l' 
fixed value of m, is the general term of a conrcrgcDl series of positive terms. Assuining ihc 




and the theorem that li: 


nee. by applying the nbovc theorem, tho rcanlt that, for each value of x. 


.y be obtained in a similar manner. 


I,y Tannery, 
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TllJi CONTINtriTY OP A SUM-FtTKCTTOW AT A POIKT. 

82, Let tlio series L (») convei^ in a domain E, of one or more 
dimensions, to tlie sum-function e (*}. Let f he a point of E at which all 
the functions v„ (x) are contjnuons; a snfSdent conditiou will be obtained 
that s (x) may be continuous at the point f. We have, since 
«(*)=«. (»> + iJn (*). 

at every point of B, 

I ^ (ar) - « (f) I s 1 (*) - ,„ (^) | + 1 (x) ~ S„ (0 \ 

5 i «„ (s) - (f) I -1- 1 (X) I + I J?„ (?) i . 

Let it bo assumed that an integer n ensts such that a neighbourhood i)j , 
of can bo so determined that, at every point of it-thab belongs to E, 

I ^r> (»] ! < JC' Since {*) ie continuous at (, a neighbourhood Dj, of 
can he so doiormined that, in it, at every point that belongs to E, 

A neighbourhood X*, of can be determined, all the points of which 
belong both to Dt and to It follows that, at every point x of B, that 
is in D, the condition | s («} — « (^ | < c, is satisfied. If D oati be dbtor- 
inined, corresponding to any value of c (> 0) whatover, s (x) is continuous 
at g. The following thcoroin has thus been established : 

// a ierieii H (x) eonvergf.io a function a (x) at the points of a do?nain 
E, of (Hie or more tlimcndions, atid the point g, of E, bt a point of continuity 
of ah the functions u„ (x), it ia a sufficient condition for the coniinuity ofs (x) 
at the point g, that, corresponding to any arbitrary jj, tnfegcr n siionW exist 
and also a neighimirhoodof gySu^ilhat 

I a, (x) - s (x) I < ij, 

at every point x, of E, in that neighbourhood. 

It will be observed that tlie neighbourhood depends upon both n and tj. 
It should be noticed that- the conditioii in the theorem ia satisfied when 
I is a point of uniform convergence of the series, and also when it is a point 
of simply imiform convergence; but cither of these latter conditions is 
more stringent than that in the theorem. 

Wlicn 1] is prescribed, the condition in the theorem asserts that it is 
sufficient for one value of n and a neighbourhood A, dependent on i), to 
cjust, in which [ s„ (x) — s (i) | < 5j. Butwhcntiie point f is one of uniform 
cojivergenco, a neighbourhood A (ij)i d^endent on ij, exists in which 

I «»(*)“« {*)!<’». 

for every value of n greater tlmn some inl^er dependent only on tj. 

When the point g is a point of amply uniform convergence, a neigh- 
bourhood A (:j), dependent on exists in which | s„ (x) •— s (x) ) < for 
a divergent seqxience jij, n,, ... of values of n, only. 
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It finis appears fbat the following criterion is sufficient for the 
continuity' of a Buzn-fiinclion at a point: 

//a series S if, (x) converge taafitnclio»s {x) at the pointsofadomainE, 
of one or more dimensions, and the point (, of E, be a point of coniinttily oj 
all the functions if, (*), »1 ts o stifficiaU condition for the continuity of s (z) 
at the jioinl f , that the point ibea point of simply uniform convergence of the 
series. A fortiori, it is sufficient that ibea potrU of uniform convergence of 
the series. 


83. In order to determine neceasaiy conditions for the continuity of 
3 at 1VR SCO that, since (s„ (f)} convciigcs to s (f ), an integer E e.^sf^ 
such that [ e (^) — .1, (1) I < Jc, for eveiy value of n that is > N. Taking 
any oncBUuh value of ?f, ondghbourtiood of f con be determined for wWcii 
I (a:) - fi„ (I) I < Jf, wliore * is any point of E, in that neighbovrliootl. 
If s (x) is continuous ot a neighbourhood of f can bo determined such 
that 1 « (») - fi (5) I < h, for all points of E in that neighbourhood. It 
follows that a neighbourhood of ( can be determined, in whioh botli 
! 8 (.r) — a (f> [ and | «„ (*) — «„ {() \ are < Je, for all points of E in that 
neighbourhood. It noiv follow.^ from the three inequalitios that 
!<(*)- S» (a:) I < e, 

in that iioighbourhoful. Taking this result in conjunction wth the first, 
tlieorem of § 82, we have the following: 

// a efirfcsSu„(a) converges to a (x) in a domain E, of one or more dimen- 
sions, the necessary and sufficient condilio)tthats(x) should be continMusat 
s point of E, oi which the functions w„{x) are all continuous, is that, having 
assigned an arbitrarily chosen positive number «, an integer Er should uist, 
stichihal, for each value of n fhalts>N„aneigh6ourhood f -i-rfnir) 

of $ exists so that at every point of it that is in B, the condih’on 


is satisfied. 


i « (*) - *» (*)}<« 


It will be ob.sorved that the ornghbourhood of f depends not only upnn 
t!ic value of <, but also U]>on that of n- it mnj' occonlingly be denoted 
by fi(f. <, n), where n>ift. This mode of convergence is accordingly 
loss stringent than that in -nrlucli the point f i.s a point of imiform 
convergence, and in which the neighbourhood depends only upon c, pro- 
vided 7! be > N,, and may be denoted by A {f, t). 

Anotlior formulation of ncces-sary and sufficient conditions for tiic 
continuity of s (x) at f is the following: 

It is necessary and suffieienl for the continuity of s (x) at the point f ihah 
if Nj be an (irihror/ly c/iosen and e an arbitrarily chosen positii' 
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■number, an inkier (f, t, (> N-^ can, be determined, and also a 
neighbourhood, of A (i, «, Nfi, euckOuii 

!«(*)- ««, (*) I < e, 

for all ■points of E in. that neigUboiarhood. 

Since the neighbourliood depends not only upon e but also upon N^, 
and may thus be denoted by A (f, e, Nfi, tins mode of convergence is less 
Btriiigent than that in which p<wt f is a point of simply unifonn 
convergence of the series, and in which accordingly the neighhourhood 
depends only on e, and may thus be denoted by A (f, e), and can be 
taken to be the same for all values of n in some infinite sequence. 

The sufficiency of the condition f<dlows from the first theorem of § 82. 
Its necesaty follows from the Inst ilicorcm. 

Conditions of nonlmuity substantially identical with those formulated 
above \voro given* by Dini. It may be remarked that the term simply 
uniform convergence is, by some writersf, applied to the mode of conver' 
gence indicated in this theorem. 

84. It Is frequently convenient to transform the fnnetaon R.„ (z), of 
(»,*), into the function i? {*,y), of (*, y), where y ■■ l/n. In if (*, y), the 
field of y eonsists then of the set of remproeale of the positive integers. 
At a point of convergence of the sequence or series to which R (x, y) is 
related, wo have lim if (x, y) - 0. For a prescribed «, there is, for a point 
a, of convergence, a certain range of vnluce of y. for all of which, without 
a gap, I li (x, y) I < «; and the upper boundary of these values of y may 
bo denoted by <fi4(x)i but there may be other greater values .of y 
separated from (*) by values of y for which the condition is not 
satiefied, for which the conditiem | if («, y) | < c, is also satisfied. At a 
point of non-uniform convergence of the aeries, the lower limit of fti (x), 
for the values of x in any neighbourhood of r,, is zero, provided e be 
chosen sufficiently small; whereas, for a. point of uniform convergence, 
a neighbourhood of Xj, in general dependent on e, can be found for which 
the lower liinit of <f>, (x) is greater than zero. 

The distinction between the three classes of points in the interval (a, b), 
viz. ( 1 ), those at which the series is uniformly convergent, (2), those at 
which the series is non-unifonnly convergent, but at which the sum- 
function is continuous, and (3), those points at which the sum-function is 
discontinuous, may be illustrated means of figuresj which indicate the 
regions of (x, y) in the neighbourhood of (a^, 0), at which [ R (x, y) [ is 
leas than an arbitrarily chosen c. 

• See Omnilasen, pp. 143-I4G. 

t Ilnlia's Thtorit der rtdUn F t r kUun tn, ppL 282. 28S. 

1 Sw HoTmoh. "On niodca of nuiTCTBOiccof »n mfiniteserio offuncUons o£ r real vamUe," 
Free. iJalk. Soc. (2). ToL t (19M), p. 3J8. • 
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3 roprc.-etits llie neighbonrhood of a point P at wliicli (lie cori- 
vcrgenee <3f the Et-ries is unifonn. The blackened lines represent ihowr 
portions nf the lines whose ordinates are l/«, l/(?! 1), 1/(71 4- 2), ... at 

which I (xj I, [ R„,, (x ) ; ... are ^ e. These portions consist 0 / alJ (liO'e 
parts of file lines w-hit-h .arc bounded by (he cun-e y = (ju (x), there )K-ing 
also pos'ibly such pieces outside the cnrvcj. An area, for example semi- 
circular, can he drawn, bounded by a portion of (he a: -axis containing P, 
and such that for every point within it }P (tr, y) | < e; and that this should 
bo possible for cv(Ty vnhie of e is the condition that Jl {x, y) be continuous 
at tlie jjoiiil P u"ith regard to the domain of {x, y). 



Jig. 3. 


rig. '} represents (he neighbourhood of a p«nt P at which (be fnnulion 
« (r) is continuous, but at wliich the aeries is non-unifomly convergent. In 
thi.sca«c the function ipi (.i>is for all values of e,les.s than some number r,, 
diseontinuous at P. The value of ift, (*) at P is itself finite; but (he func- 
tional limits 61 (x, + 0), (X, - 0) at P arc both zero. The breadth of 




:b5] The Continuity of a Siim-Fwntiion at a Point 127 

the blackened portions of tic strai^t lines parallel to the z-asis, which 
represent the portions n£ those lines at which | (z) ] 3 e, diminishes 

indefinitely as y approaches the value z»o at P. Ih this case no semi-circle 
can be drawnwitiP as centre,£orallmtOTial points of which f P (z, y)] < e; 
and thus the point P is one of non-nniform continuity. In the figure, the 
convergence is non-uniform mi both sides of P ; it is clear however in what 
manner the figure must be modified for tiiecase in wliich the convergence 
is non-uniform on one side only of P. lii ease the measure of non-uniform 
convergence (see § 90) be indefinitely great the figure will be essentially 
similar to the above figure, whatever valiK of e be chosen ; otherwise the 
figure applies to an « which in less than the measure of non-uniform 
convergence, via. the saltus at P of | i? (*, y) j in the two-dimensional 
continuum. 



Pig. 5 represents the neighbourhood ' of a point P at which e(z) is 
discontinuous, the value of less than the measure of non-uniform 

convergence of the series at P (see § 00). Bi this case, as before, (z) is 
finite at P, and (z, + 0), 4” (* ~ 0) are aero; but, on the parallels to 
Ox intersecting the ordinate at P, there are no intervals near P inter- 
secting the ordinate, at which [ fS («, y) | < e, bnt only points on the 
ordinate through P itself. 

EXAMPtB. 

Ab on exomple wc may take the casein $ 80, Er. 10, J?„ (x) = ^ , and thus 

and wc may suppose tbs domain a; to be Hie interval (0,1). la this case, tbo point 
X = 0 is a point of discont innity ol R{x, y), and wo End that if « < J, f hs condition 

Ls satisSed for the apace bounded by the x-axi^ and by the straight line 
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Tlif condition is also satiaiicd Jor (be space Iwtwcen the j^-nxiB and the alr.'ii;!it liw 



and Urns the point r = 0 is a peunt of oontinaity of Ibo function s (s), nIUioiigli tlic era. 
vcrgonco i" non-unifonn *1. that ptant. If < > then \ His:, y)\ < i. for the whole ffuw 
lictwcon the luea; atul thus Ibo measure of noo-nnifopm convergence at the point r - OitJ, 
till) upper (iouhlo limit of R (x, y) having the valoo i (sco § flO). 

85. In cti^c tlic domain E is linear, the two sides of a point f may Iw 
considered separately, tlie neighlmurhoods of the point being (nUen oiilho 
two sides separately. It is suflident to consider the citso of a point f wliicli 
is a limiting point of the domain on its right, and to nssiiine that the 
functions s, (f) «ro continnons on tJie right. Ftirther we may consider llie 
functions «„ {$ + 0) instead of s, (f), it being assumed that the point { is 
excluded from the donmin of which it is a limiting point on the right. 

■Wo l.hn.s oht.iin necessary ond suflicient conditions that « -f 0) nmy 
exist and fluit the series Zw„ H- 0) may converge to fi{f + 0), The 
following theorem contains these conditions; 

A ncocsmi/ and si/fficicul condition that the stm s {m) of the eonetrsal 
itria Sti (k) nmy }iavc a definite limit a + 0) at Ike limi'fi'tij point f oj 
ike h'ncar doinoin of x to whiek tiie series 2m„ (f + 0) may converge, the IcriM 
of lids series lofjiff assitmed- to have definite, mhees, is lhal, C(»rrM7»>irfi«3 to 
each (irbilraTibj chosen positive number e, and to each integer «, whitli it 
greater than some fixed integer A',, dependertt ok «, a jjosiViw number 0 (f, *, «) 
eon be deterndned, such that, for every value of x in the domain and I'li We 
tiifcrifll (f, I + S), the condt'fion | (*) | < « is satisfied; the numlcr 0 tciiij 

dtjKiuknt 1 ?! general upon n as toell as e. 

In case 0 is, for each value of e, independent of ji (> i^c), the point f is 
a point of uniform convcrgciiec on tlie right, therefore uniform eonvcrgriice 
nl i oil the right is a sufpeicnl condition that s (a + 0) may have a dtfinte- 
rnlac a?itZ lhal the series Stf, (a + 0) may conticrge to s {a -i- 0). 

Tins theorem is a particular case of tiie first theorem of § Slh 
it may also be obtained from that of i. §305. For, let n = ill/, 
s„ (.t) bccome.s a function « {x, y) of the two variables x and ?/, niii! tlic 
condition in the theorem is equivalent to the condition that the rcpoatcil 
limits 

iim lim s{x,y), lim Jim s {z, y) 
should both e.xist and have the same value. 

By emj>!oyir)g the last theorem of § 83, or that of I, § •'iOR. 
the following theorem: 

Necessary and snjjieient condiftons that the sum s{x) of the convergent 
series S« (z) jnny have a definite limil s (^ + 0) at the Umiiirtg point ^ of li* 
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linear domain, are (1), Jftai «« (f + 0) slunM converge to a definite limit as 
n~'r> and, (3), that, corTBapondingtoeacharbitrarily chosen positivenumber e, 
andlo eacharbUraTily chosen integer Nt, there should exista value of n (> W^), 
and also a positive number d (i, €, «), that \R„{x)\<c for every value 
■ of X belonging to the domain vduoJt fs t«. the interval f + 5) . 

In this formnldtion the conditioa (1) is not mclucicd in (2), and roust 
• therefore be staled separately, ibi case the number S depends only on e, 
and not also on n, the point^wouldbeonccrf simply uniform convergence. 
However, in general 6 will depend upon the value of n as well as upon e, 
and thus the Condition is less stringent than that of simply uniform con- 
vergence at the point. 


iiiE conTisuiiy OF A strsf-nryoTioif tk a domain 

86. It will now be assumed Ojat the functions a, (*), «j (z), {x), 

of one or moro variables, arc ail eoatiniious in B. The following tbeorom 
will be established: 

If the series Zu (a) converpe simjdy-uniformly in the domain E, the sum- 
fundion s (a) is eonltnuoKs in E. A fortiori, the amdiiion that the series 
converges uniformUj in E is mifficiail to secure that the sun>fuMlim may be 
eanlinwvs in B. ■ 

It should be observed that the condition in the theorem is sufficient, 
but not noccssaiy, for ttse continuity of the sum-function. 

Since tlie convergence oA the series is simply-uniform, a value n, ot n, 
correspoBding to an arbitrarily chosen positive number e, can be so deter- 
mined that 1 12„, (x)\<ie, for ail points 2 , inS. Consider a point f, of 
a neighbourhood (f — S, ^ + S) of can be so determined that for every 
point 2 , of H, in that neighbourhood, | (x) -- (f) | < i «, Birce s„, {») 

is continuous at f. 

I « (f) - s (2) I ^ i s„, (^) (*) [ -H ^ I -i- ) {^) [ < c; 

provided * is in (^ — 5, ^ -j- 8). Since e is arbitrary, it follows that s ( 2 ) is 
continuous at 

The above proof suffices to establisll the following more general 
theorem: 

If the functions n„ ( 2 ) be aU coiamvoua 'at ike point f , but not necessarily 
dseivhcre, the condition of simply uniform eonvergmee of the scries in some 
neighbourhood of ^ is sufficient to ensure that s ( 2 ) is continuous at 

It has already been proved, in f 82, that, if the sum-function is any- 
where discontinuous, the cooveigesice cannot be either uniform or simply 
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uiiifonn, but tiie following additional proof of tliis important fnet may be 
given. 

If the faiietioii « (x) be discontinnous at the point there o.vistc 3 
positive number c. such ilwt points x exist In every ueiglibouriiood o( f, 
however small, for wliioh j s (*) — « g} | > a, or 

! R, (r) -!?,(?) + a, {*) - «„ (f) ] > o. 

It is impossible to choose » so that | i?, (*) | < ie, for all values of r, 
consiKting of all points of E in some neighbourhood of provided c 
is Kiifficieutly sinall; for tvo shonld then liave 

(ar) - J?. (f) I > a - I (x) - s„ (^) |. 

For any value of n that might be chosen, i could be so taken that 
1»» (*>-«. 

and Ihu.s r > «, Since ecan boohosen to bo < a, the impossibility of choosing 
n so that | Jf„ (s) j < J*, for all points * in a neighbourhood of (, is demon- 
etrnted, Thereforo, in this ense, the convergence of the seriBS is iieitliet 
umtorm nor simply uniform, and the point $ is not 11 point of umform 
oonvcrgonco. 

87. It lias long been known that the sum of a conrorgeitt scries ol 
which all the terms are continuous is not necessarily if>so1f oouliiiuoas. 
The slnteraent has often been made that tho important disooTOlj’ tlmt 
discontinuity, when it occurs, is due to non-uniform convergence of tlic 
series was made by Stakes*, Scidclf, and WeierstrassJ, indopendciifly oi 
OHO another. A critical discussion has been given by HardyS of tlie treat- 
ment of the matter, undoubtedly independently of one another, by thofo 
fbrcD JlathcraaticJans. Hardy shows that the above statement requires 
considerable modification; he points out that the conoeptioii defined by 
Seidel, in IfidS, is that which has beetr called in § 71, uniform convergenw 
in tho neighbourhood of a particular point, whoreas Stokes.in 1847, defined 
a mode of conv 1 eree equivalent to what is here described os Rimply 

' Com’.. PA.,. Tntit. ml. VUJ JlW’t PP- S33-aa3; nbo //niAcTSO/ico? anJ 7’,7pfn. 

Tol. I, pp. J3&-al.3. 

t ilQnefi. AbhavL toI. n[<264S), pp. S81-S84: abo Oat«!d’» AVawiSf’-rf'r mocK-i Wi'-f'- 
Kbrtjltn. nn. Ufl. 

) Abhan.-nvnpvi ouj drr FunilicamteiTe, pp. ^ini. 

i Pm. Caab. /’Arl. Soc. Td. MX (I8I8X p. 14B. It shoold bo otsomd that , ^ 

" ‘'' 

the naichbonrl 
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uniforra convergence in a fixed neighbotzEbood of the particular point. 
Stokes gave a valid demonstration that his condition is sufficient to ensure 
continuity of the sum-function at tlm pcant, bat his attempted proof that 
the condition is necessary for eoatinnity is invalid because he failed to dis- 
tinguish his condition from that ^ven in fiifi second statement of necessary 
and sufficient eonditjons in § 83. Both Stokes and Seidel confined their 
attention to a. fixed neighbonrbood of a pnrticuiar point, whersaa Weier- 
strass vras famiKar with the conceptions of uniform convergence in a linear 
interval and of uniform convergence in the neighbourhood of a point, as 
early as 1841 or 1842. That uniform convergence in the neighbourhood of 
every point of a linear interval involves uniform convergence in the interval 
was first proved* by Weierstiass in 1880, Under the influence of Weier- 
strass, the great importance of the notion of uniform convergence in the 
Theory of Functions became fully recognized. 

The q.uestion whether non-uniform convergence necessarily implies 
dlBcontinuity in the sum-function remained for some tirae an open one. 
It was decided in the negative sense when Darhouz and Pu Bois-Beymohd 
constructed examples in which the scries arc non-unifonnly convergent, 
and yot nevertheless have continuous sum-fiinctioos. 

88. In order, to detennino necessary and sulGcienl oonditious for the 
continuity of the sum-function of a series of continuous functions in the 
whole' domain B of the convergent series, it is sufficient to eonsid» the 
ease in which £ consists of a closed set. Let < be an atbitrarfly chosen 
positive number, then, if n be sufilciently large, there exist points of E 
at which j R„ {x) \<t. If we assume that s {x) is continuous in E, since 
e, (z) is by hypothesis crnitinuous in E, it follows that | E„ (x) | is con- 
tinuous in E,- and therefore the set of points at which ] Hr, {*} [ fe ,e is 
closed relatively to E, and-the set at which [ JJ, (z) j < e is oonso^iicntiy 
open relatively to E ; let thj.s set be denoted by 0*. Each, point of E belongs 
to all the sets of the sequence ((?J,&om and aftersome value ofTi dependent 
on the particular point, ance ll„ (*) convert to zero, as w ~ , for each 

value of *. If m be an integer chosen aihitcarily, employing de la Vallee 
Poussin’s extension of the Heine-Borel theorem {i, § 75), a finite set of the 
open sets 0„, ... exists such that every point of E belongs to one 

at least of these c^en sets, whiob we denote by ... 

On the assumption that s (») is continuous in E, it thus appears that 
\R,{x)\<€ at every point of E, provided that « has one of the values 
TO -f ti, TO -i- ij, ... TO + i,, that value hmg dependent on the particular 

Conversely, if it be assumed thzit tide last condition is satisfied for 
every value of «, then, remembering that m is arbitrary, any parttoulat 
• Zee. tii. pp. 71. 72. ' 
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point I, of S', is such as to belong to each of fio open sets 0,„ 0^,, ... wlioto 
^1, ^2, ... is some increasiiig seqnence of integers, dependent on the 
particular point f. A neighbourfiood of f can be so determined that all 
j)oiuts of E contained in it arc pointa of and this for each value of jj; 
and, in this neighbourhood, ] (i) | < e. This is the condition of § 82, 

that s (*) should ho contbiuous at Hence the condition is sufficient for 
the continuity of 5 (a;) at every pmnt of the closed set E. 

The follcnnng theorem has now been established: 

The necusary and sufficient condition for Ike C€m{in7iiiy in a c/osed set E, 
of any niimher of dimensions, of the sum s (x) of a series Sw„ (*), caefi term 
of which is continvotis in E, and which converges iliroughoul E, is (Sn(, 
eorresjionding to cac/s flrftfran'fi/ ciiosen positive vsLmber e, and to each 
arbitrarily chosen ivleger m, the condition \R,{x)\<e is saUsfieifor ewy 
poinf *in E, provided shas one of a finite set of values, all^m, the cehc of 
s being dependent in general upon x, but being constanlfor all points x trAicft 
arc in one of a finite sd of setso/ points oil of which are open in E. 

89. Tho particular esse of the above tlworem which erisee wJion fho 
set E consists of a linear closed interval (a, h) woe Arst established* othenriso 
by Arzeli.. 

In tills case the mode of convergence in Uic interval (a, 6) is clitiiso- 
terized by tho condition that | R, (*) | <«, for every point of (o, 6), ■whores 
Ims one of a iliiite set of values all S n, the value of s being oonstant In 
ciioh of a set of open intervals, two of which however may be half closed 
by tho addition of the end-points a and 6 ; where « is an arbitrarily olioscn 
positive number, and » is an arbitnuily chosen integer. This mode of con- 
vergence has been denoted by Arzeld. by tho term conueT^ew® ^inifome a 
train (uniform convergence by segments). This term •would not appear to 
bo appropriate, bceausc tho intorvala ate dependent in number and Icnglli 
upon e, ond there does not nccesnarily exist any interval in wliicii ibc 
convergence is uniform. Uniform convergence, and simply uniform con- 
vergence are special ceses of tliis mode of convergenoo; for in these coses 
the finite set of intervals which coircqxmds to given e and n reduec io 
a single interval, viz. tho whole interval (a, b). 


(!) Tlionerifs 


EXAtlFLES 


I — — 

Z!'*’ 3! 


is fonvnrgcnt ia nny finilo interval (a, i) whatever. It is shown in clcmcnlary (rcsti'ts 
that tho Bcrics converges to c*, fra- nil ntiraul viJiie!i of e. In order to citend the proof 
of tho exponential theorem to thscMoofnnirmfionnl volueof r, we observe thattlioakiTC 


■ Afoa. drUa fj. Accad. ri. 8ei, di jBOle^, net. 6, vol. vm (1900). A proof very rioiilsr to 
that in the text WMpubliahedbvHobeonin the PHw.ZoB<i.Jr(UA.5t>c. (2), vol. I (19M). P 3® 
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Btries converges nniformJy in tlie interval (a, 6), once j< where A- is n fixed nombor 
greater than j a|, and | 8(; and heiic£f wi aeenrdanoe with the theorem oi §T7, since 
2 — T is conTcrgent* the given eerios conv^^effnmfoEzn^ in {c, h). It IoUcwb that the sum> 
{unction « (*) o{ fheBericBia continnotB in {a,h). FaeAcr, the Junction e'has been defined 
for an irtatjona! value of i, by ertenoon (see i, 5 38) of the function as defined for ralEoaai 
values ol zj and it war ehewn that Iho foncfiDii e*, so defined Jor the whole domain, 
is Bingle- valued at the irraSoual pedota, and tbereJore it to contlnnoUB. The two functions 
es, s(z)are both eontinnons in(^h), and bavs identieal valuen at the raiional points: there- 
fore, in aecordanec srith the theorem of j, {SI5, thqr are identical everywhere in (a. h). 
Therefore e* is the eura-functioD ol the eeries ia any finite iatcrvsl {a, I'). 

(3| It to proved in elementary tieatiaa that, for a vahu of z which to numerically ices 
than nnity, tbo hinumial Bcrice 

1 . nz t ‘J .■ ^ ^ ^ - , 

convo:^e«toatuitah1svalueo{(l -s z)*,wlicDniiarattoiuilnnmVr. Toextend the theorem 
to the case in which n may have an ittaUoQal vaioe, ceoeider an intervnl (n,, rij) of n, 
where n, and n, are ntiostl numben. 

w.h.r. [ - P - 0 l» - ■ * ‘1 .. I < ''■ IS * ■! ■■■<»■ * ,» I , 


whcrc^ 1 b the greater of the nuraber* | u, | and | r,|. Tbe Dumber x remaining fixed, we 
thtu lee that, for all values of n in tb« interval <»,,«.), each term of tboacricala numeti- 
eaUy leu than the cotiespondiag term of the convergent aeriee 


tbereiorc the scrice convergea unifonoly for all valnee of r in the interval ffl], n,). HenoB 
the Buni*funotion of the ecrice, lor a fixed value of x. to a continuoua funotron of n tn the 
inlarval (ti,, n,). The function (1 * «)* of <i, was de^cd in t. {3$, fvrfcratiunal valuce 
of n, by extension of the funelion ocoaidered ae defined only for rational vsluea of n; 
and It was shewn th-at the fonetion so obtained by pjctension ie single-valued, and it to 
therefore contitiuoUB. As In example (1), it now foUtnni that, for the fixed value of x, 
niimeiically < T, the sum of iheaertos to for all vahtes of n in (a, , ei,) represented by the 
suitable value of (1 + z)". The infwval (n,, B*) to arbitrary. 


THE SIEAHUBE OF NOK-UKIFORM COKVBBOENCE 

90. If a series X i£„ (*) converge at all points of a set E, of one or 
more dimensiong, to the function « ^), finite at every point, it is convenient 
to employ the functions s (x, y), R (*, y) obtained from s„ (a), R„ (x) hy 
changing the variable integer n into J/y. These functions s (a;, y), Ji (a, y) 
defined for x in E, and y the rec^iocal of a positive integer, or zero, may 
he termed* the transformed sum-funeiitm and the transformed remainder- 
/ujtcfiorerespectively; wemay de&aea (a:,0)to be e {*), and.B (z, 0) to beO. 
The ftinction R (x, y) is continuous mthiespect' to x in E, for y ~ 0, since 

• See Eobjon, Proe. Zmtd. Ifati. See. (J). vol 


. XTXrv (1902), p. 217. 
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it is L-very\vlicrc zero, and it ia continuous with respect to y, for 
but it is not necessarily continuous at (f, 0) with respect to {x, y). 

In nccorrianco nith tbe definition in §70, the sequence {5„(r)) is 
unifonnly convergent at tlie point (, if, corresponding to each arbitrarily 
ciiosoTi positive nrnnbor e, a neighbourliood of tlic point (f , 0) exists defined 
by the two-dimensional, or (p + ]]-dimen»onal, cell 

(f-d.,0; i + 

(ixistssueh flint I Jl [x, y) j < c, for every point (Ji, y) in this neighbourliood. 
If wc denote by V (f, rf, y) the upper boundary of [ R {«, y) [ in the 
neighbourhood (# - d, ft; ^ -I d, y) of (|, 0) tins function' 17 is monotone 
non-incrcii.sing us ths number d is dirainisUed, and also as tbe number y 
ifi dirniiiisiied, Consoquentiy it has a lower limit as d,y converge to rcro 
in nny mntmor, independent of lUe particular mode in wbicb tbe con- 
vergence takes place. In case tlio point f is one of unifom oonvergenee, 
this limit is r-oro. When the limit ia not zero, the point is one of son-uniform 
convorgnnee. 

The limit Im 27 (f , <f, y) wliich may have a finite value, or may bo « , 

when it is not zero, is said to be the measure of no7i~uniform concergaice of 
the sequence {«„ («)) at the point f. Denoting this measure hy ^ (|), thn 
fiiiiotion ^ (*) is a function of * which may be termed the convergence’ 
function. 

Tbe definition of ^ (f) may be stated as follows : 

If the scries Zif„ {*) converge to s (*) in the linear, or p-dmcnsional, 
domnin B, and Dtr. upper boundary of | R„ {*) |, for all values ofni m, in a 
•neighhouThood (i — d, ^ •i' d) of the point j be determined, the limit of this 
upper boundary, as the numbers A emvtrge to zero, and wi ~ , definrs th 

mcasxtrc f3 {$), of non-uniform convergence of the sequence at the poiiil ?• 
In fact /S {$) lim ] R„ (») |. 

In case p (^) is finite, a neighbourhood {i — d, ( + d) of can bo 
determined, and an integer n,, such that, in that neighbourhood, 
I s (k) - s„ (n) I < /S (0 c. for all points * in (f - 8, | -b 8), and for all 
values of rt > ni, whore c is an arbitrary positive number, 

Moreover there niu.at. exist in every neighbourhood of f. points at 
1 ® {^) — e„ (r) i > ^ {^) — €, for some value of n (> ««)- whatever po'ifive 
number « may be. In case /J (f) is infinite, corresponding to an nrhitrarily 
chosen positive number a neighbourhood (f — d, £ -f d), and an integer 
n.v, can be so dclermintid that there exist in that [icighbourhood points 

at ^viiich j i?„ (r) j > iV, for values of n that are > 7iw 
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91, In the case of a linonr domoin llw meosoire of noii-unjfonn con- 
vergence mny be defined eeparately for tl»e riglil. and tbu loft of tJio point f . 
The neighbourhoods employed in the dolimtlon 'rill be t«Jcon to be neigh- 
bourhoods a, ( + d), li —d, i) on ttio riglit niMl left respectively, Tims 
two functions (.r), j8~ (i) will bo defined, which have the values, at any 
point I, of the measures of non-unifono convergsnee at on the right 
and on the' left respectively. If fi* (f) = 0, (f) > 0, Ibo point is one of 

uniform convergence on the right; a corcesponding definition holds for 
the left. The measure ^ {() is the greater of the two numbers (f), (f) ; 

and at a point of uniform convoigemce, (() = fi- (f) ‘v- 0. 

The earliest definition of the measure of non-uniform convergence 
was given by Osgood* for tlic ease of a linear interval. Tiio tenu “ Grad 
dcr ungleiehmfisagcn Convergent” was employed by Sohoenlliesf who 
uses Osgood's 'doBnition. The t4jnn “Convorgcnco function” was also 
employed by Schoenflies. 

Tim riSTKTDtrnOK or points ok NOX-OKIKOnSt COXYTtROEXOB 

9S. Assuming that {s„ (x)J is cunvergoiil in n domain IS, it will first 
be sheivn that; 

T}ic convergence function it upper <em«-eonfiMwoi(« in Hie domain of 
convergence of the seriej. 

It must be shewn that » neighbourhood of a point ^ exists such that, 
ftt every pioint in it that Iwlongs to tlie domain E, ^{x)< p (f) -i- jj, 
where tj is an arbitrarily chosen posiUve number, and § (f ) is supposed t.o be 
finite. For, let it be supposed’ that in evciy such noiglibonrhood thei'e 
exists a point at which fi (*) (9 (f) + jj. In an arbitrarily sroat! neigh- ■ 

hourhood of such a point there are points at which | .R„ (*) | S ^ (^) - 1 - ij, 
for sufficiently large values of and such neighbourhood can bo ohoson 
so as to be interior to any assigned neighbourhood of the poiut f . Tliorefore 
in an arbitrarily small neighbourhood of f tlioro ore points at wliich 
\ E„{z]\S. p -b p, for sufficiently large values of J!, and this is incon- 
sistent with the fact that.the measure of non-unifom. convergence at ^ is 
. P (^). Incase /S (f)is infinite, f is certainly apointof upper semi-continuity. 

Employing a theorem ^venini, § 280, 'which is applicable to any closed 
domain of any number of dimenrions, we have the following theorem: 

If the domain E, of the functions be a elosetl set of 'yioiiUs, and a be any 
positive number, the set of points of IS at lobudi ^ (x) S u ie closed, relatively 
to E, and therefore absolutely. 

’ .Omct. Jrarmtq^jraa.'raLzu (ISn), p. ICG. ' 
t Ecu fffricM. ■»ol. i, p.22n. 
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If we denote tHs closed set by G„ and assign to cr the rolnes in a 
diminishing sequence {<rj which conrciges to 7oro, each point of non- 
uniform convergence l>elongs to all the sets G,^, from and after some value 
of 7!. Thas the set of all points of non-unifonn convergence of the series 
is the outer limiting set O, of the sequence {G,^ of closed sets relatively 
to E. The set G, may be non-dense in E, or it may ho dense in the whole, 
or, in a part, of E. Therefore the points of non-uniform convergence may 
he cither non-dense in^, or may be dense in the whole, or in a part, of E. 
It will, however, hesliewn that in case all the terms of the scries or sequence 
are continuous in E, the set 6, is necessarily non-dense in E. This is 
formulated in the follosving theorem: 

Jf, in the. closed domain E, of any nundier of dimensions, il\f. funelions 
s„ (a:) tr/iicA converge in E U> s (*) are all conltnvous in E, the dosed sU of 
faints Q,, for which ikcmcasureof non-uniform convergence is &o,a panVi're 
numier, is non-dense in E. 

Lot it bo supposed that, if possible, G, is not non-dcnsc in E; there 
must then exist a closed part ofE, such that every point of J, belongs 
to G,. Tito set £] can contain no isolated iwints, because an isolated point 
is one of iinifonn convergence; thus E, must be a perfect set. Let # be a 
point of E, ; wo take a nciglibourbood £>, of /, such that every point of E, 
in P, belongs to I?,, and also on arbitrarily chosen integer E, IS o' bo a 
positive number < o, there eA-ists in a pmntf , of ifj, such that 

for some value of n, that is > E. Since the sequence {«» ((')} is convergent 
at an integer n, > n, exists such that [ s^ O') — (^') | > o'. 

On account of the continuity of (*), «„ (x) at a neighbourhood I5j 
contained in D, can be deterroined so that, at every point of Ei in Dj we 
hai-o I s,. (x) - s., M 1 > o'. 
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is oi the first category ia and egnsegnenfly (i, | 96) that- the set of 
points of uniform continuitj- is eveiywhere dense in E. We have thus 
established the theorem that : 

If the Snndions of a etqyaice {s„ (*)} tcfifdi concer^&s evertprhere in a 
dosfdsd E (o thefunciion #{*), are dR etmtinuom inE, thesd of pninU of 
Kon-unform conoirgince is of thoftrsi eatery in E, and the convergence is 
accordingly uniform- et points o/a ast vddeh is ereryiehere-dense in E. 

This theorem -n-as first astahJished by Osgood*, for the case in which 
e {z) is coniinnous. 

Since s (z) is certainly eonlinBoosatereiypomtoftiniform convergence, 
it foDows thatf : 

If {*„ {*)} converges, in a closed set E,ta s (*), and the functions e,. (x) 
areaU confinuawi in E.the function s{s) is at most point-irise discontinuous 
(i, § 238) rcifh rupcet to E, and the points of continvlly are accordingly erery- 
tchere-dsnse in E. 

84. Those points of the c!<Hed domain E at whmh the measure of non- 
nnifoim convergence ^'infinite, when such points exist, are of special 
importance in some parts of the theory of series. It can be shewn that: 

When the conriergentsfunciion jB (x) is unbounded in the closed domain E, 
there exists at least one point at ichtoh (x) is infinite. 

■ For, in accordance with i, § 213, there must he at least one point 
of E, in whose arbitrarily small neighhonthood ^(x) is nnhoonded. iHie 
value of ^ {0 cannot he finite, because this would be inconsistent with the 
fact that ^ (x) is upper semi-continuons. 

It can now be shesra that: 

The set of points of infinite measure of non~vnifom cemvergsnee is closed. 

For, let oi, oj, ... <7„, ... denote a diveigeid seq^uenoB of inorea-'ing 
positive ntanbers, and let e„ denote the closed set of points at which 
fi (x) S cr„ . The set of points at wKch the measure of non-uniform con- 
vergence is infinite is the inner limitii^ set of the seqacnce (e,.) of closed 
sets each of which contains the nest; and in accordance with i, § 67, this 
inner limiting set is closed. 

It is necessary and sufficient in order that there may be no points, in the 
closed sei E, at uJiich the measure of non-uniform conv&gence is infinils, 
that, from and after some fixed value of «, ] (x) [ should be bounded as a 

function of (n, z}fcfr all Buch paiues of n, anrf/bratf pofn/ex, in E. 

■ Attas- Jmrrjd cf iiaih. Tot SIX (ISST). Aproof.-frw tnizo Udi itiC^I ctioa, -ns prea bj 
S.obi-x\,Pm.Ijmi.J!cO!.Eo:. (1). sA XXXir (ISCS). Oflier pwls vro by VT. H. Torcij, 

Pnc.larA. ^or. (2), Tobi M’ Agaola, Besi Cirwf, -rnl. ssi (tSIOj. 

t TbU Ibforcm irta tat exUbBzhed ip » diEoeszt aizper, by Bsi:?, Ann. di n.sL IZ), 
s«!. m For isoibw pfoof !«! W. H. Toatt^ Jfar. et SeSk. (2). vd zxx-.-a flKIT)! 

slw Dell- Arabia. P.nL ZorA.-nl 332(1935). 
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That the condition is safficient is clear, ^cc if | E„ (*) [ is bound'd, 
so also is jS (x). To shew that the condition is necessary, we obserre tliat, 
in the (p -f !)-dinjensiQnal domain, a neighboiiriiood of each point x, of 
E, can be determined such that I -K (», y) | < ^ (a:) + e, in that neighbour- 
hood. These neiglibonrhoods form an infinite eefc of cells, each of \viiich 
contains one or more of the points of the closed set E, in its interior. 
Employing the Heinc-Borcl theorem in its generalized fonn (i, § 74) 
a finite set of these neighbourhoods exists, such that every point of is 
interior to one or more of them. It follows that there exists a value i/i of 
y, the least linear dimension in y of the cells of the finite set, such that 
1 if (z, y) [ is bounded, provided y < yi . Hence there exists a value n, , 
of n such that j R„ (a) j is bounded as a function of (n, x) for n £ n, , and 
for all values of x in E. 


EX-UITLE 

Lci*Uj (s) m 0, at alf points of the iniemiltO, 1), except nt the point J, nhersu, fx) ” h 
Let Ug {z) « - 1, at e s I, and «: (x) ■ 1 at x « I. sod Ug (r) ■ 0, cectywhere ebt; 
let Vf (x) - 1, atx » i. f, and ti, fx) « 1 atl. {, |. (-.and t>,(x} = Oatal)olh»pejnt«oi 

the interval; And eo on. Thuaxg (s) b zero, cicx{it at w }. where Xg {{) » 1 1 /g (z) b rrte. 
esdept that »j(l) “ *» (?)= Is »»(*) b zero, except that »,(J) = Sj (J) « tj (j) = Ij 
ao on. Tlio fonction z (z) b ererjrrbnc zero, and therefore U conllnaeua in (0, 1); bat ibo 
tcriea convergea nen-unifonaly at ereij point of (be interval, since, in the nelghboutliMd 
of every assigned point, there are dbeonlinuilin of En(x). of mMmrc I. 

Ifc has hitherto been assumed that «(*) is everywhere finite; tlii* 
restriction may be removed by employing the transformation 
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It has been she^^Ti by W. H. Young* that, for the case in •which E is 
a linear interval, when the functions tt„ (*) arc point-wise discontinuous 
functions, the visiblepointsofooD-imifonn convergence maybe densoin the 
whole or in apart of B, and the invimblo peunts of non-uniform convergence 
form a set of the first category relative toE. Hobos slieTO how to construct 
a scries of point-wise discontinuoufl functions, for a given linear interval, 
which have an assigned innerlimitingset iffor the set of its points of uni- 
form convergence of tiie sum-function, and each that the sum-function 
is non-uniformly convergent at all points of C [F). 

■ 96. The following general Ibcorcm has been e.stabJisbed by ITalint: 

If E be a eel, in ang nnwiber of iKmetutimis it is necessary anil ^t^cicnt 
i» order thai a seji/encs {«„ (®)}, convergent in E, may.aciet which converges 
ton-uniformly at aU .poinU of E,, a jnrl of E, and ‘uniformly at all points 
of E ~ El, f/ioi El should be the outer limiting eel of a sequence of sets which 
are closed relalivdy to E. 

The proof of tits theorem requires the theorem or assumptionj that 
every set of points which is dense in Itself can be norroally ordered. With- 
out assuming this, the following less general theorem, also given by Hnhn, 
can be established; ' 

If E tea set of points i« any number of dimensions, and E be a part 
of E which is of ike fret category relatively to B, a scg?ience {/„ (*)} of 
funoiions suclt Unit OS f„(x)s 1 can be defined, which converges everywhere 
in E to the limff serd, the convergence being non-uniform a( every point qf F, 
and uniform at every point ofE — F. 

A part El of a set E, of points in any number of dimensions is said to 
be closed, relatively toE,Si every limiting pmnt of Ei that i.s in E, is a point 
of El itself. This is a genendization of the definition in i, § C5. The set fJ, 
is closed in the ab.soluto sense in case ^ is closed. 

The complement — Ei, relatively' to E, of a set Ei, closed relatively 
to£, issaid tobeopenrctofiivZyfo^S. If ^’isapartofU W'hichis the outer 
limiting set of a sequence of sets, each of which is closed relatively to E, 
and Eon-denscin wB.the set A* is aaid to be of Uicyb\st category retalively to M. 
This is a generalization of the definition ^ven in A § 03. 

First, let F be closed relati'veiy to B, and non-densc in E. Let the 
continuous function Xi> (0 be defined for all non-negative values of the 
continuous variable t, by .the prescriptions, x* (0 0, ■when t =-- 0, and 

■when * £ Xn (0 — 1, when f = ~; W ~ br the interval ^0, 

Xn (0 = — n/ -t- 2, in the interval ^ . 

• Xoc. cll.! sec ftlio Psoe. Zmd. Jfalk. See. (2), vot I {1*04), p, 300. 
t See Thecrie iler reillen PmsUiaiuii, vol j, p. 274. t Ihid. p, 200. 
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Jf X I>c any point of E, and d (*, J) be its distanco from F (see r, § 104), 
then s„ (i) is defined to be x- K (®> The function s„ (*) is continuous 
nif ii respect to E, and Tnnishes at all points of F ; also 0 £ s„ (i) -5 1, 
and lim s„ (*) = 0. 

Let f ho a point of E that does not belong to F, then d (f, J") > 0; a 
Jiciglibourliood A. o{|, canbesodetennined that, for all points of in that 
neighbourhood, d [x, J’) > o, where a is some fixed positive number. 
In A, wc have o, (s) = Xn (®» -P)} provided d {x, F) > which 
condition is safisfied if thcrofore the convorgenco of (i) to zero 

ifl unifom at the point 

If f be a point of F, in any neighbourhood A, of (, there are points z, 
of E, \s-luch do not belong to F, for which d {z, F) has some value § (> 0), 
and for each such point there is a value of n for which s„ (*) > J ; for there 
is at least one value of n., Euch that 
be eufTicicntly small. Such a value of n increases indefinitely as the 
distance of r, from i is diminished. It follows that the oonvorgonoo of 
{s„ (z)} at the point S is non-uniform. Thus the tlieorem has been cstab- 
Ifslied for tlio case in which F is closed relatively to E, and non^donso in E. 

Next lot be the outer limiting set of aecriuenoe of sets each 
of which is closed relatively to E, and non-dense. Let s„„ («), whore 
nioi, 2, 3, ia the flegncncc. defined as above, corresponding to Fni 
and let us consider the double sequence of functions ~ e„„ (»). where 
m and n liavo all iiilogra! values. This double sequemee can be arranged 
ns a single sequence {/, (a:)} ; and It will be Rhown that tliis single sequence 
im.-i the required properMes. If « bo any prescribed positive number, it is 
impossible that, at any point (^)S€ for an infinite set of values of p. 
For wn have 0 < (0 < r, if *» > and for all values of n; if e 

be {!ig grcate»'. integer which does not exceed - , the only values of w for 
wliich — s^r, (?) £ e, are }, 2, 3, ... a; for each of these values there are only 
n finite number of valuc-s of n for which ^ a*, (?) a «, and therefore only 
a finite number of values of n for which condition is satisfied for any 
of the values ], 2, ... <t, of m. It follows titat, except for a finite sot of 
values of p, we have f, (f) < c. Since c fe arbitrary, (/, {?)} converges to 
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Since the sequence i 5^ (*), (®). “ a i>art o£ the sequence 

{/p (*)}, tie upper boundary of/, (»), in the neighbourhood A of a point 
of E, cannot be less than the upper boundary of the first sequence. When| 
iBapoint of F„ this apperbonndaiy conve^;e8, as A 0, to a value greater 
than zero, hence the same must hold for the sequence {/, fr)}; and this 
mast he the case for each valne of ffi. It is therefore the case for any 
point (,oiF; the convergence of {/, (*)} at ^ is therefore non-uniform. 

If ^ be a point of £ — J*", in a properly chosen neighbourhood A, of i, 
we have /, ( 2 ) < e, for all values of p greater than some fised nnmbet 
dependent on t. Since i e„„ (a) < «, for all values of n, provided m > 
we need only consider those values 1, 2, 9 , ... a, of m, for which aS~. For 
each of tlieso values r, <d m, (*) < «. n>n^f, provided' A is 
properly ohosea. 

Hcace if n* be the greatestof the numbers n^, we liave — s„„ (x) < e, 
form ■= 1, 2, ... a, and for »> Thus/, (i) <«. in A, for all values of ji, 
except a finite somber; therefore ^ is a point of uniform oonvergenoo of 
tho'soquenae. The theorem has now been completely, established. 


iTJKonoNs isvbtvmo & pabameteb 

97. The theory of nnifonn and non-unifonn convorgenoe of sequanceB. ■ 
or sodas, may he estended, by a sUght modificutfoii, to apply to the case 
of a function f {x, o), defined in a domain of x, of any number of dimen- 
sions, for c^h value of the parameter a which is in an ae.signed linear 
interval, closed or open. Let it be assumed that / (x, o) is defined for 
values of a such that' a: 5 <a£a|,-fe. Ifata point f, of the domain of x, 
there is a definite value of lim/ (f, «), o varying continuously, the fimction 
/ (z, a) is said to be convergent attliep<mt^, aa a convmges to a,,. 

In case a diverges to ® , we gba.1 1 enpposc / (x, c) to be defined for all 
values of a greater than, or eqnal to, some fijred number G. 

The follo'sing definitirnks <tf nnifonn convergence in the domain E, 
of X, are precisely similar to tiiose in which a is confined to have values in 
a sequoncQ, given in § 06 . 

If. a« a~<Zc,/(x, o) converges to a df^ntU nvmher ^ (x), l^e convergence 
is said fo de uniform in E, provided &at, if c be amjarbilrarilt/cbosenposilivc 
wmier, a number h, eon be so determined that }/(x, a) -~<f (x) [ < c, for all 
values of X, in E, provided alies in the interval Oo + hr). 
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For 

I {1 + (^)5 {1 + (*)} - {!+«-+« (*)} 1 ! 

s (1 + »««) (1 + *>-«) - {1 -!- - 1- 

Since fit con be so chosen tha-t, for 7i > »t, the expression on the right 
hand side is < e, it is seen that the condition /or the unifom convergence 
of the infinite product II {1 + «, (*)} is satisfied. 

It is easily seen, as in § 78, tliat: 

If the infinite product fl {1 + | «„ {*) | } converyes v.niformly in a 
domain ofx, so also does tte wijSntfe product fl {I + «„ («)). 

The definition of a point of uniform convergence of a product 

_n{i + u.(T)} 

at a point f of a closed domain B is similar to that of § 70 for the case 
of a series: 

//, for 0 point ( of tte ctosed domain E, linear or p-dimensional, a neigh- 
hovrhooi (f — dr, ^ + dt) {linear or p-dimensUmdl) exists such that, for 
n S 7i( , a Tium&er dspmdoni on c, 

1 {1 + (®)} {1 + ft„*t (®)l — {1 + «n*« (*)} - 1 1 < f 

for aU values of.m, for all poinls x in (^ — d<, ( -I- dt), the point f is said 
to be a point of uniform convergettce of the infinite product n^{l H- (»)}, 

. Tlio ^ollo^ving theorem corresponds to the theorem of § 81 : 

If lilt infi.niie product 11 {1 + u„ (w)} is uniformhj convergent for all 
positive integral values of m (or for all positive continuously varying values 
of m), and if lim it, (m) has a definite value Vn. fitr each value of n, gtcn if 
f (m) denotes the limiting value £>/ 'll {1 +«, (m)}, Iim/(m) has a definite 
value, and llte infinite product II (1 +«*) i® cofMters'ent and has 
for its value. 

. We have, for all the values of m, H {1 + ’^ («)} j < e, 

provided N is not less than Bomo fixed integer Nt, dependent bn «. It 
follows that j Hm f (m) — fl (1 + w„) j s e, from ^Yhonce wc deduce that 
jlim/(m) — ^/(7?i)js 2<, Since e is aclntraiy, it follows that lim/fw) 
exists. Again we see that — H (1 + w,) j S e, for iV & IV*; hence 

^n^(l + w„) converges to lim/ (t»). 
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a fixed integar < r. We 




5inM diimnisbeiM 9 increases liom 01« s, ■ < 3-^, wbete « 4- 1 f yS r. 

« 2 yV' 

K'.ciilnexarid r fixed, the product on tbcTv;hl band aide is less than the wnrcrgatit product 

{' « (‘ - TnSjv)--!' * fj)-- 

Thus, for the fixed Tchtc ofx. the aboi-e tbeormi is nppliesbio; hcnco the Infinite product 
(’ ' (a + ])'c‘) "■ 

concerns to the limit, aa m of the exprc&sioD oa the left head aide, tehichls 

Therefore the iafiniic product i "• o*t*^atges to sin*. 

Ins rioiiJ.erinflnncf it can beelicicn that “ S^) '" cosx. 


Tiff: CONtTEGEKCE OF A SEQCEXCE IK A JtEASUBABf.E DOJtAJ.V 
flfi. If the domain E, of any number of dimensions, be rocitsnraiile, 
and have its moasnre finite, and the functions of the eequence {«« (r)} he 
all measurable, tlie following Uieorem expresses the condition that {s„ (2)) 
siioiild converge to a function e (a:) almost ovetysrhere in E, that is, at ever,' 
jioint Tvitii the possible exception of the points of a set of which the measure 

If E m€f!-‘:ura!j]es(J{inanyiiumberofdimiin-vnns} of finitemersure}, 
Hi r;£«.9stiry and eii^ctenf condition that a SiqHcncc (a'}}, of meositraljh 
finite fiincHons, sJtovUl converge to a finite fvneiion. s (z), almost eferytchtrc 
in E, M iLal a set 7/f. contained in E, and of measure greater than I — 
irhr-rc ^ w on arhilrarily chosen positive nvmber, exists, strcfi Hiat {s^ 
rnnverges uv.ifortnhj in Tlfloslx). 
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This tJieoi’em was given by Ego^o^F*. That the condition is sufficient 
is clear, for it, however smtdl J may bo chosen, (here is a set of measure 
> Z — 5 in which the sequence converges, the sot o£ al] points of convergence 
has its measure > Z — 5, for all positive values of 5, therefore its 
measure is 1. 

To prove that (.ho condition is necessary, let {«,} he a monotone sequence 
of positive numhora which conveiges to zero. Lot 4„ dcaioto the set of 

points of E, at each of which 1 « (*) — (*) [ < e,, for 8 = 0, I, 2, 3 

Considering the seta e„, e„+i,..., it is clear tliat enoli of tliese sets is 
contained in the next. Ea<A prant of E, witli Uie e.'cception of a sot 
of measure zero, belongs to all tlie sets of the sequence {c„), from and 
after some value of n dependent on the particular point. The set of 
all such points of E, of moasoro 2, is the outer limiting set of the 
sequence {«„}. Let p,, ijg, ... bo a diminishing sequence of positive 
numbers whose sum oonverges to the arbitiariiy chosen number 
Tliere exists a least value of n such that ni («,) > 2 — ij, (see I, § 131); and 
let this set bo denoted by F,. The sote F,, Pj, ... denote the sete 
P, which correspond to ij,, p,, ... respectively. We have in (Pj) > 2 — ijii 
m (Pj) > 2 - i;,, m (Pj) > 2 -’p,, .... There exists o set of measure 

> 2 - ’ll - Ps-Pj - —t 

or > Z — of points each of whiclt belongs to all the sots Pi, F% In 

this set H(, of measmo > I — I, we have [«(«)- a„ (at) | < for each 
value of r, provided m is not less than some integer dopondent on the value 
of E,. Therefore the sequence conveigcs uniformly in the set Hd and thus 
the necessity of the condition in the theorem has been established. 

too. In the above theorem it bae been cstabliahed that, if (£„) be a 
diminishing sequono© of positive numbers which converges to aero, there 
exists a sequence of seta, such that m (fffj > 2 — Cn > that 
Bm m (iff J - 2, 

in each of wliieli sots the convergence of the sequence is imiform. Tliis 
mode of convergence has been termed by Wcylf, essentially uniform 
convtsrgencc (vieseTiilich pZetcftntoss^e Oonvergmt). Thus the theorem of 
Egoroff establishes the equivalence of the convergence of tire sequence 
almost everywhere in the measnrabie set with essentially uniform con- 
vergence in that set. It con be shewn that the sets can he so deter- 
mined that each one is contained in the next. For let 
for all values of n, and ccniddear a sequence {iff,,} of sets, such that 
> 2 ~ ?fi . imd such that the conve^once is uniform in K(„ . Let 

* ird. oui(mi), p. 244. 

t afa/A. Xfmolt*, Td. uxTit (1909), p. 28B. 
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}.io tiip i-el of points common to all the sets It is then clear 

that thccom-t-rpeiicoof thosequOTCeis unifonn also 

'H L*, 

and is oontaiiied in /•/<„,. Thus the sequence {!{(„} has tho reqtiireil 
property. 

EgorolT’s (heoreiu cannot be ax>plie<l ndiMi the dontiiin is nien.siirablc iiitt 
of inliiiitii ineasure. To sec this, lot such ft domain E bo the outer limiting 
fct oi a sequence {i’,}, where nt (B.) is finite, and E„ is contained in E„ ,i. 
Lot s„ (x] 1 in (he set. E„j.i — E^, and s„ {*) = 0 for all points not iu 

tlml set. The function s (ar) exists at every point of E, arid has t!ic value 
K<‘Vo, but it doc.s not converge unifonnly in any set of infinite measure 
uontained in L. 

Ivgoroll's tlioorcia lias bcejt extended by W. H. Young* to the cose in 
which the sequence {«.. (x)) is non-convergent in the measurable set E of 
finite inensiiiv. Tho niniii rcsnlls of liis invcstigalioiiq may bo staled ns 
follon-s; 

U {'f* (*)} tt scjifcnec of favethns defnaf for all points of a mcasurabk 
s(l E, of finite meaitire, anil Ihc upper {loicer) function of the scjuencf i> 
fniteul almost all jxtinlsof E, then (1), there exists in E, a set. h\ of measure 
> m (R) — i, so Ihuf in the sequence (s, (*)) Aim Knifonii DsciV/ofiows cf the 
firsihind (§ end {Z), there exists in S c set E^, ofmeasun > -f, 

j'n ii'A fcA the scquencchas uniform oseillations of (he second kind: also (S), there 
exists ti sit Ei, of measure >m{E)- {, in tuhieh the sequence has uniform 
o«ci'/fa//ons tolA of thefrst and of the second kinds. 


101. Egorofi's tlieorcm may bo opplicd to obtain tlie following ]>r0' 
pertyf <if double sequences: 

// E be a me/isurable sel of points, of finite, or of infinite, measure, and 
(f)} rt double sequence such that lim s„, (») exists and has a rnlnc s„ (®| 
almost crcnjwherc in E, for each value of to, and sucA that lim s„ (x) exists, 


and has a value s (x), flfmosf ciwyicAere in E, then Im increasing sequences 
{n,} of integers can be so determined that (*)} has the unique limit 
s (t), almost cveri/wherc in E, as i is indefinildt: increased. 

By emp1o3'ing, wbcii nccessarv, Ihc transfoniiation 

the theorem can be reduced to the case in vrhicli all the ftinolions s„ (v). 
•' (x) ate bounded; thus itwill be sufficient to assume this to be the case. 

• (/-.,■:?!. Moll,, tol. xw {1913). p. 129: and Pm.LonS. Jl/nift. Sof. (2). vol, in (I0J3]. 
^ 3'.3. 


t FrfTliPt, Urml. rfi r^dfrmo, ToL ixit (I90G), p. 15, where tlic theorem is nliWishwJ 
Tor Ihf in « Iiich /.' !• n pjiile liocar intrrvoL 
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Let E be the outer limiting set of a seqaeoce [EH, of measurable sets, 
each of which is contained in the nest, and each of which is of finite 
ffleasure. If E has finite measure, we may take all the sets E, to be 
identical %iith E. 

In E, there exists a set Ki of measme > tn [EH — Cn where 4, is arbi- 
trarily fixed, in which {e„ (*)} conrerges niufoimly; thus there exists a 
]e«5f integer m,, such that [ s (z) — (*) j < cj, in the set Ki; where 

{(,} is a diminishing sequenoe convet^ng to zero. 

The integer m,- being fixed, there mdeta a set Z,, in K„ of measure 
> rn (E,) — 2(,, and a least integer «, such that 

! Cr., (X) - (*) I < #0 

in Li. Therefore, in the setX,, wc have | < (x) - (z) j < Zt/. Xow let 

the sequence {J,} be so chosen tliat S ^ < {, where 5 is an arbitrarily 
chosen positive number. The part D |Z,-, E^) of the set L, that is in 
Ef, where nnd t, is clia^en arbitrarily, has its nieasuro 

>»7i (F,) - 2J,; and all these sets have, for a fixed value of tj, a common 
psrt, of measure >m{E,)— 2 S ?(. In this set, contained in Eg, we 
have \e[x]~ (z) | < Se,, for f the measnre of this set is less than 

m (£;) by an amount wldeh can be made arbitrarily small by taking t] 
sufficiently large. It follows that, in Eg, the sequence (*)} converges 
to s (x) alinost everywhere. Since this is the case for each value of p, it 
foUorra that {s^jnt (*)} converges to a (x) almost everywherofn E. 

The following theorem for doable sequences is a simpUfication of the 
above theorem, of less generality: 

U (*)) o double sequence, denned in a sel E, of any number of 
d!n!C7?eiea5, Ihen if, far each twfue of m, the seqaentx (x)} convorQefi 
unifornily in E lo a fundion (a^, and fbe sequence {5„ {x)5 convergee 
unifoTmly in E lo ofiindion ^ [x), sequences {«^. {«,}, can be so determined 
that the single sequence (x)} converges vniformly fn E lo S (x). 

K {«,) denote a dimiiu.«b’ng sequence of poative numbers which con- 
verges to zero, a least- integer jn,- can be detenmned, such that 


at all points of E. 


ls{x)--e,^(x)|<r.. 


-Again, when m, has been fixed, a least integer n,- can bo determined, 
such that I (z) — [x) | < «v, at all points of E. We have then 

j atx) — *„„,{x) ! < €f, at ail points of.®; and Mccj s{x) —s„jy,fx) j < 
fori = f. at all point.e of E, it follows that the scq.nence {5,^-,; (x)} converges 
uniformly in E, to the value a (x). 
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.'SOKOTOXB SEQUENCES OF FCXCTIONS 

102. A monotone sequence of fnncUons {«„ (ar)} defined fora domain E, 
of anv nurnlicr of dimciifions, is such that, for every point x, of E, 

(^) ^ W 

for everi- value of n ; or else such that (x) tS s, (x) for every value of ti. 

In the fonncT case the sequence is said to be monotone non-dimini'hiisg, 
and in the second case it is said to be monotone non-increasing. Ills clear 
that, at every point f, fherc is » an^e-volucd sum-function, since, the 
.'Cqumec {s„ (|)}, being monotone, either converges to a definite Lmit, 
a.« li ~ , or tiiverges. Thus the sequence cannot oscillate at anj' pcini 

of E. M'c need only consider the case in which the set E is dense in itself, 
so that every iioint is a liinitiog point. We shall here con.sjder monotone 
sequences of functions which arc cither contiauous, or semi-continuous, 
functions in the set E, and also certain less simple tj^es of functions which 
occur in tlus connection. The following prehroinaty proposition* is of 
fundamental importance in this theory: 

A monotone von-inereastn/f sequence {s„ (*)) 0/ fimeiions wMeh are all 
up]xr smi-eonliniunis ai the point 0 / the domain E, dense in Hee}J, is eueA 
that s (*) is upper scmi-eonlinuons at £. 

In case « (() is finite, v can be so determined that (f}< * (?) + J‘! 
and since e, (x) is upper scmi-coutiDuous at ?, a neighbourhood Z), of ?, 
con be so determined that, for every poiiitar, ofE, that is in the condition 
fii (*) < (?) -h it < s (^) -i- r is satisfied. Since « (z) £ s„ (*), wc have 

s (z) < s (4) -f c, for all points x, of B, in D. Therefore s (x) is upper semi- 
continuous at ?. 

In case s {?)=» — 05 , for 0 sufEcicnlly large value of n we have 
(?) < — iV, and 0 ncighbonrhood of f can be so determined that, in that 
neighbourhood, (z) < s„ (?) -p ij < — -i- tj; where t) is arbitrarily 

chosen. It follows l)iat,in thot neighbourhood, s (a:) < — A' -f ij; and rince 
A and tj are both arbitrary, s (z) is upper acmi-continuous nt ?. 

If «(?)=« , which involves s*^) = » , for all values of n, tbo point 
? is regarded as one of upper scmi-confznuity of s (z). 

If we consider the scqncncc {— a. (z)}, we observe that it is a non- 
dimini.'hing sequence of functions all of whicli are lower semi-continneu.^ 
at the point ?, and its Hum-fooctian — s is lower semi-continuous at ?; 
we thus deduce the theorem that: 

A !n<7no!o7!c noa-diminishfw^ sequence {»„ (z)} of funciions tchicii ore oil 
ioirer simi-eonlinuous at the point f is sttcJi that s (®) t« lower «emi-C07!/in coin 
ol(. 

• S«B<jrr, BiJLSk. J.'alK Sc Franec, voL xxxn ( 19 (M), p. J 25 :»ko W. H. "ioiinf, JCw'-f/ 
Tol. ixjvn (iSOS), p. 148. 
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103, If the functions s„ (*) be aD continnotis at the point f, we deduce 
from t!ie above theorems, since a coatannoos function is both upper semi- 
continuous and lower semi-continiioas, Uiat: 

// the functions of (he memolmte non-increa^n^ sequence (k)} be all 
continuow al the jioini the function s (*) is upper semi-centinuous at f . 
If the sequence be monotone non^minishiHg, and all the functions s„ (x) 
arc coiiiinuons at ^,3 (x] is loioer semi-continuous at 

From the theorems that have be^ established, the following at once 
follow: 

. Jf the sequence {«, (*)} he monotone non-inoreasing, and the functions 
s„ (*) are all upjier semi-continuous in their domain E, mhich is dense in 
iUdf, the limiting function is upper semi-continuous. 

If the sejuenco 6e Tnonotems non diminishing, and (he functions e„ (a) 
are aU lower semi-conlinvous »» their domain, the limiling function is lower 
semi-ieoftlinuoies, 

Tla limiting function of a non-increasing mcmolone sequence of con- 
tinuous functions is upper semi-continvous, and that of a non-diminishing 
monotone sequence of cantinvous functions is a lower scmi-oonlinuousfunelion. 

104. If the domain S be perfect, the. following theorem may be 
established: 

If a monotone non-incrcasingsegueneeof upjiersenii-corUinuousfunelims 
ronwrges in the perfect domain IS [of any number of dimensions) to a con- 
tinuous function, the convergettce is uniform in B. ’ 

Thc.eorresporuling result holds for a non-diminishing sequence of loiver 
semi-continuotis functions, if the limiling function be tonlmuovs. 

Let e (*) he continuous, and suppose the sequenoo to consist of upper 
Ecrai-continuous functions, and to bo non-inercosing. If f bo any point of 
K, an integer n can besocliosen that —«{!)< Jc; and a jieigliboiir- 
hoodZij of f can be sodotennined, that «„(«)< £„(£)-!- 4^, for all points of 
'E that nreinDj, where « is an arbitrarily chosen positive number. Again, 
a neighbourhood Dj , of can be so determined that j (x) > ^ (^) — Je, 
for all points of E in Dj, since s (») is continuous at f. If a neighbour- 
hood D, of bn chosen tliat is interior both to i), and D^; we liave 
•'n {*) < s„ (f) -t- ^c, and s {*) > s (^) — J<, for all points x, of E, that are 
in £>„; hence s„ (x) ~ « (x) < »„(^) — «{f) +5€<€, for all points of E that 
arc in D: and this must hold for all greater values of n. Thus the point 
? is a point of uniform convergence of the sequcnca (s„ (x)}, and since it 
IS an arbitrary point of E, the sequence is uniformly convergent in E. 
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105, Thr converse of the theorem that a monotone sequence of con- 
tinuous functions ii»s for its limiting function a semi-continuous function 
inc}' bo stated as follows: 

Every function defined for a set E. of one or more dimensions, vshkh u 
Icnrcr scmi-eonlin\ious in E, is the limit of a non-diminislmig sequence of 
Cfinlinnovs functions. If the fttnelion is upper semi-continvoiis, it is the 
Vmil of a monotone non-incTeaising sequence of «mii7Ufous/unc/io»s. 

Ttii« tlipovrm was first established by Baire*. Proofs have also been 
given b3’ W. H. Youngt, Ticlze%, and Haliit§ and by Caratb^odorj’|[. The 
proof here given is essentially that which has been given bj' Haii.sdorfI*). 

It is sufbeient to prove the first part of tlte theorem, as the second part 
is tlicii iinincdiately dcduciblc. 

It will in the first instance be assumed that the lower scmi-continuoui 
function ^ (v) is hounded in E. At a point *, of E, let s„ (*) be defined ns 
llio lower boundary of the function s (x') + nD {z, z'), with rcspecl to 
a-', for all points in E, where D (*, »') denotes the distance between the 
points X and x'. It will be shewn that the function (*1 is continuous in 
E. J/!t y, be a point so chosen that D (z, zf^ < li. 

Wo have then s„ (x^) £ e (x') -i- n/> {*1, *'), for every point s', in E'. 
also JJ (*, , *') « /) (*, »') + Z) (*, X,) < A + i? (», *'). Thus 
(a:,) < n/i + {« (*') -I- nD (®, a')} ; 

and rinec®' may bo so chosen thata («*) +nD(x,x') <e„ (x) + /<, wn linro 
«n (* 1 ) < a, (*) + (n -t- 1) h. Since >t may bo 8he\\-n in the same way that 
{x) < s„ (*j) + {n -t- 1) h, wo POO tliat- | a, {®j) — «, (*) | < (« + 1) 
provided 7) (r, ®,) < 7i. Since h is arbitrary, the continuity of *«(»■) at 
the point x lias l)ccn prov'od. 

It is cleat from the definition of (*) that «„ (z) £ (*), and that 

(x) camiot, be Jes-s than Ihc lower boundary of a (z) in E. Thus {s, (z)} 
form.'! a non-diminishing monotone sequence, and it has a limiting /unction 
Also, since s„ (z) £ s {x") 4- nD (z, x'), wo have (z) £ s (z). 

If a point z„ .s-alisftes fhe condition 4(z,) -b (z, z„) < (a'} + 

wo have D (z. z„) ^ ~ f) where I is the lower lioiindaiy of 

^ (z) in E. It follows that D (x, z„) converges to zero os n , or the 
-soque-nce {z,,} converges to z. ^nce S (z) is lower somi-contiruous. "'O 

• liatL S<K. Jtatk. e/E Fnmrr, tcA srrn (lUOJ). p. t2S- 

t Pr»-. Camb. Phil. Sue. toL SiV (190S). p. 023. 

; CikHe’e Jownol. rol. CXI.T (1014;, p. 0. 

} 1) t>iuS,'b»i7ri^.E-oLc]isn 0917). p. ion. 

"f yort/funycn Glfr ntSe Fyntlmm, p. 401. 

' ZiiOehr. tcI v (1919), p. 293. 
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IwTo s (r) £ Ito 5 (x„) £ lim |s„ (*) + ij S ^ (*); but since s„ (s) g s (i), 

we have i/< (a:)a s (a:); tuul from the two ineqnalitifis we have s (x) (a), 

and thus (*)} converges to « (*). Xf a; is on isolated point of E, x„ •will 
coincide v,ath x, from and after some value of «, and s (k) < s„ [x) + 
and tlieri, as before, k (a:) £ (x). 


The above proof is applicable even if a (*) have no upper boundary, 
provided it have afinite lower boundaiy. Inoider to remove this restriction 
SI'S employ the transfonnation « then <r (a) is in the 

interval {— 1, 1), and is lower somi-continuous provided s (z) be so. 
Appljdng the result already obtained, v (*) is the limit of a sequence of 
continuous functions <7„ («), where j Vg (z) | £ 1 in the set E. The functions 

ra«il' 


in (®) = 


, wliioh iu-e aD eontimiou*, at least, in the extended 


sense, oonvcigo as ~ , to a (x). 

If the function s (x) be finite, although unbounded, it is possible to 
determine a„ (z) so that it'ie llnito for each value of », and conaequently 
oonduiTouB in the ordinary sense; whereas wlien o„ (z) has one of the 
values 1, — 1, (z) hSs the value « or — » , and is therefore continuous 

only in the extended sense. ' , 

1£ any of, the fnnotioiis n„ (x) have the value 1 or — 1, so that Sn (x) 
has ths value to , or — » . wc can modify tlw trADsfonnetioii so as to ensure 
tliat (x) shall ho ftnito for each volho of «. Let {^} bo a segutmoe of 
increasing positive nvunhere which converge to 1. Instead of the sequence 
{v„ (a)) we may employ the sequence (*)} tvfaioh converges to o (x), 

and is monotone increasing; th^ s„'(a;), being d^ned by , ■ 

‘ t — c„ I v„ 1*1 1 


between finite boundaries 


• -«n’ 


,'aiid has the required property. 


106. In ease the setE conristsoE adosed linear interval (a, 6), a simple 
proof of tlie above theorem can be given which includes the fact that the 
continuous functions can be so chosem as to be polygonal, and thus possess 
derivatives on -the right and on the left which arc continuous except for 
a finite 8ct of values of the variable. TIub: 


1/ a fvnetim f (x) be upper semi-caitUnwous in ike interval (a, b), and 
have a finite upper boundary, it is Ike limit of a mmoUnta non-increasing 
sequence of coniimious jxilygoTialfiaictions. 

Also if the function be lower semi-conHnvous, and hove a finite lower 
boundary, it is the limit of a. Tnanabme nonr^Uminishing sequence of conliniions 
palygonalfunctlotis. ■ 
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It iriJ! be sufficient to establish the first of these theoroins. s s.s'Btcni 
o£ symmctricai nets with closed meshes be fitted on to (n.Ji); wo. mar 
sTippose the brendfh of each mesh of the net of order n to be (6 - 
r/!t the values of fa-) at- the ends of the meshes of the utii net be defined 
thus; Let (n) be the opper bonadaiy eff{x) in the mesh with a n( its 
end: let the value of ^„(ar)atthD pmnta-r —^ - ^ be the upper boimdary 
of /(a;) in the interval o-i — and lot the 

value of (r) at the point 6 be tJie npper boundary of tlie function j{z] 
in fljc mesh (h “ I«t the continuous polygonal function ^„(a) 

he defined bj' its values at the end-points of the meshes, as thus specified. 
It is clear that (a?); so tlwt {^,(a:)} is a non-increasing 

sequoneo of continuous funeiioDs. 

If f ho any point in (o, b), a neighljoui-hood of f can bo so detorniinod 
that; /far) </({) -he, hr ereij' point z, of that neighbourhood, Por s 
Buffioicntly large value of «, the Interval 

(n [ „ I -b - g} j 

is contained in tiiis neighbourhood of wJicre f is contained in 
(a + (r-lKb-o) . 

The values of (x) at tho jwints 

. , (r - 1 ) (ft - 0 ) „.r(h-o) . , <f 1) (6 - g) 

2 " ’ 21 . ■ " 2 " * 
arc between / (f) and / (f) + e; hence also {^) lies between / (f) and 
/(f) + «, Thus the function (i) diflers fn>m/{f) by Jess than «. It now 
follows, by Considering a sequence of values of «, converging to zero, that 

and thus the theorem is established. 

107. The bellowing theorem -was established by Halin*: 

// r*“'(a:) he funelions, defined for a domain E, of any 7>vfnher 

of rfimeu-w.-n, s“'(i) being lover semi-conlinuous, and npper sani- 

cnnHnimtf, and such that j there exists a continuous function 

s{T), such that s*t(a:)S# (*)>*<«) (*). 

l.ot >; (t) = t; when < > 0, and x(0 = 0> when t£0; thLs function 
X (0 is a continuous, monotone non-diminishing fimetion of the real 
vwri.able /, aa / increases in the indefinite interval (— v: , os ). 

* IVifn. .Si'OvryiVr. vol ejrsvi (na) (1917), p. 103. T^e piwf in the t«it vn. civrn tiy 
Hso.t!3rfr, i/ca. toL V (1919). p. 29i 
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Tlie fanotions «’“*(*) arc, ia accordance 7rith the theorem of 

§105, the limits of seqnencea {a5j‘’(a:)} of continuous functions; tiie 

first sequence being monotone non-dimini^ing, and the second monotone 
n on-i n creasing . 

Since -«n+i{ir). 

forn.= 1, 2, 3, .... ive have 

I ri"’ W ~ W) s >: |4 "’m - * 1 W) a x («t!i W - * < Wl- 

The series 

(®) + X {«?■’(*) - «?’(==)} - X{«r’(*) - (*)5 

■r X {«*“(*) - ***(*}) - X {*?’(*) - sf (a:)} 

+ ... 

of which the tenns are continuous in E, and of alternate signs, after the 
fi«t terra, is such that each term, after the first, is numerically not less 
than the next, for. each fixed value of v, and it ia seen that the general 
tenn converges to zero. The aeries is accordingly convergent at every 
point w, of E‘, the partial sums of even order form a monolono non* 
dinunisiiing sequence irhich accordin^y coovciges to a lovret semi- 
oontimious fuootloa, and the parrial sums of odd order form a monotono 
non-increasing sequence which must converge to an upper sesi-continuous 
function. The stim-f onotion of the series, being both upper and lower semi* 
continuous, is a continuous funotiou, a («). It will he shewn that s (s) 
satisfies the conditions of the theorem. 

At a point at which s™{®) = «"”(*)» 

and thus a (*) -ai’fs) -f - 4‘^(a;)} + .... 

whence s (z) = liin «»’(*) “ lim ^’(*) •• e^**(*) 

At a point x, at which e<^(x) > let the first term with negative 

argument, of the series which defines a (z), box {*«*(*) — (a:)}; then s (x) 

is given by the finite series 

_ «?(*)} + ... - (elJli (») - s^’(z)}. 
or 6' (z) =«!?’(*); then s"'(*r)S<^’(*)S^(a:)fee(»>(®), and thus 
a**’ (*) ^ a (x) s (as). . 

Similarly, if the first term with a negative argument in the series which 
defines fi(3;) bcxiam’(z) — it can be seen that s(a:) = and 

thence, as before, that (*)S« (a:) i «*“’(*). 

Thus tlie tlieorem has been established. 
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TKE EXTESSION OF FOXCTIOXS 

108. From lh(i lust tbearem, the following theorem, due fo TieUc, may 
bc deduced; 

//// be a closed act contained in the set E, and s (x) a functioti deftned in 
If, and conlinvoiis relalve to H, then a futtclion exists in E tuJdch is con- 
tinuous in E, and has the valve s (*) at every point of Fi. In jmliaihr, a 
fuvciioyi exitls which is continuous in Ike whole linear, or p-dirnensioiuil 
space, and has al all points of the dosed set II, the values of an assigned 
function a [x], continuous rdative to H. 

Ix;t U nnd L denote the upper «nd lower boundaries of «(r) in II; 
U and i ivUl at, first be nssurowl to be finite. The function (*) defined 
in iv by tiic conditions «">(*) = «(*). in H, and «i'>(2;) = U, in E - U, 
is lower scmi-continuons in E; also the function a<“’(a;) defined by the 
conditions = « (*). in 11, and «<“•(*) •= L, in .E - if, is upper semi- 
continumifl in E. Since «"’(*) fe s'"’!*), in n- fynotion/(s), eontlnuou.? 
in A!, exists, such that «">(*)£/(*) S (a:). This funetion /(*) lias 
the value of a (*;) at every point of H; and is the function whioh has ilm 
rc<juirod properties. 

Jti ease U and L are not botli finite, so that s (x) is continuous, in //. 
only i!i the extended sense, we employ tlie transformation a(,x) 

Then a {x) is bounded and continuous in if ; if i'(x) bo tlia function whicli 
is coritinnou.9 in E and = o(r) in if; the required function /(*) may !k 

109. A dire.et method of constructing a function / (*) ■^eh^cll, safi.sfics 
llie conditions of the last Mteorcni has been given by HausdorlT (loe. eit.). 
Tliomolliod may be applied to the construction of a function ■whielisafisfie.’ 
a le.“s restricted condition as regards its valuc.s ia the closed .set II. Tlie 
following geneml t heorem* is relevant to (he theory of Jordan curves; 

If E he any set of points in oneorTnoredisnensions, and II be a rfossd s'!- 
eoiitaincrl in E : then, if .? (x) be any fmiction defined in H, a function f (r) 
can be defined -.n E which has the value s (*) at each point of II, and I's co’i- 
tintioiis at all points of B — II, and also at cacti ^loinl of II al which s (x) 
is continuo s relatively to JI. 

It will ill the first instance be assumed lhat s {«) is bounded in II, 
so that V&s (r) fc L, in E. Let / (x) = « (x). in II, and lot / (r) nt cacli 
point. X, of E — H, Ijavc lire value of the lower boundary of 


• .S|.r Tal. Crtlirt /curnar. cruii<lgi3|, p. 2W; nho Brouw of, 



«(a;-)4 
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for nil points x', of II ■, where D denotes the distance between the 

points X, x', and d (x) is tl»e lower boundary of I> {x, x') for all points x', 
of a. Consider a point ar, of the set B //, which is open relative to E\ 
it will be shewn that/ (a) is contimious at a. Wo need only consider points 
x', of H, for which 

l>(x,x') , , , , , , -D [x, x') 

. which may be wriUen Let f be a point of in a 

neighbourhood of x for whicli 1) (*, f) is less tbati an arbitrarily uhosen 
positive number h, and which confams no points of U. The point x'. of 
H, can be so cliosen tliat 

and that I) (x, x') < kd {*). 

Wo have 


</(®) + /i + 

</(*) + A + 


D{S, X') _ 

d (() 3 (#) 

Z) . 

' r/(?)' ^ 


'•is:® ",!(»)} 


- /-'r.A . r. . h . t-d 


where a is a positive number dependent on the neighbourhood of x in 
wiiich f is taken. Tins holds for all points ( in that nciglibonrhooil. It 
may similarly be shewn that / (x) </ (f) 4- A 

arbitrary,' it follows from the two inequalities that / (i) is coiititiuous at 
the point X, of B — II. , 

Next, let X be a point of II whidi is on the boundary’ of 7/ relative to 
E ~ U-, consider a point’/, of B —77, such that Dfx, /) < Ik 1, Let x' 
bo a point of H such that < 1 + h, then 


d(f) 






Since d{$)s I) {x, f) < 7t, we have 

D{x, X') S D (X, fl H- J> (f. ^) < ft + (1 4- ft) ft < 3ft. 
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If DOW X is a point of confinnity of S (*) relatively to H, wo have 

«(*')<«(*) + 7 ,, 

whore 7j and Ji converge to ecro together; therefore / (f) < s (s) + ij + h. 
As before, in the definition we need only consider points x', of I], 

for wliicii D (f. *') < Id (f) < hk, or for wliicli 

D {X, *') < D (*, f) + X> (f, *') < (1 + k) ft, 
and for nil such points e(x*) >s(*) — i;', where 17' converges to zero with ft. 
Tlien / (^) is the lower limit of » (»*) + ^ ~ 1 which is S the ion-er 

limit of 5 (a:*), and this is > « (*) — Since/{f) lies between s (x) - 
and « (2) -f Tj -f h, ivhere tj, tj', h convene together to zero, it follows that 
f{x) is continuoas at the point x, of //, at whichs (x) is continnous reletiwle 
to 7 /. 

If 2 be a point of B that is not a limiting point of B — 77, /(«) is 
continuous at a; if s (x) is continuous at x relatively to B, The theorem has 
now boon oslablisiied. 

The tliuorcm can ho e.vtendcd to the case in which s (a;) is unbounded 

by employing the tronafonnalion ff(x) •« l. 1 ■ 

1 + I s (x) I 

theorem to the bounded function «7 (x); continuity will then bo understood 
in the o.'ctcndcd sense. 

110. The method employed in §100 con be used to establish the following 
tlieococii due to Tietzo (ftw. cit.): 

// s (x) Ac d^ned in c tel E, and is coa£t«ttoiM vnth retped to Eat every 
7»fnIo/ Ifte closed set H contained in E,afunelicm-f{x), continvons in E, tan 
le defined such that, in E, f{z)Ss (x), and in B, f[z) » a (x). 

M'iicn s (x) is bounded, tlio required function can be defined at a point 
X, of — H, a.s tile lower boundary of e (x’) + — \ for all point.s x', 
of 77, and / (x) = s (x), at every point x, of H. That this functiou is con- 
tinuoij.s can be hewn as in § 109. The extension to the case in which 
« ( 2 ) is unhour .led can be made as before. 

Tlie folloi ing theorem is also due to Tiefcze: 

Every fu.iclion s (x) defined in the set B, and lorcer eemi-contintions in F,, 
but conlinvovs udth respect to E at every point of the closed set I!, contained 
in £’, is the limit of a sequence of continuous functions {«„ (x)} euefi iM 
«« (x) = a (x), in H. 

In tiic first instance s (x) may be taken to bo bounded in E, and the 
result may afterwards be extended. In accordance 'vith the last theorem, 
there exists a continuous function / (x) £ s (x), such that f (x) ~ a (x) 
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in E. By tlie theorem of § 105, s (*) is the limit of a non-diminisliing 
monotone seciiienoe {/„ (ar)) of continoons functions. I-et 5„ (®) at each 
point, denote the greater of the two numbets /„ (*), / (x ) ; the sequence 
{s<i (*)} 1® then monotone non-dimmishing, and its limit at each point 
must be the greater of the two zuimbers s(x), /(a); that ia x {x). At a. 
point X, of H, we have «„ (*) == s (*). 


CLASSES OF MOSOTONB SKQDENCiOS 

111, With a view to ajaplketion to the theory of integration the 
properties of functions formed by taking a succession, of monotone se- 
quences, tlie first of which seqaenoos ia a monotone sequence of continnous 
functions, have been investigated by W. H. Young*. 

In a domain E,'ol one or more dimensions, whibh may bo taken to be 
dense in itself, a function which is upper senii-continuons in E is termed 
au-fimction; as has been ^wo in §J06,a«-funoi:on is always icprcsoat- 
ablo as the limit of a monotone non-incrcasing sequence of continuous 
functions. Similarly a lower secbi-continuous function is termed an 
^funotioc, and Is the limit of a non-diniinishing sequence of continuous 
functions. 

It is easily seen that the sum of two u-funotions Is a M>funotion, and 
that the sum of two Munctions is an I-function. A similar statement may 
be made' for tlie product of two u-funotions, or of tvi'0 1-functions, provided 
both funotions arc £ 0. 

It is also easily seen that, if we have two semi-continuous functions of 
the same type, the fusetaon which hnu at each point the value of the 
greater of the two functions is idso scQU-continuous, and of the same typei ' 
Also tho function which has at each point the value of the lesser of 
the two functions is semi-ctmtanuoue, and of the same type. It is clear 
that tide statement may be extended to apply to any finite set of semi- 
eontiniioua functions, all of the same type. 

. A monotone Don-diminishitig sequence of upper semi-continuous, or 
n-fuiictibne, converges to a function which may be termed a lower-upper 
somi-oontinuous function, or shortiy an fu-fonction. Similarly, a mono- 
tone non-increasing sequence of lower semi-continuous functions con- 
verges to a function which may be turned an upper-lower semi-con- 
tinuous function, or nl^f unction. ' Thus an asceTidfTiy sequence is spoken 
of as louier, and a descending sequence as upper, in. consonance wth the 
fact that an ascending sequence of continuous functions converges. to a, 
lowmr scmi-continuous function, and that a descending sequence of con- 
tmuouB functions converges to an upper semi-continuonB function. 

• Pr«c.i« 7 iii/iia.EW.< 8 },^la(I 910 ), p. 16 . 
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111 ncconlnnce witii § 103, an upper-npper s-cmi-contimious function, 
or !iH-fii!icfion. is a u-function; and similarly an f?-f unction is nn /-function. 

Tlio uf-fiinctions and the /a-functions are both functions of new tj-pe,=, 
i>at each of them includes bath w-functions and /-fimctions as Biib-clMH.j. 

]3j' considering nionutonc sequences of af-functions and of /K-fiiiiction', 
M’c appfyr to ohtain (niictians of the four types kk/, /id, vlu, Hu. 

It. can liowevor be shewn that only the /id-functions, and the iiliz- 
fiinutions ure of new types; in fact it may be shown that a 
is a vl-fii»ciio7i, and that an llu-fimclion is an Iu-/tiiiclio7i. 

1-cl •? (ir) = jim (i), wjiere s„ (*)£«„<., (*), for all values of n, and 
where s„ (i) •- iim s,.„ (*), where (*), for nil values of 

n and ni, and the funcUons (*) arc nil it-functions, so that «,(*} Is 
an /»-fi»nction, and s (*) is an //ti-function. 

I/3t o„ (a) duiicto the function M-liich has at each point the value of 
the groutcat. of the functions a,, (*}, (*), ... a„, (so), then (it) is a 

ti'funolion. 

Since (x)* »,,B 4 j(»).forr = 1, 2,3, ....itiscloar thnte„ 

Thus tlio limit of the monotone sequence {a„ (*)} is nn ht-function, and It 
irill bo shewn that this limit a (x) « « (*). Since (») •» s„ (») ^ s (x)i 
for all values of « and «j, it follows that (*)£«(*), and therefora 
o{x)r: » (x). A value of n, can be so determined that (*) >«(*)- *i 
and u value «?,, of m, can be so determined that 

*n,«, (*) >a., (*) —<■>«(*)— 2c. 

If (x) ft <7„, (ar), hence <r,, (*)S „,(*)>«(*)- 2c. If 

(x)a (ar)> « (ar) -2<. In either case an index n van 
liO so deiermincd tliat <r„ (a-) > 9(x) — 2e; anee c is arbitrary, it follows 
that o (z) S s (x). Tt noiv follow's that «r (x) = s (x), and thus that s(i) 
is an /ii-funolioii. Simnarly it may be shewn that a i/r/i-funotion is a 
id-function. 

It is ea.silj' seen that llie sam of two functions of the same typo In, 
id, /id, or Ida i.s a function of Uie same typo, and that the product of two 
funciione, both of wliich arc £ 0, and of the Rnnie type, is also of that type. 

It can also he shewn lhat the function wluch has at each point the 
value of the greater (or of the lesser) of two functions of the same type, i“ 
also of that type. 

It is clear lhat, proceeding from the faf-functions and from the idu- 
functioii”, new classes of funcUons may be obtained, but these are not 
of iniporf.ance in the theory of inb^ratinn, although they are of intere?-! 
in coruicoliori with tlie clas.«ificalion of functions. 
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as. T-et {«„ (3:)] be any sequence Of lower semi-continooiis functions, 
not iiecessaril}- convergent, defined in a set V„ (x) denote ifie 

function wjiioh has as its value at each point * the greatest of the ntmibens 
ij{x), S2(x), ..,«„(3r). 

Tlie sequence {r„(2:)} is a m<Miotoiic nori-diniinisl)ing sequence of 
lower semi-continuous functions, and it must converge to an f-funetion 
F, (r). At each point x, ll’j (ar) has the value of the upper boundary 
of nl! the numbers S) (x), s. (r), .... The function IT., (a:) is formed in a 
siiiiibr nian/ier fiom the functions s„ (x), i^)’ The .sequence 

{W„ (x)] is a monotone non-inensasing sequence of 2-functions, and it 
com'erges to tlic upper function «(»), ■wliich Ls therefore a td-function. 
If the functions Sn {*) were all w-fwnctions, tlus functions V„ (z) would .all 
he a-functions, and tiio function Jl'„ (ar) would be an /^-function; it then 
follows that S (x) Nvould Iw a iiio-function. 

In a similar manner, a non-diminislung monotone sequence (r)} can 
bo formed, which converges to « (x>; and it cau be seen that, when tlio 
funotions «„ (x) are all ir.-fuiiciion.s, tho function f (x) which is tlio limit of 
the Kon-dirainisliing monotone .sequence {i£i„ (*)), is an fu-funotion; and 
when the funotions {«„ (»)) arc I-functions, f (») is an iiiZ-funotion. 

Tho monotone descending sequence {ir, (*)}, which converges to 
S (x), and the monotone ascending sequence {to. (x)} which converges to 
j (x) may 1)0 tenned the «ionotoM« stgucnccs uswciaU'l with any sequence 
{Sn (x)), whctlicr tho functions s, (x) arc scmi-continuous or not. 

SiJice a continuous function is both an f-fiinotfdn and a n-function, ft 
follows that: 

The upper function e (x), of a sequence {<, (x)} 0/ contfnwiM functions, 
is a «i-/»rKifon, and the lower function s (x) is tmlu-fvnclion. If the sequence 
{«»(x)} of continuous funclionsisconvergenl {even in the exlsnied sense which 
indndes divergence), the limiting function s (x) is both a ul-funcliott and an 
Iv-function. 

113 . If (1 sequence {s„ (x)) of ul-functions converges unifonnly to a finite 
Uniiiing function, s (x), the function s (x) is ofso tt id-/anetTon. If a sequence 
of In-f unctions converges uniformly to s (x), then s (x) is also an hi-funetion. 

Jt vill ho snfheicnt to prove the first part of the tlicorcra. It mil he 
shewn that s (x) is tho limit of a monotone non-increasing sequence of 
w(-fimctions, and is therefore a uuf-functlon, that is a wl-function. 

If {<,,} Ipe a diminishing sequence of positive numbers -which converges 
to zero, integers {n„) can Iw so determined Uiat ( c (x) — s„^ (z) | < for 
a!! values of 71, and for all pcnnLs x, in E. We have now 
*(x) -hf,: -i- 2€^< » [x) 
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i{ no\v E, > wo have (a:) + 2e,> «{*) + Sf^+i. Clioosinj' tbt 
?pt|uciicc {ej} so that this cortdition is satisRed, the monotone deereafiag 
sequence {x] -r 2ej,} has the limil « (%), ands.j, (®) + 2c, is a ^d-funefion. 
'J'hcroforc s (x) is also a uf-functi<m. 

I'his theorem is a particular cape* of the general theorem that; 

T/ic h'n!t7iHj/unofion of a uniformly convergent sequence of fwielions cl! 
of the sa7nc type, is also of that type. 

n.VirOKM OSCMiATIOX OF A SEQOEXCE OF FTTrCIIOSS 

114, Tlic tlicorj' of uniform convergence may be generaliLed so as 
to aj)ply IQ a sequence {s, (*)} of functions defined in a set E, of onv 
number of dimensions, the sequence bmg in general, at least, non- 
coiivergcnt. If p bo the number of dimensions of the domsia E, tve may 
regard s„ (z) as a single valued function io the (p + 1 )-dimension<iI domam 
E, which is constituted by z in E, and n in the integer sequence 1, 2, 3, 

If the tTaruformation n = l/y be employed, e„ (z) beoomos s (z, y), 
wbicli is defined for the domain defined by 

(z in E,yin the sequence (l,J, 

Denoting by s(S) the multiplC'Valued function defined, as in |Ct, 
as Imving the values of (he liinJUiig points of the linear sequence (f}), 
Dm values of s (f) consist of the values of lim (g), or of lim s (f. y), 
and they form a closed linear set, of which « (f), § (f) are the upper and 
lower boundaries, cither of which may be ciblacr finite or infinite. M’e 
may suppose that s {g, 0) has for its values all the values of s 

T>ct us consider the associated functions, defined, as in 5 M, with 
reference to the function s (z, y) at the point (f, 0), or of 8„ (®) at the point 
). 

These funclious ,4 ({«„}, *], a[{8Hl, x], assoeiated with the sequence 
{■'n (*)}, ■"'ill be defined, at each pmnt g, as the upper and lower double 
iunils of « (x, y). or of (*) at tho pemt (f. 0) of or the point (g, « ) 
of r. 

Staled more explicitly, the numbetn A [{«,}, g], a [{sj. g] are defined 
ns follows: 

// A be 0 reiglibourJiood of the point g, and «! « value of n, and the upper 
boimltirp of (x), for all pcnnls z, of E, in A, ezeepi 17« point g, for c!l 
values of n that arc S n, be considered, the Imtxr limit of this upper hmindary, 
os A cwii'cr^ci io g, and »j diverges to « , defines the value of A f{*n!' fl' 
• S« W. If. Vounr. P'K. L<md.2Ia&. Boe. (2), vol jul (1013). p. 357, vrhere ■> rliOtwi 

is piven. In Ilcbn's Tf.forie der ndttn FmitlioiKn. roL i. p. 334. a proof eUnilsr lo list 
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/ /«A Sn iJiB fieiahbovfluiod A. with the some re- 

II ,u Imr tarforj, of s.M ^ 

aridioo, M oU ~I» of .. ■ a, „i„ 0/ « [M, S]. 

ta*,, ™ A ™.»!rs» ■» 5. “»* ~ „l„aoa. 

I. o«., » tto "':;S’rr2rf, «M.L, .t, », loint f 

tSZv."£ thi »d ™n™d <™Ao„. »«»« 

;tT n‘: to d=«o.. «..» by . («l 

is tUo greater o£ Uie nnnibcrs j» (f)> ^ (s)> 

is the lesser of 6 (?) sad S (f)- _ ' . , . ^ ^^twjr eCTi(- 

iTfte/unetion p (®) ^ ^iTioil^vui^milorminimal functions, 
canlinuovs. A similar slattmenlo-pfi _ in 8 G5 K wa denote 

That this is the ca« can M®), and 

by ^ (®) the function ^ ttc function 5 '(®). it is 

at every point *. of E, in A, the two 

S„ (») <s(x) + e, S, (*) > S (®) 6 ^ , f , 

• ryj ■ In case the first oonditionis satisfied for 

are satisfied oonvergence of the 

every valnc of c but it being assumed that the 

sequence at ? may be s«d to i, ,^,i,aed. but not 

sequence IS f /^Jergenco may be said to bo uniform below 

necessarily the first, th goeure when the oonvsrgenco 

Uniform convergence at f, where « (6) ensw. ooo 

is unifonn both above and below. ... n 

H 111 . be o..m.toi 7 «l 5. It » «*id ‘e voofmly e«.lfclory 

1 r ™ Tr ..oil « . nigbboorlcod A .».t., «.! , mtegor «. , 

T:r, , V ,' ihZnS...,toellpetateet-S!.lnA. Simileily 

”wri;ZZwZ-(t“ lee . = »., the „,-n» i. 
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?aicl to be vniformhj oscillalorg below. If boUl conditions arc satisfied 
tbo sequence is said to bo uniformly oscillatory at 

The stjjucncc (jr)) M said to oscillate vniformly above in the sd E, 
if, c bcinrj an arbilrarili/ chosca, positive number, an integer n, evisls such the! 

(J-) < i (.r) + e, a/ all points of E, provided- n S «« . If S„ (x) > s{x)- e, 
at all ]>ointii nj E, the sequence is said to oscillate uniformly Ldow in E. 
When boHi roJi'fiVioxs ore satisfied the sequence is said to oscillalt miforinhj 
in E. 

Tlsi'^ tlofini) ion was given by W. II. Young, who developed the tlieorj- 
of miiform osoillation. In view of a different definition to'be coiisidereil 
below*, (lira mode of oscillation was termed by httn uniform oscilfation of 
(ho soeoml kind. It will here bospolccnof simply as uniform oscillation, asi 
it appears to bo tlio simplest and most direct generalization of uniform 
convergence a,^ defined in §CC. In case the sequence is convergent, tlic 
ntilfoini oscillation becomes tinifornt convergence. 

It can be shewn, ns in § 70, th>at , if the set E he closed, and the sequence 
bo not utilfornily oscillatory in E above (below), ^icre must bo at least 
erne point f, of E, at wjiicli the .sequence ie not uniformly oseillotory 
above (below). 

For. at eaeli point of E, we Lave s„ (x) < a (a:) + «, provided n is H soino 
integer dependent on x; let («, *) denote tins integer for the point x. 
If iji, (<, x) is bounded in E, for each value of s, it is doer that the funoUon 
is imifonnly oscillatory above at every point of E. If, howovor, there 
exists a value of «, sncli that i/>, («, *) is unbounded in E, thoro exists at 
least one point i, of E, in tlic arbitnudly small noighbourhootl of wliicli 

(<, X) i.s unbounded. At this point (, there exists no nciglibonrhood A, 
such that (.t) < 5 (x) + e, in it, for all values of n greater llinn some 
fi.xcd integer; thus tbe oscillation above, at is not uniform. 

It lias been ii.ssiiroed that i{x), « (x) are both finite at each point of A’. 
If.inapnrt B,,of E, weimvej (x) «= + co .whilst a (x) is finite, the Bcquonco 
is regarded as uniformly oscillatoty in in an c.vtcndod bch.iq, if it is 
uniformly oscillatory below in Ej. When this condition is satisfied, 
employing tlie transformation in §62, we eco that {n„ (x)} is uniformly 
oEciUatory in E^. 

A similar definition applies to the ease in which E contains ft part E'e, 
in wiiicli i (x) is finite .end s (*) 5= — » . If jn a part E,, of E, wc liave 
(^) -■ -i- * 1 s (x) — CO , the Bcqucncc is uniformly oscillatory in h,, in 



1^. .Soc. (2). TOl. xn (4013). p. 340, whew, howc' 
coctment. Threomet dduiilioniagiTm in 

«i nniform osciD&tlon wcio ^iven by W, 

: (11K)SJ, p. 398, and in Gamb, Ph3. Tra94. vol. 
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the extended sense. In this ease o„ (a) < ff (*) -f t, <t„ (a) > e (a) — e for 
all values of «, since S (x) = 1, £(*) “ — 1. 

The sequence is said to Ejo unifonniy oscillatory in E, in tlie extended 
sense, if it be uniformly oscillatory in each of the sots Fj , E^, , and also 

mE-E^-E^-E^. 

116, The following property of a aequonce that is uniformly oscillatory 
either above or below, or bo^, will be established. 

7/ rte segfj/eJicc {s„ (*)} consist <q fanetions tohich are lower {upper) smi- 
coiUitntws ai and lha segvenee osetflafes wniformly above {below), tJie upper 
{lower) /«nc<fOJi ts lower (upper) semi-conlinuoue at 

We have 

S{l)~g (*) - (5 (f) - a. (fj} + {a, (f) ~ (*)} + {«„ (x) - S (x)). 

A neighbourhood A, of {, can be so chosen that (x) -!(»)< Je, if x 
is in A, for avatuo of n(S it]} can bofio£xed that 

Also, a neighbourhood A,, contained in A, can bo so chosen that, for the 
fixed value of n, 4„ (|} — («) < J«. It follows that, in A], wo have 

(f) -* <• Since c is arbitraty, i (x) is lower semi-continuous at 

It follows that; 

If the funedona s„ (x) are eonlinuous at (, and ilte eeguence oaeillolaa 
uniformly at i, l(2;)’ts loicer aetni-eontinuoua, and six) is upper semi- 
continuous at f. 

A point f at which p{() = i! (f) will be said to be a point at which the 
sequence {Sn.(z]} is conlinvously oscillatory above. A point at whiob 
c (I) — j (^) will be said to be a point at which the sequence ia continuously 
osciUaiory below. The point f will be said to be a point of continuous 
oscUlation .of the sequence {s, (x)}, if both the conditions p (f) » s {§), 
^{f)- S (?) satisfied. TbiB de^tioti may be stated in the form that: 

A 2 >oint $, of continuous osciilalioa of the seyumoc {»„ (s)}, is one of 
which a (f) is the upper muUipls Umii at {i, <a)of s„ (x), and m which § (^) 
is (he lower multiple limit of s„ (*). The two conditions, taken separately 
denote continuous osciHatioa abope and behui respectively. 

The condition of continnons osmllatioa at i may be also stated in the 
form that M [{«„}, |] = s (f), m [{sj, = s (f). Tliis is a generalization of 

the definition given in § 75, of odnlonnouB convergence, that 
p(£]^c{0^s{i). 

117. If, in a set E, p (*) =• S (*), of aU points, the seg^uence is said to 
oscillate continuously above in B, and if c{x)>= a (i) <Se segitence is said to 
oscillate continuously below fn E. If both conditions are satisfied the sequence 
ts said to oscillate continuonsly fit B. 
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]{ can bo shewn, as in § 115, tJiat if a sequence does not oscillate con- 
linuoiislj' obovc (bolow) in a closed set E, there must bo at least one point 
of E at which tlie soquence does not oscillate contimioiisiy above (below), 
It will Iw shown that: 

If the, sequence {«., (x)) consist of functiojis which are lower (upper) semi- 
cnntiiivous at and the sequence oscillates canUmioushj above (beJow), 
the upper (loicer) fvnetion is upper (lower) scmi-caniinttous at f, 

For wo liavc 

TIni 4 (z) = Jim lim (*) & lim s„ (a:) £ p (f), 
and since 71 (f) •= S (f).vvo have lim s (*) A «(f), and thereforos {») is upper 
scmi-coutmuoufi at 

From this theororti it follows that: 

// the /i<iiett‘on-s s„ (x) are all ccnlinuoiis at (, and the sequina {s, (x)l 
oeciflafM tonlinvonslp at f, s(x) is upjKr semi-continuous, anti f (*) ii 
huier fcmi-coti(inuous at (. 

These icsults arc in contrasl. with those of § 115 , relating to uniform 
oscillation, ns tlio resulting properties of S (*), s (®) are rovoi'sod in the f,wo 

It follows that, H the ftinetjons s„ (*) are all oontinuous at i, the 
Hcquonoo {«„ (x)) cannot bo both uniformly oscillatory and conthmously 
osoillalory at f unless both #(*) and s (a:) ate continuous at f, In order 
1.0 obtain a more precise knowledge of the relation between continuous 
and miifonn oscillation of sequences, we require the following theorems: 

If {#« (z)) oscillates unijormly above, at Qts point and S (x) is upper 
srmi-cantinuous at f, then the seqtteiice oscUlates continuomly above, at the. 
‘IK/ini f. 

U {^-1 (*^)) osciliaies continuously above, at ike point f, and S (*) loiccr 
scmi-conlimious at then the sequetKC oscillates uniformly above,, at the 
}>oint 

To prove Ih;, liist theorem, we have, for points of in a neighboucliood 
A, of . . 'j'l •. ff (x) + e < B (f) + 2 e, for » 3 Ur, provided A be token 
sufficiently email. Hence the result, dnee c is arbitrary. 

To prow the second theorem, we liaTO s„ (*) < « (f) + c < « (z) + 2c, 
for ;i .3 n,. in a sufficiently small neighbourhood of f. Thus the condition 
for uniform oscillation above, at (, is satisfied. 

From these theorems it follows tliat, if S (*) is continuous at and 

(x)) is cither uniformly cemvergent above, or confinuousij’ oscillatory 
aijove, at it is both. A similar result holds as regfirds § (x) for uniform 
and continuous oscillation below. Thus we have the theorem: 
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If s (x) M continuous at vn^orm osdUalion above, and continuous 
osciHalion above, at f . are cgntivedctii to tme onoiAer in the sense that the exist- 
enci of either entaiU that of the other. Similarlff, if s (s) is continuous at $, 
■uniform oBcillalion behw, and continuous oscillation below, are equivalent 
to one another. 

Even in case tlie funoticais ^ are all continuons, we cajinot infer 
that a point at which the sequence is uniformly oscillatory is also one at 
which it IB continuously osoUatory unless it is kno^vn that the functions 
S («}, s (z) are both oontinuooB. In fact the condition satisfied at a point 
where the oscillation is contmuous is more atringent than the condition 
satisfied when the oscillation is uniform. 

118. We proceed now to coimccfc with the theory the monotono 
sequences {TT, (a)}, {»«{»)}, of f 112, associated with tho sequence {s, (*)}, 
which converge leapeotiTely to S (*), s («). It will be shown that; 

The peak /unefions for the tun seguences {«, (*)), {TT, (*)) are identical, 
and (he chasm functions forike itoo sequences {«, (®)}, {u>„ (*)}, are identical. 

Denoting by p' (s) tho peak function for {1F„ (or)}, since s„ (ai) S (z), 
it follows that p (x) S p' (z). Let {n,}, (z,) be sequences of n and of z, 
where {z,} converges to z, and n, increases indcrmitely with r, such that 
lim ff„, (av) = p'(z). 

Since Tr„,{zr} ^ the upper boundary of all the numbers 
s„ (z,), 

an integer n', (s n,) eziets euch that s„., <:^) > JF„ (z,) - e,, where {e,} 
is a descending sequence of positive numbers which converges to zero. 
The sequence is„,, (z,)}, as r ~ co , has alt its Umits St p' (r) ; it thus follows 
that p (z) S p' (z). Since also p (z) & p' (z), it is seen that p (z) >- p' (*). 
Tho second part of the theorem can be proved in a siinilsc manner. 

The following theorem exhibits clearly the foot that uniform OHOillayon 
is an extension of uniform convcrgcnco: 

It is necessary and sufficient in order (Itat a sequence may vacillate uni- 
formly above (ficloio) of a point i, or in OtetehoU domain E, that the descending 
{ascesuiing) associated monotone aeguenee {W„ (z)) slwttld converge uniformly 
at the point, or in the domain, to tie upper fwnctxott I (z) [the lower function 

«W). 

To shew the necessity of the oondetion, wo see that, if s„ (z) < 1 (z) + «, 
for ns n,, either in » nci^bourhood A« of tho point (, or in the whole 
domain then also }V„ (z)£ a(z) + c,forn Site, since IF* (z) is the upper 
boundary of a„ (z), (z), .... This is the condition of uniform con- 

vet^ence of {IF* (z)) to s (z). Convm'Bely tho first iccquality follows from 
the second, since s„ (z) S TF* (z); thus the condition is sufficient. 
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If we dc-iiolc bj- r„,p, (*) the fuoction which 1ms ns its value at oaoli 
point the largest of the niiiulxjrs «,{*), (*), ... (a:), the sequence 

r„ , (x), * (x), is Tuonotoncnon-diminiBhing, and converges to ll'„ (r), 

II will be shown Hint: 

/( 15 necrsfari; end sufficient in order that a scjiicftcc of cciifi'iniow 
ftinettons [3„ (x)} tn the. domain E aliotdd oscillate eontinvoush/ aboir., timl 
the ec^uener. V„,, (x), should, for each valve of n, converfie 

iiiiifomli/ to Ii'„ fx)- This amdilion. may be applied either at a ]>oit!t 
of K, or in io/io?c domain. 

To shew that the condition is suificionfc, wo observe that, ns all (lie 
functions (z) are continuous at (, or in the domniu E, the funefions 
'’^,7 (*)> ^’n.i (*)’ •••> continuous in the same sense. If the con- 

Tcrgcneo of this seqnonco to 11', (x) is uniform, it follows that Tb, (i) 
is ooiiliuuoiis, citlier at f, or in tho domain E, as the case may be. The 
function S (x) is accordingly upper scmi>continnoMS, at or in E. 

We have i!', (f) - « (|) < «, for n- £ n, ; and choosing a first value of fi 
wjiicli is a }i{, we have li', (x) - IF, (f) < <, provided x is in a aertnin 
neighbonrhood of therefore IF, (x) — « (f) < 2«, for this value of ii, 
and for nil greater values. It now follows that p' the upper inultiplo 
liuiil, of IF, (x) as K -»■ » , is S a (f) it. Since e is arbitrary, wo 
liavo p’ (f) a S (f), Agniu, since IF, (f) - 5 (f) a 0, and 
IF„(x)-IF„(f)>-* 

in a cortnin ncigltbourhood of f, depoodont on tho value of n, wo have 
^^’ii (^‘) ~ ^ (^) S — e ; it now follows tliat p' (^) — « (f ) S — e, or 
p'iO^SiS), 

since r is arbitrary. Prom the two iacqualittca wc seo that p' ($j ” e {()• 
Since now p' (f) = p (|), wc Jinvo p tf ) =» 5 (f) and therefore, at f, the 
oscillation of [x)) is contimious above. 

To prove thf" necessity of the condition in tho tlieoroin, lot it be nssutued 
that p (^) rr 5 ; Then wc have 

(x) < p ) + c < W„ li) + c, 

provided x is in neighbouriiood A<, of and n g n,, m having anj’ value. 

A neiglibourhviod A',, contained ia A« cai» be so chosen that 
•Sa(x)<«-(fl + «<IF,K) + e. 

provided r ■n, and n has one of tire values 1, 2, 3, ... w, - 1- Fro"* '■‘'= 
two iticqunlilies, it follows that, In A',, s, (x) < IF, (f) + e, for nil vniues 
o' a, provided r.-; ri. Since H'", (x) is tho upper boundary ofs, ••• ’ 

il follows that IF, {x)r; IF, K) + e. Hence tho function 1F,(|) ia «PP‘''' 
Eomi-confinuous at or in the whole of E, rfs tlic nose may be. But 
II , (x) is lower serni-continuous, sinco it is tho limit of an a'cendiiig 
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soqucnoe of continuous funutions. Therefore Wr (a:) is oontinuoua, either 
nt f, or in E. Since the monotone eequence of continuous functions 
r,,i( 3 ;), V,,i{x), ... converges to thie continuous function Wr{x), either 
at one point, or in B, the oonvei^ence is uniform either at the point, or in 
the sot E, as tile case may be. 

119. A mode of defining nniform oscillation of a sequence in a domain, 
or at a point of the domain, has been given* by W. H. Young, and has 
been tormed by liira uniform oscillstion of tlio first land, and by Haimf 
secondarily uniform oscillation (seknn^r-glcichiQiissig osciliirend). 

Denoting by (a:) the function which has, at eacli point », the 
value of tiie greatest of the numbers (*), (x), ... a„+,wi {*), 'we have 

IFn (*) -t lim F„, , («■); where IF* (*) has, aa in | 111 , the value of the 
upper boundary of the numbers s* (as), (ar), .... 

Wlm, (hn cooMSrjence <*/ t/ic sfqttencf. {F*. , (*)} to IF* (») is, for each 
volwiof n, imiformatapoirtl(,orin the domain E, the sequence {s,, (a)} is 
said to be nniforndy osciVatory above at the point (, or in the domain E. 

Tn tho case of continuous functions, when this definition is satisfied, 
it has been shewn in § 118 that the sequence oscillates continuously above. 
tJnifOTin oscillation bolow is defined in a similar mannor, by employing the 
sequence {u>„ (.i:)} and the sequences {«*. , (.t)}, when t>„, ,. (*) denotes at 
each point .tiie least of the numbers s*(a;), 4 * 4.1 («), (^)' 

When tho sequence has both upper and lovxr- uniform osoiUalion. at a 
jwini, or in the domain, it is said to be untfortnlp oscillatory at the point, or 
in. ffie domain. 

In CMC the sequence cMivcrgcs uniformly, F*_ , (»} converges for each 
value of n, uniformly to TF* (*); and also IF*, (*) converges uniformly to 
I (*), ors ( 2 ), It can howeverlje seen that, when the BequenceiBoonvnrgent, 
but tiie fuLctions {s„ (*)} are not continuous, tho sequence can satisfy the 
definitlcn of uniform oscillation without necessarily converging uniformlj'. 

FAMILIES OF EQin-CX>KTEHnODS FOITOTIONS 

120. Let a family of continuous ftincMon 8 ’/(a:) be defined in a given 
interval, or cell (ti, b), the number of funotions in t.lui family being infiiiitc, 
and not noces.sarily enumerable. If € he on arbitrarily proscribed positive 
number, then in Virtue of the Uieorem of I, § 217, the interval or cell can 
be divided into a finite number t«e. of Buh-intervals or siib-ceils such tiiat 
in each one of them, all of which may be taken to be closed, the fiuctuation 
of a continuous function is less than'e. In case the family of continuous 

• Fm. tonJ.Jtert. Joe. (2),-wiLsn (1013), p. 353. 
t rKHtnFanWfmtn.ToI. 1(1921), p. 257. 
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hmttions is micii tliat, for each valne of e, a single set of snb-inten-a!.'! or 
Riil.-rells can bo so determined that, for every function/ (k), of the fnrnilr, 
(he fluctimtion in a sMb-intcrval, or a sub-cell, of the sot, is lass than t, 
ttie fnmily is wiid to conrfst of aTMi-coBfinuoua functions. WJien [/(r) ( < A' 
for cverj- points, nnd every function/ (*), the family is said to be bounded. 

Tiic following fundamental property of a family of bounderl cqui- 
cnnliniious functions was pven* by AizelA, for the case of a linear intcn-al; 

// (/(i)} be a bownded Jamily of equi-continuous functions defined in a 
tintnr pitcrw/ (a, ft), or »n a cell {a,(>) of any number of dimensions, that 
exists a segutnee {/, (r)) o//u«effow«, nfl o/ toliicli belong to the family, xchieli 
is uniformhi convergent, andther^ore converges to a contimious function iji (z). 

The positive number «, being arbitrarily chosen, let (a, ft) be clirided 
into VI intervals or colls, such that, in each of them (taken to be closed) 
(he fliiotuatioii of ovoiy function / (*), of the given family, ia < c,. I,ct 
s, , Xi. ... x,„ be the centres of the rn ceils or intervals, then, if/ (x) he atiy 
function belonging to the family, wo may regard (/ (Xj),f(Xf), ...f{T„)] 
os defining n point in m-dimcnsional space. Assiiniing the family to be 
bounded, (he sot of alt such points, when all the functions f{x) are taken 
into account, has at least one limiting poiDl, and a sequunuo {/<’'< (z)) of 
functions, all of which belong to the given family exists, suoli that the 
points (/('" {rj),ft”> (»,) .../M (*J) converge to a limiting point; it follows 
that [/<") (k,) —/("'» (*,) j < for r = 1, 2, 8, ... »n; provided « and «' 
are both greater than some positive integer ijf,. 

If X 1« any point in the cell, or interval, of which x, is the centre, we 
have l/t"! (z,) — /‘">(*) |< t,, for all values of n; and it thus follows that 
!/''■’ <z) -/<"■' (t) I < 3c,, provided n> n' i. n,,. 

Now let {«„) denote a sequence of decreasing nunibers wliich converges 
to zero. It is convenient to denote tho sequence {/("' (z)} which has bora 

determined, by {/,„ (a:)}, where n «. 1,2, 3 By the same reasoning ns 

before, a part {/,.,, (z)} of the sequence {/„,(*)} can be so determined 
th.it I /,, „ (i) — ff, ^ [x) \ < Se., for ail poinU *, in the given interval, or 
cell, i>rovided n and n' arc notices than some integer Brocceding ia 
tlic same manner, tho sequence {/^.„ (z)} contains a sequence {/„,„ Ml- 
.such that 1/^,^ (a-) — /,,.^ (*) ( < 3f,, provided n and u’ are not less llwn 
some inl<?gnr v ,, ; and so on indefinitely. 

I.et ii.s consider the sequence of functions 

(*). fr,.. (*) (^). 

it Mill be shoun that this sequence converges uniformly in the given 
inten-al or c-clL T.aldng a fixed integer m, if n is greater than m, /,„_, M 

• Acat. S;ro7na(5),vo1. V (IBOjJ, p.a3, RBd (5) rol. vm (1S»1, P- l''>- 
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is eqtial to , (*). for some value of r (S »). Hence we have, if n' > n, 
M I = 1 < 3£«, provided r and r' 

ore both 2 n.r„i that is provided « and «' are both not less than some 
integer dependent on . Since this holds good for every value of m it 
follows that the sequence (*)} is unifonnly convergent; and it there- 
fore converges to a continuous function ^ (*), which may, or may not, 
belong to the given family of equi-contimions functions. 

HQMOBENEODS OSOILLATIOK 

121. If, not only the sequence {/„ (*)} has a certain property, but also 
eU the sub-sequences (see §61) have the same property, the sequence 
{/« (=)} is said to be Aomoffenewts in respect of that property. Thus, if 
{/n (!”)} and all its sub-sequences oscillate uolEonnly at a point, or in a set 
of points E, tJie sequence {/„ (*)) is said to osoOlate uniformly and homo- 
ymmtaly at the point, or in the set E. In the same way. if {/„ (k)} and all 
its sub-sots'osoillate continuously, the sequence is said to oscOlate con- 
Hmmioly and homogeneously. A similar statement applies if the continuous 
oscillation, or the luiiform oscillation, is above, or is bolow. The term 
homogeneous was introduced by W, H. Young, who has invostigatod* the 
properties of sequences which oscillate uniformly and homogenoously. 
Anj' osoilluting aoquonoe (*)} has tho foUowing property: 

// all ihs/itncffoTM of the sel of lomer fundiom of ihe serpitne-e {a„ (a)) ore 
lower semi-eoMhmnis, (hen all the Hpjvr ftcnrJxons are also lower semi- 
eonfiwjoas. 

By changing the signs of all the functions, we see that if all (Itt upper 
fv/rtclions are upper semt-oowffjitMnfs, then all the lounr fnnolions are also 
upper semi-conlintious. 

To pi’ovc the theorem, let u (*) be the upper function of a sub-sequence 
{* 1 , (*^)}; ■"’c ‘’an then choose a sub-Beqaenc© of (as)} which converges 
at the point f to the rinique limit « (f). The upper funotion w (x) of this 
last sub-sequence is ^5 a (x), and « (f) — « (f). Denoting ite lower fimotion 
by i (x), we have, since £ (x) is loweo: semi-conlinuous, 

a (f) ” a (f)'- I (f)a jm£(*) £^w(*) s Ito u (x); 

*-{ x~( 

and it foDowa that u (x) ie lower somi-continuoiis at Since f is an 
arbitrary point, u (f) is a lower semi-GontAnunus funotion. 

It is easily seen that the semi-contiiiiiity assumed may be on one side 
only, and the semi-continuity proved will be on that same side. 

• SccCnwtrWjeJ’Aa. T-mfif. TOl.xii(lfl09),i>,Sil:»l»oPr«c. Uiid.' Hath. Soc. (2), vol. viii 
a!U0),p.3G3. . 
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123. "^Vc ]>rr>cccii to establish tlic ftJlowng tlicorcm : 

If (i!h‘.r all thf. vpp^r /unctioTW, or aHtte fewer /unc/ton«, of a sequence of 
functions, are emtintwne fnvcliotu,tiicn,inantieufi-fc/}iir.ncc, a siib-sequaict 
r/in U drlermiiiol ichich converges lo a coniinuous fiinetion. 

Tim theorern fioltls good if the continuity prc!<upposed is on one side 
onlv, til'.' same side for nl) tJio functions, and tlio iimiting ftmclion wliosc 
cxL'^lern.'O is a.s'crted will then be continuous on llie saiuo w(ic. 

JvCt ti' nssiimc tiint all the upper functions aro contijiumis. Lot an 
(•mirnerable set of points f), f*. — be bo defined as to be cverjnvJiere 
tiracr. in tho domain of (he functioos of the t'etjucnce. 

A Kiib-smjuenco (*)) can be so oliusen its to converge nt tlie point 
f, tc a unkpje limit. Omitting the function «„ (*), a sub-sequence {j,„ (*)} 
belonging fo the sequence a,* (a;),aj, (z), ... can l>c defined, which converges, 
at to a unique limit. Proceeding indefinitely in a similor manner, 
obtain a set of sub-sequences {*i„ (»)} , {«,„ (*)) , {«j„ (*)} .... Tliesub-scquenco 
•^n '’X {^)/ (®)» ••• ^an (*)••• ha.s unique limits at ^j, ... ...; for 

it belongs to {«,, (s)} and therefore bus a unique liicit at i„ it also bcloiiga 
to (*)}, nnd therefore it has a unique limit nt fj; and so on, Sinno the 
sot. of points ^ is overywherc-dense, the values of the unique limits detc^ 
mine tit most one eontinuouB function Ji.-iving (hose values at tliii points f. 
f^lneu the upper functions of the sequence («)} are aontinuous, and 
(beraforc upper senii-continuous, it follosvB from (he last tbeorem thnt> its 
lower function is upper semi-continuous, denoting by u (z), /• (z) the upper 
and ioM/T fiinclions of Uie sequence {«„„ (z)}, tve have, since I (tr) is upper 
rcnii-continuou.s, / (z) a lim / (fl •» lim « (f) « (z), since w (z) is eon- 

<-* r-x 

tincioiis, Put f (.r) £ M (z), and therefore / (z) • w (z), or tbo soquunco 
{■’.m <*)) is convergent at z. Tims (Sm (3^)} has everywhere a unique limiting 
lurieiion, find tliisiscontinuous.sincc all the nppcr,/jinctions arc continuous. 
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seini-cotitinuous, liouce it most be continuous. it con be shewn 

tiiat j (x) is continuous. As this may be applied to any gub-sequence it 
follows that all tlie upper functions and all the lower functions arc con- 
tinnoHS. The second port of tho theorem then follows from § 122. 

In order to esliibit the connection of this tlieovem with that of Arzelh, 
let it bo supposed that the sequence is sucli that, for a fixed point and 
for each arbitrarily ohosai podtivo number t, a neighbourhood A, of 
exists sucii that, for each function 8„ (*), of the sequence, the upper bound- 
ary of (x) in A exceeds (£) by lees than e. It then follows that 
p (f) — s (f) S e ; and since e is arbitrary, p (f) = s (f), or tlw soquenco is 
oontinumisly oscillatory above at If the neighbourhood of cian be so 
determined that tlra lower boundary of s„ (x) in A i^, for every value of n, 
lesa.thans (f) by leas tlmn t, it follows thotc (|) »• g (f). When both these 
conditions are satisfied tho sequence oscillates continuously. As tho same 
argument can bo applied to nny sub-sequenco, the continuous oscillation 
is hoinnj^neous. 

When the field of the functions is a continuous interval or coU, all the 
points of that field are, hy tho Heinc-Borcl theorem, interior to a finite 
set of tho neighbourhoods A eorresponding to oil the points of the field. 
Accordingly, every intorval, or cell, of length or span less thoa a number 
d, dependent only on «, may be tolren to be tho neighbourhood A of tho 
point wlilch is its centre. When the conditions arc satisfied, tlio fluctuation 
of each of the functions s„ (x) in every such ccU or interval is < 2e. Hence, 
tlic theorem reduces to Arzela’s tlicorem. . . 
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122. W'e. proceed 1o establish the following theorem: 

If either all the upper functions, or alt the loicer functions, of a scijucncecif 
functions, are continuous functions, then, in any sub-sequence, a sub-scqncnci 
can be dcUrminci irhicJi converges to a continuous function. 

The theorem iiolds good if the continuity presupposed is on one sitl? 
ojilv, the sflnic siiln for all the functions, and the limiting function wlio-e 
exi.slence is ns.sei-tcd will then be continuous on the same side. 

Let us assume that nil the upper functions are continuous. Let an 
omimcrahle set. of point.s ... ... be so defined as to be ererjnvlicre 

tlenw) in (be domain of the functions of the sequence. 

A sub-scquenco («,„ (a-)} can be so chosen as to converge at the point 
(0 a unique limit. Omitting the function (*). a sub-sequence {».„ (r)| 
belonging to the sequence J,j (a:),eu (x), ... can be defined, which converges, 
at ft, to a unique limit, l^ceeditig indefinitely in a eimOar manner, wo 
obt ainft set of sub-sequonccs {«,„(*)),{«», (a:)}, {«,„(*)} .... ThcBub-sequencc 
Si, (x), Bit (^)i % (^)> (x) bas unique liiuits at fi, ft, ... f„ .i.; for 

it belongs to {si„ («)} and Uieroforo has a unique limit at fi, it also belongs 
to (x]}, and therefore it bas a unique limit at Sii and so on, Since (Iio 
sot of points f is ever^mhcrc-dcnse, the values of the unique limlls deter- 
mine lit most one continuous function Laving those values at the poinU f, 
Sinoo the upper fimetions of the sequence {«,•, (*)) are continuous, and 
therefore upper suini-continiious, it follows from the last thoorom tliot ils 
lower function is upper scnii-coutinuoua. Denoting by « (x), t (*) the upper 
and lower functions of the sequence {«„« (x)}, w’o have, since I (») is upper 
seiui-cMitiniious, / (x)S ijin Z (f) = lim « (f)g « (x), since « (x) is con- 
tinuous. hut i (x) ,5 tt (x), and therefore Z(x) = u{x). or tho sequence 
(x)) is convergent at x. Thus {«„„ (*)} hiK cveryivhere a unique limiting 
function, and this is continuons, since all the upper functions are continiiou'. 

123. The following theorem is on extension of, and includes, An.cii s 
(licorem gi^-on in 5 120: 

If a sequence of continvous functions {«„ (x)} osciHales coriftnuousl!/ and 
homogeneously, then all the upper fttnetions and all the loteer functiems oflh'- 
scquoicc arc cont}ii-itous, and in every subsequence there is contained a 
sequence rf functions tehich converges to a unt^He limiting function which is 

COUflhillOK,?. 

The oEcillalion may be taken to be continuous and homogeneou.s on 
one side only, then the continuity is on that side only. 

Since the tequcnce oscillates continuously, from a theorem proved in 
I n < it follows that S (x) is upper seiQi-continuous, and that s fx) is ic" ^ 
semi-continuous. From the theorem in § 120, it follows that s (x> is lower 
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It will bo shown that; 

7/ 0,1 = 0 whtre k is a fixed number, and the saies S a„ be 
divergent or oscillaiiwj, (hr. series So,*® has Ute interval (— 1, 1) for Us 
Uiterval of convergence. 

If * bave any fixed value numerically leas than I, the scries 2 ra* j a: |" 
is convergent, smce Jim w '*) I ® I each term o£ the series 

S a„r^ is less, in absolute magnitude, than a fixed multiple of the corre- 

spontUng term of the oonveigent series 2 | * |", from f.iic lasti tbeorom 

n-e 

in § 24 it follows that S a,*“ is absolutely conve^ent. Since Sfl„ is not 
convergent, the interval of conveigcnce is not greater than {- 1, 1); hence 
it must be (— 1, 1). 

126. It will now be sltewn that, in tfio case of n power series witii a 
finite, or infinite, interval of convergence: 

The series converges uniformly »» any interval itUerior to Oie interval of 
convergence. 


Ibis suilloiont to consider the cases In which 1 ) or (— » , « ) ore 
the intervals of convergence, since any finite interval of oonvergonce 
may be reduced to {— 1, 1) by a change of the variable *. 

If (a, fi) be any interval interior to tbe interval of convergonoe, a 
point p, exterior to (a, fi) may be chosen, so that p is greater than [ a { 
and { {, and is itself interior to the interval of convergence. 

If * be any number in the interval (a, fi), we have { */p { < I ; and the 
partial remainder 

•S«,m (*) “ a„x'' + 0,+,*"+' + ... + 

-K.lf) 0)' w " W) 0)"*"‘ 

If n be chosen so largo that | jS,^, (p) | < «, for p -■= 1 , 2, 3, ..., we have 


ifh 


Since |-j is leas than some fixed poairivo number less than 1, for all 
values of * in the interval (a, p), it fcdlows that | 7?,, „ (*) | < Ae, for all 



Power-Series 


[cii. in 


values of X iti («, fi), and for all ratucs of m, Ihe value of 71 hartiig been 
ciio'on vlien c 1 ms beei: assigned; the number A is fixed, being depondent 
oaiy oa n, and p. Since is arbitniriij" small, the condition for unifomi 
convergence of the series in the interval {n, /S) is satisfied. 


J>t {—I. 1) bo tho interval of ccuivcigencc for the series 


mid id it be assumed tlmt tlie scries is convergent at the point ^ = 1, 
l;i 11)0 Iransfomiation used in tlie proof of ttio last theorem wo juny then 
take /I = 1, and t hus 

( {*) I < t (1 - *) + «- 


for I z| < 1. if « is so chosen that | (1)| <«, for ni — I, 2, 3, .... 

IjCb r be any point of the closed interval (— a, 1), whore e is positive nnri 
< I. M'e have — i, if a: is sncii that 0 is x < 1, and if x is in liio 

intemil (- a, 1) wo have r— ^-*-1 S therefore in tlio closed inten’al 

' ' 1-1*1 1-e’ 

(- n, 3), wo have ) R„,„ (x) | < for to = 1 . 2, 3, .... provided n bns 
IV Hufficicntly largo value. It follows that the series converges uniformly 
in tlio inlerval (- a, 1). 


In casn tho .series convolves when x « - 1, tlio series 

Oa - <TiX + fljX- - ajar* + ... 

cctivofges when x = I. Applying Uio result obtained to this series, we 
see t.lint, in case the series Uo -t <»,x + a-x® + ... is convergent when 
X »* — 1, it converges uniformly in tho closed interval (— 1, /S). wliore 
^<1. 

If ihe series is convotgent both for x 1, and for x = — I, it is uni- 
formly convergeci. in both the intervals (— «, I) and (— I,^)i where 
I! and ^ arc pori'-ivc and less than 1 ; sineo tkeso intervals overlap one 
anollier, it fo la’vg that the convci^enee of the series is uniform in the 
closed inter- ,, i- I, 1). It lias now been established tlmt: 

•f/ (“ 1. 1) be Ike fnleriuf of coiu'crgencc of a jtowcf series, Ihen, if fifc 
s':nes conir.rae idicn x = 1, the convergence of the series is ^iniform in any 
intcrml (u, 1 ), rvhtre n > - 1 the senes converge when x - - 3 , the series 
comrrgc-! nniforrnltf m ani/ itilcroal (— l,jS), tphere /S< 1; one/ if Ihe series 
coniyrgcs both when x = 1 and ichen x = — 1, </ic coni'cryencc is nitiform I’li 
the UtUnxtl (- 1). 
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126. Since a serie.s, all tlw Ioids of wliidt luc continuous, has a sura 
wliich is continuous in any interval of uniform coiwcrgenco of the scries, 
it is seen that; 

A power xeries Og + (jj* + a.ar* + ... has a sum s[x) which is con- 
linmvs at any •point inferior to its inlemtl oj coiwerge.nce. 

JIoreoTct, if (— 1, 1) be the interval of convergence, and tlie series 
heconvergentfora: = l,tliesMin-fnnctiona(a:)iscoiituiuousiiiniiyiuterval 
(k, 1 ), n-])ere « > — 1 ; the continuity being reckoned only on one side at 
the point 1. A proof of Abel’s tlieorcni* has thus been obtained, that: 

1/ (— 1. 1) 4c f/ic hiterwjl of amvcrgenc&of the iK>u>er-smes 
«0 -l- n,« + o.a:S + ...; 

«(*) denoting the svm-funclion, and j/Ob + Oi + o. + ... is convergent, having 
s (\) for its enin, then lim s (x) = « (1), K*cn x converges to 1 through vahies 
< 1 . * * 

Abel's theorem may also bo deduced from tbo tlioorcm in § 90. ITor 
wo liavo x" g x"+’, for OSx&H; hence, since tlw series S a„ is, by 
hypntliesls, convergent, it follows tbat tho series S OnX" is uniformly 
convergent in the interval (0, B); and llius tJio sum-function is continuous 
in that closed intoiwal. 

It aliould bo observed Uint Abel's tJicorcm has been established only 
for a series in which the powers of the variable arc oscending, and that it 
is not Treeessarlly true in any other case. For example, the series 
x — ixA-h J.r* — ... 

is oemvergent wltliin tlw interval (— 1, 1); and as the scries is absolutely 
coDvcigent, for such values of x, the series 

X + Jx* — J** + J** -h 4*’ — ix* -f- ... 
hna the same sum-function log, (1 + x), aa the original series within the 
interval, Atx »- 1, tlio series 1 — i + J — ... is convergent, and in accord- 
ance with tlie theorem, its sum is log, 2; but t-Eie series 


although it is convergent, Iwis the sum §log, 2 (see Ex. I, §26); which is 
not continuous with the sum of the series x + Jx* — Jx* -f ... for x < 1. 

127. With a view to ti»c extension of Abel’s theorem, the follomng 
lemma wiil be established : 

If 2 S ^„x’‘ both converge within the interval {— 1, 1), a„ being 
poiiituc and. such that S a, is divergent, and if — oscillates between the 


■ Oidit'a /oxtTMl. vol. I (I82G). p. 314. oho tBmra, 
JfSaeJ. Si(:iinyjtgr- vol. XXVB (1897), p. 341. 


. 223. Sco nlao Prinj^liclm, 
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2 S„*’- 

Ihnils V and L, then the upper and lower limits of , ae x coimrgcs 

n.» ” 

lo 0, arc i>i the inlcn'ftl {L, V). In particular, if ^ cenver^es to a definite 
Urnii, as n ~ ® contxrges to the same Ihnit, as x converges lo 1, 

B ^0^*" 

}j diverges to re , so olso does ^ , a« * ~ 1. 

a.O 

L<3t t/„, I„ denote tbo greatest and least (uJgebrdc&lIy) of the numbers 
and let denote the greatest and least (algobraioully) 

«1 «m-J 

of the numbers ... where m<n. 

On «ri*l <*11 

^Vo Invvo thon 


(So + iSj* + ... + |0„3:" <tt|, (oj + a|X + 


l.liereloro 

SflnX" 

"■V < t(„8 + («m - W»in) — 


simiJarly, we have 




... + 

+ («n*" + ... -i- <£„*"); 



S a„x'‘ 


If f be a prescribed poativp. number, TO maybe Bofixed that Uw, <U -i-'i 
lnn> L — e, for uLi values of n. Moreover «„ — “ fm ®re numeri- 

cftliy less tlian fixed positive numbers. 

Keeping VI fixed, let n *“ « , wo have then, if A and B denote ccrlain 
fixed nunibera. 

a + c >1 ^ — + «w-liC"~* 

Za,a- 
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' for all vahies of x such tliat 0 < * < 1. Now let * converge to the value 1 ; 
einoe S a„.r" is monotone inoreasing both with respect to n and with 
respect to x, the repeated limits (see § 30) 

lim lira S ««»", lim lim 2 a„a?' 
have tho same value » ; thus lim Sonaf != » . Accordingly, we have 

_ 

V -i- *> lim ^ — m lim -® > L— e; 

S Oa*" ^ S c„Je" 

and, since e is arbitrary, wo have 

U £ lim -® £ lira £ L. 

*=lSa.a;'> 

It follows that if Cf •» i 

B 

Um 5 Hm “ . 

*'■* Sff,*" ®" • 

la case ^verges to eo , as it ~ <o , w can he so chosen that Imn > <^i 
where N.is a prescribed positive number, for ovoiy valae of n. We have 
then, for* < 1, 


r- N [l ••• +jSiL®l®± 

' L 1"“=^ j' I 

where 2 is the lower boundary of ^ Oia nnmbors — , & 


ai) + aia: + ... 

2o„*" 


S;8„Z» 

We have now lim S J7; and since N is arbitrarily large, it 

^So„a:" 


follows that diverges to w , as a; ~ 1. 

So,,®" 
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i' and L, Ifien l/ic upper and htrtr limits of , ns x coniwju 

S cr„a;'’ 

lo 0, arc in the inlert'nl {L, O). In particular, if — converges lo a dcfmH'. 


- converges to the eanie limit, as z converges io 1. 


$ S/.*" 

If - ditxrgcs /«»,«) also does , asz'^ 1. 

' S In*' 

n.O 

Let v„, I„ denote tbe greatertand least {algebraically) of tbe number? 
0 0 o 

denote tbe greatest and least (algcbraicallv) 

Oo' «i 0»i-I 

of the numbers ~ where m<n. 

We have then 

A + ^jx + ... + < «„ (a, + e,z + ... + «„_j x"-‘) 


-i- («« - «„„) ^ ; 

and similarly, we Jiave 

2 jSf.a" , ^ , 

{!„ - U « »»-hci=g + --l-«n.-ig"~\ 

^2 n,z" - R 

Ifft>eaprcfenb.jporftaven»rabcr,nnnayb88ofiiedthat«„„< U +<, 
l.,n > L — f, for nil values of n. Moreover «„ — 1^^ — In are nomeri- 

cal[5^ less than fixed positive numbers. 

Keeping n -xed, let jr ~ «o , we have then, if A and B deoofe cerlaia 
fixed numbers. 


» + “•= ■ f-. + gr .-ig’!! 



127 ] Povoer-Series 

for all values of x such that 0 < » < 1. Now let * converge to tlio value 1 • 
since S cr^x” is inonotono increasing bofli wiUi respect to h and -wltli 
respect to x, the repeated limits (seo |30) 

iim lim £ S 

have tho same value « ; thus lim Sa^!tf‘ = <o , Accordingly, wo have 

ip,je" 

U + €> lira ^ — & lim -Jl > L _ e; 

Ea^a?* 

and, since < is arbitrary, wo have 

J7 £ Um •* £ * £ J* 


It foUotrs that if rc X 


Si9,x" 



* Sa,*“ 


In case ^ diverges to o 


■ » , » can be so chosen that . 

where is a prescribed positive number, for every value of n. We havo 
then, for a: < 1, 


- > nTi - °»' + Ciy+... j «. + «,a;4-... + a, 




Wo have now lim ^ S W; and since N arbitrarily large, it 


follows that -1; diverges to “ , as * ~ 1. 

Sc£„a?' 
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128. In order to apply the above lemma, let ao + 0]K + 
power ?cric.s of ^vliicl! the interval of convergence is (— 1, 1). 

(1) Let =r. = flo, A = “n + Oi = *i. and in general, 

^, = On + a, + ... +o„ = e„. 


[Cl!. Ill 
• be fl 


We have llicn Uio liiiiii, as l.ot r: 


S«„*' 


ir of Sa,2 


‘(I-*)-' 

It follotvs that, if s„ is bonnded for all values of n, with V and L ns 
upper and lower boundaries, 

V £ lim s (x) §; lim a (x) £ L. 

Moreover, if diverges to eo, or to — <» , so also does lim s (x). 

Thus, ij ihc series Oe + «j + ... 4 a„ + ... oscillates bciweea. finite UmiU 
<if in'klcrminancy, the vjrper and lower limits of s (x), as x — 1, arc in. the 
inlsnol formetl ti/ the limits of and if Uie scries dircriics to "+ as , or to 
— 09 , then Ilm s (x) = 4 00 , or — 00 . 

This Is a generalization of Abel’s thcorom, wliioh iiioludes that tiieorom 
tm IV particular ease. 

For the case in which a„ > 0, for n i; 0, tho last part of tliis theorem 
was proved by Abol*. 

(2) Lot denote, ns in § 47, tho sum 

+«B-j 4 ... 4 e», or fl* 4 2a„_i 4 3a,.j 4 ... 4 (a 4 3)0oi 
and let « is”’, a„ = n 4 1 ; we have U»en to consider tho limit, as x ~ 1, 


1 4 2x 4 3x* 
which is equal to 4 fl,x 4 a, 
The Cesaro 


r of (1 - x)t {Sc"’4 4 .si*' 2 


+...}r 


of tho scries is defined ns tho limit of 
Mini, limit exists. In accordance srith tho Jcmnwi wc obtain tho folJoiring 
theorem duo to Fro'jeniu.st: 

// the scrir^ a -r a, + a, + ... is svmtnable {O, 1), /heri the stm-fnnclion 
s (x) Miircrjira, an x ~ 1, io the Cesaro sum of E a„. 

Moreover wc obtain the following extension of this theorem; 

If the scries S a„ ieioimded {C,'l),1}tenlkesnm-functions[x),asx~\, 
has its tipjKT andlomcr limils in thoinierval bounded by the upper and loiiiT 
Canro sums of 2 <t„. 


.‘ico Crtlle’e Journal. V( 
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( 3 ) Let denote, na in § 47 , 

..+ (3 •-.+ C 2 + C ^ •.i 

then denotes It will here be assumod that r has some 

value, not necessarily integral, fdiat ia ^ 0 . 


= ssr’. = 


j; then the limit in tlic lemma is that of 


ssir*'* 

, or of (1 —*)'•••' S iS^^’ ir", 

which is equal to o, + a,a>+ ... + On*" + .... 

We thus obtain the following theorems which include as partioular 
ocses those given above in ( 1 ) and ( 2 ): 

If the seriee Oj + Oi + Oj + ... te smumirllc ( 0 , r), for some Hjalve of 
r (S 0 ), 17 i 6 5 ttm-/u»tch’en t (a) c<wt-er^e«. asx~ I,' io the sum { 0 , r) e/ the 
series Za„. 


If t/ie serfee n, H- Oj +05 + ... m bowukd (C, r), for some value of 
r(ftO), then linii(») has finite limits of fn<toer»»t«ancy, in the interval 
bounded by tliC upper and lower sums (C, r) of Z a,, 

■ It shotdd bo observed that lim s (z) may exist in a case in wliioh 
S fl„ is neither convergent nor summablo {Q, r) for any value of r. An 
example o£ this has been givai by Lnndau*. 


Let /„ (x) - (1 4- *)-"'* - S (- I)* ^ a?*, so that 

= and |/„(*)(< 1 , for 0 < s < 1 . 

Consider the function /{*), or | defined by S -^^fm (*): it 
easily seen that, for | x [<!,/(*) = <^ + Oj* + ... 4- UnZ” 4- ... where 

m-e*n' \ m J 

It is seen that liin/(*) = Jei; 

'* DariltUwng unrf fie^raniuny tinigtr neuerer ErgebnisM io FKnWijm«nr^€OTi€, Borlin, 19 ] 
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but the- series a. -r -t- o- -r ... is not summable ((7, r) for an}- value of r; 
for if it vero so summabJe, a, = o {»'), for eome integral value of r (i 0). 
It appears, bon-cver, that (- l)"a„ > (” ^) > 

which is inconsistent ■with o„ = o («')- I* should be observed that (he 
series for/pi (1) is Euramablc {C,m + 1), but is not summable (C. m); ofiii 
thus/ (1) appears as the sum of terms whicli arc summable {C, 1), (C, 2), .... 
respect ivel}-; and thus the series for/ (m) is not summable with any order. 
Tills principle of construction may be employed to construct other scries 
which have the required property; for example, 

f(T) - * - e''*** + 3 ~> - .... 


( 4 j Ut ft - a, - P(P+M-J Pjt±^)^ 

&;[(!-»)-» W] - - g - x - i) ^ ■■ 

provided the limit on the nght.haQd side exists. It is casiiy s 
means of Stirling’s theorem that 

Thus we have the following theorem*: 


7/ p > 0, and lim = c, then lira [(1 — *)» « <*)] = cF (p). 

In a similar manner, by taking j9„ = a„, a„ = (j> -b 1) (p + 2 ) ... (p -h n j, 
it can be shewn that; 


// p> 0, and lim ^ = e, then lim [{1 — ss)* e (a)] «= cF (p -}• 1). 

Xiiese theorems express the mode of divergence of e(j:), as a: -.-I, in 
the cases in which the coefiicienLs satisfy Wie prescribed conditions. 

Tile following very general theorem has been established by Peng- 

sheirat: 

Denoting (log «)’■ (log log «)*• (log log log ... hy L (a); »/ 


ichcrc c i 0, the indicet i 




1 , Oj, <%, ... being such that i 


x'L(v)tenisloinfinily, 


• St' Ap;^ll, Crmpa Jlmiat, toL mxni (1878), p. C83; E« 

rol ixTni{l»I)^p. n. 


lOso Priophti®, AcU 
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Appell’B theorem is the ease which aaiees wheti c,, a-, ... ate all zero. 
A theorem closely related to the general theorem was given by Lasker*. 

Various theorems of a sitnOar character will be found in Hardy’s tractf, 
Onkra of Infinity, p. 63. Reference may also he made to a memoir by 
Brora'vichJ in which vazioos extensions of Abel's lemma are ttlUized. 

The converse of this general theorem has been proved by Hardy and 
LittIewood§, in the case in which all the coefficients are positive. Thus, 
for example, if lim [(1 — *)* s (*)] >= ft, Or S 0; a > 0 then 


; “ »• r (1 + a) ' 

The condition o„ S 0 is essential, as may- be seen, for example, by 
. taking «(*) = (1 — 3:)"* + (I +*)•*, a 

129. It may be observed that the temmaof $127, which hasbeen applied 
in these aasce, can be made wider in its scopo. Instead of 

Oo + o,* + as** + ’ 

£ 

ivo may take the equivalent lonn — , which is obtained by multi- 

2 B-ra" 

plying the nnmerator and the denominator by (I Here iSn\ 

denote, ns in f 47, the expressions 

+ ff + 1) + /S„_, 

-f + .... 

Since oj, oj, «j, ... are nil poMUve, so also ate where ■ 

r > 0. By applying the lemma, In the case in which lim — exists, we 

n*..«n 

have the llieoroin that: 

If both converge toUhiit (he interned (— 1, 1), a„ being 

positive and szich that Sa„ divergea, then, ^ (>■£ 0 ) hae a limit, finite 

* S'n 

f A** nfr) 

or infinite, asn~a, lim -2 lim 

* Phi Tram. (A), toL cxc»l(190l). p. *44. 

t CotnliiidRo tracts in IlnIlsmintiiaundJfoUimelics! Phyiiw, No. 12(1910). 
t Proc. Jy<md. ilnlK. iSoc. (2); Tol n(l30S), p. Sa 
I llii. (2). Tot (1914). p. 174. 
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Tl„,, tte ».,™ of AM-b do».-n<.l hold withoot ...tnoUoo 

i. „.„pfficd b, tho .odo. 1 - 01 + 0^ - 0^ + - . ' W ; I + 0 ' 

B.a lim . W - !. i-ho^-o 1™ •- W "* , b 

. .„r.. !» IMS o„. .h.-;h»«» of ^^benlo. 1. 

hy L^ibnit'Z and subsoqnent ^ritora that the snm of the senes 
1 -1 + 1-1 + . - 
might in some sense he regarded as 

To bton. T.obei'B tbeoreio, l.l «• 1« •» oh»“" ” I “■ I < «' " 

I ? < n ^ * _l_c t if * be chosen to be equal to 
. 11 S m, then |So„«" \< S-a" < 

1 _ i . Next 'WO have 

J"a ». - I < . + (1 - «) (I ». I + 2 1 I + - ” 

'Sftla„|-o(»n); andtUeref«TC,whenx = l 

providod .. bo ohoBco „*olenUy lorge. LottfoB » 

*0 h.™ Ifo. - .to . Wl* 2,1 .nd Biboc . « .AfttoJ. S«. - S » l“>' ' 

wliioli establishes the theorenj. • 

Tills proof also suffices to shew that if hras(x), ato 

ond di«obi.l too. o„o o»to«o%nd b» tbo.o two oo.nb.o, 

for its upper and lower limits. 

It has been proved that, -when na„ •>= o ( 1 ). then 

i'" 1 3!“- ^ 

This suffices to prove the more general theorem that: ^ 

7/ne = o (1), i/’eirtero/rtelimfte S Hm S^et„x exists, then 

,U .»„■ OBd l-e fc ,*■ 2to»»r if oMor 

T 0., Ito S_o.." o„raol« !«.,«» »“ »“ 
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13i . The folio'ving more general theorem is also due to Tauber; 

7/ (ij — 2a- -r 30j + ... + wfln — ° (”)■ lim fi (z) exists, then Ha, 
converges lo lim e (z). The two conditions are both stiffwient and nereswrj' 
for the convergence oj 2 Or. 

Let ii„ = a, + 2a, + 30, + ... + na,; then a„ = ~ (u„ - where 
71 > 0, uj = 0. Wc have then 

The series 2 if,a" is coDvergent, dnee u„’^o(n) (| 124), and Ihus 
lim v.z'' — 0. It is thus seen that 




Employing the theorem of § 128 (4), since lira ^ 0, we have 

-0; 

and thus it oppeats that 

lim 2 af = lim e (a) — Oo . 

Tiic cociHciont in the series on the left-hand side is o and therefore 

r?, rir+T) fo ^ « (*) - ffo. 

We have also = o, 4- - m, + *2 — 

n r-i r (r -r J) 

and therefore 'i;n s„ Ijjn s {*), which is the result to be proved. That 
the conditsoi!,. r.re necessary has been shewn in § 6, Ex. !• 

132. The theorem of Tauber, established in § 130. that when lirn r (r) 
exists, and na„ -o (I), then 2 a, converges to lim s(x), was extended by 
Littlewood*, who obtained the remarkable result that the condition 

no, = 0 (l),can be replaced by ««„== t? fJ). This result has been shewn by 

Littlewood to be final, in the sense that, in 7ia„ ■= 0 (1), O (1) cannot be 
• Prx- ieni. MoJA. Soc. (2). tcA re (lOIOJ, p. 
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roplaceil by 0 {<(' (*i)} . where ^ (n) is any function which diverges to + » 
ns n ^ ® . Ingham* Jjas proved tjiat, if ^ («) bo any such function, a 
function s (a:) " S a„z'‘ can be so defined within the interval (— 1, I) 

• that (1) a„ “ 0 (2) Ibn s (a:) has an arbitrarily assigned value, 

and (3) S a„ is either not summable or has an assigned index of sum- 
mability, Litticwood had sumiiBed the correctness of (3). 

The still more genera! theorem was obtained by Hardy and Littlewoodf 
that, in Littlewood’a theorem, the condition that na^ should be bounded 
on one side may replace tJ>e condition na^ == 0 (1), in Tauber’s theorem. 
This rcsnlt indude.s that of IdtUeAVOod as the special case when »a„ is 
hounded on both sides. It will accordingly be sufficient to prove the 
general theorem of Hardy and littlewood. Tliis will be done in § 133. 

In the first instance the foQowing theorem due to Hardy and Littlewood 
will be established! ; 

2f the scries S o„a!’‘ is co«j>crgenf /w 0Ss<l, aud tftc eoc^ieienls a„ 
ore all non'ne{7a<ir6, ihen'ij lim {(1 - x) s (x)} » 1, the relation liiu ^ = 1 
is ialf^ecl; wltere 8„ » a* + Oj + + <>«■ 

This theorem is a particular case of the gcoornl converse theoiem 
leferrod to in § 123. 

' It la oonvenient to prove three Lemmas which eanbc'eropldycd in the 
proof of the theorem; 

Lemma I, If f (») be a fvnetion which has a differential coeffieient at 
each point of the open, interval (0, 1), and if lim 1(1 — *)•/ (.x)) = 1, t«7/erc 
a> d; arul if fiirtlicr f‘ {ir) contimially increases toith X, then 
Km f(l -*)•«/(*)] -a. 

Let x, Xi be two points such that 0 < » < *i < 1 ; then, from i, § 262, 

If *j — X = ^ (I — x), we may suppose * and Xj to increase together 
in such a manner that A has a constant value; then 

[li - -f w ] - U t . A)- .tJ. 

• Free. Lend. Malh. Soc. (3), vo). xxai <1824). p. 326. 

t (2), voL xin (1013), r- ISa 

i Fnr. Loml. Hath. Sue. (2), Tot. xni (1013), p. 114. The form of the pwnF in tlio text is 
founded upon tlinl Riven bj- LnnSnii ia his iroik, Jloratellinij iiia/ BcyrSrtdng einigtr nencrcr 
f:rtiliiis)titrt\nt!hne7ilhcane,jip.4S-SS. 
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It follo'vB that 
fiin[(l - 

for ever}’ value of A in the open interval (0, 1). Since lim i = c, 

we have 

Km ({!-*)•«/’ (a)] £c, 

Therefore lim [(1 - {*)] -= a. 

Jjcminn 11. // « (a) dieno/e tht sum-function, of the stria S o,i", 
con\xrgcn( in the open interval (0, 1), and all the coefficients a, art non- 
ncga/iw; and iyiim[(l — *)’«(»)] “ I, where ^ > 0, then 

lim [(1 - xf*’ la„n'x’'1 ~ fi (p + 1) -i- r - 1), 
when T may have any potitive integral tafae. 

If, in Lemma I, ^rc write p for a, and s (x) for/ (®), we have 

and thus the theorem iiolde good for r — 1. A^uming that it is true for 
r — 1, or that 

Urn [(I - 2 = p(p+l)...{p + r- 2), 

by writing in Lomrual, o = p + r — = 2 we hate 

IJrn [(1 - *)»+' ^2 »'«,*-} - ^ + 1) ... (^ + r - 1). 

If wc introduce, instead of x, the variable t, where * « e-', then t is 
capable of having nil positive values; and the lemma may be stated in 
tlie form 

lim Jlnra.e'^'T, = p ip + 1) ... {P + r), 
provided lim [f* 2 =1, S 0. 

l/'inma III, // < (> 0) fie a prescribed number, {»«), 4’: 
delemiinerl as functions of tn, which u restricted to be a positive integer, 
so that 6, (m) < m < 4t (•«). ^ (w) = a (m), (w) — m =“ o (m), <s»d 

that 
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for of? va7?tes of m, wl less than an inieffer ms dependent on e, 
0<t<l. 


The first eummation is from » = 1, to tiw largest integral value of n 
liot greater than <fii (»»)/<> and the aecond is taken for all integral values 
of n greater than ^ j (w). 

We have, since haa, for 0<t, its masmum for *= j, 

nS*.tmH( M < j 

where it is assumed that (»n) < m. 

Let it he assumed that ^ (m) ^ m — «*, whore 0 < i < 1 ; we then 

log m H- m log <f,i (tn.) - (m) » log «i + m {Jogw - 

- - 0 (««-«)] - m + m», 

and this is e^ual to logm + mlogm — w - — 0 or to 

(w + l)logni — fre — J «**“> -f O 
From Stirling’s theorem we have 

logjttl = mlogm — «» + 0 (logm), 
or TO I ~ e" •** «) ; 


tlniBwebare S' .^4 cr4«**="’+O(i<w«)40{aa^-a) 

t""*' 

■ If we take J < ifc < 1, tbo exponenUal factor converges to 0, as m ~ , 

ainoe log to ■= o and = o (»»•*■*). An integer ntg can be so 

ohosen that the factor Is < «, provided mSnk. Thcfirstpartofthetheorem 
has thus boon establiabed, tiie value of ^ (to) being m — to*', where b is 
any number suoh that J < fc < 1. 

To prove the second part of the thcoiom, wo have 


where A is not less than ^]'+ ^ e~*: 


{1 + A + J> + ...1, 
have then 

I ghOnI *<c ^<>nl 

[- TO* — 2, where } < fe < I ; it is then sufficient 
and thuB *' denotes 

which is postive when TO > 3, and is <2. 


Since 

let ns take 
to t^o A = 


+ J-/ 




2 (to) = r. 
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The sum of (lie scries is less than 
c (m -h 


find tills is equal to eUl«.+»lioi!l»4-»‘)-«-n»45-iogCn»-:), 




Employing again the expresdon i»! = 


m+Ollogn)^ we BDD that 


^ g-jm«-l+0«osnl+0lm*>-n ^ II 


provided to is Rufileiently large, say £ We, where vtc may be taken to be 
tlic same number in boUi parts of the tlrcorcm; the fuDotion (nv) being 
(nken to be to + to* — 2, where k is between I and 1 . 

It is clear tlint (m + 1) - {m 4- 1)‘ > to - m*, for all values of ni tbst 
aro snlhoiently largo; also wo liavc (to 4* 1) + (m + I}* — 2 < m + 

In tlie theorem, wo may change m into to 4- 1, then, employing fhew 
(nets, we have tlie foUowiag corollary: 


«>(in+oi*)a t * 

u'hcrc t U a prescribed positive number, provided' m is not less than samt 
integer, dependent on «, and I is a fixed number iistween J and 1. 

We are non’ in a position to pmvo the theorem of Hardy and Littlcwood 
stated above. 


s„ — S a,2: 2 0,6 " ; therefore «„<e 2 o,c ’‘<e 2 "> 


hence Un < ce (c or = 0 (»). We may suppose that b„ < cn, where c 
is some positive number. Since 


where 0 «, j- < I, we have 

Hm [^(1 -*)* ” 1- 

Employing Lemma II, we have, for every integer m (> 0), 

lim j^(l -*)■"« 2 = (to + 1)1 

lirn Zenn^B-^j = (ot + 1)!- 
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The partioulw case when a, = 1, for every valwe of n, gives 
lim S =»»!. 

If I denote the interval {ra — fn*){t S « < (m + we have, fay means 
of Lemma III, and tlie coroDaiy, 

I 2 — En“e-"'|< 

and also j 2 s^w.r'e-”* — | < 2« (m + 1)1 

since e„ < en. These results bold fra* all values of m not less than an 


For each value of m (S in,), there exists a number i„, such that, for 
(1 — 8«) < (I + 3c)toU-"->, 

and (1 - 3c«) (?n +T)fl-"-»<S«,n’'e-"‘ < (1 + 3c«) {?«+ 


Xn^e-"' £ p.n-'e-"' s Xn"e““‘, 

I M- 3c«m + 1 


Since {m — m*)/f , as i converges continuously to seto, takes successively 
all siifSciently large integral values, we have, for all values of ?> greater 
than some integer depending on « and m, 

1 - Set nn- 1 1 + 3ce w- + 1 

+ 3e*» — ws"' 

If 1 ] be an arbitrarily chosen positive number, c can be so chosen that 


then m can be chosen so that 

, I ~ 3Cf fn + 1 - 1 + 3c« «i + 1 

''’■=TV5;-S+rf- ' + 

It is now seen tliat, 'for nil sufficiently large values of n, the iii- 
e^nalities 1— :j<— <l+ijaie satisfied. Since ij is arbitrary, it follows 
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133. The impr>rt,inl tbeorcm of Hardy and LittlewoocI, already re- 
ferred to iti § 132, will non' be establfshcd; fie theorem may be stated as 
follows; 

// Ihc series S of which the auni-/uHC<fon- is s (s), conrerjc Jot 
Or.x<l, and if lim * (a:) has a de^nUe ivifne, then if a„ < — , tchtre K 
is a fixed numficr, for all mines of ti, the series S a„ converges io the wlac of 

K-O 

Tlie condition o, < ^ may be replaced by a„ > for wo liavo only 
to change the sign of all tlie terms of tlio series to reduce tlio latter con- 
dition to the former one. There is no loss of generality if we supposs 
lim /(*) to havo the value zero, os this only involves an alieration in the 
value of Oo. 

licsides the theorem of § 132, two further lemmas will be required. 

Lemma I. // = S Mff„ = o (m), and «(«)•> Z On®'’, where 

lim 8 {x) ~ I, then X a„ •» f, 

T-l n«0 

This has already been proved in § J30. 

Lemma II. If f (*) be a fmelion- defined for 0 < a; < 1, such lAaf 
hin/(a:) ** 0; and if further /' (x) exists everywhsTe in the open jnferiof, 
o?i<f is such (hat (1 — x)*f' («) < K, where K is a fixed positive nuvJttr, 
lim ((1 — z)f' (*)] s* 0. 

Let * < s, < 1, then / (Xj) -/(*) “ (Xj —x)f (x) + i (®i - x)'f’{i), 
where ^ is in the interval (*, x,). 3jet — x = A (1 — x), whore A is hept 
fixed as x,Xi vary continuously; \re have then 

(1 - x)r (.) . -xw _ I (1 _ ,f) 

XKfl-xf JM-tm iX 
A A 2(1 -A)»' 

If X converges to 1 , we have, A being constant, 

ami therefore since A is arbitrary within the interval (0,]], u'c 
lira [(1 -X)/' (a:)] so. 
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Using the equation /(a^) — /(*) == (% — *)/' (ajj) - J- (a-, — zYj“ (f'), 
where f' is in the interval (*. Xj), we find tiiat 

(I -.rjf M -/w> +*-2” *’(i' 

and hence lim [(I - (*i) ^ l>efore, we have 

and it is now seen tliat lim [(1 — x)f (*)] = 0. 

In order to prove tiie mam theorem, if « {*) = S Hb*", where 
. and lira s (z) ■». I, we have 

«'(»)= S «(n— JST Sj.n— 

Slaoo (1 -®)*s'(a)<jr, wehaye, by Lemma II, Jiiii[(l - z)5' (*}] = 0; 
and thorefere lim [« (I - *) s' (*)] = 0. or lim |^(1 — ar) 2^^ ^ »'‘j = O' 
This is equivalent to S ainoo 

we have, by applying the theorem of § 132, Jim S ^1 — = 1. or 

lim I— S na.l = 0, ^vil^ch may be written io the form ll Tut, = o (m). 

m~(a iWn-l ) n-l 

Employing Lemma I, we have ^ a„ = l. Therefore S a„ converges to 
lim S ttnar*, which is the theorem to be cstablfehed. 

It will be observed that the difiemiUalion of a large number of terms 
of fclie series is the essential mcaiia by wbicii this striking liioorom 

is established. This process is exhibited in Lemma III of § 132; tho reason 
for adopting it may be explained in general terms. The behaviour of a 
function E CbI", in the general thcoiy of functions, wlion it converges for 
all values of x, is more or less dominated by that of the maxiranm term. 
In case the interval of convragence is finite, this phenomenon of the 
maximum terra does not naturally occur. By iiit.roduoing a factor n’^ by 
means of differentjatioii a large number of Umes, we may oblaiji a series 
iii which it does ocoui’. For 7»”z“ has a steep peak, when m is very large, 
which naturally accentuates the importance of the far away terms. 
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rROPERTlES OP POWER-SERIES 

134. A pcM-er-serics with an itiieiral of convergence, fnile or infniilt, 
cannol be such that every interval (— S, 8), interior to the interval of con- 
rcT'jcncc, contains o point x, distinct from zero, for which s (i) has the 
tvliir. cern, 

The fiiiietion a (x) is conUnnoRS in any interval (— S, 8), inleriur to 
tliD interval of convergence; the nnmber S may bo so chosen that 

if ar is in I he interval ( - S, 8), where t is an arbitrarily fixed positive nuinhoT. 
][ there be a value of x in (— 8, 8) for wluch » (*) = 0, wo have | Co [ < r; 
anil, since c is arbitrarj’, it follows lliat <r, 0. 

The series Oj + a** + ffs** + — converges in tho snino interval as 
tho original scries, and its snm-fnnction vanishes for some value of x 
wliieh is not zero, and is contained in on interval (— S', S'). Hence, by 
tiiQ same argument as before, it is scon that Oj » 0; proceeding in llic 
same manner, it can bo shewn that a„ a„ .... aJ! vanish. Tims no [>oircr- 
sorin'! with im iiitorvni of convergence oxiste which satisfies tho prescribed 
condition. 

Tho following theocGin ia an immediate corollary from the foregoing: 

There cannot- be two distinct ptnoer'Senes, each of which converges viilhin 
some fjilervcil, such that, in every tnfenwl (— 6. S) interior to the iniermU of 
conwycnee, there is a point, distinct from sero, at whicli the sum-Jweliens 
hatv tin identical value. 

135. Let us suppose that the scries 

«„ + OiiX -f- Oj,x‘» + ... -h 4. ... 

-h Osja: -{• ajs** + ... + OjfX'-* + ... 


c„, + a„tX -fi a,a** + — + O-r®'"* + • •• 

are all absolutely convergent at the point x = 1, where !i may have all 
the values in the seipience of positive integers. Each series is then nhso- 
Iiitoly oTjd lu.jfoimly convergent in tbe mt^ol (— 1, 1). 

Let ii„ It} denote the sum of tho nth series in the interval (— I, U. 
and let U„ denote the sum of the series 

I *^>11 I + { CpiS I + + I i + 

If tho series Uj -i- V, + ... -h -i- ... he convergent, tho series 

«I (X) -J- «j (*) -L ... + V, (*) + ... 

is, in accordance witli § 77, unifonnly and absolutely convergent in 
t. 1): it follows that s (x) the sum of ttie series is continuous in tbe 
interval. 
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!34, «r>] Properties of Power-Series 

Tiio series w.j (a;) + lij (a:) + (a) + ... cnn be arranged as a 

series of type by substitvrting the various power-series for 

«,(*), 

and the series so obtained is abB<dtitely convergent; for the terras of the 
Bcries ja„| -f I + ... +j«*„a:f-»| -b... -f Ifljij + | tr.jj* ] -f ... are eaeh 

!cs 8 Uian tlio corresponding terms of Uig series obtained by putting 1 for 
s; and the latter series is -f £7, + ... , ndiieh is convergent. 

Since the sorieB Uj (a) -l- «. (a) -t- ... is absolutely convergent when the 

power-series are substituted for itx (*), «i (x) it remains (see § 29) 

absolutely convergent wlion it is arranged in the form 
by + bfX + b^x* + 

where . 6, « o,i -b o„ + a,i + ... + «.t -1- ... 

6j Oji -b Cjs *b Ojj + --- 4- flog -b 


b,-a,. + a„ + ... +a„ + ...; 

and its sum is unaltered. It lias thus been shemi that the continuous 
function s (*) can be represented in the interval (— l, l.) by the power? 
series 6, + hj* -f b,x* -l- ... . 

The following theorem has nw been established: 

7/ «j (e), Uy (a), ... M, (*), .... 6e /unctions wkicfi- ccwi ie represented 6y 
pwser-serfes ihal are all absolutely conveiyent al (he point R, and therefore in 
the interval (— B, R), and if (he series u, (/i) -b Wj (jK) -f ... -b v„ (i?) -b ... , 
where t>„ (J?) denotes (he sum of the scries ol^'ned from that for •«„ (iJ) by 
re^acing each eoefficieni by its absotute valve, is convergent, then the series 
Ui (a) -I- Uj (e) -b ... contwpes »n the inlerml (- R, J?) to' a sum-function 
s (i) which is the svvi of the power-series obtained by subefitutiny the mriovs 
power-series for the terms itj (*), tt, (*), «n<f rcorrajiyiny <7iC reevUiim 
scries as a sirujln perwer-eeries. 

It should be observed that the abeoluic convergence of the series 
H- (a) -b at •*= i?, IB not sufficient to ensure the convergence 
of the power-series obtained by suhsritution and rearraiigcment of the 
power-series for It, {x), u, (a;), ....lofbe sum of the Series u, (*) -b itj (*) -f- .... 

For oxainple, the series 

' 1 -*+** — + 


- I -b ac - 9 e' - b ... =- 
1 - 3a: -b ^ 


Cl -b *)> 
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are all ab.'olntely coiiveigeut whenar — f, and the series 

_1 1__ 1 _ 

War (l+ar)= ' {l^ar)> - 

is absolutely ronvergcnt when x = l, birt the coefficients in the rearran^vd 
serif- are not definite, and thus the series cannot be renrranged as o rinalrr 
power-series. The condition required by the above theorem is that 
— i— 4- ^ -i- 7 . * • ~ ... should be convergent when x = l; a-.d 

I - jr (] - a)= ■ (1 - *)* 

this condition is not satisfied. 


THE mtjitipijcahox of fower-series 

136. Ifthatwopowrer-serieso, -rOiir + «.*- + 

both converge \rithin the interval (- 1, 1), since their convergenee ii 
absolute, in nccordance with the Uicorem of 1 35, the Cauchy-predott 
scries 

Ci, -J- e,» e.ar- + ... -J- c.je" i- ... 

where e, = -b a, 6„.j -f ...•}■ o„h», is absolutely convergent when 
I * ] <c I, and «, (*) (*) = s (x), where s, (x), Si (*), « (*) denote the 

suzn-funotioas of the three series. 

It all three series converge when x « 1, their sums, in accordance 'rilh 
Abel’s theorem (§ 187) are lim s, (x), lim «, (x), lim e (x); consequently 
we obtain the Iheorem, alie^y cstabUsUed in §87, that if the series 

So,, S6,, S c„ are all convergent, then the product of the snais ol the 

first two of these series is the sum of the third. 

Employing the extension of Abel's theorem given in 1 128 (3), that, if 
E a, is summable (C, r), for any positive value of r, then lim «| (x) ari.'t.' 
and is equal to this Cesiiro sum, we obtain the following theorems 

// ifie tico series S a„, 2 b^, are summable (C, r), (C, ») respcrtiViy, 
then t?ic ijrodiicl of Ibe Cesaro svme of ike firfi two eerie* i« tt« Cafuro eu" 
(C, r e -r 1) of ibe third series. 

Thai the sum (C,r -i- s + I) of the third series e.rists has been provti 

in?5I, 

137. A special ca.Be of the multiplication of a po'ver-serics 

Of -b ojx -f- a,x’ -5- ... 

which is convergent within a finite or infinite interval (— A, 1) arises '•vhfr 
the series is multipbed by itedf. If y denote the sum of the serie.t 
it is convergent, the series V + 2<i„a,x -b (Za^a. -f a,*) -b - foraird M 
before, has the .same interval of convergence as the original senes, sn-i 
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its sum within that interval is y-. Proceeding in a similar manner, series 
may be formed which represent y*, ... within their intervals of con- 
vergence ^vhich ate the same as that of ihe original series. 

It is sometimes of impottance to po»e3s sufficient conditions for the 
convetgence of the series obtained substitution of the series for 
y, y^, y’, ... in the terms of a series 6j + biy + -f ... , of which the 
interval of eoDvergenoe is { — i, fc), when the resulting series is rearranged 
as a series in powers of x. 

In accordance with the titcorcst pven in § J35, it is sufficient for the 
oouvergcDce of the rcsolting pownr-series obtained by substitution of the 
series for y, y\ ... in h„ -t- b^y -J- 5*^* ...» and rearrangement of the result, 

that the series | 6o 1 + ! I ’J + I 1 ’j’ + — should be convergent; where 
denotes the sum of the series | OqI ■{- j Oixj 4- ja*x’| -i- ...•which certainly 
converges -whoft [ a | < A. It is in fact clear that the series for ij, ij*, ... 
are obtained from the series for y, y\ ... by r^lacing sU the coefficients 
^11 0a> ^7 their absolute ralnes. Uij <k, the series 

is convergent; and thus | x \ must be such that \x \ < A, and 
I a, I + I o,ar I + I o,** 1 + ... < i. 

Choosing a posirive number p (< A), | <i„ | p” converges to zero as n ~ ; 

let then M be the maximum value of { a„ [ p’ for all -values of n. 

The Bom of the series | Oq | -i*] dix { d-j asX*} -f ... is then leas than 
■ IojI + if |L£J j. + ...j , ot than I a, I It Is then suffi- 

cient that I £ I <r >, and that I o.( ^ 


eientthat|x|<A.andthafc|o,}.|.i^J|^<fc.or[xj< ^ - j . ^N^^j . 
If I Og I < 1;, it follows that { x | < ^ < A; thus it is sufficient that 

In ease a, = 0, it is sufficient that j *| < In case k is infinite, 

the condition [ x | < A is sufficient. 

The foliowing tbeorezn has been established: 

Jf Out series a, -}- a^x -t ajx* •{• ... of JAe inferval of convergence 

>e (— A, A), and of which the sitmfxntium is y, be subsiituied in the series 
b^y -T-.b^y^ + of vdneb (— £, h) is the interval of convergence, and 
the resullittg expression be rearranged as a jiower-series in x, the resulting 
series converges to the sum of the series in pmeers of y, provided | (% [ < A: 
and ! a: I < tcAere p is some number < A and \ a„j p” £ M, 
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Jot n = 5, 2, 3. .... /» cafe ^ 0, if w sujficietil that j a; [ < Ijlk 

scrxM ba -!- h^’j + b,ij- + ... converges for all values of y, it is sufficient Ihni 
X should be irilhin the ixilerval of convergence of the series 
a, + a,* + a-x- + .... 

.As nn o.rample of tJio Inst case of the theotem, it will be scon tlint, since 
the power-serie.H for c» converges for all values of y, the value of 
may be expressed by rearranging as a power-series the terms of the series 

1 + f S a,a:") + ^ ( £ + ...; 


for all values of x for which the series E a,*" is convergent. 

138. In order to obtnio a power-series for ^ + a x ' x‘ -i - — 

a is svitlun tlio interval of convergence of the power-series in the donomi- 
nator, lot p denote the som-function of the eeries Oja + Oja* + .... Now 
can bo represoiiled ^ o'* ” 1 y|<hsl' 

It now follows from the foregoing theorem tlist a powor-serios for 

1 

flo + fli* + Oj** + — 

may be obtained by substituting — ...I , and rearrange- 

«o { “# "o ) 

ment, if j a I < where p is a number less than A, (- A, A) being 

' ' Ju 4- I flj j 

the intOTTAl of convergence of a* -^ OiX -1- .... and | o„ |p" & 

forn = 1, 2, 3, The precise range of values of a; for which the resulting 
power-series is convergent can bo obtained by employing the tlicory of 
complex variables. 


TERU BY T£BM DIFFEKEHTIATIOK AND INTEOBATrON OF POWin-SEnlES 


139, Let B [z, denote the sum of the poaver-series a,, + a,x -t- a.z’ + 
V'hich converges at all points within the interval (— R, R) of convcryonce. 
Provided [ u- i- 1- 1 is less than R, the scries 

a„-I-a,(ar-I-A)-(-c,(ar-hA)S-t... 

converges to 3 {x + 1i). Assuming that * also is within (— R, R) it " ‘*1 
bo plnnvn tlint, if | a [ + j // 1 < .ff, the serie? may ho rcarrojiged in a power- 
series according to powers of It, without altering the sum ; that series is. 
(tCc 4 a,x + a^x- + ...) -f (a, -f 2a,x + ... + na^x"-* -f ...) h 


-I- (a* -b Sa^x + 


■2 


+ .... 
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That this may be the case it is safGdent that 

1 °i) i + i *1 ! (1 ® + I ^1) + I ®*! (! ®1 + I D* + 

should be convergent, which is the case, since | * | H- 1 /« | < i?. The above 
power-series in h is convergent 'within the interval (— j a: if — | a; |) 
of h, and its sum is « (a: -t- h). The coefficients of h are all absolutely 
convergent when | a: | < ^. 

We ha'vo then 

£ (a;-h/0-j(a:) ^ no,*— -{- ... + o, (ar) h -f v, (r) ft' -h , 

where Vj (^)i ^ (3^]i •••> continuous functions of x, provided 

For a fixed value of w ll»© scries «, (») ft i>j (x) ft* f has for its sum 
a continuous function of ft, whicli oonverges to zttxo as 7» 0, It follows 

that 

„ o, -F 2a,x + ... +fia„x''~^ + .... 

and thus s {x) has a differentiat coefficient «' (ar) wliich is the suni-funatlon 
of the series obtained by differentiating the terms of the series 

It has thus been shewn that: 

. J7 r (ar) be the .euni-fienciion of a ‘poioer-serUa tvftfcft converges ■ within 
an tnfertiaf, (lie /unction a (x) has a diffcrailial coeffeieni s' (x) at eseft jioint 
teitftfn the interval of convergence; moreover the jiower-series obtained hg 
Um. by term differentiation of the given series eowirges at such a point 'to 
s' (*). 

By successive employment of this tlieoiem it is clear that: 

]f s (x) be the sum-function of a ■power-series, Oitn 5 (a:)' has differential 
ccejfcknts of all orders at any point irUerior to <A« interval of convergence of 
the given poiyer-ecrtcs; njorcoper, if term by tornt di^erentiation of any order 
be opplied to the given series, a power-series is obtained which converges at 
oil points within the inlenal of amveryeace to the value of the differential 
coeffeient, of the corrrs'jnnding order, tff s (a:). 

140. If r<R, wc have «(i:) ssOe-bajas-t- ... +a„x>' + p{x), -where, for 
all sufficiently large values of », [ p (*) ( < e, for all points * in the interval 
(— r, r) interior to tlic intcTwal of COTivergenco (— .R, i?) of the power-series. 
Tlua is equivalent to the statement that the series converges uniformly in 
(~ ri r) (§ CG). Wo ha%'e now 

j {« (x) — (a„ + a^x -b ... -f «„a?')} d® j 5 | p (*) | ds; < eR, 
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e is arbitrary it follows that Iho integrafcd ecrifs 
*® . ■ 

convorj^cs to J*« (a) rtx uniformly in the interval (— r, r). Thus wo Imve 
the rosalt that: 

Tam 6if ierm inicr/mlion of a jwjoer-sertea produces a new -pou-ersaiu 
tehich converges lo ^ s (x) dx, for all poinls interior to the interval (— R, 
of coniergcnct of the given series. 

Jfi Jl% 

In case the series a,£ + Oi is convergent, its sum, 

in ncoordanoo wifcli Abel’s tbcorcro, is lim [* * (a) dx, or J « (a) dx. Tliis 
may ho the case ^v•hon the eerios a^ + a, It + OjU* + ... is not convorgont. 
pi 

In case the scries a,It + 01-2- + ... is summable {0, r), (r> 0), its sum 
[C, r) is [ s («) dx. 


tayix>k’s sbruss 

141. It has been shewn in § 139 that, if a function /(a:) be such that, 
within the interval (— R, Jt), it is the sum of the convergent series 
a# + n,* + a^x- + 

the differentfal coefScionts /‘'’(a:) exist, for all values of the integer r, 
and that/*''’ (a) is the sum-funetion of tlie series 

1.2.3 ... ra, + 2.3 ... (r + l)a,„x + 3.4... (r + 2)a,+s*' + ... 
obtained by differentiating the terms of the given power-series r fime.S 
within the interval {— R, R). It lias further boon shewn that, if | z j + ( | 
also lies within the interval (- R, fl), the series obtained by arranging tho 
Fcries Oj + a, (» + h) 4- Oj (x + A)* + ... ns a Rcrics in powers of h con- 
verge.s fo/(x + ft). The coefBcient of A' in this series is 

«, + (r+i).w + -'-:+iUr±i) 

W'luch converges 

It lias thus hoen shewn tfaot, if I x | and I x I + I A I are hotli less than 
the series 

/ w + V w + I’r M + ... + *[/« w + - 

converges to the value / (x + A). 
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This tlieoiem is a particular case Tajiot’s theorem for the espansion 
- of a funotiou / (a: + A) ia powers o£ &, and has here been established for 
• the partieuJar case of a ftinction/(z) wfaioh represents, in some interval, 
the sum of a convergent poiwBr-serieE. It has, moreover, been shewn that 
such a function possesses diScrcntinl eoeOieieiit'! of all orders, within the 
interval of convergence of the powCT-scries. 

We proceed to investigate the necessary and snffiaent conditions that 
a corresponding theonsro may bold for a femetioa defined in a more genera! 
manner. 

i4S5. TbefoUowing theorem will he established; 

1/ tt fmtiion J (s), dgiaed the dosed interval {a, a + h), be suck that, 
(I), the fundion^ /(*), f (ar), J" (»), ...f-”-” (*) are all continuous in the 
dosed infemj! (a, a + A), and (2), /•**{») ezists at every point of the open 
interval (a, a+h), being either finite, or infinite roith fixed sign, at each 
point, then 

for eome value ofO suoh that 0<S<1; provided the number v, not necessarily 
integral or positive, is suck (hat n- v>0. At the points a, a + the 
difierential' coefficients are interpreted to mean, the successive derivatives on 
the right and left respectively. 

It may be observed that the conditions (I) and (2) are not, as stated, 
lednocA to the minimuni number. 

- W - <» + 4 - i)—K, 

where the number K is defined by 

+ („) - J,f (a) _ S /•' (a) _ ... _ (,) _ 

In the closed interval {a, a + h), f {x) is continuous, since n> v, also 
F' (x) existseverywherein the open interval (a, <r + ft). Moreover (a) = 0, 
J” (d + ft) = 0, and therefore, in accordance with the mean value theorem 
(i, 1 262),/” (a;) has the value zero, for some value of* Interior to theinterval 
(a, a 4- ft). Let this value be a + fift, where 0<9<1. We find, on 
differeiiliation, 

/'■' M + (»-»).(« + 4 - 1)-- it. 
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find (!iu 5 K - ^*1)1/'"’ {*+ ^*)- Equating this value of K <0 

the value by whiuli it ivas defined, wb have 

/(a + h) hfla) + («) + - 


0 the vtilun of K, as defined, i 
;-e have /<•" [n + 5A) = 0. 


ro, the proof retunins valid; in 


It is clear that a corresponding result holds for an inten'al on the left 
of o, provided corrosjjmiding condiUong are satisfied os regards diflerentia! 
coofiieionts, tlio derivatives at a being in this case on the left. 

If tho conditions of the theorem are satisfied for tlis interval (0, a + A), 
they are clearly satisfied for any inten'al {a, a + ft'), where 0 < A' < A, 

In cnsc/(ai) bo defined for the interval (<» — ftj, a + ft,), the conditions 
of oxi.stenco and continuity of / [x),f(x), {x) in a closed inten'al 

being satisfied in the clo^ interval (a - A,, a + A,), and /'"> (ar) being 
assumed to exist at every point of ^e open interval, tlio theorem liol(i.s 
fur every value of ft jntbnclascd interval (- ft,, ft,), tho value of 9 depending 
upon the value of ft, 


The tiicorcni which has boon cetablisbcd above is frequently spoken 
of ns Tnylor’s theorem, although that name was originally, nnd is stiil 
usually, applied to the case in which it is possible to suppose n to l)o iti- 
dofiniicly increased, so t.bat the series becomes an infinite convergent one. 

Tlio expression H„ •* /" where n > v, is spoken 

of ns “ the remainder in Taylor’s llteorom.” Xii tliis general form it was 
obtained by Sclilomilch* and by Rochef. The particular case in wliicli c 
is taken to be zero, I}„ = ^ (a + Oft) is known as Lagrango’st form of 
the rem.ainder in Taylor’s Uieorem; another particular case, due originally 
to Caue!iy§, of the general form given by Sohiomiloli, i.h tlint in which 
is taken to be « - 1, or Ii„ = (« + Oh). 


143. It was first shewn by StoIzK that the theorem of § 140 can be 
extended to the case in which tl«e funcUone /* {x), f (x), (x) ere 

* Jlantiffuch tier DiJJertntini' v/td /RtfffmIrreJinttngr, 1847. 

1 -V/m. df rAraJ. de Monip^Uier, See ideo Lifiuvdit's Journai [2), '<*et m (IS-'S). 

I)i>. 2TI on.l 584. 

t Th'oriedc^/mrlhm. »oLl,p. 40. 5 Cnfenl p. 77. 

!; f^i-vOrunilTt^ir, vol. r,p.97. It ahmild twotnemU thetStolc emits to 6|«1« the rrstTiclioa. 
Ills proof, limt s is not lobe apoaitiee tnlegct Ins than ri. 
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assumed to exist, and to be contiauoas, only in the liaK-closed interval 
0 £ a; < o + /», so that their enstence at tiie point a + 7 j is unnecessary. 
The following theorem will be here established: 

If a function f (*), in tfte closed interval (a, a + h], be sjich 

that, {!), the funclions f («}, f (»), (*) are all continuous in the 

domain a%x<a + h, and (2), ike function (») ensls, as a finite number, 
or as infinite with fixed sign, at each point of the open hitanxd {a, a + A), then 

/ (» + i) - / (•) + ¥' (») + |jrw + - 

foreome nalua of 9 such tboi 0<9<1; where v may have any value < n, 
positive, negative, or tero, emd not necessarily integral, except that it may 
not be a positive. integer. 

We cannot in the present theorem te^e v to have the value n — 2, so 
that Cauoliy’s form of the remainder is not bore included in the result. 

To prove the theorem, let 

F (.) ./(«) a)r (•> («) - 

i: (,l _ ^ 

_ !f_ij2l _ (t.^Lr , 

where ^ (,t) denotes a ftmetion which possesses finite differential coefficients 
of the first n orders in the closed interval (a. a + h), and such that (k) 
is nowhere zero in the interior of the interval (a, a + h]. Let K have the 
value 

f{a + h) (g) - hf' {a) - («) - - — 

^ (a + A) - (o) - (a) - |j («) - — “ j j ; <“) 

it being assumed that the denominator is not zero. We have F (o) = 0, 
F (a + h) = 0; hence, since F' (») exists at every interior point of the 
interval [a, a + h), F' (*1) = 0, for some pennt such that o < .Tj < a h. 

Since F' (a) •= 0, F' (ajj) ~ 0, an^ F“ (*) exists at every point of the 
interval (a, xf), it follows that at some point ®., auoh that £i< < Xj, 

F“ (xj) = 0. Proceeding in this manner wo see tliali P" (x„) = 0, at some 
point x,| = a + dh, interiew to the interval («, a + h). 



Thu!! we hare /'"i (a + 6h) — (a -} 
shewii that 

«* #• 


[CH, III 

= 0. It has now been 


/{a ^ h) -/(a) - (g) - («) - - - 

^ (n 4- 70 - («) - H' («) - |l (*> - - - {n ~i) \ 

(° + m 

^ ^"1 (a + Wi)' 

In case IL = 0. wo haTe/>"i (a + ^A) =• 0, and since (o + fl/i) ^ 0, the 
rcsnlt holds good. 

Is’ow let. ^ (*) « (a T A — *)•—’, where v may have any value wLatcrer 
(< n)i except the values 1, 2, S, ...» — I ; then 

(o + Oh) = (- I)” {n — v) {« — V — 1) (« - V - 2) ... 

(-v+l)A- (i+e)- 

Since n > i’, the vdno of 

#(•+»)-# (") - H' I") - r, r («) - - - i«) 

(» - v) (n - V - 1) _ 


-li"-' |l — (n — v) + 

+ {- 1 )' 
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(n-^)(n-v-l) ... (v + 2 )l. 

(»-!)! i’ 

and it can easily be shewn that this is equal to 

, , (n - V - 1) (71 - V - 2) (n - V - 3) ... (- V-H) 

' (n - 1)! 

We have thus shown that, subject to the conditions stated in the 
thcorora, 

/(« + *)-/(«) + if (o) + ^/- (a) + ... 

J. f ln-3) ffl\ + *"(1 - «r) (o + 

144. I.<jt it now be supposed that/(a:) is defined only in the open 
iuten’fd (a, a + !i), and that .all the functional limits 

/ {a + 0), /' (a + 0), /' (a 4 - 0), {« + 0) 
exist as definite nun)l>ers, and that also /‘"Hie) e.xists eveiywbcre in Ib^ 
open interval, as a finite number or as infinite uith fixed sign. The preof 
of the last theorem may he emplc^d to prove that 
/ (a 4- A - 0) (o + 0) + (* - a)f (a + 0) + (“ + 0) 4 ... 

(x - ay-' „ . n\M /- (a + Ohy, 
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irhere / (a + 7( — 0) is any <®e of the limits of / {x) at the point o + A, 
In ease / (a -i- A ~ 0) is not unique, it is knewn that f {x) takes eveiy 
finite -vnliic -K-ithin {a, a-x h) (see r, § 266). 

Let us nest suppose that/*"”*’ (*) has no definite limit at a, on the right, 
fio that it lias a discontinuity of the second kind at that point, and that 
/*") (i) is everywhere finite. Lot P {x) bo defined by 

(®) =/(«)- - Cj (*-«)- Cj (*-«}*- — 

- Cn-i (* - »)■"' ~K{x- a)", 
where K.h'^ **/{a + A) — — CjA — c^A* — ... — 

the numbers Cq, Cj, being arbitrarily chosen, and /(a-fA) 

being a definite number. 

• We have J^*> (a) =»/w (*) _ mbere «t < *< ff d- A. Now since 
(r) has a discontinuity of the sccoud land at a, and ft") [x) osasts 
in the open iaterral (a,« + A) and is finite, it follows, by n theorem 
established in i, § 266, that (x) bas the value zero at interior poista 
of the interval. Hence 0 can be so chosen that 

jP" (a + Sk) s /!-' (o + eh) -Knl^Oi 
and thence we have 

/(« + !.)- 6. + «.» + e.»- + ... + + ij/- (o + Hi). 

The following theorem has now been proved: 

V / (*) defined in the inUrval a < i S a + A, and (®) exiMe in 
the 'open, interval a<x<a + h, bvl has no definite limit on the right at a, 
and iffii) (*) exists in the open interval, being energwherefinile, then 

/(a + A) - Co + c,A + CjA* + ... + (a + eh), 

where Cd, Cj, Cj, ... e„_i are atbilrarily cAosen nitniAers, and 9 is a number 

aucAlAotO < 6 < 1. 

Theorems of a similar character have been given by W. H. Young*, 
based upon the lemma that, !£/(*) is continuous in the open interval 
o < ® < 4, and that / {x) either has a difieceatial coefficient, or else that 
there is no distinction between right and left with regard to its derivatives 
in the open interval, then tbereis apennta: of the open interval such lliat 
/ (6 _ 0) _/ (fl + 0) = (6 - «)/ (*). 

wliere/(a^- 0 ),/ (fi — 0) denote any two of the limits olf(x) on the right 
at a and on the left at b. It should, however, be observed that, un]e.=s both 
the limits / (6 — 0), / (a -J- 0) are unique, f' (x) takes every finite value 

* See QsotL Joum. tdL 31.(1909), p. 14G. 
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at pcinl'in theoptninterraUseei,! 2CG), and thus the lemmsinihat f-v; 
i- unduly restricted, unless eitheT/(6 - 0} or/ (a d- 0}i'=cfipob!eofh2,Ti.': 
all Unite values. 

145. If //it) pofsess diSercntial coeSicients of all orders vdthic a 
pn-crilycd interval (fl - )i,a -r A), of x, th«ai, pro%-idod 1!^, have the Hr.-:’! 
zero, v/icn n is indefinitely increased, for each value of h, the series 

/ (.) i i/' w ^ ~r («i + - +pj' (») + •••• 

t'here — >.' <h <X, is convergent, and has f (a + h) for its limiting sir.. 
This i.» Tiiylor's theorem in the original meaning of that theorem. 

It triiJ he oh.-en'ed that the eristence of the diSerential coeSicienti v. 
the fr.ttrcmc points a - A', a -r A has. in 1 143, not been presnppo-ed, bo: 
only their c.vistonec cveirwberc in the open interval (a - A', a 4- A). If 
the condition lim .R,. = 0 be satisfied for each value of A trithin the interr&l 
(— A’, A), and if the eerios converge also for fi =» A, then since it is fi pover- 
serie®, it foUotv.s from the theorem of 5 124, that, at A -• A, it converges to 
/ (a + A), provided/ («) is continuous on the left at the point a -i-A. 

'Jhe value of 6, in any of the forms of the expression for i?,, Is in 
general dependent upon « : and coaseguentiy it is not a sufficient' eonditira 
of convergence of the Taylor’s series throughout the half-open intervs! 
0 C /i < A that have the limit zero whilst 6 remains fired, even if thh 
be the case for each fixed value of 0 in the open interval (0, 1). In cm- 
ncction with the theory of non-uiiifonn convergence of series, ve hire 
already seen, in 1 84, that a function Ji„ (x) may have the hnut zero, 
av n — ■ * , for each value of sc in the interral, and yet that lim f?, (r] 


may noi be zero when x varies with n. For example, il Rk — i'fTy' 

then i?, ha? the limit zero for each fixed value of S; but if d =» 1/n, A h"' 
the limit he-’’-. 

A .siifllnlent condition for the convergence of the serie.s, within a given 
intem-.oi of fi, is ih^it R„, for each fixed value of /i, within the given interval, 
should converge to zero, as n ~ -o: , nniformly for all values of 6 in th- 
ijit'!rval (C>, 1). Thus, for each value of h, and each value of an arbitiaril.- 
ciio'cn podtive numl>er e, a value nr, of n wjuld exist, such that 




provided n a n. , for every value edOin tie closed inter.'al (0, I)- 


riii“ condififm, though eufneient to ensure the convergence of 
sene':, has not been shewn to he neccssarv. An investigation, due in it: 
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original form to Pringsiieim*, ■will now be gjven of necessary and sufficient 
conditions for the convergence of Ta.jdor's scries. 

146. Tlie following lemma will bo first established: 

If /("'(a) be d^ined for everg valve of n, vdierc z is in the ecmi-dosed 
interval x< a -i- li, and if, for some fixed tahie of p which is a positive 
or negative integer, or which nuig be zero, Ute condition is snti^etZ ihal 

to scro, ai ii ~ «> , Hniformly for all valves of h and k such that 
Oi lifi li + bsr, /«• eaeli valve of r Oial is < Jt, then, the same condition is 
satined when p has any other value vJiicJs is a positive or negative infcjcr, or 
aero, and suelt that p + n> 0. 

Denoting (® ■*' 

and hence, since b S r, we have 

provided « + p +, 1 >n It follows that [h.k), and more generally 
I'fH'ii f>)> iot g > 0, converges uniformly if F,,„ (h, k) does so. 

Agwn, wo have 

(i ; » - tm)’"" 'cif r... («. 1+8), 

if T (< fi) be fixed, S can be so chosen tis to be positive and such that 
r + 8<.R. Hence, if 0:4 its r, 

I J,.,.. (1, 1) I < 1 <1. 1 + S) I- 

If n bo so chosen that I i 

for 0Sh&h + kar + S, and n S 7i<, we have tiien | ^ {?i, fe) | < e, 

for C £ ft £ 7{ + A s r, provided « is not less than some integer n/, This 
can at once be extended to shew that j (ft, ft) | < e, if g> 0, pro- 

vided 71 is not less tlian some integer depmidont on e. The lemma has now 
been estftbhshed. 

Por the above lemma given by Pringsheim anotlier lemma, which 
docs not involve the notion of unifmrn eonvergonoe, has been substituted 
byW.H. Youngl-; 

, . * .Wn/i. .4nn<*«, vcl. XIJV (ISWt P- 67. Sco »l«o JfSiiet Sitowny^l'r, (1912), p. 137. 

f Quail. Jmnt. voi. XL (1008), p. IS7, Bleo Ua TSs ^’uiHfarnenliti Thcorcmi of llit 

Di^eicnliat Cakulua, Cambriage (1910]. pp. 57-8.' 
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If, for some given of p which maj/ be a positive or -negative iiifrycr, 
or zero, the condition is satisfied that 

for aich w?i(« of r (< is less than same, fiaxd -posHive number dejieniait 
only on r, for ail values cf k, k, n such that OS h + k S, r, n + p>0, 
(ha same condition is salisjud when p has any other value, tohtchisa posilin 
or negative integer, or ztm. 

Tlic foregoing proof cftn ensily be adapted to prove the second lemma. 
As before, if F,,,[h,h) satisfies tlie condition, so does 
niitl if F^,„ (ft, i) satisfies the condition when »• + S is taken instead of r, 
satisfies the condition. 


147. We proceed to investigate the necessary and sufficient conditions 
of coii^'urgonco, which may be elated as follows: 

ycecssary conditions that the scries SCbA" shall converge for cmij 
posHhe vahe of h that is < Jt, are that, if f (x) denote the sum of 1/iC srriu 
Se„(3! — a)'*, w?(er8 a is a fixed number, and 0£x — a<R, (1), /(®) 
7W4«ess(W,/or every value of TsuehthataS x <a + Jt,adejlnitc finite tahit, 

(2] , tfiof, for every value of x such that a <x<o + R, f {x) possesses finilr- 

efOycrenfioZ coejficienU of every order, and at a, if^Ktte derivatives on the 
rijJ(f,o/ ci.'flryorrfcr; and (3), that, for each fixed value of p(> — n) which fnay 
be a poJiVj w or negative integer, or zero, ^ (o + eonverges 

uniformly far nil values of h, k suck that OshSh-{-k<rlo sero, o« ~ . 
for each wfue of r f< R). Moreover ifJht condition. (2) ic satisfied, and if 

(3) lis safi'sf?crf/or any one value of p, this is stt^tcienf <o ensure Ike convergence 
of the Taylor's series corresponding to f {x) for the interval a £ x<R. 

Instead of the eendition {3), the foUowing condition may be substituted: 

(3)', that, for some value of p, a jionltve or negative integer, or zero, and 
for each value of r (< 7?), + A) A"**| ’« fess than sonic fued 

number, dependent only an r, for all values of n {for which n + p>0) and 
for all vahics ofhajid k stich that 0 S fs £ h + k£r. 

A similar statement holds as i^ards an interval on tlio left of a, 
and it is clear tliat the theorem c«i be so stated as to app!}' to the more 
general ca.so of a neighbourhood which contains a in its interior. 

Assurning that S c„ (ar — a)" converges for a £ x < R, it follow-s from 
§ I3D (hat its sum-function/fa:) is differentiable in that interval, and ilmt 
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' . /' (s:) is represented in the interval a%x <a -i- K fay the series obtained 

I bj' term by term differentiation of the SMiesS*^ (* — a)". The same remark 
applies to the function/' (a:), and to the series which represents it, end then 
successively to the liigher differeatiai ooelBcients of / (x). We have 
• therefore (»)=£»(» — 1) ... (w — a + 1) c„ {* — o)""’, for all values 
of hence/ (a) == Co, and/t’'(o) = »!<^, and thus 

; (n + i). I («)*■. + 

where QiJi< R. 

Sinoe a power-series converges absolutely at all points within the 
• interval of convergence, we see that the function ^ (a:) defined, for the 
interval ti s ® < o + iJ, by ^ (*) S | c, | (* — «)”, has properties similar 
to those of / (a) ; and thus that 


(a + *) " S K 1 A” - £ ^ (a) h'‘. 

find (fl -p A) = X ' j! yyi (**) for 0 5 A < S, 

v. ic.lA"-- 

p (»-p)!' ‘ 

The functions ^ (o -f A), + A) are continuous functions of A in 

the interval 0 S A < ; and for each vsduc of p, . , 

(/<»><fl-l-A)|iSj.^lrt(« + A)i. 

lit order to prove that the condition (3) is satisfied it will be sufficient 
to prove that the corresponding condition is satisfied by the function 
^'1(0 + A). . . - 

IfOfiASA-)-A<J?j we have 

i(a-f A + fc) = S ^ ^")(»)(A-hfcy' - ^">((7 + A) fc"; 

and it will now be shewn that the series S (o -h h) A" converges 

uiuforraly for all values of A and k which are such that OsAsA-v-Asr, 
where r ie any positive number < iJ. 

Since the terms of the series are all positive, and the sum-function is 
a oontinuouB function of (A, ft), it follows from the theorem of § 78 that 
the series converges uniformly in the closed domain 0 S A S A -|- k £ r, 
where r < i?; it is a necessary consequence of the uniform convergence 
that — j -f A) A" should converge to zero uniformly is 

Os A s A A a r, as n is ind^mitcly increased; 


1 the domain 
r being any assigned 
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po'iilivc riinibcr < R. It follows that- it" has fhe sanw 

jiropcrt.v, and ly using the lemma of § 145, it follows that 

(ji + p)!-' ' ^ 

also converges iinifornily to zero, where is nny integer (> — n), [lositire 
or iiegalivo. Thus {he condition (3) has been shewn to be ii necessary con- 
dition. Moreover, wl»on (3) is satisfied, the condition (3)' is also satisfied; 
thus (3)' is n necessary' condition. 

In order to shew Ihut, if (2) is satisfied, and if, for some particular 
value of p, (3) is satisfied, then the series converges to / (*), for all values 
fit X such tliat a 5 *< n + J?, we observo Umt, in ncoordance. witli il'c 
lemma, llio condition (3) nmst-bosatisfied for every value of j>(> -h), Tims, 
ity bo ft poailivo integer < n, j — ^ (a + ft) fc"”*’ converges uniformly 

tti — p ) ! 

to tore in the domain 0£ ft g/i + I- < r. Writing 01i for ft,. and (1 - tl)/i 

for ft, Vi'o see that , + $/i) (1 - {?)»-'’ ft."-'’ converges uniformly 

\n ~p). 

to zero in the domain 0< 1, 0 2 ft.fi r. Boferring to tlio expression 

^ yi /<•> (fl. ^ in §142, we nmy tAko yan-p, ami llir 
rxprc.siiion bwomes ^ ft” (1 — 0)— >/■ (a. + 8h) which can be 

vTlttcn in the form 

?(. - .j - "'■■'""’I- 

For any fixer! valtio of p this converges to zero as n *- » , for every value 
of 0, and for 0 £ ft £ r. Consequently tlio rentainder in Taylor’s llicorcai 
converges to zero for every value of A such tliat 0 £ ft < If. 

It is clearly sufficietit for the convergence of tlic roniftindcr that 

should be less than some fixed postfivc number independent of n; ih'w 
the condition (Sj' is Sufficient, when (2) is satisfied. 

148, Tlic necessary and suffiacnl conditions that Taylor's theorem 
should hold for tlic function /{o + A), where 0 fi ft < /f, can he most 
shii])ly expressed wlien Cauchy’s form of the remnutder is used, and they 
may be obtained as follows: 

Tlic condition as to tlie cjdstcncc of diffcreritinl eoeflicieiil-s of all 
orders being assumed to be satisfied in the interval 0 £ ft < R, it bm* i’^vn 
shewn in § 1 47 to be nccessnrv and sufficient, for tlic validity of J nylor s 
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aories in the linlf-olosod inlorval tbftt •(' ^'•) stunild eon- 

vCTgo to zero, ns n ~ , iiiiifonnly for nil vfducs of h and A eiioh thrili 

OS h£ h + k < r, for oitoh vnloo of r (<^). Writing Oh for h, and 
(1 - 0) h for k, tlio condition taJeos the forin that 


Blioiild converge to zero niiifonnly in the domain 0 < 0 < 1, 0 fi /i S r; 
(wid tluH is Canchy’H forin of tJio romaindor in Taylor's series obUiinctl in 


§142, It 18 then noocasai'y that (1 — '1- fl/f) should 

oonverge to zero for each value of r such that 0 < r < if, uniformly for 
aU values of 0 such that 0 < < 1; inocoovor. this condition has been 
shown ill § 145 to bo suffloiont. The following thooroin has now boon 


In ardor Ihal the fwiction / {a h), droned Jor all t’alv.ca of h such 
that 0 £ /k il, may he represented far all the values of h by Ihe scries 
11 i /("1(a) ft",, ft fs 7iccMAir»/ ow<i Stt£icieiU, (J) tiiat f (a) have differential 
coaffieionU o/ nK'ovrfcM, /or a<a<a +/{, mid definilc derimtives an tlin 
right of ft, (if aU orders, and (2) that Caneiiy's TcanaindrT , , 

srlTri^”"* 

for cadi value of ,h such that OS h< 11, converge to zero, as n ~ uniformly 
for all values of 0 in the dosed irilerval {0, i). 

149. In case Lagrange's form of tho romnindorin Taylor’s tlioorwivis 
employed, instead .of that duo to Canohy, tlio iioocssary and sulficiont 
oonditionB oniinot be expressed in eo simple n fonn, 'llho following 
tiicotom has roforoiico to tliie form of the romwndor! 

In order that the fuuctimif (o + A), defined for all values of h such that 
0-£ h< H, may berepresented, for all the values of h, by the series Z—fk') (u,), 
it is necessary, besides thecovdiiionof nnrestriclcdtUffcrcnUabililji previously 
slated, that — /<") (a H- Oh) should converge, for ouch value of h sveh lhal 
0 s 7t < iJJ, to the limit zero, o« » ~ oo , ufttfomtly for nil values of 0 in the 
dosed interval (0, 1). It is suffiaient, but vol noocssary, that the expression 
should converge to zero, for eaeJt value of h such that 0£/k iJ, unifonnly for 
all uttlues of 8 in the dosed fnterutf (0, 1). 

Inaoeordanco with thotlteoromofg 147, it isnoeoBsarytliat-^ /(")((? /,) 

should convergo to zero, as » ~oi> , unifonnly for all values of {h, k) sucli 
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that 0 i /i S A 4- it S r, where r is an arbitrarily chosen positive numher 

< li. Writuig h for it, and Oh for h, we fice that, this condition includes tlie 
cnndilioii tJiat /‘"I (« + Oh) should conveige to zero, for eacli value of I 
such tliat 0 S /t < hit, uniformly for all valaes of 0 in the closed intetr.ii 
(0, 1). 

To shew that the convergence for each value of Ii such that 0 S /i < If 
is not necessary, let us conader the function /(*) = (1 defined in the 

intcn'al 0 a a: < 1. The l^agrangian form of the remainder is 75 — -n-r-r.; 

(I - Wr)" ‘ 

this converges to zero onlj' when x<l — 0x, hence, if * > 1 it does not 
everywhere converge in the interval (0, 1) of 0, but if s< 1 it converges 
iiuiformly with raspoot to in the interval (0, 1). This shows tlmt the 
condition that the remainder shall converge for every value of h tliat is 

< fj is not always satisfied when the Taylor’s series converges in the 
intervitl OS A < Ji. 

160. It was remarked by Cauchy* that tlie series S may bo 

convergent in an interval, and yet that its sum need not bo/ (n + A). Tj)is 
Iia]ipenB wbonever tlic remainder R„, in Taylor’s theorem, whiob is dcfuicd 
118 the difference between / (a + A) and the sum of the first n terms of the 
soric.s, converges, for eacb value of z, to a limit wluoh is different from 
zero, as rt is indefinitely increased. 

Lot the function/ (it) be defined by/{z) =c*^, forai*> 0,uiid/(0) =0; 
it can o.isily be .shemi that this function and all its differential coefficients 
exist, and are zero at the point * = 0; and that for > 0, the remainder in 
the Taylor's scries has for its Kmit e~^. If now if, (z) « e* + e'^, [z*> 0), 
if (0) 1, and the series S— ^">(0) 'o the neighbourhood of the point 

z = 0 he formed, then the scries converges, not to the vaiuo ^ (A), hid to 
the value c''. 

EXAMPLES 

(1) (x) = (1 + i)'’; rhrn, in a noghbonihood of die point x = 0, we Iine« 

/I.| . 1 , t ... + * i. 

where ll„ can l)o exprc&'ajd in Lagrange's tom by 

p{p - 1) ... 0» - » t I) ^ 

nf (T + tfrp-*’' 

or in Canciiv-s fonn by P-»-T Jl v . (P -JLj-Jj 

^ (a-1)! (1 + &)*-'* • 

• CoJ/.uZ 7jry. p, 103; goc a!ao P. Da Boia-Beymood. XeUh, Xnaotra, '*ol. xxi {1SS3), r. 
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I ^ lP(f- Il — ^~n+ 1 )^ 

■ -‘^1 (S-'il!' 

> p. U { X ! < I, tiM expresgoB 


tanllnunlly diminisliM iw « U iDcrea8«d: for. denoting it liy m fmil 

where f is a fixed pawtiTC miinbcr< I - ) r|,provi(frdiil>c»uflici«ttIygreal, and it follows 
Ihst Ihc limit of u„ is lero; nnd thou Hm 0. The eerie* therefore coneecgrs for all 
Talus* of xsuoii lhat|»l< I. 

To find Ihe limit of Uv^^__*itJij»||cn ni* indefinitely incn3«id, soppoae 

finittliatp4 1 i« ncgstlfc, say - t Wo nuty write the' exptcuaon in the form 

»nd this is > 1 4 .,,4 tint* tho limilh fnrfcflnJtcly great. Next fuppew 

thalp 4 1 1« posIUvfi. Then tho expression may bo written in tho form 

wheto h ii tl!oiiil<5ornmgrcaiortl«op 4 ); ibis bless tliati 
y < P-I)...l j> -X4 8) I 

henee ilio ilmil.whetifl fabnlefiniU’ly inerfctsed, is teto. ffpti - 1, the limit is uiilly, 

If z IS I, Legrsngo'* forffl of lira remaisder ebews that tho series convetgen if p> •' 1. 
Tlio series (lirctges i(y< - 1. bceanse the general term of (he scrim increases indefinilely 
with «, 'Flio series flaeillates if ysia - I. • 

Itz r- - ], Cauchy’s formnflbcrcmslnderFlrewBthallfp - 1 > - l.orpi- 0, IhescriM 
keom-iTgeni. It ia divergent if ys< ft forthooum of ntcnna of lUu aeries is 

-. fr-na»- 8 )---»-« 4 -ii 




<«-ni 


12) Lel*J'ti):ii i i, wbero a > 1. For this function 

/l0)-.n-'. /l"’-'l(0)-ft /•.“»(0)=v(.l)‘(2i)!e--'-'' 
lias the wrics for 


Tliesom of the scriw, for in 0, is/(0J,hHl in every oc^hisaurhoo'J ofi ir 
liorerire nnil (he value of fit) an slilfereill except »t mostut a finiln nnm! 

• Prinsrsbehii, JfCscJloKr ffitioijfier,, IgK. p. 122 . 
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2in 


[ciI, Til 


that <1 hs.li -i-kt whore r is an arbitrarily chosen positive niimlct 

< R. ^Vriting h for k, imd Oh for A, we see that this condition includes Iht 
condition that — , /<''>(« + sliould ctmvcrgc to zero, for each vnliiooi J 
such that 0 5 A < hR, wniformiy for all values of 0 in the closed inten'nl 
(0. 1)- 

To shew that the convergence for each value of h such that 0 S A< i? 
is not necessary, let ns consider the function /{*)«= (1 deSned in the 

intcn’al 0 £.z< 1. The Lagrangian form of the remainder is 
this converges to zero only when xKl'-Ox, hence, if a: > i it docs not 
ovcri'where converge in the interval {0, 1) of 6, but if a: < A it converges 
uniformly with respuot to 0 in the interval (0, 1). This shews that the 
coiKlition tlint the romainder shall converge for every value of h that is 

< ^ is not alwaj’S satisfied when the Taylor’s scries converges in the 
intorvnl 0 & h< R- 

IBO. It was remarked by Cauchy* that the scries S~j/i"'(o) rnny.bB 
convorgont in an interval, and yet that its sum need not be/ (a + h). Thiii 
happens whenover the remainder It„ , in Taylor's theorem, whioh is dernied 
08 the diiTeroneo between / (o + h) and tbo sum of the first n terras of the 
series, converges, for each value of ar, to a limit which Is different from 
zero, as n is indefinitely increased. 

Let the function/ (*) be defined by/ (*) *=c~^, for*’> 0, and/(0) “0; 
it can cn.sily he shewn that this function and all its differential eocflicionts 
osiafc, and are zero at the points = 0; ajnd that for** >0, tlio remainder !u 
flic Taylor's scries ha.s for its limit c'**. If now ^ (*) = e* + c {a:* > 0)i 
^ (0) = J, and the series ^"^(0) fbe neighbourhood of the point 

* ■= 0 he formed, then the series converges, not to the value ^ (h), but to 
the value c*. 

EXAMPLES 


il> Lt:l/(t) = {1 + r)''; U)cn,iii a ncigbboarhood ol tlic point x =•• 0, wc have 


T'-liprc l!„ cun be iwprcssed in LDgniiigc's form by 
P (p - 1) ... (P - a -b 1) 

'n!' '(1 + 

or in CnochVa iorm by 

{»-!)! (l + ftry-- 

• CaUtil p. 103; fice otiioP. Dn Bau.Rcyioand. ifatt. ATinalcn, vol. 3.%J (I8S3), p 
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It is unciecessary for Uie applicaticm of tiie criterioa giren in tills 
• theorem that / (*) be capable of rqnesmtation in a neighbourhood of the 
point a: = 0 by a conT’ergent pow^'-seiiea. There exist functlDns with 
diffcrcnfial cooffioicnts of all ordras, which all vanish at the point a: = 0. 

EXAMnJBS 

(1) * = aud/TO = 0. fa flm case/'(0) = 0, /”(0) = 2; aiid/'M, 

!"{ t ) ;ite coctinuona in any neiglibonrhood of X = 0. 71w {heorcm csUblishes that / (x)faae 
a isinimum atz 0, Bltliough/(x) cannot be leprcaented a- pawea-aenea in any neigh- 
bourhood of the point. 

(2) * Tho function defined by /(*) = «”**, /(<l) = 0, has a minimum at *=-0; and 
yr.t the theorem i* not applicable, becauae die dlSereodal do^cienU of all orders vanisli 

(8)* Tlio Wotion dofmod by/lxjsare"**, /(0) = 0, bat neither a marimnm nor s 
aiinininm at s a 0, As in (8). the above tbeorem is in this cue inappliesblo. 


TAYlOa’S THEOREM FOB POKCTIONS OP TWO VARIABLES 

153.' Let US assume a function f(x,y) to be defined for all values 
of a:, y in the domain defined by«-8^a:iS(i + $, 6-8'SyiS6-j-8'. 
Under proper conditions as to (he existence and continuity of the partial 
differential coefficients olf{x,y), of a finite nuabor n of orders, it is 
possible to obtain an expression for /(a + fc, 8 -i- h) —/(a, b) consisting 
of terms involving the first n powers of A and k, together with a remainder 
acalogous to the remainder In Taylor's theorem, such expression being 
valid for values of h, k, sutdi that | A | < 8, j A | c 8'. It is however, for 
the present purpose, unnecessary to conwdec the least stringent set of 
conditions relating to the partial differential coefficients of the various 
orders, which are sufficient to allow the oxtenaon of Taylor’s theorem to 
the case of a funcUon of two Tariables. It will here be assumed fiiat, for 
all Values of x and y such that o — 8<a:<a-h8, 8 — S'<y<6-lS', the 
partial differential coefficients of / (*, tf) of the first n orders all exist, and 
are finite; and further, th.vt they arc. all conlinuous, for this range of 
values of X and y, ivith respect to In accordance 'vith the theorem of 

r. § 314, the order of diffcrentiataon.ineadr of the mixed partial differential 
cocflicients, is in this case immaterial. 

Taking values of h and k which are numerically less than 8, 8' 
respectively, let/ (a H- lit, b + ik) be denoted F ((), the variable t having 
tlie domain (— I, + I). Tlie conditions contained in the last theorem of 
r, §300 being in this case ao-tisfied, the differential coefficient of F {t) 
■ Th^e Momjilwr are given I7 SdinSer, Antu^ai, vol tcxxv (1890), p. S42. 
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(3) I>‘1 /(z-) = I where g> I. For this function, the Mnclaiiriii's m*i 

S {- I)‘ which dizCTgca for emy valiic «f a: except x 0. 

H) Let*y(z)" ^ This function ia eontinuons on Ih? 

riglit of the point r = 0, nnd has dcrimtices on Uio right of all orders nt that point; the 
ifnclaurin’a aeries J (- 1)* .i” thus obtiunedl, conches for nil positiro vslura oft, 

hiildoca not represent tliofiu>clion/(z). 

(S) Let /( t) »£ where o> 1. For this fimcfion tiic Maclnurin's series does 

not eonvcrf’pinnny nciglibourliooil of (lie points s 0. 


MAXIMA AND hUKIMA OP A FUNCTION OF ONE VAEIABLE 
tSl. If iias been sltmvn. In i, §3(18, to be a necessary condition tliAtn 
fimotion/(!e) maj' Iiavoan extreme at the point x « o, that the dillcrentini 
oocflicient nt (Jint point kIioii 1<1 be zero, provided the fimction be such tlinl 
a diUcrcntial coelHcicnt at x = 0 exists. Let us assume the function to bo 
such that the first th difTerential coeOicienls /'(x), /" (x), d'l 

exist and are continuous, ot every point x such that - 8 < x < 8. Let us 
further assume that /'(O), /' (0), arc all zero, and thus that 

/‘"’{O) is lliat differential eoclbeicnl of lowest order whicli docs not vniiish 
at X ■« 0. 

We have then /(x) -/(O) - '''here 0 < 0< 1, and x is 

siioli tliat - S < X < 8. Since /<") (x) is continuous ot x 0, a neighbour- 
hood (- 8', S') of tliatpoint, interior to (- 8, S), can be so dotcrinincd that 
{Ox) iias tile same sign os /(•' (0), prov'id^ — 8' £ x fi S'. If n be odd, 
the sign of/ [x) — / (0), in the iutorval (—S', S'), depends upon that of z; 
and therefore/ (x) has neither a maxiraum nor a minimuni at Uic point 
X “ 0. If 7! be even, the sign of/ (x) — / (0) is tdiesame as tljat of/'"’ (0), in 
ttio wliolc interval (— S', S'), nnd therefore / (x) has a maximum or mini- 
mum at X = f), according as/l“)(ft) is negative or positive. ’Tho folloning 
liieorcni for determining whctLcr a maxiniuia, or a minimum, exists at a 
point at wJiicii the differential coefficient of a function / (x) vnnisiics has 
therefore been established: 

If. Uic first n coe^ctenfs of a function f (x) all exist, and are 

continuous at all interior jroinU of the interval (— S, S)/ and if /"M®) 
the differential caejfcienl of fouTcsI order ichick does not ravish at the fw'n/ 
X — 0, then (1), if nbc odd, there is nexther a maximum nor a minimum of the 
function f (x) at the point x = 0; and (2), if n be even, the point x ^ 0 i> a 
maximum or a minimum off (x), according as /("'f®) negative or po.'iV'rf- 
• P7ia?«hcii7i..';c(A,yjfine;oi, voL»n(I893J,p. 161. and vol. HJV(I)WI), r-*'- 
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consisting of powers of x and y, or gJbo tiiat it is such that tJie theorem 
of § lfl2 is applicable, so that 

/ (*. y) -/(0. 0) = (». y) + -Bn^ (*. y). 

whore 0„ (x, y) conaiRla of terms of dimeDBions not higher than n, in x 
and y; and (*, y) )R either a convergent 8ori€fR of which the terms of 
lowest dimension arc of tlio order » + I, or has the form of the remainder 
given in § IB2, consistang of terms of dimension » + I in 9x, Oy, where 

0 < 6 < 1 ; and in the lattmr case it -wfll be assumed that the differential 
ooeffleionts in that reznaindcr are bounded in the whole domain. It will be 
shewn that, under a certain condign, tho problem of determining whether 
the point (0, 0) is a point at which has a maximum or a ratnimuen 
is reducible to the solution of U»o corresponding problem relating to the 
rational integral function Q„ (*, y). The following general theorem will 
be established: 

The JitnUicn / (*, y) having in tits neighbtmrhocd of (0, 0) the characler 
above described, if an index n, and two positive numbers c, B can be so 
deiermined that (1), for ait values of x such dial 0 < ) ® | < S, i/ts upper and 
!oiu«' boundaries ofO„ (s, y), for a constant value of x, and/or allvafuM of y 
fn<Aeinferual(-»,!t), areinal>solulevalvenollessihano\x\''; avd[2), ihal, 
(f 0 < 1 y I < S, fSe upper and louxr boundaries of 0„ (x, y), for a conslanl 
value of y, and for all vaheso/x in the interval (--yiy), are in aljsolule value 
not less than o\y\”; then Ote two/unefionff/f*, y), 0^ (*. J/) luive both either 
s proper maximum, or botii a proper minimum, or both neither a maairiwn 
nor a minimum, ai the point (0, 0). 

To prove this theorem, wo first observe that (x, y) can be regarded 

as a homogeneous function of x and y of degree n+ 1, in which the 
ooefBcionts depend upon x and y. By giving each of the coefficients its 
greatest possible value, for | * | < 8, { y | < S, we see that 

I <-4„|a:t"-'> + .4, | x |" | y | -i- ... + i yl'’+^: 

where A^, A^, ... .d„+, are positive nnmbeis. 

If now I y I S I X j , we have 

] Ii„.„ {X, y) I < K + A^+... -h ! a: I 1 * I"; 

hence we see that a number 8' < 8 can be so chosen that 

i i?-4i (*. y) I < 1 1 * I”. 

where e is an arbitrarily chosen po^vc nutulmr, provided j x | < S', 

1 y I = 1 * 1 • In, a similar manner we can shew tlmt S' can be so chosen tliaf, 
i (*, y) I < e I y I”, provided | x j ^ | y |, and [ y | < S'. 

Let now tile upper and tho lower boundaries of (7„ (z, yj, for a constant 
value of X, and for all values of y such that | y | S j a: |, be denoted by 
{x, ^ {x)), (?„ (x, f (x)) respectivdy. Also let the upper and the lower 
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exists, and is cqnnl to ^ y'>‘ * = « + 2/ =- S' + 

Similarly, it is seen that all tl>e differentia! cocfUcicnis 

exist., and are continuous; and Wiat 



In .accordance witii the theorem of § 142, we have 
F (/) - F (0) + -IF' (0) + ^P' (0) + 
tvlicrc (? is a number such that 0 < ff < 1. 

Since this holds for f — 1, we see that 

- + ir^T)! (* I + *s) h(«. <■) +„'i (* E + ‘ gi) /w + ‘ + 

Tins 19 an extension of Taylor’s theorem to the case of a function of 
two varinhioa. It has been cstablisltcd for all values of /i, k siioli that 
I h I < S, |fc(<8', on the hypothesis that/(*, y) and all its partial 
iliflorcntial coefRcients exist for all values of x and y sucli that 
n - S < a: < a -I- 8, b~S'<y<b + S', 
and t.lmt they are all conlinuons with respect to the two-dimensional 
continuum (*, y). 


MAXHitA AND llcmiA OP PlTNCttOKS OF TWO VARIABLES 

153. Necessary and suiTKnont conditions have been stated, in llie 
theorem of i, §321, that the point (0,0) may be a point at which a function 
f{x,y) has a maximum, or a minitnum. The general theory of maxima 
and minima of functions of two VMnf>les has been discussed by Sclicoficr , 
J)nntscherf-, and fjwk}, the last of whom haaoxterded Schceffer’s method 
to the case of functions of any namber of voriahles. The account which "ill 
iierc be given of the general theory is based upon the investigationR of 
Soiicoffer, as modified by Stolz. 

Let the function / (x, y) be such that eitlier / (k, y) — f (ili ®) repre- 
sentable in a neighbourhood of the point (0,0) by a convergent scries 

• ilnth. AnnoJen. vol. xsxv (IBM), p. Ml. t «■'<'- *’• 

t 5il.nw7»5'r.ofthoVjciui»Ae»<JeiBj-.vol«.xcix(Ila).C(lI<i):sl5n'7ri/niiJ(?5f,vol. I.p.CM. An 

aceoOTt ol tho various Itioorini is in Hancock's Inatiav, Theory of .Uisiric. 
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It sliould be observed that tMs theoicm does not always suffice to 
decide whether tho point (0, 0) is a point at whioh / (z, y) lias an extreme 
value, or not. For it may happen that^ for a given function f {x, y) of the 
assumed type, no value of « ean bo detoraiincd, for whioh the conditions 
stated in tlie theoi-em hold, and therefore the theorem is inapplicable 
however great «• may he taken. 

(^'j y) ^ (®! y)}*) where tt (*, |r) vnnisbes at points of a locus whioh 

passes tbrougli the point (0, 0), then the function / {x, y) is one for which 
the theorem is inapplicable; the pwnt (0,0) is in this case a point at wliioh 
/ (z, p) has an improper ininimum. 

In general llie thuorom is inapplicable in the case of any function which 
attains the value zero , at points other than (0, 0). in every neighbourhood 
of that point, but whioh has one and (Jte same si^ at all points at which 
it does not vanish. 

164. The simplest uase in whiuh tlic theorem of 1 15S can bo applied is 
that in whioh the f uhotion 0. (x, y) is a homogeneous function of degree . 
For such a function (x, p), three oasee arise. 

(1) If 0„ (x, y) bo a definite form, t.e. if 0. (x, y) has one and the same 
sign for all values of (x, y) eixcq>t (0, 0), then 0, (0, 0) is a proper minimum, 
or a propoi maximum, according as that sign is positive or negative. 

(2) If 0;, (x, y) be au indefinite form, i.e. if there are points in every 
ncighbonrhood of (0, 0) at which 0, (x, y) is positive, and others at which 
it is negative, there ai-e other points beddes (0, 0) at whioh the funotion 
vanishes, and there is no extreme of tlte function 0„(x, y) at the point (0, 0). 

(3) If 0„ (x, y) bo Bcmi-defimte, i.e. if 0, (x, y) vanislies at points other 
ttian (0, 0), but has a fixed tign at all points at which it does not vanish, 
then 0„ (0, 0) is an improper extreme of 0„ (x, y). 

It should be observed that, if n be odd, G„ {x, y) is noccssarOy an 
indefinite form. 

It will be shewn that, when 0„ (x, y) is definite or iudeSnite, it eatisfies 
the conditions stated in the tbeoieni of § 163; accordingly /(x, y) has a 
proper maxitflum or else a pn^r minimuni, when 0„ (x, y) is a definite 
form ; and / (x, y) has no extreme when 0„ {*, y) is an indefinite form . 

When G„ (x, y) is a semi-d^nitc form, no conclusion can be drawn as 
to the existence .of an extreme of the function f{x, y), as the conditions 
contained in tiie theorem d 1 163 oro not satisfied, 

If G„ (x, y) bo definite, it is of the form 



21G 


Poicer-Series 


[on. 111 

boundnries of (?„ (r. y), for a constant valoo of y, nnd for all vnliies of t 
sucli that l3;|Sly[.bedenotedby(7„ (^(y), 2 /), G„{f [y),y) respccfivdv. 
We have then, provided | a:| < 8', and | jr | £ | x], 

(?„ {X, i. (z)) - . t X 1" </(*, y) -/(0. 0) < (?„ (X, 0 (X)) + < i X I"; 
al^^o, provided [ «/ 1 < S'. | * ( ^ | y j, we have 

{-^ (y),y) - r|y|"</(*.y) -/(O.O) < G„ {y),y) +<li/h- 
First, let ns assume that 0„ (0, 0) is a proper minimum of 0„ (z, y], niirt 
that the oonditionsof the tl»eorem are satisfied. By the theorem of i, §321, 
G„ (z, (ji (z)j, G, (■’/r (y), y) are both positive, for sufficiently small values of 
X nndy ; we may suppose 8' to be so small that these conditions are satisfied, 
provided j z | < 8', ) y ] < S'. 

Wo have then G, (*, (*)) j; c | » |*, if 0 < | » | < 5', | y [ £ | z t ; anrl 
Gn (f {yh y) S C I y 1", if 0 < y < S', I z I I y |. 

It now folloxvs that 

(c - f) I z f" </(*, y) -/ (0, 0), for (K I z j < SM y I £ I * I, 
and that 

(c- «) I y !"</(*, y) -/(O.O). for 0<(y| <8', |*|£ |yj. 

Since « oan be chosen so as to be less than c, we see that/ (z, y) -/{0, 0) 
ifs positive for all valncs of x and y such that 0 < ] z j < S', 0 < ] y | < 8'i 
nnd thcreforo / {0, 0) is a proper minimum of/(z, y). 

Il'uxt, lei us assume that (0, 0) is a proper maximum of (z, y) ; 
then G, (z, ^ (z)), G„ (■^ (y), y) are both negative, for sufTioicntly small 
valttes of z and y. Wo therefore assiunc that 

G„ (z, ^ (z)) S — c j z I", for 0 < I z I < S', and | y [ s | z | ; 
and th.it G, (y), y) S - c | y |", for 0 < | y ] < 8', | z | £ | y [. 

Wo have then /(z, y) — /(0, 0) < — (e — f) j z I", for 0 <|z|<o', 
and I yj£|z| ; nnd also / (z, y) — /(0,0)< — (c — e) | y for 0 < li/j<5'. 
I z I -- I y J. Since € may be tahen to be < c, it follows that / (0, 0) is n 
proper maximiiin uf /(z, y). 

I^asUy, let us assume thatG, (0, 0 ) is nmthera maximum norninimmum 
of G„ (z, y). In this case we may, for example, assume that 

G„ (z, i (z)) 5 ex", G. (z, ^ (z)) s — cz", for 0 < z < 8. 

Wc have then, /(z, * (z)) -/(O, 0) > (c - c) z", 

«n<l -(c -,)»■, 

provided 0 < z < S'. Since e may be token to bo less than c, tlicso two 
diflorcnees arc of opposite signs; thraofore/fO, 0) is neither a maximum 
nor a minimum of/ (z, y). 
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extreme off tz, y). If n be ccen, arid {x, y) be an ind^niie form, f (0, 0) 
is T.ot an a-ireme of f {x, y). If be a defniXt form, f \S>,0) h a 

proper minimirm, or a proper vtaximvm, of fix, y), according a? G^ (x, y) 
it positive or negative. If G„ [x.y) bea eemi-d^nitcform, no cond’xsion can 
be. dratem from the coneideralion of (*, y) by itself, as to the existence or 
non-existence of an extreme of f ix, y) at (he point (0, 0). 


155. WLen those terms in theespandon of / {x, y)in powers of a: and y, 
which are of the lowest degree, give a semi-definite fonn, it is necessarv to 
fake a valae of n greater than this lowest degree; we have therefore to 
conader the case in which (x, w) is not honn^eneons. We have thets, in 
order to apply the theorem of I, f 321, to G„ (x, y), to determine the fonr 
functions G, {z, ^ (x)), G„ (x, * (x)), G, [■& (y),y), O, (y), y). The valo^ 
y m^ix],y — 9(a), may be either in the interior, or et the ends of the 
interval (— a, aj. In the former case they most he such as to satisfy the 
condition 9; in the latter case they will in general not satisfy 

this condition, although they may do so. The niethod of procednre, by 
a'hiohG,(e,^(z}), G„{x,^(x))ioayheobtaiiied,is to deieimiDe the various 
soladons of the equation > 0, in which y is expressed as o series 

of fractional or integral powers of x; only such values of y need be con- 
sidered as vanish for x = 0. 


Let y =- Pi (x), y = I’t (*)• — y “ Pr (*) denote these series; we then 
form the expressions G„ (x, — x), G, (x,x), G,, Pjfx)), ... G„ (x, P, (x)). 

It Is certain that the two expressions G„ (x, ^ (x)), G* (x, ^ (x)) must 
both occur amongst these r -f- 2 expressions, and a comparison of the 
leading terms of these expressions wiD enable os to identify the two ex- 
pressions required. If the indices of the leading terms in G„{x, ^(x)), 
G, (x, ^(x)), are not greater than n, the first condition, of the general 
theorem is satisfied. A similar method, in which the equation 
is employed, will lead to the determination of C„ (y), v), 0,_ {■>y (y), y). 

The details of the inve-stigation have been fulir carried out by Scheefier, 
who employs the somewhat more symmetrical, but practicaliy less simple, 
method, in which x and y are expicsed as series involvinsr a single 
parameier. 


Whoa, for any value of n, the result of this process is that G_ (x, y) is 
such that the conditions contaiiied in the theorem of S 153 ore not satisfied, 
a larger value of n in which more terms of/ (x.y) are included in G„ (x, y) 
must be taken, and the process repeatednntil a definite result i= obtained. 



Poioer-Serics 


wlicrc n = 2k. Let «s assume that A is posdtivc ; then 
0,[x,y)^A^TlSr.xP, 

for all values of a and y; itfollcnve that the first condition of tlie tlicoreri is 
satisfied. 

Tlio case in whicli A is negative may be ttented in n similar manner. 
Again 

(j - y,*l= + s,=*= - {xVrf + s,‘ - ^ ,/i 

hence 1 G, (y). y) | > ) G, (y), y) | S [ | y" H 

and Uioroforo the second condition of the tiseorera is satisiiod. 


Nost lot 5, {*, y) be an indefinite form; in which ease (a'l f/1 iia* 
noitlicr a manmnm nor a minimunr at (0, 0). Let (*', y') be fi point I't 
wiiicli (ar'i y') > 0; and first suppose that \ \ S } s' \, so that | *' | > 0. 

Lot s, y ho such that yjx = y'js', and let as, y have the same sign; wo 
have G„ (as, y) > 0, and it follows that 

Next suppose that Ia:'|a |y'|, so that] y'| > 0; we then show in the same 
manner that 

0.(f 

wliere y has the same sign as y'. 

Since there are also vaincs of (*', y') such that (?„ (*', y') < 0, we tan 
sI)ow as before tiiat 

where x and s' liave the same sign, ond that 

where y has the same sign as y'. It has thus been cstabiislied tiial, when 
(2:. y] is an indefinite form, the condition.^ of tlic theorem of § are 
satisfied. 

Tlic following general result has now been obtained : 

V/(^, y) -/(O, 0) he of the form G„ (*, y) + J?n*i (*. y)< '•^1'ercG, [r, y) 
IS a homogeneous function of degree «, Oien, if n be odd, f (0, 0) 
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itisnotthccaselhat 1 (?.(*, Sc|®l*.ft’raiyvajneofc,iaauiiislil»uthw>dofs= 0; 

tbe theorem of § 153 is therefore not ^pKcabie. So infotmatioa is ohlained as to whether 
/ (r, y) lias an cstremc at. (Ch 0). or not E will io l®«h h® Eheau, in the nest esampTe. 

(4) Let/(3:. ji) = p* -r iH'* **+ We find ^ = 2y + a*, hence 

^ = 0giecsy=- in?-. 

ey 

hence t?, (*, - ia*) ^ fa* *■ ; 

also Cj (a, a) =s a? + a? 4- a*, — x) = - s’ 4- a*. 

In this case 0,(a, ^(a))i C4<».4(*)) 1*®*!* ptBillce, and arc greater than e[a]' for a 

fixed c. It can be shewn that the other condifinn is also aati^ed. It follows that/{r,y} 

has a minimum at (0. 0). 

(5) Let f{r, y) a*/ - 3a*y’ + a'y* - 3xp" + ji* - 4 fix’' 4- (r, y). 

Id this case » 0 has ths three roots 

<y 

y-fia* 4- .... y = - Ja= - Ma‘4-..., y- 2**+ 5*< + .... 

On eubitltutiiig these enlties in yh iormil^ also ixu fz, zh ^ wc 
find that t?j,(z, - 4 (z}} if (7(z, - z)or&(z,z).acco>di&g8szUporiHes erss^fire; ssd 
the czprearian cemmences srjtb tbe tertn s?. Wo fiod for 0,t (z, ^ (zj) an expression 
- 4z“ 4- .... Sitieo O„{z, ?|z))!. t7,.(r. J(z)) hsre oppodte eipiS It f^0»» that (0,0) 
is not spoist at which Cu (z, y) has an oxtremc. Since the indices ol the leading Mebu of 
(7j,(z, ^(z)}, (7i, (z,^(z]) arc both less than tfi, the condition of the thsonm of |153 is 
sa&ficd, and sre can thenlmw infer (hat/(z, jr) has no ertreme at (0,0). 


THE LDIITS OF A 8EH1BS I.WOLVISa A PlBA^IETJnf 

ISB. A generalization offbctlieorems of AbelandTauberreietangtolbe- 
convergence or oscQlatlOR of apower-series at the boundaiies of its domain 
of convergence can be obtained by the consideration of series of the form 
o,^ (0 -f dfd (20 + ... + ««^ (n<) -f .. . . 
where ^ (!) ccmvergoi4 to 1, as t ~ 0. The following theorem -^vill be estab- 
lished : 

If Qj -r Oj ^ ... -!- a„ -f ... is » tiiimerical series ithicJi osciltates bsliccen 

finite limiU, and (he series a,^(t) + {2f) + + a„^ (nf) -f- ... cen- 

verses, for each posiiire rahie of I, to a ssm S (f), then the upper and lower 
limits of S {1) as t~0, are ^nife tj ^(t) salisfies the conditions that, 
(I). <f{t) converges to l,ae/~-0,aBd to 0, «« <~oo, (2), ^'{i) exists for all 
positive valves of t as a finite manber, and is flisoftrteZy summable in the 
indefinite interval (0, ® ). In case a, d- a. + ... canveryes to a definite svm s, 
2 = «• // d(0 steadily diminishes ae I increases from zero- 

indc/itiflsfy, (fie oondifion (2) may be omitted. 
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EXAiIPI£S 


(1) l>t /(r.w) -/(0.0> = a** + 2faF+ Jar {*.?)• Xhe form ra' -r - l-,- 
15 dciiniir if ai - A’ is positive; in this casc/(0,0) is a proper mimmum or a proptr 
madmum of / (i, v). a^-'Kording as <t is parittre or nogaltvc. U o5 - A’ is ncgatiTc, th-a 
or= - lAry ^ b’f is an indrSnito fOTm, and in that case /{O.O) Is not aneitremeof/ir.j). 
Ilcii - A' = n. the form a*- + 2hxy -r ij’iseemi-defimte.aadnoconclsisioacanbcdra'raas 
to tiie rdstcnc; of an eilremo of / (i, g). It vdU be necessary in the last case to ccasdrj 
term? of order highor than 2 as included in G,{T,g). Be tsVing n = 3, 4, ... a fenrtira 
Ga (^r y) may be delcrminablo trhich EStisfirs the conditions of the theorem of J 1C3. 

(2) * Lct/(J’. 1/) « ny* ^ + er* 4 iSj {r, yh wherea iaposilivcjin thueavowebrj 

.tad this rsai'ties for >/ =5 --ar^. WchacR 


<r', (a, - x}= ax* - 36** + e**, </, (r, s) = ax* * 26** + ex‘, 

.,,1 

It foUov-x ihnl (]^{g, - s) oc (x. x) is the eslue of t?((x. ^(x)], and that ^x, - 


U that of CI((x, d' (x))- If ae - 6* bo nogalire, the Iwoexprcarioris $fx)]. 0|(z,^[r)) 
h»vB epposilu *!^{ therefore/fO, 0) is not an extreme of /(x, y). If ce - i* be porjlirr, 
the ten cxprcssioiu nro both positive, and the first conditian of the general (beentn is 
latisfiod, since tiic indices of x in the leading terms arc out greater than i. 


- = 0 has for tools x = = , and s » 0 s t 

(®> y) “ OS** <N {± y. y) ■ ay* 4 26y* a. ft/. 


It is ujinwe.wiiry to coondet the toots * = bee.Mise. for salTidently taull 

values of y. 1 xj > I y|, and thus these roots could not give the cxtrctnM for lx| fi 1 si* 
Itciuemberlng tli.vt a and e are bosh police. Jet 6£0, tben the volnc of It 

ny* 4 2ir/* - cy*, and that of O, (y), y) i* ay*; these ralacs being both positive, -xt MS 
that t?4 (0. 0) it 1 proper rniniionm of G,{x, y). The came couoltisioa may bo made vh^n 
6? 0. Therefore, trhenor - o> 0, since the conditions of the thftorem of 1 153 sre 

satisfied, / (x, w) has i proper trriidnmni at (0, 0). If o« - 6* > 0, a < 0. there is s p"o;or 
marimum. Hoc - .O.vrehave 

/(i** y) = ^(oy + fc’)* * Bi (at. y): 


hcBce <7, (r. y) n an improper extreme at {0; 0), and no oonela'ion can be draxn as 
rrgr.rds/ir, ,j]. 

(2)f Lcl/(a,yj = ySa.iti,+ J? /ir, «! We find ^ = Ey 4 and ther.cs vre b*vt 

eg 

C,(x,-ix*)=-}x‘; 

C,(*. -*) = *» -a*. 

It k da.Tr th.T!, in tiuj ease. Gt(x,^(x)) have opposite sign.', provid'd 

X be ruffiriently email, therefore G{x,y) has no extreme at the point (9, 0). Since 

<7,(x.^(xJ)=-ix*. 

• Sec .Ssdr. Grvnizije, voL 1, p. 234. t ScheeSev. l-x. cii. p. 573. 
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It will be observed that, in case ^ (1) steadily diminishes as t increases 
from 0 indefinitely, the sum 

^ + 1^)] 

lies between the two numbers ±[| (« — «) + S] ^ (m + It), which converge 
to the numbers ± J (« — s), as t ~ 0, S ~ 0. In this case the limits of S (t) 
lie in the interval (s, e). 

An impaitant example of Uic above theorem is the case in which 
This function diminiuhes steadily as i increases indefinitely 
from the value 0, and the series 2o,.e-*iBconvetgontwh6n So., is bounded. 
It follows tliat the limits of t)ie sum of the scries + ..., 

aa { — 0, are in the interval bounded by the upper end lower sums of 

Now lot 6-‘ - T, aud we obtain the following extonwon of Abel's 
theorem, already proved In § 127 : 

// <Ae series a, + Oj + o, + ... is bounded, then-Oi, + o,r + ffljf* H- 
which is oonvergmlfor r < 1, iuis a sum s (r), suck that tJie upper and lower 
limits of 3 (r), as r ~ 1, are in the interval bounded by the lower and upper 
.au«wo/S(7„. 

’ A preoiBoIy similai tlioocem is obtained in the case ^ (t ) » €~‘*, for 
the series S 

157. Another important example of the theorem of § 156 is tho case 
in which 

In tliis case I, |t*^'(()|<3, for all values of (;'ako (t) 

converges to 0 as i • 0. 

The theorem is imracdiotcly applicable to shew that, when the series 
o, -1- a, aj+ ... oscillates between finite limits, tjie limit, as < ~ 0, of tho 
sum 8 (t) of the convergent series 



issuciithat >b' (0, (() are both finite. 

In order to estimate the interval in which lim S (t) lies, in terms of the 
upper nnd lower sums of S«„, it is convenient to consider the series 

independently of the investigation in tho general theorem; m being such 
that I €„ ] < S, for n a tn. 
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Tiie condition of coDvei^ncc of S for ? > 0, is eatisEed 

in particular if is bounded for all values of i greater than 

some positive number c, where k is some number > 0. For, since 2 a, 

is bounded, o„ is bounded, and S 0„^(nO has each term o„^(rif) 

n-ji 

numerically less than a fixed muliiplc of u'here, for a fixed 

value of I, nt > c; and thus, for each valne of t, S (n<) is absolutely 
coBivergent. 

'J'lic partidt sum »„ of the series S may be expressed by 

i(« + i) + + 

M'hcro is in the interval (— 1, 1), i and s are the upper and lower suiw 
of 2 a„, and ^ number socli tliat | e, ( < S, provided n is not less 
than Ru integer rn, dependent on the arbitrarily chosen positive niimbor S. 

Since S (t) = S (e* - <j, (nt), and s„^ (nf) converges to 0, as 

II ~ w , since s„ is bounded, S (t) can bo expressed by 
(n/) - ^ (r+l<)} 

or by i (5 ^ a) U {i - g) + e,} (nt) - <f> (T+lf))’ 

The sum 2 may be divided into two parts 2, 2 , where |<„| <8, 
tor n Sm. The first part of the sum converges to 0, as ( ~ 0, since each 
term converges to 0, and the number of terms is fixed. Thus ) S J < lii 
prorided f is < n numbcrT,dependentoa the arbitrarily chosen niimbcnj. 
Tile sum 2 may bo written as 

n-ro+i Jnt 

and this lies between the two numbers 

which, by condition (2), are definite. Since 5 is arbitrary, it now follows 
thati'(l) has it-s upper and lower limits, for /~0, in the interval defined by 
the two numbers 

i + 5) ± I (S - a) I” I 4>' (I) 1 dt, 
which eslabiiahes the theorem. 
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A more exact estimate than that gh’en above has Jed G. C. Young* 
to determine the numbers aa « (« + «) ± i (a - a) ■ 

15S, A more general tI)corem than that of § 157 may be obtained bj' 
considering tJie case in which the series S a„, wJien summed by Cesaro's 
method (C,r), oscillates boundedly. Thegeiicral theorem, which is similnr 
to a theorem gix'eaf by Fcj6r for the case r = 1, may be stated as follows ; 

If Co + flj 4- C; + ... be <t series which, when- Summed [0, r), where r is 
a positive inie/jer, osciUatM boundetUy, and ^ (f) be c fuveiion converging to I, 
05 f — 0, and eueh that i'f> p) converges to 0, as I m , and is aUo such that 
+ 01^(0 ■5-a,^{2f) + ... 

isconvergeoUfor ewgvahieoft, (> <i), having 8(1) for its sum, then the upper 
and lower limils of S ({), o« f ~ 0, ore both finite if the conditions are satUJied 
that fl), ^('■*>1 (f) exists and is eonlinvous for all valves of t>0, and (2), 
theU ,'4 6oan<f«rf /or nW values of t greater than 1, teiiere /; 

is some number > 0. In ease So„ ts stimwahfc (<7, r), the limit of 5(f), as 
< -~0, aiidrs equal to f/ie sum ((7, r) ofZa„. 

Since Sa„ oscillates finitely when summed (C’.r), ^ is bounded (see §52); 
andtlieconditionof couvcigcoceoft1icsericsr<i.^(Rf},foc(>0, is satisfied 
in partioular if ^ (() is hounded for all values of t> 0 > 0, where 
AlBaomeaumbcr > 0. Moreover, lf«„ is bounded, it wdU be sufficient that 

iji (f) is ijounded for all values of <>C>0. Tbo partial sum 0 (ti, r) 
of the series S a, is denoted by Cn*, or by (see §47). 

Let G'„'’-§(5M4-i2i'»)+i(5ie-C'’)e«4-e„, where -lse„£'l, 
and I #„] <5, provided nim; where Cie.gfU denote the upper and lower 
limits of df^, as n — * . 

Employing the expression (4), of § 48, tbo scries S (n<) may be 
^vritteE S ^ (fl!) Cl J *) ~ • "j > ■''■here the series 

in the bracket contains r + 2 terms, or » + 1 terms according ns r is 
<n— 1, orrStt. 

The Bum of « + 1 terms of the series S a„<p (tU) differs from the sum of 
n + 1 terms of the series 

,v" ~ r 1 

• ilcu. of MaO. toI. 3U» (191»-Z0). p, 73. 
t Jfoia AtouSin, Td. z,Tm (I90tX P- 62. 
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Assuming tlint I is so small that mt < w, let s be the greatest integer 
Kiich that si < -'y and thus «/ < irS (« + I) If we divide flic above 
summation into two parts, and £ , it is seen that in the first pan 

/amw<\“ /ann+Kv* ... sin^ . 

a)lthec.\pressions|^-^j diniin- 

ishes steadily as 0 increases from 0 to w. Therefore the sum 

Itabctra i [i (•'-«) 4- S)j(2^) -(^)}- 

As i — 0, these jmmhcrs converge to ± “ #) + 

verges to it, because n — a&i. 

In tiie second part of the sum, j may be written 

ill fho form 

Kin { sin (2n + 1) t . sin* (n + 1) f f 1 1 1 

~ • -• nV +•* ' r- ■ lk*"(n. + l)r 

It now follows that 

lies between 

or bct\veen ± [}, (5 - s) + S] ( i 

and tlicse nuinbers converge to 

since st converges to rr, as < --O. 

It has now been shewn that the sum of the scries 
, 2 /sin fl/t* 

has for ifs limits, as r ~ 0, numbers which are in the interval boun<!cd IJV 
the two numbers + ?) ± 5 (« - «) (l + - + ^) • 

By Du Bois Beymond* ttiis interval was given by the numbers 

• Ahh. /ler haytriKK AhuLxiA.'Xlt {lS'!Ci),p. 
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A more exact estimate Uifm that given above has led G. C. Young* 
to detormine the numbers as J (« + «) ± J (s — «) . 

158, A more general thc<»em than that of 1 167 may be obtained by 
considering tJie case in whitdi the series S a^, when summed by C^saTo’s 
method (G, r), oscillates boundedly. Ihe general theorem, which is dmilar 
to a theorem givenf by Fejdr for tbe case 1, may bo stated ns follows : 

// 0, + Oi -i- a, ... be a series whicii, when fijmmcfi (0, r), where r is 
integer, osoiliotes bowndedfy, and ^ (t) bcafunetion converging lo I, 
os t ~ 0, ajtrJ ffuoh that t'^ {t) oanveeges to 0 , a« f ■«' , and is also sveli that 

«o + Oj^ (<) + (2i) + ... 

is convergenl for every nofiie oft, {> 0], luunng S (0 for its sum, then the upper 
and fotocr limUs (3fS{t),asl-^0,are both finite if the conditions are satisfied 
that (1), (<) exists and it continmue for all values of t>0, and (2), 

that t'*”*^ (!) is bounded for aU twines of I greater than I, where k 

w some number > 0 . In cose So,, is sumittable {0, r), the limit of S{t). as 
t -o 0, exists, and is equal lo the sum {0, r) of Za„. 

Since Sa„ oBCiliatot finitely when summed bounded (see § 62) ■, 

and the oondition of oonvorgeace of the series So, ^ (%{] , for t > 0, is satisfied 
in pattiouliir if ^ (t) is bounded for all values of t> whore 
A is some nunbor > 0. Moreover, if a, is bounded, it wUl bo sullioiont that 

^ (t) is bounded for aU values of t><7> 0. The partial sum 0 (w, r) 
of tho series S a„ is denoted by C»\ or by (®®® § ^'^)! 

Lot CfC - i (fff'i + fiW) + i l&’b - (?•>) d. + «n, where - 1 S d„ S 1. 
and I «„ I < S, provided whore, denote tho upper and lower 

limits of Cn’, as rt . ' 

, Employing tho expression (4), of. §48, the aorics Sa„^ {ni) may be 

written (ni) ~ "l 0 (^*2 ' 1 ■ 

in the bracltot contains r 4- 2 terms, or » + J terms according as r is 

< n — 1, or 'r s «. 

The sum of n 4- 1 terras of tho ^ries S (»i) differs from the sum of 
n + 1 terms of the series 

J/" [*(«)- C P) <1 <S+“1<1 

+ C 2 ')^ (S+21)- !)•«#(» + ,+ 1 , 

* . jf«M. (1910~2O]. p. 73. 

t -Metk. voL XTin (IMM), p. DS. 
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by ftn expression of tlie form S ®j>,« ^ ("■ + jOi of wliieli 

the nnmbcr of tcn7!6 doponds only on r. Each of tbeso terms is 1 ms 
than a fixed multiple of (» — p)*"^ (« + qt), or of (» + g)' ^ which, 

for each value of t, converges to zero, as n ~ , It follosvs that tlie scries 

S a„i^ {Tit) may bo rearranged in the form (1), tvithout affecting its con- 

vorgonce, or its sum. Moreover the coofBclent of in the scries (1) can 

bo expressed (^„), wUeteX^is such that < X„< (77 + r + l)t 

Tiio effect of Biibstituling J (OW + gW) [or all the exjjressions in 
the Kcrics II a„^ (nl) is to reduce it to the form 

! (ff« + 2»l_l ,> (»() - (r + I) 

. (r+l)r(7t + r-2)l ] 

2! r!(»-2)l "-J' 

the numerical cooiffoient of ^ (nt) is the coefficient of x' in 

(1 + *)"■»' - (r + 1) (1 + »)■•'-> + {1 + »)■*'-• - 

or Id (1 + x)"''"’ . or in xf*' (1 + and this Is equal to 0, 

except that, when n = 0, tlie cocfBcicnt is 1. Thus this part of the scribs 
reiluco# to J £'")• 

IVc next consider the part | (5<'> — fiW) ©« + «*, of (f^\ and take the 
stimmatioB from n<»0to«»7/t-l, where | 1 < S. 

limit of this part, as t 0, is zero, mneo cadi term oonvorges to zero, and 
the number of terms is fixed. 

Next, wo oonaidcr the series in which the ti is taken from the voluc m 
to p, where p is an integer such tlint (p l-r + 1} ££ 1 < (p + r + 2)<. 
it being aasutned that * is so small that (m + r + 1) £ < 1. If p is the 
maximum of the continuous function | (t) | witiiin tlje interval (0, 3), 

thia part, of the sum lies between the two numbers 


or between the two numbers 

± Tr - fi^’) + S] jl + + , -rr-^:^ 

pi p + r {p-l-r)(?7 + r-. 

or bctireoii the two Jiumbcrs 

± {p + t [J (Ctr) _ glri, + 8], 

that is between the numbers ± [J (CW ~ OW) + 8], 
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Lastly we have to consider tbe aeries 

„ J, *■ + ' <- '1'“'^''*’ 

The sum of this series lies between liie two numbers 


± [HCW - G'") + 8] s 


„_P+, n'Ti 


where | ^('+4 (J) | < i»?, for i > 1. 

Thus the Slim lies between the numbers 


iU (0‘’>-CW)+S] 


^ ^ < «• + ”)! ^ 


The sum S -- j — is less than S if r < p, which holds 

n\ »'♦»« . 

for all sufficiently small values of 1; and this sum is Joss than 
It now follows that this part of the limit of the sum of the series to he 
estimated lies between the two numbers 


ainoo pt ednyerges to the value 1, as I ~ 0. 

It liu now been shewn that the limits of tbo sum of the convergent 
series Ug 4- (0 +03^ (2() + ..., as ; ~C>, are between two numbers 

whoro A is a fixed number; since 5 is arbitrarily small. Incaso thosories 
Ila„ is summable r), the sum of the series fig + fiii^ (i) + converges 
loCJirt, 


A special ease obtained by taking ^ (t) = e"*, and then writing h = 6“’ 
is the following, already obtained in § ]2S(S). 

If the series Og + a,b + aJ^ + ... is convergent, and have s [h] for 
sum, for 0 4 Ik 1, and tho series fl# + Oj + Oj + ... is summablo (C, r), 
then the bmit lim s (Jt) existe mid is e^ual to (he C^saro sum of ordor r of 
the soricR So„. If the sum (C.r) oscQlate between finite iiinite, so also does 
limsffi). 


More general theorems ot a stmilar land liavo been obtained by 
C. N. liloore*, by Bromwichf, by HmdyJ . 

• Trans. Amtr. Mnih. Sor. toL TiD (1907), p. 209. 

1 ilTolA. /Intiofei, vol. IXV (lS08)r pp. 360, 362. 

t Pr^Lmd. Alalh. Sk. (2). vol. iv(1»06>. P- 347. Mid{2fc wjI. Tt {IBM), p. 2S5i ulao J/n«, 
Annalm. vol. tviv (1B07), p. 77. 
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may be represented by y =* (® — c) + | Jnt (* — e) | ; and elnne, as has 

been eliew in the last ease, | (a: — e) | ia representable as the limit of 

a sequence of polynomials conTO^n^ uoifonnly, the same is true of the 
function now considered. 

Next, let (a, 6) be divided into a finite set o£ intervals 

^i). (ax. *i>. — *>; 

and let ordinates to tbc x-axis be raocted at (be points a, x,, ... b, 

the extremities of these ordinates being denoted by 

Let the- conaeoutiye pairs of tbese points be joined by straight lines, 
on open polygon P, P,, Pj. ... Q bang thus formed. It will be shewn that 
the continuous polygonal functaon ^ (*), defined by the ordinates of this 
polygon, is such that a polynomiai P {*) can be determined so that 
) ^ (*) - p (») ! < ij, 

for eraiy value of x, in (a, b);. where jj is an arbitrarily chosen positive 
number. It is clear idtat ^ (a) cao be expressed as the sum of n fimotions 
'1‘i ’^n such that (x) is linear in (he whole of (a, b), 

that (x) vaoisikes in the interval (a, X|), and is linear in (xi, b); that 

(x) vanishes in tho interval (a, x,), and is linear in (x^, b); and generally 
such that <fi, (a) is sieto in the interval (a, and to liouat in the interval 
(x,_] , 6), Since polynomials P") (x) satisfying the condition 

can be dalevmuied for each of the fonctiona ^ (x), (x), (x), the 

theorem is eetabiiehcd for (lie pofygonai function ^ (x). 

In the general case in which / (x) to any function that to continuous in 
(a, ft), it follows from the known theorem (i, § 217) that / (x) is uniformly 
continuous, that, if e be a prescribed positive number, the interval (a, 6) , 
CJmbe BO divided into parta (a, Xj), (Xj, xj, ... b), tiiat the fluctuation 

of / (*) in each part to less.than t. 

If tf- {x) denotee the polygonal fimeiion conadored abuvo, which we 
take to be equal to / (x) at each of the pc^ts a, 3^, x,,, ... ft, wc see 
that I / (x) — ^ (x) j < £, in the -whole interval (a, b). As it has been shewn 
that a polynomial P (x) exists, . such that [ ^ (x) — P (x) | < ij, . it follows 
that 1 / (x) — P (x) j < « + Since t, y are both arbitrary, Weierstrass’ 
theorem has been established. 

If 8j, 85, ... 8„, ... be a diminishing sequence of positive numbers 
converging to zero, a eequwice <rf po^utomials Pj (x), Pj (x), ... P„ (x), ... 
can be so determined that i/(x) - P, (x) | < «„ for n = 1, 3, 3, ...; and 
for all vflliica of x in (0, ft). 
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Since the sequence (*)) converges uniformly to / (z) as its limit, 
f{z) may be regarded as tbe snm-fnnction of the aniformiy convergenS 
eerios 

P, (T) + {P, (*) - P, {!)} + ... -f {P, W - P«-, (*)} + 

Thus the following theorem has bccB established : 

If f (z) be eonimvenu! in the linear interval {c, 6), Ihe- function w the 
liinitin') sum of a uniformly convergent series, of tcJiUk Ihe terms are 
polynomials. 

The proof of Weieratrass’ theorem, ^ven above, is substantially due 
to Lchf.'guc*. Other proofs have been given by Rimgef, by PicardJ, 
by Volferral, by IGltag-LeHlerjl, and by Lereh^ We proceed to consider 
the extension of the theorem to continuous functions of any number of 
variables. Another proof of tbe theorem for a single variable will be given 
in ^ 300. 

Tlie original proof given by Weierstra-s-s depended upon the tbccirem 

1 f» 

* «/*'-/(»). 

where /(*) is continuou.9 in the infinite interval (—«,«). It was deduced 
that- a sequence of polynomials exist-s which converges to /(«) uniformly 
in any finite intcrral. 

wKirasTBASs’ thiop.bm for FTwenoxs or two ob siorb vasiabies 

160. In order to extend Weieretrass’ tlicorcm to the case of a con- 
tinuous function of two or more variables, defined in a closed cel), a proof 
by ioduction ^riil be given. Other proofs have been given by Weierstraas** 
and by Toneliitf. 

Wc consider the case of a continuous function of any number of 
variables, defined in a closed cell ... otri; 6”l, 6"', ... &'»)■ 

it !« assumed that the theorem bolds good for a continnous function 
of p — 1 variables, defined in the cel! (at**, at**, ... ot*"**; 6'**, &■**, ... 
it will then be shewn to hold good for a continuous function 
/(at**,icW, 

defined in the p-dimciisiona! cell. 

If 5 be an arbitrarily prescribed positive number, a net with closed 
mosbes may befitted on to tbep-^imenrional cell, such that tbs fluctuation 
of /in each closet] mesh is <8. Let x?’, ...2^’ be the Kueccs-dve 

• d. Sc. i/or. (2). Tol xm (I) (1898). p. 278. 

t .-Ir-'aifal. voLtii( 18«3). p.3S7»ijdToL -.i (1885). p. m 
f Treitj'i!'Arji]yie,raLi.p.3S9. 

5 Send. S,l. eic. Mi. dl Paimm. -nL u (1897). p. 81 
Ibid. vol. in- (I9C0). p. 217. ' JOa ilea. -roL ii^u (1903). p. -•539. 

r'.l. m (1&03), p. 27, fast not ia tfe oiipaol Tneor-sir, 

t1 /;o!i id. Hr. no/, tfi Pei<T7»o (2). ^-oL mi (1910). p. S, 
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vahios of on tlie boundnrics of the meshes wJjieli are perpendicular to 
file ar'^’-nxie ; where aef’ = = ii*"*. If if be an arbitrarily prescribed 

positive number, for each value 0, 1, 2, 3, ... m, of r, a finite polynomial 
pio 2;(2)| ...xtr-’l) finn, in accordance with hypothcaia, be so deter- 
mined that 

I pt'l (kCI, !<»!, ... a:CP->)) -/(*«),*«, ...arte-n ai”’) [ < tj. 

AH these polyiiomiak can be included in a single expression 
(*?■’) *•*>*. - 

wliere ... !;,_i each Jiaa a finite set of integral viilucs, including zoro, 
and is zero when a particolnr term ... xl'’-*'®’"’ 

does not occur in (s'’*, ... 

Ixt the funetionB C***) tie defined for each sot of values of 

ffij (7 j» ••• ?»-i 80 as to be linear in each of the m intervals {x^f, and 

BO aa to have tho prescribed values when *** has the values for 

r u 0, 1, 2, m. Since these funetioDS ore all continuous linear polygonal 
funotions, in iiocordanoc with the theorem of 1 150, if { bo nn arbitrarily 
prcaoribod positive number, finite polynomials C«„ can bo so 

determined that | {*•'0 — <(1«, i***') ( < fw nil the sots 

of values of ji, gj, ... gj_,. Let.il denote the upper boundary of 
S t arOi*' »ra*’ ... *<»-•>♦»- 1 

in tlio coll ai’i, ... ... Lot us consider the 

polynomial 

M (xi‘i, !ei‘i, ... !<«) a («»') ais-n’'-\ 

IVe Imve 

1 11 iiPi, ... x(fl) -■ ... | ^ At. 

, If be in the interval (a*®, wc have, for each set of indices of 
jpy js<t jp} 

* («'») - # ( 4 ?.) + ^ (*?■); 

, , , aT4I~*r 

and thoiefore 

(l4 (B) 



aS l - *4 

r‘a’. - x^' 

■h {*«, ... ai»-») 
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Since -»“) + «.« 

,m<l ... rc‘”, ... n«) + 0,1, 

wJicrp [ Sj j < J, I <3., [ < I, we have 

2 (ar"*)*'*'*^*®* — I**-”"- 

...iW) 4- gjS + SjS + 9, '17 4- S.'ij, 
Miioro I 05 ) < 1, I I < 1, 1 fl,' ] < I, } 9/ I < 1. 

It now foJJo'\ s tlml 

j R ... iW) -/{arUJ,*®, ... a:<rt) i < -f 25 + 2 tj. 

If < iiD an arbitrarily prescribed poribive number, let 5 be chosen fo have 
the v.rlue It. The number 8 having been fixed, the net can be determined, 
and Tj can bo taken to have the value Je. The number ( can then bo chosen 
to Jinve tlie value ^ . Jt has been shewn that the polynomial 
it”, ...*<«) 

is such that', everywhere in the p-dimenaional cell, the condition 

i/laW.ytn, ...aK»)) - a'")) j < « 

is satisfied. 

Since the theorem holds forp =* 1, it is seen to hold for;) * 2, R, .... 
We have thus proved the following theorem ; 

A continuous fundipn o/ any number oj variables, defmei in a given 
closed cell, is suck Utat a finite polynomial in variables exists v)kielt differs 
from the. /unction by less than a prescribed positive numher, ot aW points of 
the ecW. 

161. It has been shewn in § 79 that the terms of a uniformly con- 
vergent scric.s can be so bracketed that the new scries converges absolutely 
in the whole inteir.'il. We have therefore the following result: 

U J (^) be conlinvom in an inierved, or ceU, (o, 6), a series, of wfciefi 1/ic 
terms are finite polynomials, can be so determined that the series ecmwgcs 
lof {t] absolutely at every point of the interval, or cell, and uniformly in the 
u'hok, interval, or cell. 

It. can be sheim that the sequence of polynomials {P„ (x)] can be M 
cboFcn that it is luonotOTie. For iefc us consider the continuou.? function 
/ (*) “ .Tn *■ A polynomial P„ (as) can bo so determined that 



for all points I in (a, b). Tt follows thatPg (a;) lies botiveen the two nnmbcrs 
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a „ « ttat thi. oondii™ 3 , P. W for e™ry vdo. of ,, 

nntl observe tliat . 

„.».ll«tp W.toi>««rdI»gLyftefonoimgthoorom ■ 

/ormZi/ to / (*) in ifiUrwl (o, 6). ^ 

It tkoum bo obtemd tbot, in Woion,lia» f 

fonolion of o .i«Blo ™™blo, v.lm of n- 

«io..tb..tb«n,„bor..^^^*^^ 

p„' (B) = / {«), P/ (f>) = f (tb 

Wo boTo ifo + B - + p -l.'i "-3 Urn. 

,. t. \ A ^ Til ^ TT A where K is e fixed number independent 

wheneo we have \Az + B\< £<-. wner® ■* ^ ^ the 

of ., It Mloir. tint l/W-'-P; O’'' Sinoo 

»,i.onoo {P/W^«olwo.«o. irnifomly to / ^ 

P/ » / (6). the sequence {P, (*)} satisfies the ptesenoeu 

A sequence of poIynomWs biJ" fio obosen 

timiouB functbn/(iE), m a ^eii interval o ( . * _ the 

tliot tooli of tbo polynomUl. I. ta jf J i, , j„ \l 6). For. if 

ooD or interval, than the oppot "Vfidtlim 

the scanonco {P. (»)) coovorEO. uniformly to/ (»), ami 

for a S n,. in (a, «, lot the «ai.o»“ ».'p- <”>> f f. 

is a sequence of increasing positive DumliciBwhtcb converges 

Snoo ■! / (a) ^KP. (a) i < I / W - P. W 1 + l> - ^ > 

<«„ + (!- K) {U + C„) < for n ^ «y K V + 7 „' 

It follows timt, if this setof values of fe. be chosen, the sequence {l„P„ (*)} 

converges lo'/iai), uniformly in (0,6). Further, -wo ave 

Thus the sequence {fc,} may bo so tw- 

1 7 .\P„ (*) 1 < U - Cp. and the sequence {*)} 1 ^ 

nomials such as isTcqnirfid. 

• See Hobson, i'rw.iani lfWA.&>eh«2),«>L sa (JOiai. P- 
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162. Weierstrass’ tlieorem may be applied to tho case in whioh/(il 
is defined in any dosed set O, in any number of dimensions, / (i) ))oiiig 
eontinnous in G. In decordanco with a tbeoreui given in § 108, if A be a 
closed cell, or interval, whicb contains G, the function / (s) can be extended 
into n function /afa:). eonihiiions in A, and such thnl/a{3:) =/{r) at all 
points of G. If (k) be a finite polynomial such that | (a:) — P„ (i) j < 8. 

in A, tiicn \J(z)~ (®) | < S, m O. It thus appears Hint / (*) can bo 

represented, in (?, as the limit of a sequence of finite polyiioininls wliich 
converge uniformly to/ (*). 

Lot II be the outer limiting set of a sequonco of closed sets {G,}, eaoli 
of which is contained in the nest, and suppose / (x) to be defined as a 
function that is continuous in ff. Let fe„l denoto a monotone sequence of 
positive numbers converging to zero; since /(») is continuous in ff, it is 
continuous in G„, and consequently a polynomial P„ {x) can be so deter- 
mined that !/(*)- P„ (») | < At all points of f?,; and this for cnch 
value of «. The soquenoo (»)) converges to/(ar) at every point of //; 
for, any point jo, of 7/, belongs to all the sets G^, ... for some value 

of Ti. depending on p, and therefore the sequence {F„ (a;)} ooiiverges at p 
to the value/ (p). 

In particular, any open set, wbclber bounded or not, is the outer 
limiting set of a soquenoo of closed acts; and all the points of the p-dimen- 
sional space form such an open set. Further, a set D {0, G), whici) consists 
of the points whicli on open set and a closed set G liavo in eommon, is 
the outer limiting set of the sequence {D (j?,, G)}, of closed sets, sviterc 0 
is the outer limiting set of the sequence of closed sets. 

The folloiviiig theorem has now been establiehcd : 

If a set E is either a dosed set, or an open sel, bounded, or iinbovnrfcd, or 
the set lohich a dosed set and an open sel have in common, and <t fmclim 
f {x) be continuous m the sel E. a sequence of finite jwiync-rnfafs can be deter- 
mined which converges in B tof{x). In parlicidar, »//(*) is continuuvs m 
the whole linmr, or p-dimensional space, a sequence of finite pof.v«omioi3 
can be rfW-»i '■••nedwhich converges at every point x, to the value f (j:)/JJiorwrfr 
the conr-n-gmceof the sequmceis uniform many finite cell, or interval. 

For a discussion of the methods of Lagrange and Tchcbicbeff for 
approximate representation of functions hy series of polynomials, reference 
may be madetoliocel'eLegonsstrrUsfonctionsdevaTiablesredles, chapter iv. 
.'i considerable amount of attenUon has been paid recently by inallie- 
maticians to the question of tho best approximations to a coafinunus 
function by polynomials. The question was first raised by Lebesgue* ns to 

• Hmi/. d,l. cir. mol. di Palermo, toL XIVI (1W8J, p. 32B. For ft dUenssion of this 
qufoUonR tco l>onhom Jackson’s Prciwhrifl, Gottingen, 1011, wlierc many rcfcrTncca to t 
Ulcrtiturc of tho subject will bofouniL Among these nre Lebcsgiio, Annalu dc Tonloosc (3), '"O . i 
(IfllOl. p. 2r.. flo la Vallce Ponsrin, B»H. dt racai. n^L dc Btlgipic (1008). p. 403 nna p. 103, and 
<1010), p. SOS. Sec »l«o de it, Vollco Poussin's Lepnu oat Ciipprorimalioo do fonrlim) 
rnriaWr r&Hc, Paris. 1010. 
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the lowest degree of a pcJjnomial P {*) which satisfies the condition 
|/(z) — P (2) I < S in the linear intorral f[x) being an assigned 
continuous function and 8 an ass^cd poativc numb^. 


raraOUNDED CO yWK TTOIT S STINCTIOSS 
163, The theorem of Weierslrass may be defended so ns to apply to 
the case in which the function /(*), defined in a closed doraasn E, is con- 
tinuous only in the extended sense rf tiie term (see i, § 219), the two 
improper values « , — <e , of the functaon bmng regarded as distinct from 
one another. Employing the tiansformation 

tlic function ^ {z) is contjnnous in £, in the ordinary sense. Accordingly, 
i (e) hi the limit of a ee^enco {Q, (s)), of rmito polynomials, which con- 
verges uniformly to ^(z), and the fiequeace can be so cbosen that 
I Qn {>) I < i> for all values of n and x (see § 160 ). Taking a sequence 
|ii„} of poative numbers converging to the limit 1, the sequence [^)} 
converges uniformly, in £, to ^ (z). Since | * continuous 

fonotlon, bounded in £, & finite polynomial P, (z) can bo so determined 
that 

.Lotus consider the set of pobte in E for which {/(z) | S A^.at fheeo 
points we have | ^ (z) | s . Wo have also 

I / M - p. (,) I < I I + ,, 

and I ^ (z) - Jc,Q„ (z) j < <, ' for n £ «», at oveiy point of E. In oiLse 
I ^ (z) I > Sr, ^ (x)' and (z)h3ve the same sign, and { I > 

we have then, at all points of P at which/(z)S/f, 

e(l+A)* V , V 

^ +-(1 + 


|/(z)-P,(z)|< 


t{i+Ay 


l+A 


+Ar. 


if ij =- f (1 + A)’; hence — P,(z)|<i}(l + 2ij)-r'^<4Tj, when ■>/< 1/2, 
provided n Silt, If be first diosen, e and Rt are determined. Incase 
1 ^ (z) I < 2c, we have, assumiug that e< 1/6, 


l/(z)-P„(z)|<c + 


3e 


: 32 €< 327 j; 


it now follows that |/(z) — P« (z) ) < 32>j, for all points of P at which 
/ (z) S A, provided n > Siiwc |/(z) - P, (z) | < S2)j, in the set in which 
/ (i) £ A, the sequence {P„(z)) oonvctges nnifonnly to f{x) in that set 
of points. 
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Next, consider the pomt-s of E at whioh/ (x) is infinite; at these poitils 
I (x) I = 1, I /-vQn (*) I > f — e, for it follows tlint, in (his set of 

points j I ^ therefore | P„ (x) ] > for ?! > n,. 

It lias tlnis been slievra iJiat tiho diTcigence of {P„ (x)} is uniform in the 
closed set of points at wliicJj/ (x) is infinite. It is not necessarily Oic case 
(hat (lie approacli of tJ>e sequence {P„ (*)} to the furetion / (x) Is uniform 
in accordance with definition of uniform approach given in | fifl. It can 
he shcuTi that eauli point at which /(x) is iiifinifo h a point of uniform 
divergence of tho sequence, in acccardance with the definition in § 73. 

Tho follo\ring theorem has been proved: 

Iff (x) be defmedinadoi&t atlof points E,af ani; number of rfi'jnmiorif, 
and i?ifinii6 valves of f(x) are ialai into accoimt, the disltnclion betuun 
H- as nnd — « 6 ei»t 7 recognittd, and the fmclion be contimmis, in E, in 
the txlwxded seme, then a sequence of finite polynomials can. be dcleminti 
?iihich oonverg&s uniformly to f (*) in the set of points at wkiefi j/{*) | 5/1, 
for eiKTy value of A; and diverges vnifonnly in the set at which f {a) is wfmitc. 


164. When no distinction between + to and — ce js recognised, the 
follo'ring theorem is applicable: 

Iff{x) iaahoimded function, and a seguettceof functions (x)} eonvergu 

to fix), uniformly, then converges to j^uniformly in the ad of points 


al which | y j £ N, and it diverges nniforndy in the set in which 


im 


le another. 


is infinilc; + as and - « being regarded as not distinct from o'. 

We have | / (x) — f„ (x) | < e, foe all sufficiently largo values of n. Lot 
N be an arbitrarily obosen poStive number, and oouBidor tlioso points 


at whicii I 


,SiN. 


!/{4 

At tlie points at which 
suffieicntly large, 


I7w7 


S N, wo have, if tj : 


\H=) I /(*)!- 


sj (l + < 3ij, if N > 1, and p/N < L 


It thus appears that > 7-. converees to rm-i. uniformlv, in the sol of 
/»(*) ^ /(*)’ 
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At the points at which 
lienee > - , It follows that tiic divergence of tlio scquoncc 


os, -wo have j/„ (x) I < e, for n S nr; 


is infinite. 


rswr 

is uniform in the set of points at which y 

1C5, Lot 08 consider a function/ (») defined in the finite interval [a, b), 
infmito values of / (x) bmng admitted, but no distinction being made 
between + « and - oo . Tlie fimetion is taken to bo continuous in (a, b) 
in (iio CKtendod sense (l, § 219). The set of points at whicli / (x) is infinite 
is closed ; ns foilowB from tlio condiMon of continuity. It will bo assumed 
that Uii.8 act is non-dense, so Umt the oa^ in wliich tlio function is infinite 
in a wlible H«h-interval is left out of ocoount. If P bo a point; at wbich 
/ (*) iH infinite, tJioro is on inlervid enclosing P, at every point of whioii 
[/(T.)lai7. Wo oim 80 choose A that at boUi ite ond-points j/(!e) [ has 
tlie value N. A finite sot of these intervals A can bn so dot.crminoil that 
every point at which / (») is infinite is interior Ip orio of llioui, Wo' thus 
obtain a finite set of intervals («,. j9,), wlicro r <<• 1, 2, .1, ... m, suoli that 
|/(x) I 3iN in every point of all the intervals of the set, and such that 
/ (“f)i/(|9r) both, have one of the values N, — N. 

Lot the function /,(*) be defined by /,(*) — /(a), in (ar,/Sr)j 
/,(*}-/(«,), in (a.a,); and /,(2:) -/()?,), in (/3„li). Thus l/r(.T)l6Af, 
at every point of («,, ^r). The function Iff, (*) is bounded and continuous 
in the wliolo interval (a, 6). A sequence {P„ (*)} of polynerainls can tlioro- 
foro'be so determined as to converge tuiiformly to 1//, (x). By the last 
tlieorum it follows that converges and diverges to /, (x) in the 

mode specified in the theorem. The function S /,(»)dillorsfrom/(*)ouly 
by a constant, in each of tbo intorv.nla {Of, p,), and it is constant in each 
.interval complementary to the set Let L f-A,, iti 

the interval (o, , |S,). In the interval (h) "'o have 

+ =/(«,) + *„ 

say »= L-/. Ixit tho continuous bounded function/„,^i (x) bo defined by tlie 
speoifioationH /„+, (x) >=/ {*) — i/, in (<r,ari]; /,« {*) = — /»i, in (oj, ^ii); 
/n*i (a:) in (^i, Oj); /„4, (*) = - **, in {(h> Ps). etc. Tho 

function /„+, (a-.) is the limit of a sequence Pn-tur (*) polynomials whicb 
converges uiiiiomily. Tho foaofjon / (®), or S /, (x) + , (x) is tlic limit 

of a sequence 
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Next, consider the pointa of a* which/ (x) is infinite ; at these poinl? 
I I = J, \KQ„ fa-)) > 1 - c, forwSM,; it foBows that, in this gel of 
points j therefore j P„ fs) j > for ?( Sti,. 

It lias tlitis been shewn that the dtv<s-genco of {P„ (x)) is imiforni in Itic 
closed set oi points at which / (®) is infinite. It is not iiecassnriiy the ca-c 
that, the approach of tlie sequence {P„ (»)} to the function/ (a;) is uniform 
in accordance wth definition of uniform approach given in § 09. It can 
be fihcavTi that each point at which / (a:) is infinite is a point of uniform 
divergence of the sequence, in accordance witli the definition in § 7.1, 

The following theorem has been proved: 

///(*) 6e dejined »» a closed set of poiiUs K, of any number of rffmanaiom, 
ojirf infinite valves of f (*) ore taken into account, the distinelion behenn 
•i- to mid — « 6ei«5 recognised, and the function be cojrftniioiM, in E, in 
the extended sense, then a sequence of finite polynomials eon be delcminti 
lohich converges uni/onniy tof (*) in the set of points at ivh,ich |/(*) | £yl, 
for every value of A ; UTul diverges uniformly in Uic set al which f {x)isinjinitf. 


i 04 . When no distinction between + ® and - w is rccogniacd, Ik 
following theorem is applicable: 

Iff (*) is a bounded function, and a sequence of functions {/„ (a)} eonvtrga 

to j (*), uniformly, then .-7— converges to 7^ uniformly in the set 0 / poMt 
^ Jn V*) / (*) J 

at which j j £ A’, and it diverges uniformly in rte set in which jjj^l 
is inflnUe; « and — to being Tcgardcdasnotdistinctfnmmeanolher. 

IVc have [f{x]~ /, (*) | < e, for all suffioieutly large values of n. Let 
N be an arbitrarily chosen posiUve number, and consider those points 

ITS I 

At the points at which £ jV. we have, if ij = A^=e, and n is 

sufficiently large, 

I J ^ u < 

l/(*) /n (*)t 1/(*)||X^ |/(*)i - " 1 - ’ 

< ij (1 + < 3 ij, if iV > 1 , and y]jN < L 


It thus appears that 


/o (*) 

^N. 


uniformly, in the set of 


points for wliich 
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sequence of the standard scqnciuic {/«(r)}. Instead of the aeqiienoo 
{/m (*)} employ a sequence of finite polynomials. Let (ar) bo 

a finite polynomia.l sneh that [/«(») — P„ (ar) | < in (o, b). We then 
have 1 1^ («) — {*) I < {md consequently the sequence {P„^ (x)} 

converges uniformly to <fi (*). 

Tile following theorran has now bem established; 

A standard sentence of conUmtotts fwialions {/, (a:) Rrisfs siic7* tlioi, if 
(f [x) be any continuous function whalever, d^nsd in the interval [a, b), a 
subsequence [f^ ( 2 )} « coiUtztned in {/, (a:)} udueh converges uniformly to 
j< ( 2 ). Jforeoeer, the standard fimclims {/, (a>)} may be so chosen as to be 
fnUe polynomials. 

167. With but a slight modification, the foregoing proof may be em- 
ployed to eatablisli the corresponding tlieorem that a set of continuous 
funoUons of any number of variables exists, such tha<< in a given coll, a 
Biibsequenco of tiie funo^ons (which may be taken to be polynomials) 
exists which converges to mi astigned function of the variables which is 
continuous in Uio coll. 

In the case of two-dimeneioDal functions, instead of the polygonal 
functions employed in the onc-dimenstonal case, we talce in a mesh 
(a}", aj®’; the function 

4’’) (»“■ - 4”) (4” - 4+.) 
-/(4”..S.)(4‘’-4S.)(«'”-4‘V 
+/(4V.,4?.)(4''-4'’)(-'*'-4‘>ll 

Which is continuous, and such that, at each point of tlic mesh, its value is 
in the interval bounded by the greatest and least of the four numbers 

/(4” 4”),/(4”.»g.)./(4!., .?'),/(4';.. 4?,). 

This function is the iinalugiic,in twodimensionB, of the iiolygonal function 
in onediiaeasion; its form can easily be obtained in the case of any number 
of dimensions. 

OONVEEGT^TJOB OP SEQOBKCBS OK OITB AVEHAOB 

168. Let (x)} be a sequence of measurable functions, defined in a 
measurable set of which the measure is eith^ finite or infinite, and which 
is in any number of dimentions; each function is assumed to be finite 
almost everywhere in E. 

Let the set of points x, of E, at which | a, (*} — s, (z) | S c, bo denoted 
by c {f, p, q) ■ where c is any potitive number. Iiet it be assumed that, for 
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wliich converges and divei^es to flic function /(jr) as in the fheorera of 
§ 1G3, The foUoiring theorem, doe ossentiall 5 ' to . H. Young*, has (lius 
been established: 

J/ f/i6 funciioti f (*) is continvoiis in the juienja? (o, b), fn the extended 
sense oj Ihc term, where to and — oo ore regarded aa idenficaf, D7!d/(r) ii 
infinite only al a rion-rfewse set of points, then/ (x) is the Umil oj a sopimc 
of rational functions whidt converges to f [x) ujiifomly in the sel of points el 
which f {x) S A, and diverges ttnijomly in the set at which f (*) is infinite. 


STAKD/JtD SEIS OF CONTIKOOCS FTOCTIOSS 
166. Let a system of nets, with closed meshes, be fitted on to the finite 
interval (a, 6), For any net, D„, consider the set of continuoiu polygonal 
iunctioiis, oaolt of whiob Jias a ra^onal value at each end-point of each 
mesh, and is linear between the two end-points of each mesh. Tho totality 
of all these functions, for the net D„ is an enumerable set (see |55{. 
Furtiicr, wlien we consider the totality of all such enumerable sets of 
polygonal functions, for all the nets 7>i, J)f, ... of the system of nets, wo 
iiavo an enumerable ect of continuous polygonal iunotione which may 
accordingly be denoted by {/„ (*)), when arranged in emunorabie onlrr. 
This set of functions may be regarded as a standard set, and it has the 
propert>y tliat, if ^ (x) be any continuous function whatever, defined in 
(a,b), a subsequence of the functions {/«,{*)} exists whidi converges 
uniformly to ^ (*). To prove this, let {«,) be a diminishing sequence of 
positive numhcM converging to zero. Let/,, (*} be the first of tho functions 
(fm (*)} winch belongs to the net J?i and also is suoh that, at each comer 
of the polygon which it represents, tlio value of (*) difiera from ^ (r) 
by less than t,. Next let/,, (a) be the first function of the set, after/, (x), 
which belongs to the net I), and is such that, at each corner of tlic polygon 
v'liich it represents, /„, (*> dilTims from 4> (®) by less than t*; and so on. 
We liavo tlien a subsequence {/.^ (»)} of Oie sequence {/, (a)}, such that, 
at each corner of the polygon whi(di (*) represents, f^^ (®) differs from 

^ (x) by less than r,; a. d this for all the values 1, 2, 3 of p; moreoTW, 

/„ (x) belongs to the net D^. 

Let Df,, be the first net for which p’ 3 p, and such that the fluctuation 
of <l> (a:) in each mesh is < ^ce, at tech end-point x of each raesh of 
we have | f, (i) (*) | < and the fluctuations of <fi (z) 0”'^ 

of (s) hi such a mesh are < e„, «id < 2f„, respectively, we have 
I 4> {*) —/rip- (*) [ < 3c,, at every point of (o. 6). Since this lioids good for 
every value of p, w-itb the coircspondiiig value of p’, it follow’s timt the 
sequence {f„^ [x)} convert unifonnly to ^ (ar), and {/,• (x)} is o sub- 
• Stv Proc. LmJ. MalK Soe. (2), toI. ti (1908). p. 222. 
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ssquence of tlie standard sequence {/* (*)}. Instead of tiio sequtsnce 
{/ifi (^)} we may employ a sequence of finite polynomials. Let P„ (s) be 
a finite polynomial such that }/„ (*) — Pwi*) | < <„, in (a, b). We then 
Imve i <}> (.i:) — P„j,. (a:) ( < 4c,; and consequently the sequence (P„^. {x}) 
couverges uniformly to ^ {*). 

Tlic lollomng t heorem hns now lieen eslaWishcd ; 

A stoirfard scgwcJicc of confinuous ficndiotis {/„ {x) exx$is such that, if 
<l> (*) be any continuoi’S fttncliov. vdutlccer, defined in the interval {a, h), a 
subsequenee { {«)} t> contained in {/„ (*)} tohidi. converges uniformly to 
(x). Moreover, lha standard fundions {f„ (ar)] may be so chosen as to be 
fniu poh/noinials. 


167. With hut A sh'ght modification, the foregoing proof may be em- 
ployed to cslaMsh the ootTCiq>onding theorem that a set of continuous 
functions of any numlt^ of variables ensta, such that in a given cell, a 
sub.tequORCO of the funotions (which may bo taken to be polynomials) 
exists which converges to an assigned function of the variables wlilch is 
continuous In the oell. 


In the case of two-dimensional {unctions, instead of the polygonal 
fonotiona omjiloycd in the onc-dimensional case, wo take in a raosh 
ol+i> the function 

gV.-4-’)(..g.-^‘ ) - *'■> <*'” - 

- ! («?’, «s.) fc'" - 4i,) («'•’ - «;”) 

4") "S’’)i 

which is coutinuons, and mich that, at cacii point of the mesh, its value is 
in the interval bounded by the greatest and least of the four numbers 

/(4”4"),/i4",»5.),/(.S.,4‘'i./(4;.,4V.). 

This function is the analogue, in two dimensions, of tlie polygonal function 
in one dimension ; its form can easiiy be obtained in the case of any number 
of dimensions^ 


CONVEBGENOE OF SEQUEHOGS OH HIE AVERAGE 

168. Let {«„ (z)} be a sequmice of moasurable functions, defined in a 
measurable sot i’, of which the measure is either finite or infinite, fmd which 
>s in any number of dimenacaiB; each funcUon is assumed to be finite 
almost everywhere in 

Let the . set of points *, of .B, at which | «, {»} — S, (*)]£«, be denoted 
(«) P, 9) : where « is any positive number. Let it be assumed that, for 
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ench value of <•, ]i?n m (e (e, p, q)) - 0; this is equivalent to tlie asjump- 
tion that, Avlien S is an arbitrarily diosen positi\-e inimher, the cotidih'on 
m {e (c, ;i, g)} < S is satisfied, provided S P, g S <?, where P, Q are integers 
dependent on]3’ on S and t. For two different paii-s of values of -p and g, 
the sets arc in general different ones, although each of them lias its 
measure < 5. 

A sequenee {«„ (*)) wlndi satisfies this condition is said to eowitgs 
on ilic average in ihe set B. The convergence of tliis type was first investi- 
gated* bj’ Ksclier and by F. Rjesz, who employed the term eonvergcxcc at 
mcsurc. 

If tlic measurable set B have infinite measure, it is the outer liiniting 
sot of a seqviouce {B„} of rocasniable sets, each of wliich lias finite iiieasuro 
(see I, § 134). Tho case in which B has finite mcasurs may be iiichidcd, 
by supposing that is, for every value of n, identical witii B. 

It will bo ossutued that the sequence (x)} is oonvergont on (lie 
avoiago in each of the sets ■■■ ■■■ , but not necessarily in E, 

when m (B) is infinite. 

There oxIhLs, in a set of measure > nr (£j) — at all points of 
which [ (») - s„, (a?) j < lij; where n,, n, ate fixed numbers, neither nf 

which is less than a certain integer (Jig). Similarly, there exists, in£,, 
a set of points of which the measure i» > m (Eg) ~ g, at uhioh 

whore rjj, ate so fixed that neither of them is Jess than an inW|cr 
the part of this set that is in®, has its measure > m (ff,) - *1- 
It is clear that n,, a,, n, may be so chosen that both the conditions arc 
satisfied for tlie same set of values of these integers. IVc take for «, its 
least value for n. we take the least integer wliicJj is >ni en'l 

£ (gji;)- Similarly, if be the least integer which is > end 

£ there exists, in E^, a set of points of measure 

at which | s„, (*) — (*) | < provided n, is taken to be > ”al 

part of this set in has mcasuro Proceeding iu this 

* Sct fischor. Compta voi exuv (1W7), jif. 1022. 1148. aUo RiMt, voI-CH-H' 

p. 738. ami vol. exuv, pp. CIS, 73f, 1409. 



,e,] ComerguM of SegiiefiM! on tlie A vcrngo SMI 

. »,u,«.o (.,1 of m»o»mg ioteg^ » 

p.» of . crtoto »t, of mo™ > m (« ^ ^ 0 . •!>« 

, 1 

1 (a:) - »nr+. I < 2''’’ 

i, ..taod; momovor tie m»™ of a. pmf of «. .of tlmf> f. in «, » 
>m(J!.)- i,. A. thi. hoias for »ol. »t ®r. it Mow. fcl thoro 

esiste, in a aetifi, of measnre > m (fij - (2 + ^ A — A- — )’i’ 

Of « (EJ - 1. in wMol. ae oondWon. | W - W 1 < J 
for every value o£ r. 

- u 1. « <3;1!<— -n, forts r; it foUowB 

. In this set ^i.-wc have 1 «„,(*)- «n<W I 

that, InJ,, the sequence 5,, — i 

If v'fi omit »i and consider the sequence «„,(*), 5«, {*)>••" 

Mo a. plf«» of „ it i. aon “« “f 

E., .ontainod in E., of moa.om > m (E.)- j,. S.noMy, a.m f. 

i„ E„ a .at E„ of mcaanro > m (E,l - j-ii^ a wbia a. t.,™- 

“'S “■"'•ore Iho «qa«ico oonvorsos mi- 

. formly. The part of E, that it in E. hat meaa.ito > m (E,) - *“ 

a thi. part, a. soqtienoo KW) tonvergea nnifotinly. Btooc jpiP ^ 

.fWtranly .m.H, whan ri. iaomated, 1. ioUow. fe g 

oonv»6«i .lmo.t oworywhore to E.. Simitaly. it “» >>« “/ 

..qnonoo oonTergo. atao.t o.o.ywl.«o m oaoi 7,;,-p, 

and therefore it converges almost everywhere m E. 
defined almost everywhere in E. as the Umit of the sequence (:r)}. 

It wiU be shewn that tbc ftinction 5 (*), ™ deW. is 
sense that two values obtained aa in the above 
different inodes of determining the Bequenee <«,}. ca-u «« y 
another at points of a set of which the measure is aero; and thus that they 
arc equivalent functions. 

Let s'” (x) a*’* W he two such values of s {»). defined by seq.uenccs 

(=^)) respeotivdy. H. in the Brfif. , they are not e^uva^en^ 

to one anotlier, there must exist two positive numbers , 

, (X) 1 £ A. h, a set of pmnte of measure 

If « he an arbitrarily chosen poaUve numbw. we have W tlv 

in a certain set, contained in jEj, of measure >Jn(S,) t, 
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Rnch value of c, lim ?)} = 0; this is equivalent to thonssuiiip- 

tion tliat, wlicn 6 is an arbitrarily chosca positive number, the condition 
m {c (c, p, q)} < S is satisfied, provided^ where P, Q arc integers 

dependent only on S and e. For two different pairs of values of p and j. 
the sets arc in general different ones, although each of them has its 
measure < 5. 

A sequence (*)} which satisfies this condition is said to conrerjc 
on the average in the sei E. The ctmvcigcncc of this typo was first investi- 
gated*' by l^sp-iicr and by P. Riesz, who employed the term eamcrgmc tn 
mestcrc. 

If the measurable set E have infinite measure, it is the outer limiting 
set of a acquenco of measurable sets, each of adiicl) Ijns finite mc.uvrc 
(sso I, § 134). The ease in which E has finite measure may bo iiicludd, 
by supposing that E„ is, for every value of n. Identical uith E. 

It nill be assumed that the sequence {s„ {x)} is convergent on flic 
avorago in each of the sets Bt.Ef , ... E„, ... , but not ncccsBarily in £, 
wjion »! (IS) is infinite. 

Tliorc exists, in Fj, a set of measure > m {E{) — at all points ol 
which I (a:) — (») | < iij; where Wj, ». are fixed numbers, neitiior o( 

wliich is Ims than a certain integer Similarly, there exists, in I/j, 

a sot of points of which the measure is > m (£,} — -^ti, ai wiiioh 

\s’hcro 11., Tin so fixed tJiat neither of them is lees than an integer 
A'<*' the part of this set that is in has its measure > m (A’l) - 
It is clear that Hj, tij, n* may bo so chosen that both the conditions are 
satisfied for the same set of values of these integers. ll'’o take for >i[ its 
least value for n. we take the least integer which is 

Siniilnrly, if % be ttie least integer which is >’b 
> 2^1(31 there exists, in Fj, a set of points of measure 

> m (Fj) - gji;, 

at which | (®) — 5„, (a) | < provided is taJten to be ?• n,', 

part of this set in has measure > «t {Ei) — Proceeding in tlib 

• Sa> h-m^hiT. Cemfia Jlnidu^ rol. exar (18OT). pp. 1022. U IS, also KiesJ. voLcitm 
(JflOfl), p. 738, and vo!. czuv, pp. CIS, 7S<, 1409. 
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The relation, which will be mTestigated below, between the two pro- 
perties of “convergence of a ecqnence on tiie average” and “convergence 
of a sequence on the average to s (*)” is analogous to the relation between 
oonveigence of a eequenco of numbers, and convergence of a sequence of 
numbers to a limit, leading to Uie Genial Principle of Convergence gjven 
in I, I 30. 

In case m (£!) is infinite, the sequence may converge on the average to 
sfi), in each part. of iJ, and yetnotnecessarily converge on the average 
to 5 (i) in £ itself. 

Por, in £,) *^2,y have m (^, »)] < y, for n, S , where is 

an integer dependent on *, ij, and on the set Unless is bounded, for 
all values of r, there exists no integer n, such that m [7i. (e, n)] < ^, for 
and if this is the ease for all sufficiently small values of e,^;, the 
sequcDCB does not converge on the average, to a (*), in B, 

The iollo^ring theorem rvili be established : 

//, fn t/ie meaeuraiile set E, of finite, or of infinite, measure, a sequence 

(a)} of meaeurable fttnotione, finite almost euert/iehere, converse! on the 
average ia a measurable functinn s («), finite almost everywhere, then the 
sequence {a„ (*))• is convergent on the average, in E. Ilcreover a partial 
sequence {e^j, («}} can be tinned which converges almost everywhere inE to a 
fnndion equivalent to s {x). 

At every point of E not belonging to the set (^s, fi), of the points at 
which { $ (x) — a, (s) | S nor to the set h and at which s [z) is 

defined, we 'have | e (*) - e, (*) | < |e, and ( e {*) — e, (a:) | < Je, and 
therefore | e, (x) — Sg (x) j < e. Accordingly, at every point of E not 
belonging to a set of which the measure is . ' 

wc have ( /, (a:) — /, (s) j < «. Therefore the set « (e, p, g), of points of E, 
at wliich [ /, {z) — f, {x) I £ «, has its meusare 

Thus lira m [«, p, ^ lim »« [A (Je, p)] -r Hm m [h ( Je, j)], 

or the limit on the left hand ride is zero. Therefore the sequence (x)} 
is convergent on the average, in B. 

Bj’ the theorem of § 168, a sequ«>ce {s.^ (a:)} can be defined which 
converges almost everywhere in iJ to afunction ^ (») defined almost every- 
where in E. It wiU be shewn that ^ (a) and s (i) are equivalent to one 
another. 

In the part E,, of B, of finite measure, Uiere exists a set of points of 
measure > m {E,) — in which {«,^ (*)} converges uniformly to 4> {x). 
jHence, in this set, | ^ (*) — Sb^ (*) [ < c, for all sufficiently largo values of 
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large value of p; similarly | a<* (®) — (*) | < c, in a certain set, of 

measure > m (Ey) — where p is sufSdontly large. 

Ifc folloiva that botii these iaeqnoUtics are satisfied, for a sufficiently 
large value of p, in a set of measure > m (Ef) — t ~ conteined in 
SinoG I Snp (*) - «„•, (a:) I < «, in a ccrtdn set of measure > m (ff,) -ij, 
for a sufficiently large value of p; and since 
[ (*) - fi(=) (*) 1 5 1 5t« (ar) - s„^{x) | + 1 {*) - #„.,(») [ + 1 (*) - (i) | , 

by choosing p Buffioienlly large, we see f^hal, in a certain set, contained 
in if] , of measure > m (E^) — ij — f — we have | «1'> (x) — «(-> ( 2 ) | < 3c, 
Lot « ho BO chosen that Sr is less th^ A, aadi} + £ + Tis less than ic; then 
I «»' (a:) — (a) | < A, iii a sot of jneasnro > nt (jB,) — L This is inconsistent 

mth tho assumption that, In Ei, j «*® (®) — {*) ] S A in a set of points 

of measure £, It follows that, in <<** (») and (x) differ from one 
auolher only at points of a set of measure zero. The same argument 
applies in the caso of each of the sets E, ; and tljereforo, in E, the tn'o func- 
tions 8<‘> (»), (®) arc oquivoiont. 

Tho following theorem has now been established : 

// a eejueiice {s„ (*)}, 0 / tneasiirable fiinciums, is conteryenf on flic arewjf, 
in a measurable set- E, of finite, or of infinite, measure, and of any funnter 0 / 
dimensions ! so that the measure of that part of E in which 

! (*) - «« (*) I a «. 

for each fixed value of e, converges to zero, as p and 5 ere ind^nildy inereased, 
independently of one another, then a subsequence {e„j,(!B)), 0 / fhc ecjuwff 
{ 8 „ (*)}, canbedefined, whichcoiivergesioa single-vahied /unetfoae{z), oimosi 
everywhere in E. Moreover two functions s (®) which satisfy this condition 
are equivalent to one another. In some set 0 / points of measure scro, Jfsc) 
may be undefined. Moreover, if E has infinite measure, the theorem is ivfW 
when {s„ ( 2 )) is convergent on the average in eacJt part of E that has finite 
measure. 

That the convergence of the sequence to s [x), almost overy- 

wliere in the sot E,, of finite measure, necessarily entails the uiiifonn 
convergence of the sequence in some set of points of 15,, wliose measure 
differs from n (E,) by less than an arbitrarily fixed number, follows from 
EgorofTs theorem (§ 99). 

169. If s (ic) bo a measurable function, defined almost overyurhero in 
the measurable set E, of finite, or of infinite measure, and if there exists 
a sequence {s„ ( 2 )} of iiieaenrable functions, each of which is finite alinort 
everywhere in E, such that tire measure of the set h (e, n), of points et 
which [ 5 ( 2 ) — s„ { 2 ) I £ e, converges, for each fixed value of r, to 
.us n~-o: .then the sequence {«„ (*)}58 8aidtoamverpeoati'eai;eriig'cto«W' 
in the set E. 
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Tlie relation, wliich will bo niT«i%ttted heltw, between the two pro- 
perties of “convergence of a aeqncnce od the avesrage” and “convergence 
of a sequence on the average to a {*)" is analogous to the refation between 
convergence of a sequence of numbers, and convergence of a sequence of 
luiiiibers to a limit, leading to flie General Principle of Convergence given 
in I, §30, 

In case m {£) is inSnite, the sequence may converge on the average to 
s (z), in each parts,, of E, and yet not necessarily converge on the average 
to s (x) in E itself. 

Eor, in E,, we may have jn[W'^ {«,»)] <57, for tt S f'J',, where is 
an integer dependent on t, ij, and on the set fi,. Unless N, is bounded, for 
all values of r, thcro exists 110 intc^r n, snob tliat to [ft («, n)} <17, for 
a £ E, and if this is tho case for all sufficiently small values of «, tj, the 
sequence docs not converge on the average to s {x), in E. 

The following theorem will be established : 

//, »te (I1& mauKi'atfc Mt E, of finite, or of ivfiniie, measure, a sequence 
{«„ (a)} of measwabh fuwliws, finite almoel everywhere, converges on the 
average to a meosurahfe /joicfwn «(*), finite almost everywhere, then the 
sequence [Sn (k)} is convergent oft the average, in E. Moreover a partial 
sequence {«„j, (»)) eo?t be iefened which converges almost everywhere in Eton 
function eqwivalent to s (x). 

At every point of E not belonging to the set It p), of the points at 
which 1 s (*) — Sf (*) [ S J<, nor to the set h (^, q), and at which s (a) is 
defined, wo have j s (a) -«„(*) | < w\d' ] e (a) - e, (*) ] < Js , and 
therefore | (e) - s, (x) | < e. Accordingly, at every point of E not 

belonging to a set of which the mcosnto is 

we have | (x) — /, (*) | < <. Therefore the set « (e, p, 7 ). of points of E, 

at which 1 f„ (a) - {*) I s has its measure 

a TO [Ii (3«,i»)] + TO [A (ie, 7 )]. 

■^hus ^ TO [«, p, 7] £ ^ TO [A (ie, p)] + lim m [A (ic, ?)], 

or the limit on the left hand ade is zero. Therefore the sequence {s„ (*)} 
is convergent on the average, in E. 

By tho theorem of § 108, a. sequence {s^ (*)} can bo defined which 
converges almost everywhere in to a funotiOTi f, {*) defined almost every- 
where in E. It will be shewn that ^ (a:) and s (x) are equivalent to one 
another. 

In the part B,, of E, of fimte measure, there exists a set of points of 
measure > to (B,) - 77, in which {5,^(2!)) converges uniformly to <f> (x). 
Hence, in this set, | (a:) - (as) | < e, for all suffioiontly large values of 
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p. Moreover ) 5 (i) — s,^ (a:) j < «, in a set, contained in E,, of iticasujt 

> 7)t (Ef) — provided p is snfficieatly large. Hence, talring a siifRcienllv 

large value of p, vre have | 5 (a:) — ^ {*) | < 2e, in a set of points contnined 
in E, , of measure > m {£,) — Since r) and ? converge to 7.ero villi f, 

it follows that s (z) — ^ (*) « 0, almost every where in Considering 1bf 
sequence {.C,}, of which E is the outer limiting set; or in case m (£) i» 
finite, taJdng E, to coincide nith E, it follows that 9! ('arj = « (z) almoft 
everywhere in E. Thus the second part of the theorem has been proved. 

The following is the converse theorem: 

//, in ihi measiirable sei B, of finite, or of tjyintVe, measure, ihc stijuau 
{Sn (z)), of measurable fnndions, finite almost everywhere in E, is cani'ergcnl 
on the average, the function s (*), defined in accordance ivUk the theorem ef 
§ l<i 8 , K sueft (hat the sequence {«, (*)) is eonverycnl on the average lo s (r), 
in any part E^, of .ff, o/^u«le fflea«ire. // m {«„ (a}} convajH 

on the average tc s (z), tn B. 

■■ • Since {s, (a)} is convergent on the average, in iJj, | s„ (®) — s, {*) | < 9 
in some set of moasuro > wi (^,) — J, provided p and q are BulHoiontly 
largo. Now let q = n,, then | « (a) - ««,(*) | <rj. in some sot of measure 

> m (El) — C, provided r is sufficiently large. It follows that 

!«{*)- »p {*) t < 2 >j, 

in a set, contained in i?,, of measure > m (fl,) - 2J, the fixed numlwrp 
being sufficiently large. Fortius value of p, the set of points of.Sj at which 
] s (*) - {*) I s 2 ti has Its measure less than 2 ?. Since rj and J eonvergo 

together to rero, the condition is satisfied that {e„ (z)} converges on tlic 
average to s (z), in E^. The set Ej may be any measurable part of 
ant! in ease m (E) Is finite, it may be identical with E. 

A particular case of the last thcorocn arises when (z)} converge’, 
in the ordinary way, to s {*), almost everywhere in jE. liEjiaa part of S, 
of finite measure, {e„ {x)\ converges uniformly in a part of of measure 

> m (£’j) — C. If p and g have large enough values [ 8„ (z) — «, (zi 1 < v> 
in a act of points of measure > m (fij - C- Thus the points of F, , at vliicii 
I Sp (z) — s, (z) j a f, form a set of measure < ?, for each pair of values of 
p and g that are both large enough. Hence the sequence {«„ (z)} converges 
on the average in each part E, , of E, for whicEi m (S'!) ia finite; accordingly 

(z)} converges on the average to e (z), in cacfi part of E that has finite 
measure; if m {E) is finite, {«„ (r)} converges on the average to s (z). 'f 
It has thus been shewn that; 

if (®)} converges almost everyudiere to s {*), it converges on the averegc 
to s (z) in any part of B of which the measure is finite. 

That tile converse of tliis theorem does not hold good is seen by con- 
sideriiig, as in § IflO, the sequence {«„ fz)},wluch is convergent on thenverage 
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to s (x) ; the sequence itself does not necessEuily converge to s (*), but only 
the part sequence {s^ (*)} convenes to « (*) almost everywhere in the set S'. 

For example, let {5„ {»)} be defined in Uie linear interval (0, I) by the 
. rule that, if n = m‘ + r, wJiere 0 ^ r < 2m + I, then e„ (») = 1, in the 
interval (^2 ^ ' + ] ’ everywhere else s„ {x) = The sequence 

(s„ (i)f is convergent on the average in (0, 1), but it is not. a convergent 
sequence. The subsequence {«„,• (*)} convcigcs to the function which has 
the value zero everywhere except at the point 0, wJiere its value is 1. 

170. If the measurable function / (®), and the sequence of measurable 
functions {ifi„ («)}, defined in the measurable set E, of finite, or of infinite 
measure, of any number of dimensions, bo such that 

f !/(»)- (it, 

Um 

for a valiio of k (> 0), exists as an ^-integral, for every value of n, and 
converges to zero ns n , it is easily seen that {<(>„ (it)} conveiges on the 
average to/ (s), in E. For. if n< be an integer, so great that 

j (/(*)- ^„ (*) for « S nt, 

the set h (e, n), of points of E at which |/(x) — (s) | S e must have its 

measure < «. Since e is arbitrary, it fuUow.s that {z)} convorgos, on' the 
average, to/{*), in the sot .B. .For, if e' < e, nndwSni', the set 7j.(e, n) is 
oontuinod in h{e', n); and thus 01 [/t («,»)] £ m[X. («',«}]< e', for « g n,'; 
hence m {k (c, n)] converges to zero, as » ~8o. It follows from the first 
theorem of ^ J6H, that the seqnmice (x)} is convergent on the average; 
and therefore, that, in accordance with the fficorem of § 163^ a partial 
sequence {^„j, (x)) exists wWoh is convergent almost everywhere in E, and 
converges to f(x), in accordance wth ttie second theorem of §I65i, 

Similarly, if the sequence (»)} be such that 

lira f ~ = 0, 

it is seen that the sequence (*)) converges on the average in E. There 
then exists a sequence (i^} whioh couvccgcs almost everywhere in E 
to a fiinctiori / (x), defined almost ovcrywbCTe in E; and it converges on 
the average to / (x) in any part of E whudi has finite measure. 

171. The most important case for con^dearation, in view of applications 
in the theory of Fourier’s and other scries, is that in which 7: = 2. The more 
general case will bo considered in § 177. 
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It be 8hc\m that: 

If {'fi„ (z)) be a sequence of/imctions, eaeJi of whiehhas its square summalk 
in the measurable set E, of finite, or of infiniU, measure, in any number of 
dimensions, and if the functions are such (hat 

Um f M. lx) — A. (*)P dx = 0, 

«-».<(£) 

then a sequence {n,}, of integers, can be so determined that the sequence 
{^„ (*)} converges, atmosl everywhere in E, to a ftinclionf {«) whose square 
is eummable tn E. Moreover f (*) is unique, in the sense that iuM values of it 
are equivalent to one anoUter. 

In accordance with what has been proved in § 170, the sequcnco 
{'i’n (*}} being convergent on the average, there exists a eequenco (i)) 
which converges, almost everywhere, in £, to a function /(*). 

It will first ho shown that j {<f>„(x))*dx converges, ns « — to 
a definite limit. 

We have 

f (a)}’ d® < 2 [ {^,(a))*«& + 2 [ (a) - (e)}» da 

JilS) >(B) 

<2f {^,(a)}*da + 2., 

J (£) 

where p is a fixed integer sufficiently large, for all sufficiently large values 
of n-, therefore j (*)}“ <f* is bounded for all values of n. Again 

JiS) L'(R) 

I ».M + ^„W}.*:l*<.*r2f (^.(»))* + 2f {,1. (*))"*]* 

•'(£) J L hs> J(E} J 

wlierc /4 is a fixed positive Dumber, provided » and m are Bufiiciently large. 
It follows tliat I {A„ te))* dx convert^ to a doSnite limit, as w ~ - 

r any set G, contained in £. ■ 
converges, as -n ~ « 

. i {E„], of c ' 

■ ir>e the ^ -• 

: with E, for 

,(*); the part- 


If the integration had been tal- 
same proof would shew that j 
definite limit. 

Let E be the outer limiting ‘ 
all of finite measure, such that: 
case m {E) is finite, E„ may be 
n. In each set Er, there is a se 
the sequence {<f/„ (e)} conveiges 
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Ss in Ex has its measure > m (£,) — It is clear that the eels G„ may be 
so chosen that G„ is contained in for all values of n. 

' Since {fi„ (z)} converges unifMcmly in the set G„, we have, in 

that set [/ (z) I < j (*) j +ij, where ij is a chosen positive number, 
provided p is suflicicntly large. Snee is summable in (7„, it 

follows that |/(*) 1* is ato snmmable in (?,. 


have also 

I Uc« ' 

I 'i>«„{x))rdx\ , 

ho.i * J 

and, for all snfllcionlly large values of j>, wc have \f(x) — {z) | < e, 

at all points of thus ^e integral on the left'band side is less than 




.Since jj becomes Indefinitely great, as < ->'<1, 

/<(7 ) ^ ” p “ ic } 

fi lim [ (,f.^(z)}‘4}x. 

Mow m (GJ > 9n (J?„) — |j: hcncc, since 8 is arbitrarily small, ire have 

Tiius I {/(z))*<iz is bounded for all values of », and its limit, as n— oi , 

Jie.} 

accordingly cjrists as a definite number, since the value.s of tbe integral, 
a.s n inerensca indefinitely, form ft monotone non-diminishing sequence. 
It follows that J {y(x))*Ar csisls; and therefore (a:)}* issummable in E. 


172. Wo proceed to obtain further pr<^rfiGS of the function /(z). 
Wc have 

I /(O- ) ~ ~ lie > I 

It ia ca-silysepn that 

+ K W - 2«. M)‘ * 
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is less tlsan a fixed number, independent of r and m; for flie infcgrals of 
{^ti. {^ra (2^)}* “re less than fixed nombeis; and since (/ (a;)p is sum- 
mablc, the integrals of f[pc)^^{x), }(x) 4 >m{^), “nd (*) (2), art 

seen, by emplojdng Schwarz’s inequality, to be numerically less than fijtd 
positive niimberB, We have therefore 

( {/ (*) - («)}= da: < I (*) - (a:)}* dx 

J (0,7 JIB) 

where K is independent of t, m and f. 

If J7i he chosen suffidcntly large, ( (a:) — (*)}* dx is less than 

an arbitrarUy chosen x>oa1nve number e, for all sufficiently largo valoes 
of r. Also {/ (z) — (*))* is arbitrarily fioiall (< rj*) evcrj'whcro in 0 ,, 

provided r bo largo enough. Therefore 

/io i *= < ' + < « + S’? {m (13.)}*. 

This holds for the set < 3 ^, of measure >>»(£,) — ^; hence, by diminlsblss 

8 indefinitely, it is seen that f {j{x) — 4 >m{E))*dx&t, since 17 is arbitrarily 
t(E,) 

smallj and this holds for all sufficiently large values of m. 

Taking a fixed value of m sufficiently large, u’o see that, since, for 
sufficiently large values of p 

/ (*))»&<«, 

J<CT J(K»> 

we have j^^{/ (*) — (»))* d* < 2«, provided m is sufficiently large. 

Therefore lim [ {/ (x) — (»)}*di = 0 . 

Again, we have 

i * “ liJ *- ■'* I * ~ *- ” 

W*]'' 

where K' is a fixed positive number. 

It follows that 

( if (®))*<£c = lim f (x))' dx. 

J{E) m^JfB) 
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The following theorem has now berai eslaiilished ; 

The Junction J (x), ia which the eeguenee{if>^{x)) converges in the measur- 
able set E, of finite, or oj infinite, measure is such that 

I {/ {*))* = Km f {J>„ (*)P dx, 

and that lim f {/(*) — (*)}* dx^O, 

where the funetions {<fi„ {*)} satisfy the conditions of the taxiing theorem. 

Conversely, it may he shewn that, if a function / (e) whose square is 
suininable in E, exists, and is such that 

lim f {/(*)- (e)P = 0, 
then lim [ {4>p (*) — J>, (*))* dx^O. 


a cnassOTCATiOK op strantASLE renrenoNS 
178. If a measurable function/ (*), defined in the linear Interval (a, ft), 
or in a cell (o, 6) of any number of dimensions, be such that |/(iE) where 
j) g I; he integrable (£■) over (a, 6), the fonction / (x) is said to belong to 
tiio class [£>’]. Tip= 1, tiie class consists of all summable functions; we 
slmll therefore aasumo tLatj>> 1. Let jt bo definet! by ^ ^ — 1, so that 

j 5» 1. If /i (®) be of class [X»3» “"d /, (*) be of class [i<], we liave the 
fundamental relations given in i, § 435, 

I [/, W/= W* I a [ j’ IA W i'*]’ [£ IA W I'*]', 

and if / (at), g (x) are both of class we have 

j 1 / (*) + 3 1®} I" j’’ - [ j* l/(*) 1"'?*^'’ + [ £ I S I' 

It follows from tiicsc relations that the product/] (*)/j (x) of functions of 
classes and [£'] is summable, and that the sura of two functions, both 
of doss [Lr] is also of class [i*’]. 

Iti may be proved* conversely that if, for all functions/j (x), of class 
[L''], the product/, (x)/, (x) is snmmable, then/, (x) must be of olaB.s[L<], 

• S« F. Eirjs, Mnlh. Annatcn, «J. tUX (1910), p. 457. Ths theory of stroas and wtiV 
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TJie following generalisation of tJie approximation theorem given in 
I, § 430 wiU he established: 

If j / {x) I”, for a vahie of p ffeif is S 1, he mmntabh in Die inferrai, or 
cell, (o, 5), a eontinuou.i fjaiclion (x) con, be. so rfc/erm»7icd Dial 

- 4 (*) 

is less than an arbitrarily assigned posiCive number. In ease f (i) 6 (I, in 
(a, &), the function. <f} (*) can be so determined Dial (x) £ 0, in (a, 6). 

The proof of this theorem cmly requires a slight modification of the 
proof, given in i, § 433, for the fuiae in which = 2. Taking/, (x) > 0, ths 
coiitinuotis function (x) (S 0) can be so determined that 

/ J/t (*)' - \dx<-q. 

For every value of x, wc have 

I/. (*) - (®) \*£ \A (xy - (*)’ [> P>1; 

it follows that | | /i (x) - ^ (x) \^dx<n. 

Taking/ (x) -/, (x) -/, (x), whore/, (x) ft 0,/i(x) ft 0. and cmplo}'ing the 
inequality 

JVw-'fwi-'i* 

» 2>-i jj M I . * + 2.-1 J‘ I /.(»)-#. W P if', 

the result follows, as in i, § 433. 

From this theorem there can be deduced a theorem established other- 
tvisc by F. Ries?, {loe. eit.) for the case of a linear interval. The interval or 
cell (o, 6) can he divided info a definite munber of cells or intervals, such 
that in each of them the fluctuation of ^ (x) is less than the prescribed 
positive number g. Let /- {x] be that function which has, within each cell 
or interval, a constant value eqoal to the value of ^ (x) at the centreof 
the cell or interval; and let fi (x) have ^c value xero on the boundaries 
of tiie cells or intervals. It is scot tiien that j [ ^ (i) — V* {*} I'' 
than 7]’’ multiplied by the measure of (a, 6). 

From the relation 

1/ (z) - l/r (x) fv dx s 2»-* \f(x) - <f> (x) [«■ rfx 

it is seen that | [/ (x) — 0 (x) )v i® fe Jess then an arbitrarily ns-'igrif-d 
number, if 4> (x) and ^ (x) be properly chosen. Thus it has been shewn that. 
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lff(x) be of da4s lL^),wkenpS 1, afuncHoit [z), can be determined, 
which is amatant within each cell or internal of a set into which (a, b) is divided, 
suck that [ I / (#) — ^ (a:) )» da; ts less iha» an assigned positive number. 

174. K a seqaence {/, (*)} of fnactioiis bebaging to the class [i’'] 
satisfies the condition 

the fnnotion/ (z) belonging also to the class [L^J, the sequence {/„ (z)} is 
said to converge s/rongl;/ to the fnnctioa/(a;), inth exponent p. In case 
p =" 2, strong convergence is identical with the convergence considered in 
§§ 171, 172. 

If g (e) ho a function belonging to the class we have 

\\s{^) -/. W>J(»)*s [JVw-/. Ml']’ [I’IjW I'i*]'. 

from whloh It follows that 

[y (») 9 {*) - li™ I V« (*) 9 {*) da (1) 

We have also ^ 

[I* I /(*) I* ■iej'’ 3 \f{x) (z) I /„ (*) 1' doj", 

from wHch it follows that 

It can he shewn similarly, by ii]tat!hanging/(s) and/„ (*) in the inequality, 
that 

\fni^)\*dxsj'‘jf(x)\>dx-. 

and it then follows that • 

I / (») I” I /« (*} I' (2) 

Tho relations (1) and (2) express cardinal properties of a sequence which 
converges strongly., 

176. The scqTienee {/„ (z)}, offnnetionE belonging to the class [i»], is 
said to converge weahly, with exponent p (> 1), to the function / (z) of 
the same class, if (2), | ) /„ (z) \r dx<K, for all values of n, and (2), 
/n (®) dz = J / (z) f(w every anb-intexval, or sub-cell, of the 
given interval, or cell, (a, &). 
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If g {») be a function of class [U‘\, consider the function (a-) wliicli is 
constant svitliin each cell or interval of a set into which (n, 6) ig dividpt), 
and is sucli that J \y {^) ~ 4 (*) where e is nn arbitrarily chosen 

positive number. From the condition (2) in tin: definition, vre linve 
liiaj {f{x) -fn[x))4‘[ic)dx =^0. 

Wo have also, 

£ {/ (*) -/n (*)} <7 {/(®) -/« {=:)) {? (») - 0 (*)} tlx 

the first integral on tho right-hand sido does not exceed in absolute value 

1. I 

!/(*) -/» (*) I” rf*]'’ [ 11 1 ff (*) - 0 (*) i’ 

or « I^J f / (*) - A (;«) I’ dxj’’, and it therefore does not exceed 

‘[jVw + < [£[/.(*) 

and, in virtue of condition (1), this is less than a fixed multiple of e, Hoieo 
flin j f {/(»)—/„ (*}} g (») dx j ie less than a fixed multiple of * ; from 
whioli we have 

<7 (*) d* - lim |*A (*) ?(*)«?* (*)’ 

the same relation ns In the case of strong convergence. 

Next let g (x) — ± [/(*) |»->, the upper or lower sign being taken 
according as/(ic) > 0, or < 0; are have then (g (*) j'' •* |/(*) i”; and thus, 
from (1)', we have 

f \f{x)\’’dx= lim f /«(2:)g(a:)rfa;. 

vVe have then 

1/ W Im (/„(*) I !7 (g:) Yd:^ 

and therefore j |/(a:) |*rf*£ lim J* |/„ (a:) j** 

This inequality (2)', for weak convergences, corresponds to tho inequality 
(2), in the case of strong convergence. 
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176. Tlie followirg theorcan is fundamental in respect to weak con- 
vergence; it has however reference only to the case in whicli {a, 6) is a 
linear interval: 

If a family of funeliomj (*) ofasinglevaruMe, all of class [i’’], C07itains 
an infinite (not necessarily enttsaerable) set of functions, and if 

where K is independaU of iht particular function of the, fa.mily, then the 
family contains at least one sequent {f„ (®)) which, converges weakly, with 
exponent p, to somefuncHon / (x) o/ ofaas [£*]. 

For every function f (x), of the family, the function F (x> » J f {*) dx 
can be formed. For all these functions wo have 

F{o) = 0, I F(.ri) -F(xi)| = [J^/(x)dxjs j^|^|/(x) I” J -Xj - Xj ]f 

or I F [*,) — F (xj) I S Jf 1 X, — X. |«. Itfollowetlwittlie family of fnnotionB 
F (x) is oqui-oontinuous, and since ( F (x) | s £ (& — a)s, the conditions 
of Arzel&’s theorem, given in § 120, are satisfied. It follows tliat a Boquonoo 
{F„ (x}} is contained in the family {F (x)} wltich oonvorgos uniformly to 
a function P (x). 

Womay talce{/, (x)} to I>e tlio sequence of fnnetions of the given family 
wiiioh corresponds to the seqnonco {F„(x)}. If the interval (a,h) bo 
divided in any manner , into a number tn, of parts 
(*0' *l)> (*1» *s)> ••• *«jl 

where Xj — a, x„ — i, we have (sco i, § 452} 

7 ?” s £ I /. M !• rfx » b:.. 

By lotting n increase indefinitely, we have 

,-0 

it has been shown in i, |§ 451, 452 that this is the necessary and sufficient 
condition that P {x) sliould be the indefinite integral j /{x)dx, of a 
function /(x) which belongs to class It has thus been shewn that, 

to the sequence {/„ (x)}.t!iepe ooirespondR a function /(x), of the same 
class, such that lim [ /„ (x) dx = J f{x) dx; and thus that {/„ (x)} con- 
verges weakly to/(,x)- 
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177. From the last theorem the following estonsion of the theorem of 
§ 170, in the ease of n linear nitCT\'a! (a,b), may be deduced; 

If a sequence [ (*)} of functions of doss £Lr] be such that 

(here exists a function f (*), of the same dose, to schich {/„ (a-)} conrergcA 
stronqiy, xcitli exponent p. 

I/- (*) 1" As ("E [f* I/- (*) (*) + [£ lA (^) 1’ 

taking a fixed raluo of m, snch that for n £ m, the first expression on the 
right-liand side is < ij, wo soo that the expression on the Jeft-hsjid fidois, 
for all such values of n, less than a fixed number; and it foDows that 
[ I /„ (») |» dx is less tlian a number K^, for alJ values of n. From the 
theorem of § 170 there exl.ste a part {/„ (x)) of the sequence {/„ (*}} which 
converges weakly \rith index p, to a function /(x), of class ll/]. It follows 
that tho sequence {/„,(*) — (x)) converges weakly, with exponent p, to 
/(x) ~f„ (as); we Jiave therefore, from (2)‘ of § 175, 

j‘ I/., W -/. W I’lfc* J‘ l/W W !'*■ 

Letting n increase indefinitely, we have, from the condition in the eniincis- 
tion, lim j l/(x) -/, (x) l^dx = 0; and lhijs{f (x)} converges sfionglj7 
with exponent p, to f (x). 


PKOPEBTIBS OF A OmASUBABLn FCXCTIOX 
178. In accordance with the fundamental approximation thecrem 
givBU in I, § 430, if / (*) be a summable ftmetion defined in a given cell i, 
tljere e.xiste a continuous fonctiOQ A (x) such that 

If/ (a;) be defined only in a bounded measurable set E, and bcsnicmahle 
in E, we may suppose E to be contained in A. The function /(z) may.l'c 
extended to the whole ccQl A, by Assuming that / (x) == 0 in A — F; tbe 
■extended function being snmmablc in A. We have then 

lisM ~ ^ As -}• 1 ^ (z) { tfa: < €, 
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■ and tlius I \f{x) — <fi(3s)\dx<e. It thus appears that the approxiroa- 
JlF.) 

tion theorem of i, § 430, may be applied to a suinmable function / (a;) 
defined in a bounded and measurable set E. It also appears that the con- 
tinuous function <j> (x) may be taken to be not only continuous relatively 
to B, bu f- also relatively to A, and consequently (see § 1 08} it can be extended 
so as to be ooutinuous in all the space. In particular employing Weier- 
strass’ theorem {§ 1C2), the functiem ^ (*) may be taken to be a finite 
polynomial. 

Taking « = ij*, it is seen that the part of £ iu which | / (x) — ^ {*) | a 
is of measure less than Now ]et/{x}, although measurable in E, be no 
longer necessarily summable in B, but let it be finite almost evers^vhero in E. 
Employing the sumciableiunction <*}, such that/i^>(x) ~ N, or ~ N, 
according as/ (x) is positivo or n^ative, at ovecy point at winch |/ (x) ] S .W, 
and/*-'''' («) «/•(»), when |/(*)|<il’: and remembering that N can be 
so choBsn that the sot oi points at which/(*) and/f-''* (x) are unequal has 
its measure less than we can determine a- continuous function ^ (x), 
which may be a finite polynomial, such timt | /<*'> (x) — ^ (x) j a ij, only 
in points of a set, contained in E, oi mcasuro less than - 7 . It fo 11 o\v 3 tJiat, 
aballpointaof aaotof moasuro m (E) — 2 i), contained in ^.thoinoquality 
|/(x) — (x) I < 27 is satisfied. It has thus l>ecn sheAvii that, /(x) being 

any mSHSurablc function defined in the hounded and moasuvablo set E, 
a futiotion ij) (x), continuous relatively to B, can- be so determined that 
|/(x) — ^ (x) I <'c, iii a set contained in B, of measure > m (S) — e. 
Moreover the function 4> (x) con be so cliosen that it can be extended into 
a function that ie continuous in all the space in widch B is defined;- and 
in particular, it may be a finite polynomial. , 

The following chearem has now been established: 

If f (x) he any meauvrable JnnMwn-{nol necasaarUy aujntnable), defined 
in tiic bounded, and measunMe set Ei of any number of dimenswns, and 
finite almost everywhere in E, then, if t be a prescribed positive number, a 
function iji (x), continuous in the whole space in which E is darned, exists, 
such that I / (x) — ^ (x) I < 6 , at every point of E not belonging to a set of 
measure < e, contained in E. Moreover, the function ^ (x) may be taken to 
be a finite polynomial. 

179. Let iJ be a measurable set, not 'necessarily of finite measure. 
Taking .B to be the outer limiting set oi a sequence {JP^} of seta each of 
which is of finite measure, let a funefaon (x) be defined, ■which is con- 
tinuous 3 U all of the space, and such that, in fi?„ , ] / (x) — {*) 1 < ^ , 

at every point that does not bdong to a certain set of measure It is 
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177. From the last theorem the following cxlonsion of the Ihcotem of 
§ 170, in the onsft of a linear intciTal {«, b), may be deduced: 

If a sequence {/„ (x)} of funciitnts of eftrw [Z*’] he such ffiat 

P [/» {*) -fm {x)Vdx = 0 

there crcisls a funclion f (*), of the same class, to which {/, (a')| csnrofja 
Slronghj, with ar.pone.nt ji. 

taldng a fiNecl value of t», such tli&t for n S m, tlio first expression nn (he 
riglit-linnd side is < i;, wc see that the expression on tlie lafUmiid sidch, 
for nil such values of n, less than a fixed niunber; anti it follcnvs the! 
I I /« (!>=) I” dx is less than a number K*, for all values of n, EVom (he 
llicorcm of § 17S there exists a part {/,, (*)) of the sequence {/R(e)}whieh 
converges weakly Avith index p, to a function /( sb), of class [if]. Itfollo''i 
that the sequence {/,, (») (as)} converges weakly, with exponcntp,to 

—fn (®); we have therefore, from (2)' of § 175, 

!i21 i/". "/■' <*) i" 2 I” 

Letting n inorcaac indefinitely, we li&ve, from the condition in tho onunclu- 
tion, lim j*[/(a:) -/„ (ar) I'da: - 0; and thus {/, (*)) converges B(rongi.r, 
^vith exponent p, to/(a:). 


PROPERTIES OP A HEASWAItLE FUMCnOK 
178. In accordwice with the fundamental approximation thcoreffl 
given in i, § 430, if / (as) ho a summahlc function defined in a given cell il, 
there exists a continuous function ij> (*) s«ol« that 

If / (x) be defined only in a bounded measurablo set F, and beBiinun®^'' 
in E, we may siippo.se £ to be contained in A. The function / (x) 
extended to the wliole coll A, by assuming that / (a) 0 in A - 

extended function being snmmablo in A. We have then 
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any point of the internal («, 6), nrith the exception of points belonging to 
a set of measure zero. If bo a pouit not belonging to the exceptional set, 
of measure zero, and n be an arbitradly chosen positive nnraber, h may be 
so chosen that !/(*)'“/(•*«) I <’7- The set of points in the 
interval (2^, — 7i, + h), at trhich \ f{x) — /{%) i S «, has its measure less 

than^; hence \f{x) —f[x^ 1 < e, in a set contained in {2^ ~ b, x„ h), 
of measure > 2fi Keeping e fixed, the munber 1 — ^ converges 

to unity, as h andij converge together to zero. Therefore the metric density 
of the set of points at tvIhcIi j/ (*) — /(ib) | < c is unity at the point a^,. 
Therefore/ (*) is approximately continuous at Xg (see i, § 2S5). 

Next, let / (z), aItJiough measurable, not be suminable in (c, 6), but let 
it be finite almost everywhere. Tl»e summable function /'*’• (z) may be 
defined as in ? 179. Let Jf have sncccssively tlic values in a monotone 
sequence such that iv’, increases indefinitely with r. Then each of the 

fnnotioDS /**'•>(*) is approximately continuons almost everywhere in 
(a, "6); and Ihorcforo, at almost eveiy point of (a,b), all the funotioas 
{/wo ^x)} are approsdiuotcly continuous; let zbbe a point at which this is 
the ooso. Lot a be a number such that | / (zb) | < 27,; then the set of points 
at which | / (*) — / (*o) ! < « •* that, for some vaino ( (> s), o£ r, 

and it follows that, at aU points of the set,/(a;) */W‘) (a), Sinew the sot 
of points at which [ /<-'^‘t {*) — /<*'■> (i#) | < c has its metric density unfty 
at Sg, the same hol<^ for tbo set of points at which |/(«) — /(ab) I < <• 
Hence / (*) U approximately. continuous at sb. 

The following theorem has now been established* : 

If / {z) be any measuzdiAe function, finite almost everywhere, d^ned 
in the linear interval (a, b), the funeliort- is approximately continuous almost 
everywhere in {o, h). 

It. is obvious that the function cannot be approximately continuous at 
a point of ordinary discontiinrity. It may however he so at a point where 
the discontinuity is of the second Mnd. Thus, in a totally dLscontinnons 
function, all the points of ordinary discontinuity, if any, belong to the 
exceptional set; but at almost all the points at which the function has a 
discontinuity of the second kind the function must be approximately 
continuous. 

A characterisation of the discontinuities of functions, based upon the 
tiobion of approximate continuity, has beoi made bj’ 3.1. TJ. A. Ivewmanj. 

• S©6 Denjov. livUrtin dila maOt. ie Fmet, T/iU Tr.rn ( 1925 ^, p, 179^ 
t CaraJ. PAi7. J>on<.voLxxia(1923). Sneaiso'KeBii^ifij.rvndantnta Hat. vol. vi (I02J).p. 0. 
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seen that, in By , the sequence {^„(*)} converges to/(a:), almost cvei^ wlittc; 
for, in 1/ (*) — (*) I < jpj ® 'which the measure is 

The sets of which the measntes arc greater ttuin 



respecti'vely, have a common part, of wliicli the measure is S m {£,) - t, 
and, in this set, | / (*) - (*) 1 < for aU values of m (1, 2, 3, In 

the same set | / (») — (*) | < for all the values n, n + 1, of in. 

It follows that {*)) converges to / (*), almost everywhere in since 
« is arbitrary. Since Ei may be taken to bo any sot, of finite rocAsnre, 
contained in E, it follows that tbo scqnotice {<i„ (*)} converges to /(r) 
almost everywlusro in E. 

The follovjng theorem has now been established •. 

If f (le) be a 7nca4nirabU function {not necessarily STWnmafife), rf^/Inaf in 
a measurable set E, of finite, or of infinite, measure {of any number of Jiim' 
sions), iliere exists a sequence of functions (*)}, aU of which are Miiii’iiuouj 

in the whole of the space in which E is d^ned, such that (a)} coBicrsM, 
as ~ os , almdst everywhere in B, to (he function f {x). Momva, 
ticvlar, the sequoice may be taken to be {P* (*)}, where Pm (s') deodfs s 
finite polynomial. 

It should be observed that, in the oxocptional set, of measure zeta 
of points of E at which the sequence does not converge to/ (a), the sequence 
is not necessarily oonvergont. 

Wlicn the set B is of finite measure, there exists, in E, a set of points 
of measure > m (£) — «, in which the sequence {^n (*)} converges uniformly 
to/ (=:). This set may be so cbosmt as to be closed, or perfoob. 

Relatively to this set, the function/fa:) must be continuous (scii § 8C|. 
Thus wc have the following theorem: 

if f (®) f*® ^ measurable {not necessarily summabh) function, defined in n 
set of points E, of finite measure, m any nvsnber of dimensions, and finite 
almost ctieryie/iere in E, there exists in B a perfect set of points, of mcnesn 
arbitrarily near to m (E), relatively to tahieh the /«?icM’on / {^) is coJili”’'S’u- 

180. I/Ct / (x) be a fnneinon defined in the linear interval (n, b), 
sututnable in that interval. It lias been sbewu in i, § 133, that 

has a differential coeffiraent, equal to zero, at the point Xo, viierc 
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The converse of tliis theorem is not in general true. Por D ((?, E) may 
be closed in E, but a point ot J8 may be a limiting point of G without 
belonging to G. 

If a set 6 is closed in, E, it is also closed in any set luliich is a part of E. 

Conversely, a set vihich is dosed inEiis part of a set which is closed in E. 

For every limiting point of E (E, 6?) that is in .F is also in Z> {E, G); 
therefore every limiting point of D (E, G) that is in Fj , and consequently 
in E, is contained in D {Et, O). Hmico G is closed in E^ . 

If Ojhe closed in E^, every limitang point of that is in Fj belongs to 
Gj. Conader the set G, obtained by adding to Gj those of its limiting 
points that are in .B hut nob in B,. Every limiting point of G that is in 
E belongs to G ; therefore G is closed in E, and it contains Gj . 

Jf aselE fiB closed. vttG.Us compdmienl in G, mmely G D {E, G), is 
open in G; and conversely. 

For a point of G — X> (B, G) has no point of E that belongs to G in 
a sufEioioatly email neighbourhood, and is thccefoco an interiur point of 
Q — E [E, 0)i therefore Q — D{E, G) is open relatively to G. 

. It should be observed that a closed, or an open, finite cell is a set of. 
points vLioh is both open and closed relatively to itself. The sot is 
both open and closed roiativcly to itself; it is open but not olosecl in . 

If E bo taken to be the set we have as a puiicular caso: 

Every seiihal is closed in S, is closed in every sel E contained inSj,; and 
conversely every set that is closed in a set E is part ^ a set that iselosedinSp. 

The above tlicorcms also hold good for open sets, wliere in each case 
a sot open in E takes the place of a set, closed in B, and an absolutely 
open set takes the place of an absolutely closed set. 

For, if 0 be open, in E, the set G is 0 — I) (0, B) is closed in B, and 
therefore in Bj, «ny part of B; thus 0~ D{0, Bj) is closed in Bj, and 
therefore D (0, Bj) is open in Bj. It 0^ is open in E^, the set 
Oj-D (Oi, B,) s Gi 

is closed in B,. 

The set Gj is part of a set G which is closed in B, any set whicli contains 
Bi- Add to Oi those points of B which do not belong to G or .to Oj; we 
thug obtain a set 0. This set O contains 0^, and anoe its cojnplenient in 
B is B (6, B), which is closed in. B, the set 0 is open in B. We have 
accordingly the following theorem. 

Every set that is open tn as^ B ts open in any part E^, of E ; and a set 
which is open, iir Bj is a part of a set tohudt is Open in B. A set that is open 
in Sf is open in any set B contained in 8,; and a set which is open in E is 
part, of a set opm in S^. 
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DJ^SCRITTIVE PEOrBSaiBg OB SETS OB PODJTa 

181. It ia convenient to give here aa extension and nmplificafion o! 
the definitions relating to descriptive properties of sets of points. The 
aggregate of all points ... *<»*) of a space of ^j-dimensions nil! 

1)0 dejioted by iS^j it haa been shewn in i, § 4!), that the points of S, 
correspond uniquely to the points of the apace interior to the finito cell 
(— I, ~ I. ... — 1 ; 1, 1, ... I), the relation of order being invariant for 
the transformation. The improper points at infinity, introduced in i, § 63, 
are points which correspond in order to the boundary points of the linile 
cell; when these improper points ate adjtnncd to the set 8^, it becomes 
the closed sot Sp. 

A set G is said to be closed in, or TeUUivdy lo, a sel E, when every fisuVmj 
point of 0 tlial isinE belongs to G; also when <? has no Umiling point in E- 

A closed set, in the ordinary sense, is a bounded set which is closed 
relatively to Sp; and such a set is also closed relatively to A set is 
dosed in the extended aense when it is closed relatively to S,, but not to 
Sp. It boaoiuos closed in wJicn its improper limiting points ere adjoined 
to the set. 

For exnniple, the set of points 1, 2, 3, ... n, ... is closed with ic-spsct 
to the open interval (- «, «•) because It has no limiting point In that 
interval. It is not closed with respect to the closed interval (-«,«), but 
when the improper point co Is added to it, it becomes closed relatively to 
the dosed interval (— ee, »). 

A set 0 is said lobe perfccl in, or relalively io, a set B, when it is closed is A. 
and when further, every point of H in E tea limitirig point cf the set. 

Thus a perfect set in the ordinary ueose, being bounded, is perfect rein- 
lively to <Sp and also to S,; it may be regarded as perfect, in the extended 
sense, when it is pm-fect relatively to S,, but not relatively to SV Jt 
becomes perfect in Sp when its improper limiting points are adjoined to )t. 

A sciO is said to be open relatively to E if dll the points of 0 that ore m 
E are inferior parts of O, rdativdy lo E. 

This is a slight extension of the definition given in i, p- 76, where tbc 
definition of an interior point of O, relatively to E, is given. It« 
seen that; 

// a set G is dosed in E, the part D {Q, E) of G, which w in E, is closed 
in E. If a set 0 is open in E, Oie pari D(0,E) is open inE. 

h'or a limiting point of D {G, E) that is in £ belongs to G, and 
to p {0, E) ; thus D {G, E) is closed in E. Agmn. if 0 is open in E. all ^ 
points of i> (0, E) arc interior points of O relatively to E, and thcK 
interior points of D (0,E). relatii'ely to E. 
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The convcT^e of this theorem is not in general true. For D (&, £) may 
be closed in E, but a point of B may be a limiting point of & n-itbont 
belonging lo G. 

If a selC is dosed fn E, His also efoseef in any scl E, tcJiieJi is apart of E. 
CoJiversdy, a scl wfiicfi is dosed in. is pari of a set which is dosed, in E. 

For every limiting pcant of J) (£, G) that is in is also in D {E, P) ; 
. therefore every limifing point of D {E, G) f-liat is in , and conscijtiejiiJy 
in A', is contained in E G). Hence 0 is closed in £j. 

If Gibe closed in jSj.evMy limiting point of Gi thatiain £, belongs to 
Gi- Conadcr the set G, obtained by adding to ffj those of its limiling 
points that nm in E but not in /?, . Every limiting point of G that is in 
E belongs to G; therefore G is closed in B, and it contnins Gj. 

If a set E 6e dosed tn G, its eomplancnt in G, tinmefy Q ~ D (E, G), is 
open in G; <ind eonversdy. 

For a point of G — D {E, G) baa no point of E that belongs to G in 
a sufficiently small ncigfaboTiibood, and is therefore an inferior point of 
G — 5 (^, G) ; therefore Q — D {B, G) is open relatively to G. 

It should be observed that a closed, or an open, flnito cell is a set of 
points wliioii is both open and closed relatively to itself. The set 5, is 
both open and closed relatively to itsdf; it is open but not closed in Sg. 

HE be taken to be the set 8,, vre have as a partioular case: 

Every eel that is dosed in S, i« dosed m every set E contained in £p;and 
eonversdy every sci that is dosed in o set E is port o/ aaetlhat isdosedinSf. 

Tbo above tbeorezna also bold good for open sets, where in each oese 
a set open in B take's the place of a set, closed in B, and an absolntoly 
open set takes the place of an absolutely closed set. 

For, if 0 be open in E, the set G s O — D (0, E) is closed in E, and 
therefore in E^, any part of E; thus O — D (G, E,) ia closed in E,, and 
therefore i) {0, Ef) is open in E, . H Oj is open in E, , the set 
G, -E(G„E,)eG, 

is dosed in Ej. 

The set G, is port of a set G which is dosed in E, any set which contains 
El. Add to Gj those points of E which do not belong to G or to Gi; wo 
thus obtain a set O. This set 0 cemtaios Oi, and suioe its cojnplement in 
E is E (G, E), which is closed in B, the set O is open in E. We liave 
accordingly the following theorem. 

Every set that is open in a set E is open in any part Ej, ofE; and d set 
. which is open inE^is a part of a set wAteA is open in E. A set that is open- 
in Sp is open in any set B confarned and a set vihidi is open in E is 

part of a selopeninS,. 
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st;ts of points op obders 1 and 2 

182. In the theory of the functions defined as the limits of seqiitncts 
of continuous fimcfioDB, sets of points of certain types are of importance. 

If E be any sot of points, in any number of dimensions, a sot cont.iinwi 
in E, and which is either closed rclativoly to E, or open relatively to fl, 
is said to he a act oj the first order inE. A set which is contained in ami 
closed relatively to E, will be said to be o/ type und a set contained 
in E, and open relatively to E, will be said to be of type The sets of 
the first order in E thus consist of sets of types and O^'*- 

If {£„} be a sequence of sets contained in E, and such that eacii set 
contained in the next, and if each of the sete E„ is of the first order in E, 
then the outer limiting set of {£,} in said to be of type 0^’, whenever it 
is not of tho first order in B. 

In case each of tho eels £, contains the next, each set being of tlic first 
order in B, tlio Inner limiting set of {E„) is said to be of type &ki whenever 
it is not of tho first order in E. 

A sot of either of the types is 8oi<i to be o aef of the second order 

in E. 

The following properties of tdicse sets arc of importmioo; 

A sequence [E^ of sels of (he first order in B, each of which is eentaintd 
in the neat, has for its outer limiliny set a set of the first order in E,providal 
an infiniU numtier of the sels Bn are of type Oe*. 

For all the sets E„ which are not of tyi>e 0®^ may be removed from 
the sequence, •without afTcoting the outer limiting bc(.. Thus the tlicoreiii 
is equivalent to tlie statement that tlic outer limiting set of a Bcqucncc of 
sets, open relatively to B, and eaeJi one of whici« in contained in tijc iimI, 
is open in E. This is a generalisation of the theorem relating to open sols 
in the continuum, given in i, § 66, and is proved in the same manner; it 
being observed that a set that is closed in £ is complementary to a art 
that is open in E. 

A sequence {E„} of sets of tkefirO, order »» E, each of which conlaim the 
next, has for its inner limiting set a set of the first order vi E, provided on 
infinite number of the sets are of type O®*. 

This follows also from a theorem given in i, § 56 ; it being observed tisat 
those of tile sets E„ ■which are not of type (fs may be removed from tlic 
sequence. 

The complement with respect of B of a set of type 0®* is type Cr • 
The complement with respect to E of a sH of type vj’ is of type Oe ■ 
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For the complement of M Eg, ... E„, — ), whore each set is con- 
tained in the next, and is of typB<^*,ie tlio set I> (E — E^, E — E^, ... 
E — E „ ...). The sets areaU of type and each contains the next, 

hence the complement of M {Ei.Et, is of type Cg’, or of order I. 

It cannot he of order 1, for then ilf {Ef,Ef , ...) wonld be of order 1. 

■ ■ If a finite number of sets flP>, ... IP^ are all of type 0%\ in Ihe 
eel E, the set D H'^, ... JP’^), of pofnfe common to alt the r sets, is of 
type Oe\ unless it is of order 1 in E. 

Let =. iini g"’. s'** = lim ... ff'"’ = lira Gi’’. where {Cl"), 
{d* ') .. . are sequences of sets, closed in E, each of which is contained in 
fho ne.Tt. Any point of D (17*”, 17™, ... if‘”) belongs to all the sets <t^\ 
eff, ... from and after aome value of n depending upon the particular 
point, and therefore it belongs, for all eueh values of ?t, to 

The sots D (<?{,'*, ... for » - I, 2, 3, ... fonn a sequence of 

acts, all closed in and each is contained in the next. Their onter limiting 
set Is D {fffh, ... which is consequently of the type 0^*, unless 
it is of order I in 

• The common part of two seJs, A and B, each qf which is either of type 
Og*, or else of the first order in E, is also of type Og’, or else of (he first order 
in S. 

If both sets are of tj-pe O'g, the theorem, is a partionlar case of the 
preceding theorem. If one of the sets A is of ^fpe 0's, and fho other of 
typ. oiS’, since A = lira where G, is closed in E, we hare 

G f/I, U) - Km /> (G„ B), 

•and since B is closed in E, so also is B {G„, B)\ hence D [A, B) is of type 
o'e, or else of the first order. If ./I is of type Og', and B of type Og*, we 
hare B = where £?„ is closed inB;thenZ>(,d,B) =. lira li7nB(ff„,!7„), 

and this can he expressed as the Hrait of a simple sequence of sets closed 
in B; it follows tliat D {A, B)isot type or else of the first order in E. 
If A i.s of type Og’ and B of type Cg*, D (A, B) is the eeL common to a set 
that is closed in E and one that is open in E; iicn E(A, B) is expressible 
ns the limit of a sequence of closed seta, and is therefore of type Og’, unless 
it is of the first order in E. 

If //<”, }!<■', ... I/i"', ... be a sequence of eels in E, all of lypr. Og*. the 
■Id M (l/‘‘>, ipn^ ... B'”*',...) of poinla which belong to one or more of the 



262 Senes or Sequences of Oontiniious Functions [cn, it 

given seta, is also of type 0^*, unless it is of the first order in E. Also Ik 
latter set is of the first category t» E, in case all the sets of Ike scguencc are so. 

If S*"*' = lim where nil tiie sets 0^^ are closed in E, let us consider 
the sequenee of sets, dosed in E, C^\ 31 {G^i \ \ M ((S*,'\ 6^’’, f/,"), 

31 {(?"', «?!■’, g4“, g'i\ M C^\ Oi” C^P) .... Each of (lioso is 
closed in E, and each is contained in the next, and efrery set occurs, 
from and after soino fixed set of the sequence. It is clear that the onlet 
limiting set is jlf {//(•>. ... ...) which is therefore of typo 

if it is not of tlie first order. A set is of the first category in E, if all 
the sots Gir', for n = 1, 2, 3, ... are non-deosc in E. If all the sets 
aro of the first category in E, all the sets 

g'i \ M C^\ 31 (gI", of’, G^”). ... 
arc non-donso in E, and therefore tlieir outer limiting sot is of tlic first 
category in E. 

If E, be a jmrl of K, ike ‘part of a sci of type G?* wkich is in E, is of typi 
Osh order in Ei . The corresponding result holds for n 

set of type Og’. 

Tho set of type Os’ is the outer limiting set of a sequence (Gn) of scU 
all dosed relatively to B. The sets D (f?, , G„) ore all closed in Ei , and (Inis 
tho part of the given act which is in £| is ^e outer limiting set of a sequence 
of sets closed in E^; thus the part is of type Or*, unless it ho of the first 
order in il,. The corresponding theorem for asst of type Oy* follou'sfrom 
the fact that the complement of such a aet, relative to E, is of type Or . 

183. It has been shewn in i. § !)0, that in case E be a perfect set, (lie 
outer limiting set of a sviiucnce of non-denae closed sets, uhich is a set of 
the first category in E, has, for its complement in E, a sot ^vhicli is every- 
where dense in E. It was in fact shewn lliat every cell or interval {a, P) 
containing points of E contains a point, defined by a sequence of cells or 
intervals (a, §), {Oi, fi,) ... .... each of which contains tlie next, 

which is a point of E, hut not a point of the eet of the first category. Ihc 
argument is not in general applicable to a set E which is not closed, because 
the point defined by the sequence of cdls or intervals may not be a point 
of E. The procedure is, however, applicable, in case E is an open sot, 
because each of the cells or intervals («„, p„) may then bo taken to consist 
entirely of points of E. The set of the first category is then, in this case, 
diffuse (see l, § 56) in B, although it may be everyovlioro dense in E. Tlio 
same remark applies to the case in which E consists of the points wine 
an ojien set and a perfect set have in comnio]!. 
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We have thus the theorem; 

If E be either a jierftct set, or art open set, or eonsists of the poiTtls common 
to an open and a perfeet set, the outer limiUng set of a sequence of Tion-dense 
sets, all of whidi are dosed nialivdy to B, and each one of which- is contained 
in E, is diffuse in E. (See i, p. 76.) 

As in I, § 94, it follows that, if S be an open set, the complement of 
the outer limiting set cannot be of the first category in E. 

More generally, we have the theorem: 

If B be either perfod., or open, or be the set of points which an open set 
and a perfect sd, have in eommon, and if E^, E^, ... E„, ... be a sequence of 
sets, all of the first category in B, UienM (Bi.Ef, ...) is of ike first category 
inE; and tins it is imposeilletliat E — M {Ej, Eg, ...). . 

For if - ilf (Gn\ ...), where G^’ is closed in E, we have 
...) « 31 (Gi\ oTr <?i”. <3?\ 0^s\ ...). 
and the set on the right band ride Is of the first category in E. 

In partloular.£ cannot be resolved into ^e siun of an enumerably 
infinite, or finite, series of sets, each of which is of the first category in E. 

n £ bo identical with S,, the aggregate of all points In p dimensions, 
the sots of type Og} consist of all open sets, and the sets of typo Cgl 
consist of all bounded closed seta and also of sets which contain ail their 
finite limiting points. But if be identical with Sp, the absolute set 
in p dimensions, the sets of t 5 'pe include all bounded open sots, and 
also all unbounded open sets with, or without, their limiting points at 
infinity; and the sets of type consist of all closed sots, whether bounded 

or not. Tills is soeu to be the case by employing the correspondence of Sp 
and of with an open, or closed, finito cell. It is eonvenieut to speak oi 
sets closed relatively to as of type C**', and of seta that are open 
relatively to S,, as of type 0**h 

Similarly, a set . of type 0^ or CS*) means a set of typo Ogy , or GgJ. 
It has been shewn in § iSJ that the part of a set of type 0'*' that is in E, 
ifi of type O^E, and that the part of a set of type C7<t5, in is of type Og’, 
whatever the set E may be; but the converse does not in general hold. 
It follows that the 'part of a eet of type that fe in E, is of type 0^^, 
unless it is of the first order in E\ and that a set of type has, for its 
part in E, a set of type (7^, unless it is of the first order in E. 

■184. It will he shewn fiat: - 

// E be either an open- set, or a dosed set, or a set which consists of the 
points loSicft an open set- and a dosed set have in common, then a set, in E, of 
one of the types 0%’, 0^*, Gb* ts also of one of the. types Oi*', 03', C^‘\ 
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The theorem is obviously true in esase £ is a closed set. If "B bo an open 
set, it is the limit of a sequence of closed sets conlainctl in it, and each 
of -which is contained in the next. HE = D {H, A'), where H is open and 
K is closed, let// lim where is a closed set; then A = lim /) (5r„, A’), 
and D (g„, K)i& e. closed sett?,; or iff = h'm G„. If be a set of type Cz\ 
we have, in either case, F = lim D {6„ /'); and it will be shewn that 
n ((?„ , /■) is a closed .set. 

Any limiting point of D (Cf,, /■) is in (?„, and therefore in E\ abo such 
a limiting point, being a limiting point of F which is in E, must belong to 
F, since F i.s closed in E-, and it therefore l>clongs to D ((?„, F), which is 
therefore closed.^ Therefore a set of type is of onft of the types O’”, 
C^'-\ for if it were of type O"* it would be of type 0%\ 

A set of type O'e is the outer limiUng set of a sequence of sets nil of 
typo C^’, that is one of the types 0I*>, C“>; hence it is of one of tlio 
types It follows that a set of type is of type O'®', unless It 

be of the first order. 

A set of typo O'e is the outer limiting set of a sequence of sets all of 
which are of the first order in E, and consequently of one of the types 
019), o(ii, oul, hence the given set is of the type Oi*) (see § 182). For it 
cannot be of one of the types O'”, O'”, since it would then bo of tjqw 
OS' or Og’. 
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proofs of the theorem hare been given by Lebesgue*, Dcll’-Agnolaf end 
de la Valleo-PoussinJ. 

[i'ho theorem will here be investigated by a method which ia essentially 
that of de la Valiko Poussin, bat in a eomewhat generalised form. 

If E denotes a set of points in any number of dimensions, a function 
defined over E which is continuous relative to E will be said to be of class 0, 
in E. By some Avriters, a more restricted definition of functions of class 0 
is adopted; only those functions ore eaid§ to be of class 0, in E, which 
are not only continuous relatively to E, but which axe capable of being 
extended so as to be continuous in the closed set M (E, E'), obtained by 
adding to E those of ite limiting points which do not belong to the set 
itself; such a function can then (see f 108) be further extended so as to 
be continuous in all the space. If a function, defined in E, is such that its 
value at each point is the limit of a sequence of functions, uU of which are 
of class 0, in E, is said to be of class 1 . in provided it is not of class 0, 
in E. 

If {f„ (x)), a sequence of functions, all continuous relatively to E, has 
for its limiting function/ (x), then / (x) is of class s 1, in E. The functions 
/„ (x) need only bo continuous in E in the extended sense of tiie term, and 
/ (x) may hove an infinite value at a point at which the sequence {/„ (x)} 
diverges to «, or to — » . 

There is, however, no loss of generality in the theory if we assume tliat 
the functions (/„ (x}} arc alt bounded, eay in the interval (— 1, 1) ; in whioh 
case continuity is taken in the ordinaiy sense. For, if we employ the trans- 
formation (X) « y * ^ 

tinuous relatively to and lia«/(x), of class l,orO,foritfi limiting function, 
it has been shewn in I, §219, that the functions^ (x), {<jt„ (x)}, all of which 
are bounded ajid liave their values confined to the interval (— 1, 1), are 
such that (|i„ (x) is continuous relatively to moreover (®) has the same 
class 0, or Ij as / (x), in the set E. The converse of this statement also 
holds good. It will accordingly bo throughout assumed that all the 
functions/, (x), /(x) are bounded. 

186. It is cleat that, if / (x) is of class 1, in E, it is of class 4 1 in any 
part of E. 

The following theorem is easily established : 

// the fmiclions /, (x), /, {»), .../, (*) are all of clans S 1, in E, and the 

* 5(x HqtpVr gur Un /anetimg ds variaiila r&Sea^ nlso Lobes^e'e meiQuIr 

"Sur Igs foQDtions rfiprp3cntAblG« nnalytiqoeintAil^”* ZtioavSU's Journal (6), voJ. r (1905). 

t -IKi Pen. toL Lxvra (1909), p. TJS; Beni. Loabatio, voL XU (1908), pp. 287, G7G. 

} See hia treatise tnl^rfralu ie Zebengne (1910t pp. 121—125. 

S See, (er example, CaTathdoileiv’e Verfcsunjrnato'raUe Junbrienen, p. 393. 
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The theorem ja obviously true iu case ^ is a closed set. If i! be an open 
set, it is the limit of a sequence {G,} of closed sets contained in it, and each 
of which is contained in the nesct. ii JS — D {H, X), where 11 is open nnil 
K is closed, let 7/ = lim 9 , , where closed sot; then ® = limD(y,,A'), 

and D ( 57 ,, IC] is a closed set or J5 = ILm 0„. If be a set of typeC^’ , 
we have, in either case, =■ lim Z) <G„, J); and it will be she™ that 
J) {G„ , F) is a closed set. 

Any limiting point of T) (G„, P) is in G„, and therefore in iJ; also such 
a limiting point, being a limiting point of F which is in E, must belong lo 
F, since F is closed in E; and it therefore belongs to E (0„, F), which is 
liicreforo closeel, I'herefore a set of type Os’ is of one of the types 0*, 
Oi’l, for if it wore of l3T>e it would be of tsrpe Ojj’. 

A sot of typo O'b’ is the outer timiting set of a sequence of sets all ol 
typo Gx’, that Is one of the types G<*l; hence it is of one of lli« 
types Oi'J, Oi'h It follows that a set of tyqw 0%'' is of typo Oi*), unless it 
bo ol tho first order. 

A set of tyjjo 0^* ^ ouUsr limiting sot of a sequence of sets all oi 
which are of the first order in B, and consequently of one of the types 
0(!i, 0t«, Ot^l, hence the given set is of the type 0(>1 (see § 182)- I*' 

cannot be of one of the types (!'’>, 0*", sine* it would then be cf type 
0;” or Ojc’. 

FUNCTIONS KSPKESNNTAULK BY SBHIUS OR SEQUENCES 
OF CONTINUOUS FUNCTIONS 

185. The question as to tiic nature of the most general function tlinl 
can be represented in a given interval, or cell, as the sum of a ficrics oi 
continuous functions, and therefore as the limit of a convergent sequenff 
of such funolions, received a complete answer from Baire, whose result is 
contained in tlic followinc remarkable theorem: 

The necessary and -'"Jicient condilion that a function, defined in a closet! 
liifcn’al, or ccU, may be represenitMe as the sum, of a series of anilinvom 
functions which converges at every poitU of the interval, or cell, to <hc muccj 
the function, is that the given function shall beatmoslpointivisc disconliMtnii 
with respect lo every perfect set of points in (he given interval, or cdl. 

The theorem was first established by Baire* for the case of fimclions 
of a single variable, and was aftcrwsfds extended by Lebesguef 
BaireJ himself to the case of functions of any number of variables. Ot cr 

• In hia mfiuoir "Stirlfsi foneUomi do TOtwibto i^cUm." Annalidi ifol. (3) h, rot >° I**®*- 

t Cvmpto vol, crxviii (IKKt). p. 811. _ 

t Uiil/. df lntcK. mnih. rfs rVaiKC,voL xxvm (1900), p. 113. Sm oIso Bsiit » ir”'- 
sur let/onaiom discooUniia, pp. 149-I6S. 
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proofs of the theorem have hcen grvHi fay Lebesgue*, Dell'-Agnolaf and 
de ia VaMe-PoussinJ. 

The tlieorem wiU liere be investagated fay a method wliich is essentdaJIy 
that of de la VaJI^e Poussin, but in a somewhat generalised form. 

If E denotes a set of points in any numbra of dimensions, a function 
defined over which is continuous relatave to will be said to be of class 0, 
in E. By uome writers, a more restrioted definition of functions of class 0 
is adopted; only those functions ate said§ to be of class 0, in E, which 
are not only continnona relatively to E, but which are capable of being 
extended so as to be continuous in the <do8ed set ilf {E, E'), obtained by 
adding to E those of its limiting points which do not belong to the set 
itself; such a function can then (see § 108) be further extended so as to 
he continuous in all the ^acc. If a fonctimi, defined in E, is such that its 
value at each point is the limit of a sequence of functions, aU of which are 
of class 0, in.S, is said tube of class I, in^, provided it is not of class 0. 
in B. 

iSr sequence of functions, all continuous relatively to E, has 
for its limiting function / («), then / (x) is of class S 1, in E. Tire fvurotioQS 
/n {x) need only be continuous in E in the extended sense of the terra, and 
/ (a;) may have an infinite value at a point at which the sequence (/„ (s)} 
diverges to « , or to - « , 

There is, however, no loss of generality in the theory if we Msumo that, 
the functions {/„ (x)} are all bounded, say in the interval (— 1, 1); in. which 
case continuity is taken in the ordinary sense. For, 5f wc employ tho trans- 
formation 4,„ (x) = ^ = 1 /i?(g)r ^ 

tinuous relatively to i?, andh3a/(x),of class l,orO, for its limiting function, 
it has been shewn in Z, $ 210, that the functions ^ (x), (x)}, all of which 

are bounded and have their values confined to the interval (— 1, 1). are 
such that <f)„ (x) is continuous relatively to E; moreover i}> (x) has the same 
class 0, or 1, as / (x), in the set E. Tlie converse of this statement also 
holds good. It will accordingly bo throughout assumed that all the 
functions/,, (x),/(x) are bounded. 

18B. It is clear that, if/ (x) is of (dass 1, in E, it is of class £ 1 in any 
part of E. 

Tho following theorem is coaly c-stafalished: 

// the functions /j (x), /, (x), ... /, (x) are all of class S 1, in E, and Ike 

* ScH! BorelV^rpon^ nir Ue fonciivn^ dt variables r&Sw, pp. liS-lSS; also Lotss^e'e memoir 
"5ur lea fosatioas roprceealobka analjUqocmcirt,** Journal (C), rol. t (19CIS). 

t Ten. Tol. wvm (1909), p- T75; Bend. lonifconfe, toI. 3Cta (1008), pp. 2B7, 670 

} .Sm Ilia treatise tnt^xlu i< Ixeietfue (1916), pp. 121-125. 

§ See, tor csainplo, Caraih^odoty'a VortetunffenUberredh Sunltiiynen, p, 393. 
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funclion J'i/i, is emtinvous with respect to (/i./j, .../,) <^en 

F .-fr) is of 1, in E. 

Let /, [x] == lim /,„ (*), few fi = 1, 2, 3, ... r; -where (*) is of class 0, 


in E. The function F {fxn>fv» — iscontimions, and thus of doss 
E. Also F (/,, /.,.•./,) = lim F •••/m). mid therefore 


is of class ^ 1, hi E. 


0,iti 


The folioi'cng special ease of this iheoteiu should he observed: 

(1) The smn, or the difference, or the product, of fieo /liiicfioiw each of 
w]iie}i is of dnss Si 1, in B, is also of dass £ !, in E. 

(2) Iff{x) is of class s 1, in E, so also is \ fix) |. 

Tor 1/ 1 is ft oontiriHOBS function of/. 

(3) Iff, (ii). /* (»), ••• f, (*) ore alt of class & 1, in E, and <i> (r) be ih 
functimiKhichhas, airachpoinl^thevatve.ofthegreatesiofi'hegwcnfmcEoei, 
then ^ (.-e) i!s of class & I, in B. 

For <ji (*) is ft function of /, (a:), /»(*), .../, («) which is eontinuou! 
in E, relatively to (/i./j, ••■/,)• 

(4) Iff (a:) 15 of class 1, iw B. thefmietiott ft (a;) iohich has the value f (*), 
ly/isH A <f (x) < E, and has the value A it>Aen./{ai) £ A, and the vahieU 
when/ («) S B, is of class £. 1, in E. 

For f> (a) is a continuous function of/(*). 

(5) If the. function f (ar), of dass 1, in B, is such that L £f (®> S V, 
inB, then fix) is the limiting function of a sequence [f>„ (*)}. o//iJ»ic(ion-?o/ 
dass 0, in E, such that Etk (a) £ V, for every value of n. 

For if / (a;) « lim f>„ (*), and we take (*) to ho tJio function ivliich 
= 1^, (z) when (z) £ U, and wliioh = L -when [x) < B, and 

which = U -n'hen i//„ (ar) > V, the function (x) is continuous in E, nntl 
/(x) = lim f,„ (x). 


187, Tho following general theorem ivill bo established with a view to 
its application in the theory of functions of class S 1 : 

Lei E be a set of points in S', wAtch consists of the points which belong to 
one or more of the sets {F.,) of a sequence of sets, any two of rohich niaij hart 
points in conimon ; and let G be a set o/poinls contained in E, which is exther 
(l),pcr/ccf, or (2),oy?n, or(3), asettoAtchconsi^c/ Ihepoinis-wliiehngKrfcd 
and an open set have in common. Then the necessary nnd sufficient condi/fon 

that G should be the sum of sets no two of which haty 

point in common, and such that <(,„ is eonlained m E„ , for each vclue^of n 
for which 4i„ exists, and such that every ^ fs of type Oe’ > ^ 
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is Jot every perfeci set Q, cottiained *» G, one at least of the sets S!„ 
is compact in Q. (See i, p. 76.) 

This theorem was ^ven by de la VaUfe Poussui* for case (1), in which 
G is perfect and bounded. It ie not necessary that the set G should be 
bounded ; it is sufficient that it be perfect or open in S, or the set common 
to a perfect and an open set. But, by employing the mode of correlation 
referred to in § 181, it is seen that thoe is no loss of generality' if the set E 
be contained in a finite dosed celL 

It has been shewn in § 182 that a set of one of the t)rpe3 D>'>, 
is also of one of the types Os*, Cg*; and tba converse holds good in 
case £ is either closed, oropen.or aaetwhichconaUts of the points common 
to ft closed and an open set (eea § 184). If /f be any set of points ^7hatever, 
contained in E, the set H will be said to be decomposable if it can be 
eipreseed as the sum + ^ + ... + + ... , of sets which satisfy the 

conditions laid down In the statement of the theorem. The set H will ho 
said to be deoomposabU at a point p U a closod neighbourhood A, of p, 
exists such that the set D {H, A) is decomposable. 

In order to prove the theorem, a number of subsidiary theorems will 
be established: 

(ff) If H is decomposable, and Si, a set in E, is qf one of Gte types 
^*1 0s\ then I) {N, 3,) is deeomposaf>U. 

For if ff = S , we have D {H, if J =* X J>(4’k> •^i)< and each set 

J) (^n> S’;) is of type Os*, Os*, or Os* (see § 182): tlierefore D {S, Sf) is 
dcoompo.sable. 

(6) // B is the sum of a finite, or iffinUt, number of sets B„, each of 
uihkh is decomposable, and w> two of uihick have a point in common, ihen 
H is decomposable. If a finite, or ii^nite, tmmber of sets B„ are all closed 
and all decomposable, but maylmve points common to two or more of them, 
the set M (ifj, H,, ... H „, ...) is decomposable. 

If if = Xff„, and ^ ^i”* + ^i”* + ..., we have 
^ « X { X ^S"*); 

thus JJ is decomposable, since X ^bS"* is of one of the types O^*, 0^*, O^* 

(see § 3 82). . ».-i 

To prove the second part of the ttieorcm, let if = .M (H,, B^, 
where £fj, 5,, are all closed and decomposable; then the sets 
E~Bi, E ~ M ... 


InJtenJeM de p. 708; 
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are all open in E. The sels i/, , /) (B ~ /ZJ, D{E-M (Zf, . 

are, inviriiieof Iheorcm (a), all decomposable, anti their 8 \im is//; therefore 
11 is decomposable. 

(c) If a dancd fiel G, contained in E, is decoin.^osable at each of its points, 
that G is thcomposablc,. 

Each point p, of Q, lios n ndgbbourhood in wiiioh Q is deooniposahlc; 
the set G is contained in a finite set of such neighbourhooils (see 
I, § 74). Hence . 

(?-/)/{/) {G, A,), D {G, A*), ...,D (<?, A„)}. 

Since the sets D {O, A.) arc all closed, it follows from tlieorem ( 6 ) that G 
is decomposable. 

(rf) If a set (r, conlaincd in B, is decomposable, il must be decemposahk 
at each of iU points. 

Let A be auy cell which contains points of 0, then D (A. E) is dosed 
inE; hence, from fdieorcm («). D {G,D or D(0,A) is decern- 

posflble. Wo may choose A so as to be a neighbourhood of any point p, of 
(7, and therefore G is decomposable ntp. 

(e) 7/ flK iiJicnnwsraWc dosed set II is oordained in E, and i« nol dc- 
cornposatfe, it contains a perfect set Q which is not decomposabh at any point. 

Let Q be tiie sot of points of II at which H is not decomposable. Tlic 
sot Q is closed ; for, if 7 be a limiting point of Q, and A be a noiglibourliood 
of g, then 2) (A, E) contains iioinU at which E is not deoompoRnblo, and 
therefore i) (A,/f) is not decomposable. Since t]\c set /f — Q is open in//, 
it is fhoi'cforo the outer limiting set of a sequence {L„} of sets closed in //, 
arid therefore absolutely; or E — Q = Jf (L,, ... Siiino II is 

decomposable at each point of L,, by theorem fa), D {E, L„) is decom- 
posable at each point of L,, for the theorem can bo applied to the caw 
when D [H, A„) takes the place of II, and L„ that of i/j, where A is tlic 
neiglibourhood of a point of L„. 

By tlieorem (c), it foUows that D {H, L,) is decomposable: and tlicji, 
by theorem ( 6 ), it is seen tliat D (H, H — Q) is deconiposablo. Since 
// = Q + D (II, n — C), wo observe that, if Q were docomposablc n( nny 
of its points, II would bo decomposable at tliose points, wliioii is, I')’ 
iiypothesis, riot the case. Therefore Q is not dcoomposablc at any of ils 
points. The set (? can contain no isolated points, bcoaiisc the set would 
be decomposable at an isolated pmnt. It has thus been shewn that l!ui 
closed set Q is perfect. 

(/) If O bean absoluldy open set, contained in E, and not dcctonjiosabk. 
it must con/am an vrtenumerable dosed set which is not deconijnsailc, ae 
cojisegticntlj/ contains a perfect sel which is not f/ccomposo4ic at a»>j oj il> 
pohils. 
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For 0 = M {Hi, Hi, ... H„, ...), where the sets H„ are all closed and 
uaenumerable, each one being confnined in the next. If all the sets 
were decomposable, by theorem (6), 0 would be decomposable, which is 
not file case. If theimennmcrabks setZf„ be not decomposable, it contains 
a perfect set Q which is not decomposable at any o£ its points ; therefore 0 
contains such a set Q. 

(j) The statement in theorem {f) holds good/or a set contained in E which 
ctmistsof the points whieJi. a perfea set and an open set have in common. 

Let L D {G, O), where is a perfect set and 0 is an open set, both 
contained in E. Aa before, if O = Af (W,, ... H „, ...), where is 

closed, we have L = M {D {Q, Hi), D {Q, ...}. If all the closed sets 

D (Q, H„) were decoraposalile, so also would be L ; therefore D {Q, H„) is 
not decomposable, for some value of n. Moreover D {G, H„), if it be not 
decomposable; contsios a perfect set Q that is not deoomposabls at any 
of its points. 

(7») If a, tetG, contained in E, be either {1), perfect, or (2), opsn., or (3), con- 
stats of the points which a perfect and o closed set have in common, then, if 
erne of the seta EjiEj, be compact in every perfect eel contained in B, 

G U deeompoeaide. 

If 0 is not decomposable, in virtue of theorems (c), (/ }, ($r), it contains 
a perfeot set Q which is not decompasabic nt any of its points. But this 
is impossible if a set is compact in Q; for D Q) has a point p 
which is an interior point of and a neighbourhood A, of y>, conBwjuontlj 
exists which contains no point of Q that does not belong to B„. The 
closed set D ((J, A) is thex^ore contnioed in E„, and wo can take ■ 

4,„ = D(<3,&), 

so that <2 is decomposable at p. which is not the case. Therefore O must 
be decomposable. 

{i) If a set G, contained- in E, be either perfect, or open, or the set of 
points which a perfect set and an open set have t'n common, and if G be 
decomposable, and Q be any perfect set contained in G, then one at least of 
the acts E„ is compact in Q. 

Since G i.s decomposable, D (6, Q), or Q, is dccompo-sablc. Thus 
Q = 2^,1, where ifi„ is contained in E^, and ji„ = ZI ■■■), where 

all the sets arc closed sets. It follows that Q = it 
and one at least of the sets must bo compact in Q (sec i, § 56) ; for if 
the closed set is not compact in Q it must be non-dense in If 
be compact in Q, must be compact in Q, nnd consequently A’„, wbieh 
contains , is compact in <2, 

The two theorems (A) and (i) taken together constitute the main 
thooroitt which was to he estabEsh^. 
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arc all opening'. The sr:t%Hi,D{E — — M (jffj. Z/.!,//,},..,, 

are, in virtue of theorem (o), all decomposable, and their sura is//; therefore 
U is decomposable. 

(c) // a closed, sd G, contained in E, is decomposable at. each oj its jmhU, 
then G 55 decomposabh. 

Each point p, of G, has a nmghbonrliood in which G is decompo-ibls; 
the set 0 is contained in a finite set of such neighbourhoods (hj 
I, S 74). Hence 

G = ilf {/> (G, A,), D [G, Aj), ... , D ifi. A,)}. 

Since tile sets D (G, A,) are all dosed, it foDows from theorem (fc) that 0 
is decomposable. 

(<]) If a eel G, contained in E, is decomposable, it mwt be dfcompoalit 
at each of its points. 

Let A be any ceU which contains points of G, then D (A, E) U closed 
inB; hence, from theorem (a), D (0, D or U decom- 

posable. IVe may choose A so as to be a neighbourhood of any poinl p, o! 
G, and therefore G is decomposable at p. 

(e) If a?i unenvmerable dosed set H is contained in E, and is nd de- 
composable, it contains a perfect set Q which is not ti€C<w7ij)osa6?e si anypokt, 

Let Q be the set of points of H at which H is not decomposable. The 
set Q is closed ; for, if 9 be a limiting point of Q, and A be a neighbourhooi 
of O', then D (A, E] contains points at which H is not deoompofable, «nd 
therefore JJ (A, E) is not decomposable. Since the set if — C is open in il, 
it is therefore the outer limiting set of a sequence {L^} of sots closed in II, 
and therefore ahsolutcly; or H — Q = M (L,, Lj, ... L „, ...). Since 11 is 
decomposable at each point of L„, by theorem (a), E (B, Lr) is dcfom- 
posable at each point of L„, for the tbeorem can be applied to the 
when D (R , A„) takes the place of H, and L„ that of Hi, where A is 'i'" 
neighbourhood of a point of L„. 

By theorem (c), it follows that D {H, L„) is decomposable; and llie-e- 
by theorem (6), it is seen that D (H, H — Q) i-s decomposable. Since 
H = G + Z) (H, a — G)> we observe that, if Q were decomposable at am 
of its points, H srould be decomposable at those points, which 1 '.'' 
hypothesis, not the case. Therefore Q is not decomposable at any of h’ 
poinlfi. The set Q can contain no isolated points, bsoausc the ret woeM 
be decomposable at nn isolated point. It has thus been shewn that tt.e 
closed set Q is perfect. 

(/) If 0 be an absdtttehj open set, contained in E, and not decamjvfcjt-, 
it must contain an unemrmerable dosed set which is not deompo’dik, 
consequently eon/at7i« a perfect set which is not decomposable at any oj 
points. 
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In ordor to prove Uio suIQuoncf of the conditions in the theorem, tlio 
special case n'ill, in the first instance, be wmsidorcd, in wliioh J (a) has the 
value 1, in a part Si, of S, and has the v^ue <? in iT — Ei- In ncoordanco 
with the conation in the theorem, Ej ond are talcen to be each of one 
of the types Oe*. Og’, Oe*- 

Let it he assumed that = lim jB — /f, <= lim 0^', where {Gn *! 
and {(?$;'} are soqiionces of sots, closed in B, each of which is contained in 
the next set of the sequence. Let {*) 1, in and let /„ {«) 0, 

in at any point of X wliicli does not belong to or Gn\ let 

J„ {*) -! g w’hcro di, dj arc the distances of the point from tho sets 
gJ,*'. The function /„ («) is continnons in E, and /(sr) = liin/„ (a;); 
and therefore / (*) is of class £ 1, in B. Tho sufficiency of the conditions 
bos thus been cstabHshcd in the special case considered. 


Next, lot/(i5) = Cl, in jE?,;/(x) = c., in E^; .../(*) 0r> in ^r> 

Ex + Ei+ ... + E,; no two of Ute sets having a point in common. 

It will be shown that, if each of the sols Ex, ... Er is of typo ds, 
•Ge*. ds, /(®) is of doss £ I, in E. For, let /*'*{«) be tho function 
defined by tho specifications p‘>{x) = 1, in E,', /<*> (a-) ■» 0, In 2? - E,\ 
for s - 1, 8, 8, ... r. By what has been proved above, /l*! (x) is of class 
£ Uni?; and since /(*) = Cj/i” (x) + c.p^ (z) + ... + (x), it follows 

that/fx) is of class £ 1, in 

In tho general case, let U and L be the upper and lower boundaries 
of/(x). It has already been pointed nut that ^ero is no loss of geoerolity 
in taldng U and L to have finite values. Lot a mesh (o,, Oj, ... o„) he 
fitted on to tho linear interval [L, U), wheto a, » L, a„ »« V, and lot every 
mesh of the net have breadth < *. liCt fi bo any positive number < t, 
and let Cj denote tlie set of points of E at wiilcli a, — S </ {x) < a^; lot 
Sj denote tiie set at which re, — 8 < /(*) < oi,, ... and lot e„ donoto the set 
at which o„ — 8 < / (x). 'Hic act consists of tlic pointa cammon to tlio 
two sets for which f {x) > Oj — S,/ (®) < Of) therefore Cj is of type 0^*, 
unless it is of order 1, in E. Simili^ it is seen that Cj, Cj, ... e„ are all of 
type Ge’, or else of order 1. in E. Snee £= if (Cj, Sj. ... e„), we have 
Q li- Jf {jD (Q, Cjl, D ej, ... i? (0,c*)}, -where Q ia any perfect set 
contained in E. The sete Z7 (Q, e,) are all of type Oo\ or else of tho first 
order in tho perfect set Q, and arc all conaequontly of typo 01^, or else 
open or closed. 


Since the seta D [Q , «,), D {Q, e,), ... , D (Q, c„) are all of type or 
of the first order, one at leasted them must he compact in Q (see § 187 (i)). 
Thus the condition of the general theorem of § 187 is satisfied, in relation 
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to tbe Kei« fi,, e., ... e„. It follows that B may be resolved info n sum 
-1- -t- ••• + where ^ is contained in s,, and is of typo Oi**, or eke 

of order 1. 

I^t ^ (x) be defined by the specifications, ij> (x) = a, , in (i) = a„ 
in ... <{i (a) = a„, in Then ^ (*) is of class S 1, in JS; moreover 

\<^ {x) — J {x)\< 2€. Let < hai'c the vohies <•,, €2 in a decreasing 

seguenoe ivliich converges to z^o; and let {x) be tlio value of ^ (r) 
which corresponds to the value e^, of t. If the sequence {e,} bo so chospii 
that the series 2 «, is convergent, /(*) is the swm of the absolutely 
convergent series 

ii (•■«) + (*) - qi, {x)) + {f, (ar) - (*)} + ... . 

Since the function (ar) ~ ^{rr) fs of class S 1, In and takes cn!y 
a finite number of values, it is t]»e fimit of a sequence Xn (®). of continuous 
functions ; so that liin Xn (*) (*) “ 4>r (*)• Since 

tlio soquonoo (s)) can be so ebosen that | Xrs (^) I < 4«r> ior all values 
of e. 

The continuous function Xi« (*) + Xi» (*) + ■••+ X»» (®) 
absolute vnluo, than 4 (e, + «s + + «,); moreover 

{;(i, (*) + Xu (*> + - + Xw (»)) - (») - (*>• 

Lot 3p be the smallest value of s, such that 

X» (*) + Xs. (*) + d- Xr. (*) 

differs from (af) — {*) by less than 6,„, and therefore from 

/ (.u) — {*) by less than 3e,+j. Tiie number ip can be determined for 

each value of p ; we have then a sequence 

{Xi^ (®) Xie. <*) + — + Xr.p (®)} 

of continuous functions, which converges to /(*) — Tlioreiore 
/ {x) — (») is of class S 1, in. B, and consequently f (a) is of clws £ h 

in E. 

189, It will now be shewn that: 

The ncceisary and svffidenl oondUitm that o. funelion f (®) defined in a 
set B, which is cither perfect, or open, or the set of jjoints common to a perfect 
and an open set, should be 0 / class S 1, inB, is that one at least 0 / the Ino sets 
[E,f[x) > A], [E,f(x) < Bjshotddbe compact m every perfect set Q, son- 
fahied in E, whatever values A and B may have, such that A < B. 

To shew that the conditicsi is necessary, let E, , E, denote tlio two seti 

[L’,/(a;)>^]. [E,f{x)<By, then Ep are, in aooordanco with tbo 

theorem of § 18S, each of type 0^, or else of the fir.sfc order. Since B, or 
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contains Q, and is therefore eompact in Q; bo also must bo the 
set M {D (^j, Q), D Q)}- The two seta D (Ej, Q), D (E^, Q) being 
both of type Oi*). or else of order 1, cannot boUi be of the first category 
wiUi respect to Q (see § 183), thexefore one at least of tliom is compact in 
Q, and consequently one at least of the sets JSj, is compact in Q. 

To prove that the condition is siilScient, let {B„} be a sequence of 
decreasing values of B which converges to A. Assuming that the condition 
of the theorem ia satisfied fw A and 5„, every point of E belongs to one 
at least of the sets, boUi of type or dee of the first order, for which 
J{x)>A, and f {x) < B^. In accordance with the general theorem of 
§ 187 if the oondition of the present theorem be satisfied, since every point 
of E belongs to one at least of the two sets [B,f (*) > A], [E,J (x) < f?„], 
E eon bo resolved into the sum of two sets X„, T., both of typo or 
else of the first order; whore X, is contained in the set lE,f {x) > A], and 
Y„ is contained in the set [X,/(*)< £,]. Each point for which /(as) > A 
holoogs to X,, , from and after some particular value of ?i, and consequently 
every point for \vliioh/(4f) > X is contained in thesotjlf (Xj, A'j, ... X^, ...}. 
Therefore tlie set [E,f (a) > A] is either of type or of the first order, 

; Similarly, it may be she^vIl that tlieset [^./(a) < A] is cither of typo 01*' 
or of the first order. Therefore, by the tb«»rem of § lB8,/(3:) is of class £ 1. 

IDO. We are now in a position to establish, in a genoreliaed form, the 
theorem of Boiro, referred to in §185. 

Tlie «ece«sary and sicffictcrti condiltcji that a Jiuicticm f (as); dotted in a 
e/ii E, in any number of dimenoionf, which is diher perfect, or open, or the 
Bel of points common to a perfect- and an open set, is the limit of a sequence 
of functions, all of which are eontinunus t» B, is that f (a) 6e, at most, 
poinlioise disconiin'uous with respect to every perfect set eonJatned in, B. 

To piw’e the necessity of the condition, it will be shown that, if a 
perfect set Q, contained in B, is such tbnt/fa:) is neither pointwise dis- 
contimious nor continuous, wiWi respect to Q, ttien / (*) cannot be of 
class S 1, in E.- 

The set of points of Q at which the saltus of/(*), with respect to Q, is 
£ «; cannot, for every value of e, be uoa-dou&o in Q ; otherwise / (s) would 
be pointudse discontinuous, or contimious,- in Q. Therefore .* can be so 
chosen that the set is compact in Q; and consequently a ceil A exists, such 
that, at every point of the ]ierfeot &et'2> (Q, A), the saitns of f (x), with 
respect to Q, is £ If A snd'B Me ai^ two numbers such that 
0<.B-A<e, 

the set of points [B,A</(x)<S] cannot be compact in il(§, A), for 
otherwse the saltus off (x), with respect to (?, in iQ, A) could not exceed 
^ — A. A set of intervals (Aj, 5i), ... (A,, i?,) each of Tvhioh is 
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to tlie sets e,, e., ... e„. It follows that i? may be resolved into a sum 
Jr jijn, wliero is contained ia 0,9 is of type Oi’i, or ebe 

of order 1 . 

Let tj> (z) be defined by the specifications, <j> {x) •= Oj , in ^ (r) = o„ 
in ... ^ {*) = in <]>„. Then 4> (®) is of olaa'i S 1 , in E; moreover 

( ^ (x) — / (z) 1 < 2e. Let e have the values e,, in a deerMnng 

sequence wiiich converges to zero; and let 56 , {*) be tlio valve o{ ^(i) 
which corresponds to tlie value e,, of e. If the sequence {f,} bo so clioson 
that tlie series St, is conver^nt, f{x) is the sum of the absolutely 
convergent series 

(x) + {^3 (x) - <f>, {»)} + i<l>3 (*) - {x)) + .... 

Sineo the function (x) — (x) is of class £ 1, in E, and takes only 

a Guile number of values, it is the limit of a sequence Xrt (^)> nf coiitimious 
funetion.sj so that lim Xn (*) * ^r+x (*) — (*)• Since 

I ^.+1 (*) - 4’, W I < ^r. 

the sequence {x,, (x)} can be so chosen tliot | Xn (x) { < is,, for all vsliiu 
of 8 . 

The continuous function xi» (®) + X*» (*) + •••+ (®) i® 
absolute value, than 4 (ci ]• - 1 - ... -l- e,); moreover 

Urn {xii {») + Xu {») + ••• + Xu (*)} " (*) - (*)• 

Lot Sf be the smallest value of «, suoh that 

Xm (») + X*. (*) + — + Xu (*) 

dilTers from '^e+i (*} — (x) by less than «p*i, and thereforo from 

/ (*) - (*) by ieaa than 3*,.,,. The number Sp can be determinad lot 

each value of _p ; we hove then a sequence 

iXi., (*) + Xup (*) + — + Xup (»)} 

of continuous functions, which convoi^ to / (x) — if'i (*)• Tlicioforc 
/ (x) — (x) is of class £ I, in E, and consequently / (x) is of class S 1. 

in B. 

189. It will now be shewn that: 

Thn necessary and mjjicienl condilim that a Junction f (x) defined m 0 
set E, which is either perfect, or open, or (he set of points oominon to a perfect 
and an open set, should be cf doss s 1, in B, is that one at least of the Ueo sdi 
[E,f{z)>Al lE,f{x)<B]dtonldbe compact in every perfect set Q,(on- 
tained in E, whatever valves A and B may have, such that A < E. 

To shew that the condition is necessary, let Bi denote t)ict«o -vts 

[E,f{x)>Al [B,f(x)<By. then E^, i’* are, in accordance with 'hr 

theorem of § 188, each of type OP*, or else of the first order. Sinco , 
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M (ii’i, j^j), contams Q, and is therefore compact in <?; so also must be tlie 
set M{D{Ej,Q\,D{Et,Q)]. The two seta D{E^,Q), D(K^,Q) being 
both of type Oi-\ or else of order 1, cannot both be of the first category 
with respect to Q (see § 183), therefore one at least of them is compact in 
Q, and con8equentl3’ one at least of the sets B, , Bj is compact in Q. 

To prove that the condition is suffident, lot {B„} be a sequence of 
riecreasing values of 5 which converges to Assuming that the condition 
of the theorem is satisfied for A and jB„, every point of K belongs to one 
at least of the sets, both of type or else of the first order, for which 
/(3!)>A, and/(x)<5„. In accordance with the general theorem of 
.§ 187 if llic condition of the present theorem be satisfied, since every point 
of E belongs to one at least of the two sole > A], lE,f{x) < iJn], 

B can bo resolved into the sum of two set* Tn, both of type 0(’l, or 
else of the first order; whore X„ is contained in the set [E.f (a) > A], and 
Kn is contained in the sot < J5„l. Each point for which f(z]> A 

belongs to , from and after some particular value of n, and conseqnently 
every point for wiilch/ (*>> Aiscontained in the6ct3f (Xi, X*, ... 
Tliotefote the set [B,^ (i) > AJ is cither of type 0^> or of the first order. 
Similarly, it may ho shewn that tlic set lB,f(x) < A] is either of typo 0(*> 
or of the first order. Therefore, by the tlteorem of §188,/ (x) is of class S 1. 

180. Wo arc now in a position to cstabljeh, in a generalized form, tlio 
theorem of Bake, referred to in § 185. 

• TH MMSsary and «^fen* condition. Ifial a /unction / (a), dc/lned t'n a 
ed B, tn any number of dimensions, which is ctUter perfeU, or open., or the 
sel of -points common to a perfect and an open set, is the limit of a sequence 
of functions, all of whiok are eonlimcms in A’, is that, f (*) he, at most, 
pofnitvise discontinuous wlh respect to every perfect sU contained in E. 

To prove the necessity of the condition, it will be shown that, if a 
perfect set Q, aontained in E, is such that / (*) is neither pointwiso dis- 
continuous nor continuous, with respect to then / [x) cannot be of 
class ^ I, in E. 

The set of points of Q at which the ealtus of / (*), witJi respect to Q, is 
a £, cannot, for every value of e, he non-dense in Q; otherwise / (*) would 
be pointwise discontinuous, or continuous, in Q. Therefore e can be so 
chosen that the set is compact in Q; and consequently a oeU A exists, suoh 
that, at every point of the perfect set D{Q, A), the saltus of /(x), with 
respect to (3, is a e: If A nnd'B are any two numbers suoh that 
0<B — Ace, 

tbs set of point* {E, A </(i) < cannot be compact, in D (Q, A), for 
otherwiBe the saltus of / {*), with 'respect to Q, in D (Q, A) could not exceed 
B~ A. A set of intervals (A^. ij, (A*. ... (A„ B,) each of which is 
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nf measure < t, and such that any two of them ma}’ overlap, caa be re 
determined tliat every valite of/ (x) lies within one or more of the iiilo[Tal<, 
It is here assumed tliftt/(a:) is bounded; it liaving been shewn in § ISt 
that this involves no real restriction upon the generality of the tlienrcm. 
Let e, denote the act [E, A,<f (x) < B,], for fi =» 1, 2, 3,.,.r; ibcn 
E ^ M (Cl, e., ... e,). If all the sets Cj, c*, ... e, were citJier of tj-po 0''-\ 
or of order 1, one .at Inssl of them would be compact in D [Q, A); ns Ibis 
is not the case, there muat be at least ono set e, which is neither of typo 0^, 
nor of order 1 . Consequently, from the theorem of § ISfl, /(*) cntinol be 
of class f, 1, in since the sets [E,f{x)>A,], {E,f(x) < B,] arc no( both 
of t.j'pc O’® or of the first order. 

To prove that the condition in the theorem is sufficient, it will lx; sliewn 
that if / (x) is not of class S I, there is contained in E a perfect set p, 
with respect to wMoii / (*) is neither pointwise discontbtuous ror contin- 
uous. If no such set Q exists, it niU then follow that /(*) is of class £ I, 
in E. 

It follows from the theorem of § 139 that, ii/{x) is not of class £ I, 
in E, a perfect set and two numbers A, B, wliero A<B, exist, lucli 
that neither of tl»e sots [E.f (a:) > A], lE,/(z) < B] is compact In Q. 
If q bo any point of Q, an interval or cell A, containing q within iti, can be 
so detomiined that there exist in A points of Q which do not belong lo 
tJio sot [E,f (x) > A], and also points of Q which do not belong to ihoset 
\E,fix) < D]. Tliere are therefore, in A, points at which / {x)^A, and 
also points at which / (x) & B. Since A is on arbitrary neiglibourliood of j, 
it follows tliat tlie saltus of / (a;), at q, witii respect to Q, is iB-A, 
Tlierefore every poitit q, of Q, is a point of discontinuity of / [*] ; and Ihu-i 
/(*) is totally discoutiiiuoiis in Q. The sufficiency of the condition in ibe 
theorem has accordingly been established. 

It may be observed that, when the funoUoti/ (w) satiafics the condition 
of tlio theorem, it follows from lie results of § IGl, tliat / (*) may 
eshibilod as the sum of a series of finite polynoinielB, the scries eonvergjng 
to / (x) at all points of E. 

THE COKVER6ESCE OP MONOTOKK SEQUENCES OF I’CTNCTIOXS 

191. A special case of the convergence of a sequence of functions 
continuous bi a given set which we may take to be perfect, or open, or 
the sot common to a perfect and an open set, is that which arises wlien the 
sequence, is monotone. In such a case the limit of the sequence is an 1- 
funcifion, or a M-function, according as the sequence is non-dimini-siiing c 
non-increasing (see § 103). 

Tlie following theorem has reference to this case : 

The 7icccf!sary mid mfficieni amdilion tfiat a f^mclion / (r), " 
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«el E, open, or perfect, or consisling of the points ichicJi an open and a perfect 
set have in common, rs an l-fundion inE is Otaf.for every value of A, the eel 
■ {E,f (ar> >^] icMdt consists of those points of E at which f (x)> A, is open 
in. E. The necsssary and sttjpdent condition lhat,f(x) is a u-futiclioyi is that 
the set [E,f (a:) < A] is, for every txibie of A, open in E. 

If [B,f [x) > is open in E then [B,f (ar) s is closed in E. It is 
snffleient to establish the first part of the theorem, as the second part can 
be deduced by changuig the signs of / (a:) and of A . 

Let ^ be a limiting pomt, in /?, of the setfB,/ (r) & A]; then, if e be an 
arbitrary positive, number, tlinrc is a neigliboiirliootl of f, such that at 
every point of E, hi that neig)»bo»irhood, f(x)>f (f) — «. Since x may 
be a point of the set [B,f (») S ^4], v-c have/{f) < < -f -4 ; and since <r is 
arbitraTy, it follows that/ {{) A ; thus ^ belongs to the set [E,f {x) £ A], 
which is iJiDrefore closed in E; and consequently the complementary set 
[E,f (*) > A] is open In E. The necessity of the condition has thus been 
established. 

To prove its sufficiency, let it be assumed tliat the set [E,f{x) s ia 
closed in E, for every value of A. If, at a point (, of £, the funotion is 
not lower semi-oontin’inus in E, there ensU a positive number a suoh 
that, in evci^’ neighbourhood of (, there are points of i? at which 
/(«)£/ (f) — a, and i must bo n limiting point of the set of all suoh 
points. Therefore the set [E.f (x) S / ({) — ®1 is not closed in E, which is 
contrary to the hypothesis. Accordingly / (x) Is lower scini-eontinuous with 
respect to E, at every point of E. 

192. We proceed to give the corresponding tliooroms fur fu>funotiuus ' 
and for «J-functions. 

The necessary and suigicienl condition that, in a set E, of the same 
character as before, theftaidiott f {x) is an Iw function is iliattlie set iB,f{x) > .<4] 
should be a set of type 0%^, for every palwe of A. The necessary and svjjicienl 
cmdilionthatf should be a vUfvtuiion. inE is that the. eel \E,f{x) < A] 
,shouldbe,foT every value of A, of tjrpeO^. 

It is sufficient to prove ttie first part of this theorem, as the second 
part is immediately deduciblc from the first. To prove the necessity of 
the theorem, since an fw-funetion/ (a;) is the limit c£ a monotone increasing 
sequence of tr-functions /„ {*), the set of points \_E,f (r) s .A] is the inner 
limilingset of the sequence of scls[B,/„ {a:)< A], for n — !, 2, 3, , and all 
these Bets arc of the type dg. Therefore the set \B,f {z)£ A] is of type 
ami consequently the set lE,f {x) > A] is of type 0^’. 

To prove the sufficiency of the condition, let V and L denote the upper 
and lower boundaries of / (®) in E. Let a Gystom of nets be fitted on to 
the linear interval (I, — 17 + e); and let Og, a,, a,, ... a„„ be the end- 
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point? of flic meshes of the net D„, of the S3'steni. Let the function/, (r) 
he clefiued by the rule that /■(*) = 0,-1 at all points of the set 
[E, <1,-, </ {x) .i a,], iorr = 1, 2, 3, ... then the monotone sequence 
{/„ (i)} conrerges uniformly in £ (o /(x). The function /„ (i) may lie 
e-xpressed in the form /^(x) +/^(x)-}- ... (*>, where/,, (a-) 

in E;/„,(x) = s, - in [£,/(x) > a,], /„ (x) ^0 in [EJ (x) - c,]; anil 
gencMJIy/,, (x) = o, - and/„,{3r) «= OJn 

By hj'pothesis the set {£,/ (a:) > flj is of type O^’, and is therefore the 
outer limiting set of a sequence ofsetB all of which are of type it follow; 
that /,, (a:) is the limit of a monotone increasing sequence of fimclicins 
(a:)} each of which has the value a, ~ n,_j in a set of type contained 
in the set lE,f{x) > a,); ami each of the sets (c) is n !(-function. It 
follows that the function f„ {x] is, for each value of r, an f«-fut)ctica. 
Therefore /, (a) is also an fU'functioD. Hence, since {/„ (a)} convergts 
uniformly U)J{x),f{x) is also an /u-function (see § 113). 

By the theorem of § 188,if/(a;)isofclassS I, both the get8[^,/(r)>ifl, 
< A] are of type 0^’, or else of the first order. It fJiue appesre 
from the above theorem that a Junction of class £ 1, in the set E, ivhich i* 
open, or perfect, or Oce set common to an open or perfect set, is both a u!- 
function and an lu-funelion, unlus it be a v-function or an Jfunctien. 

BAIEE’S CLASSIFICATION OF FONCTXOSS 
193. A olassification of functions was introduced by Baire*, depending 
upon the propertic.s of the functions in relation to th^r representation at 
limits of sequences of functions. In §185, functions continuous relative to 
a given domain E n-etc defined to be of class 0, in E; and any funefien 
wliich is the limit of a sequence of functions of class 0, in E, was defined 
to be of class 1, in case it is not of class 0, in E. 

Functions of class 2 can similarly be defined as functions which ace, 
in E, the limits of sequences of functions of class < 2, provided they arc 
not themselves of class < 2, in.E. IloaabcsLowTi, by means of an example, 
that fimetions of cla^ 2 exist. Goitmder the function/ (*), in a conlio'wu-- 
linear interval, ivhich has the value 1, for all rational values of x, and the 
value 0 for every irrational valueof I. Thisfunefion is totally discontinuou;, 
and is therefore not of class 0, or of class 1, but it can bo seen io l»e the 
limit of a sequence of functions, aD of which are of class 1. Lct/» (i) be 
defined as having the value 1 at every point at wliicli the value of x i' 
rational and lias for its denominator, when cxpre.sscd in its lowest terrrw, an 
integer not exceeding n. and let/„(ar) have the value 0 at all other point', 
this function has then onlj' a finite number of discontinuities in ani' given 
• Cempiu Rtnd\u. vol. cxxn (I89S(, p. 1010 and J>in<ir< 3fa/. (3) A, rol, ra (IlW); • 
Bairo’8 irEati??, rw let JonOitnu Stienajimet. 
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internal, and therefore belongs to class 1. The function / (x) is the limit 
of the Beqiienco {/„ (*)), and is of class 2. 

It is capable of the analytical representation 
/(*) = lim lim (cosm! 

A function which is of class 2, in a given cell or interval, can be represented 
by a double series 2 2 where denotes a finite poly- 

nomial. This double scries cannot he redneed to a single one, the terms of 
wliicli are continuous, for the function would tlien not be of class 2. 

The definition can be extended by induotioii so a« to apply to u function 
of olnss p, in the domain E, where p is a finite ordinal. A function ia of 
class p, in E, if it is the limit of a sequence of functions all of which arc of 
class <p, provided it is not itself of class <p. The definition can still 
further be extended, by tfansfinite inductioo, to apply to a function of 
class Avliere ^ is an ordinal number of the second class. A function is 
of class p when it Is tho limit of a soquence of functions, all of which are of 
class < p, provided it be not itself of olo-ss < p. 

A proof has been given by Lcbcsgiic*' that functions of class y exist, 
'whoro y is an ordinal number of the first, or of tho second, class. A simpler 
form of this proof has been given by de la VaJWe Pons8in|. Baire’a classi- 
fication of functions is of importance in relation to the question as to tho 
oliaractcristios ofa function which is representable analytically. A function 
that can be oonstruoled by carrying out, according to a norm, a finite, or 
onumerahk, set of additions, luultlptications, and of passages to the limit, 
operating with variables and constants, may bo said to be representable 
analyl.ioally, Tho other operationa employed in Analysis are reducible io 
tliose here enumerated. This definition will include oubm in wlueh the 
function is multiple vahied. It has bejen shewn by Lobesgue that every 
single-valued function, that is reprascntablc anaJyticafiy, in a cell, or 
intervnl, is not only measurable, but uieosurabie (if), in the sense that the 
set of points at wliich the function exceeds in value an arbitrarily pro- 
scribed number is measurable {B). Lebesgue has further shewn that every 
such function belongs to one of Bairc’s dosses]:. 

It can be sheuTj that tltc totality of functions of all classes, in a given 
domain, has the cardinal number of the continuum. This can be proved 
by induction and transfinite induction. Let it be assumed to be true for 
all tho functions of class < y, where y is a number of the first or second 
class. If /„ (a) be a function of class S y, we have 
/(») = Ito /n (J), 

• LiouiWa Joi.mni(r,),ToI. 1 11905). p. 139. f £ria 9 uc(l 0 lG), pp. l4t-lCl 

f toe. til. p. 170. 
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where the function? /„ {x) are all of class < y Each such function /(i) 
corresponds to an association of the integere v with a particular number of 
the aggregate of functions of class S p, the totality of which has, by 
hypotbesLs, the cardinal number c; it foUotts that the aggregate of all 
such functions /(*) has the cardinal number c**', or c (see i, § 183), Tho 
aggregate of functions of class 0 has cardinal number c (see i, § 210); hence 
it follows, by finite and transfinite induction, that the aggregate of all llic 
functions of class £ y has the cardinal number c. 

It has been shewn, in I, §216, that the aggregate of all functions has its 
cardinal number > c; it was accordingly affirmed by Baire that fimolions 
exist ivliioh do not belong to any class, either of finite, or of transfinite 
order. Lebesgue has shewn* how to define effectively functions wiiicli 
do not belong to any class, and which arc consequeirtly not represcntnblo 
analytically. It should ha observed that, in die whole theory' of fiuictions 
of Balre’s classes, ali the functions may' be taiccn to be bounded; as Oils 
entails no real loss of gwierality. 
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195 -rhcfoUowing theorem u-ill be eBtablishcd: 

•r^mJvfn(lx\ iff B. aurf ® 

Ua B^uenct{SA^)} Warmly to/ (*).« t,- 

nrf ofdMS =s V, ikenj (1} w of da^s^y, m 

A „„,.™ incasing W »« '“••■ ‘J’ 

, 1 r _ - 1 2 3 . and for all points of E. l>et 

A, ij („\la J_ {ornUTal«cso£r(> l)and«. 

(6), -n-e may take I (*> 1 * y-*’ 

W.to« 

+ 1 #,«,... W + W + -v + *'-"" ‘ ’ '■ 

wter. r > m. The «p.bolo" «" «*■“ "e"*'''™'* ‘" 

1 1 

g 1 /{*)-/.,(*)! -5- 2^"^ 2=’ > 

, ^ 1 , _1_ a- < _L . Wc thus have 

and this Is < ^, + ^ 2""* 

] (») - llm (#.,. (») + #...(*) + •■■+ *— ’“>* ’ 

and it then follows that / (*) is of class S y. 

i». Tb. .L„o- «. !!.«. d-- » 

certain species of sets of pointe o i ^ ^ g j ^ ^ points, of orders, 

typ« rf^,c■^^0S^oi!^ , 

The outee .»Ueg .eh <- • «<1™ « I”!:?""™” S ““ 
thee ,.eh ..t of the „,™ » -‘W » ne-, ^ 

•of them are of type C/fi or o type b» . _. n'’^ or Itis here 

is said to he of type Ob, in case it for types of order <y, 

assumed that the definition has already ^ii given typ 

and the method of inductiem ia then wnployed. 



ii)R] Bairc'H OlassiJiealiQn of Fimctiom 281 

The following are gencralizatioDS of theorems given in § 182; 

Thu compltmenC, ttnih respect to E, of a set of lype Ce' of 0 ^’ : 
and the converse. 

TIbir theorem has been proved in 1 182, for Oje caao y = 2; and it maj' 
be deduced by finite and iTansfinite dednetioo. Assume that the theorem 
holds for every number y' < y. A set of type Oe is the outer limiting set 
of a sequence of sets, all of order < y, in Tlic comploincnt in E of the 
given set is acoordinglj’ the inner limiting set of a sequence of sets, 
all of which are of order < y; therefore this complement is of type 
or else of order < y. It cannot be of order < y, for if it were bo, its comple- 
ment, the given set, would be, by hypothesis, of order < y. Hence the 
complementary set i? of typo 

The part of a sei of type Og’ tvkicJi is in Ex, a pari of E, is of type Og’, 
or «/«6o/ order < y, inE,. In parttcalar, the part of a set oftypeO^ri which is 
in any sU Ex , is of type or else of order < y, in Ex . 

The correspondiTig result holds for a set of type 

Tills may bo proved by induction, commencing with the case y » 2, 
for which tbo theorem has boon proved in § 182. Let it bo assumed that 
tlio theorem fa true for all numbers y' < y. 

The gjvcn set is the outer limiting set of a sequence of sets, all of order 

< y; the part of each of these that is in /?i is of order < y. Therefore the 
part of the g?vcn set that is in A', is the outer limiting sot of a soquonoo 
of sots, ail of which are of order < y; from which the result follows. Since 
Iho theorem holds for y «• 2, it holds generally. The corresponding 
tlioorcm for a set of type &e follows from the fact thai. the oomplemeut, 
'vfth respect to E, of suoh a set. is of type dtf 

If E consist of a perfect set, or an open set, or of the points which an open 
and a closc/l set hare, in cauimim, a set of type Os is of lype 0^'^; and a set 

i’.ire cl;’ is of type C*’’. 

The theorem has already been proved in § 184, for the case y »= 2. 
Let it be a-Rsumcd to be true for every number y' < y. A set of type 0^’ 
is the outer limiting set of a seqJicncc of sets, alt of wliich are of type < y, 
in E. By hypotbesis these are all of type < y, in S„. It follows that the 
given set is of tjpo 0^y>, or cl=e of order Jess than y. The latter cannot be 
tlic case, for if the set were of order less than y. in 5',, it would be of order 

< y, in E. 'rherefore the given sot is of type 0*’*. Since the theorem holds 
for y — 2. it holds generally. 

The necessary and sufficient conditions that a funciion defined in a 
given set of points should be of class y, wbcrc y is any number of the first 
and second class, have .been obtained as gcncnillzations of tbe theorems 
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dense in H ; and thas (hnl (z) is at most pointTrise discontinuous mtli 
rt'spret to n. From the tlieorem of § 190, it foUowT: that (*) is of class 
in A. 

If K be the outer limiting set of {Grii have m (K) = m (A), and in 
K «'c have lira i, (a-) — / (a), irhcreas In A — ff rre have litn (a) = 0. 
If we denote by (a) the function defined, in A, as lim i, ^ (z) 

differs from zero only at points belonpng to the set A — K, of nteasiire 
zero: moreover >> (af'is of dess a Z. 

N’esf, let the measurable function /(a) be defined everj’where in the 
space iS>; and let {A„) be a sequence of cells, or intervals, each of which 
■ ift contained in the next, and such that the span of A_ increase.? indefinitely 
rnth m. Ivct {<„} denote a sequence of positive numbers converging to 
zero; and let' 0„ be a perfect set contained in A„, and such that 
m (A„) - m «;„) -s 

ntid this for each value of m. It is easily seen that the sequence {<?„! may- 
be 80 chosen that each sot is contained in the nest. For if 0. does not 
contain O',, wo can replace O, by 0, -f O (O,, A. — Oj), which is oi.so a 
, perfect set. To ace this we observe that evcir point of it which belongs 
to Of is a limiting point of (he set, and every point which belongs to 
U (ff,, A, — is the limit of a sequence of points of all of which 
belong either to 0, or A. — 6',1, and tbtts the set is dense in. itself. 

In any neighbourhood of n limiting point of the set there is an Infinite 
set of points of 0,. or an iniinite set of polnteof (?, that do not belong to 
Of, thus the point mtist belong cither tot?, or to 0,, and thus belongs to 
Of H- D (fl,, A, — (?,1; therefore the set is closed. Sine* it is deii«e in 
itself, and closed, it is perfect. I\’c can proceed in a similar manner to 
ensure that i?, i« contained in Gf, nnd so on. 

Let in (r) «« / (*), in 0^, , .and i„ (i) « 0, iti the rest of the space .9,; 
then in ir) is of class S 1, in A,.,, and therefore io S,. The wquence 
(a-)} converges in A„, almost c\'eiy where to/(v): for H we con-sidcr 
the sequence ^„j.i W. — (*), — > the function (r) is 

onutinHOii's relatively to G„.n> nnd therefore relatively to (7„. Morwver 
«'c have m (A„..,) — m hence if g-.-r denote the perfect 

part oi (!„.r (hat is contained in A„, we have 

Tim* G.,. e„., , p,.,.,, , is a sequeoee of perfect sets, nil contained in A., , 
e.ach One contained in flip next, and such that lira m (g„,,) -■ m (A,,); it 
folioTvs that, in A„. thesequeneed^ (r), ... •--•‘converge.? 

nimost pverywherp to/ (x). Since m mav have all integral v.ilues, it follow.? 
that th<', .“f.-qurtit-c (4, (rlj converges almost cverywheif in .9,. to the value 
d f{r], and in the rpinoining prHnts it converge^ to zero. 
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la case tlio function / (*) is defined in a measurabJe set E, of finite, or 
of infinite, measure, we may suppose /(») to be extended to tlio \riiolc 
space Sp , by assuming that its TaJne is *ero at all points of the complement 
of iJ; it remains a measurnbte function when so extended. Thosequenw 

(a;)} corresponding to this extended function may then be applied oaly 
to E. 

We have thus established the following theorem: 

Iff(z) be a meaevrabh function, defined in a meo^urabh set E, offinile, 
or of infinite, measure, and in any number of dimensions, there exists in E 
a function </> [x), of rJass S 2, such that its mlw. differs from that of J (r) 
only at paints of E belonging to a set of measure zero. 

In comparing this theorem with that given in | 170, we observe tliat, 
in the present case f (*} is representable almost everywhere by a sequence 
of functions, of class S 1, which is convergent everywhere in B, flitlioiit 
exception, although it may not converge to / (*) everywhere inif; wheress 
in the theorem of § 170, / (») is ropreseitled almost everywhere in B as 
t!)0 limit of a sequence of functions of class 0, but this eoqueneo is not 
necessarily convergent everywhere, without exception, in E. 

THE PBOIXITVES OP A FTOCTrON IN A PlNlTi! INTERVAL 

198. If a measurable function/ (*) be defined in a given linear interrnl 
(a, b), infinite values being admitted, the question arises whether a con* 
tinuoiis function E {x) exists which has. almost every^vherc in (a, b], a 
differential coefficient of which the value is / {*). Sueh a funotion F (a] is 
said to be, in a more general sense than that employed In l, § 343,aprimitivo 
of/ (a). It has been shown in i, § 298, that the funotion i' (a) cannot have 
an infinite differential coefUcieDt at all points of a set which has its measure 
> 0; accordingly, the question can only admit of an affirmative answer in 
oasB / (a;) is almost everywhere finite, and it will therefore be nssumed that 
lids is the ease. Tlie answer to the question, with this restriction, is 
contained in a theorem due to Luan*, which may be .stated as /olloirs: 

If a funciioTi f (x) be measurable in Ike finite linear interval [a,b), a«<l 
be finite almost everywhere, there exists a coniinHous function E [x],such Hint, 
almost everywhere in {a,b),F' (x) exists, and has the value f {x). Thefuncim 
F (*) is, in general, not vnitpie; two values of F (*) not, in general, differing 
from one another by a constant. 

In case the function /(») has an il-mtcgra!, or a D-intcgral, in (n. 

J /(x)dz is a primitivewhich has,almosteyerywhcrc in (a, 6), a differential 
coefficient equal to/ (a:) (see i, §470); thus j^/{x}dx + 0 belongs to the 
• Comptrn Jtndmt, rol. rr.-m (1916), p- 07S. 
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class of primitives of /(a). Farther, if /(a) be everywhere finite in [a, 6), 

■ and it is known that / (z) is a differesntial coeffident, then (i, § 471) / (z) 
has a D-intcgral in (a, 6). Moreover, Uie only primitives which have a 
differential coefiicient equal to/ (z), everywhere in {a, &), with the possible 
exception of an enumerable set of points, are the primitives 

j*Hx)dic + C; 

this is the case in virtue of the theorem given in r, § 267. 

199. In order to prove Ludn’s theorem, two lemmas ^vill be tequii'ed: 

Lemma I. IJJ (z) be a continuous funefiort, d^md in the interval (a, b), 
a continuous function ^ (z) ea« be «t deUnnined that \ <ji {*) ~f[x) { < «, 
in [a, b); <f> (n) =/(o), <l> (h) end if/ (z) = 0, almost everywhere in 

(a, 6) ; where % U an arbitraTity chosen positive number. 

Lot, («, P) ho any Gub-interval in (o, l>), and let be o perfect non-donso 
Bst of points in (a, ^), of measure zero. A correspondence exists between 
the points of (a, ji), and the points and contiguous inteiwiils of. G, simh that 
to all points P’ of an interval contiguous to G there corresponds a single 
point? of (a, jS), and to a point of G, there corresponds a single point? 
of (a, ^); the relation of order of all points ? being the same as for the 
conesponding points of Q or of contiguous intervtUa. 

liOt ^ (z) have at each point P' the value of/(z) at the oorresponding 
pdnt P; thus ^ (z) is constant in each interval contiguous to G. Since 0 
has measure zero, (z) exists almost cverjnvhere in {it, ^), find has the 
value zero; also ^ (o) ^ •“/(/?)• 

The interval (a, b) can be divided into a finite number of parts (a, ^), 
in each of which the fluctuation of/ (*) is < e. In each port, ^ (z) is defined 
as above, and ^ (z) has in (a, j5) the same range of values as/ (z); thus it 
is dear that | ^ (z) -/(z) | < e, in (c,b); moreover (z) - 0, almost 
everywhere in (a, 6), and is such that ^ (a) —/(a), ^ (b) (6). 

Lemma .11. Iff\x) bevieat!UTableia{a,b), and finite almost everywhere, 
an enumerable set of nan-dense perfxt sets {GJ cem be so delermined that 
no hoo of the sels liatte a point in eanatton, Oiat the sum of their measures is 
equal to that of the whole interval, and that /(z) is bounded, mi each set. 
Moreover the sets can be so determined that the points a, b do -not bdong to 
any of them. 

If 2*7 be a positive number, and ex ho the sot of points at wliioh 
I / (z) I < h’, \ve have lim m {ex) ~b — asL A value N, , of N, can be so 
chosen that m (e.v,)> Jl, and a non-dense perfect set Gj can be chosen as 
a part of ck, bo that m (G,) > |1; the complementary set C (GJ has mensiue 



'286 Series or Seguences of Continuous Functions [cii. iv 

< ll. As before, a non-dense perfect set G., contamed in C (G,), md k- 
defennined, snnh that|/(sc)j is, in G., < A'j, where A'2> A^,, and sucli Ihj! 

Proceeding in this manner, every point of (a, b) belongs to one of the wt? 
<7,, G., ...,G„, (7 {(?„); and »b{C7{C„)}< ~l. Thus s"w (G,) conveiyw 
to as n. — moreover in any set G„, we have \f{x)l< A',,. 

200. AA'c can now proceed to the proof of Lusin’s theorem. Let [G,] 
be the sequence of perfect sets, constructed so that the conditions d 
Lemma 11 arc satisfied. 

Let Sj"’, ... 6^*, denote the intervals coDtiguoJ7.s to 0,,; Ihe 

integer A„ can be so ebosen that Z m (5," ) < m (ff-). There are L -f ! 

>.+1 

intervals A'l , ij* , ... A^+i complcraentary to the A, intervals 
Sf \ Si”\ — Sl"’; and ^'Zm (4"’) < 2m (0„). 

Let /„ (a;) in the points of 0„, and J„ (z) « 0, in let 

^j,„ (*} = j /„ (25) dx, the integral existing as an £-integra!, because / (i) 

ia bounded in 0„ . The function {^) is continuous in (a, b), and is constant 
in each of the intervals contiguous to Let be any function, 
contmuous in (<z, b), and such thnt (as) » fx), in the intcr\'3h 
si"*, 5;"*, ... si”*, and such that {*) = 0, almost overywhere in (a, h), 
and satisfies the condition [ (») — (z) | < where g„ is the length 

of the least of the intervals Aj"*, A?*, ... A^^i. That i}i„ (s) can be defer’ 
mined so as to satisfy tlicse conditions, follows from Lemma L 

Let (ar) =- (a;) — (*); then F„ (x) is continuous in (o, i); it i? 

such that ] (i) I < ^, in (a, 6); it vanishes in each of the interval' 

Si"*, Sj” , ... sj"'; and F/ {x) = f (x), at almost all points of G,. 

Let us consider the function J'(x) = S jF, (i). Since 

the series converges uniformly and absolutely in (a, b), and thertfore 
F (x) is continuous in (a, 6); it will be shewn to be a primitive, such as J-' 
required. 
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SiiiCD (k) — 0, almost cvoi^whcwc in G (<?,), and (») =*/ (a;), 
almost everywhere in G „ , there exists » set of points S, of measure zero, 
sitcii ttiat eacli of tliQ fitnottons {J^, (*)) has a diircrcntia! coctJiciont tliat 

is not infinite, for all points not in S\ also Fx (*), F/ (») are in C (<?) 

all zero, except that one of them hos the value/ (r). K i. S A„ -I- 1, oild to 
aJ"* two intervals, of longtli g^, one on the right and the otlicr on the loft; 
and let the interval so extended fcodraioted by where 1^= 1,2, 3, ... A„+ J. 

Consider the set , of points whicli belong to one or more of tho intervals 
^4"’, Ui'". ... vfXi) we have 

m (£„) .•'‘s' m (C;!"’) S m (A.'“’) Z Cm (0„) ; 
oonRcqttuntly the series S m (jB„) is convergent. It follows that the sot T 
of points, oaoli of \vliioh belongs to an infinite number of the soi« 7ilj, 
if,, has its measure zero. 

Lot Jl bo Iho sot of points of {a. It) that do not belong to 5 or to J'; 
tlion m (f5) ■= I, Eacii point of Jt belongs only to a finite number, of the 
sots It will bo shewn tltat, at every point x, of E, F' (ai) / (.v). 

Lot f bo a point of Jt, then 

F[S + h) - (f) S -P. (f + U) - F., f^) 

. A K?t A ■ 

The iiumhur^ may bo so chosen that f docs not belong to 

thus, if n > 217, f is interior to one of the intervnis s!"’, Sj"’, ... Si"’; and 

therefore F„ (|) " 0, for « > N-, thus 

B.(v+] A »-w+i A 

If h bo Biioli tliat F„ + k)^0, f + kie ouLsido S’"', 82“, . . . 8^,"’, (.hat is 
interior to an iotorval Ai"\ ... A^+i; butf isc-xterior t6.E„.and tliore- 
fordo nJJ tlio intervals flj”’. Us*’, ... Ui^+r- It follows that | A | >y„. and 
tliiis tlsat 

.1 2. 2 

I A I g„ 

Since j F„ (x) ( < |’ , if n > wo have, in the whole of [a, b), 

y + ^ " i ^ J . 

n-iV+l Pn «-W4 i2" 2A’ 

and therefore 

1 J" (H- A) - F (f) F. « + A) - F, (f) I I 
I A A [■•'SW’ 
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wlicrc N is fixed, and h is arWtarary, It follows that each of llic four 
derivatives of F (x), at diffcis from Fj’ (^) -t- F,' (f) + ... + F..- (j) 
less than A nuuil>er can be so fixed Ibat, for N > Ni, 

F,- ii) + F^ (f) + ... + Fn' (I) ==/«): 
therefore F (x) Jias a diff<jenfial coefficient at (, nbicli iins tlie vahie /(ft; 
this is the case every vherc in (a, b), except at points of S or T. 

The theorem has accordingly been established. 

It will he observed ^at tlic set is of the first category; the qiieslioii 
whether F (x) can be so determined that F' (*) =/(.v), at all points o[ 
a set of the second category, remains open. 



CHAPTER V 

SF.QOESCES OF INTEGRALS 
THE DiTEGHATIOK OF SBRTES AND SEQUENCES 

201. When a function is rcpresontcd in some given field of tiie variable 
or variables by a series which converges to Uie value of the fnnef ion, it is 
important to be in possession of conditions which shall ensure that tlie 
sura of the integrals of tlic ferme of tiie aeries sliall convergo to tlio integral 
of the sum-function, the integrals being taken over tlio given /teld, or over 
some part of it. 

Ifs, (s) denote llienth partial snni of a series /| {x) +/- {x] -f .... w-liich 
convetges to s (x), in a field J2, Uie condition is identical with that for the 
convergence of Js„(x)tfz to jA{i)dr, Thus, when {Snfa:}} ropresonts a 
sequence of functions of one or more variables, typified by x, which con- 
verecs to « (*). in a field JS, and lim I s„ {x) rfr = I s (*) dx, llio 

J (E] - tU| 

soqueiloo {«„ (z)} is said to be an inkQraUc sequenea in the hold K, whleh 
is taken tO'bo u mcasurnble set of points in one or more diinoaslohs; tlio 
integrals being assumed to c.\ist in arcordunco witii <bc dofinitiun of 
Lebosgue, which implies that the set B is nicosurablo. Tho moasuro of E 
may be finite or infinite. 

Id case, Ilm (x) dx =» js (x) dx, not only when the field of intogrnticti 
is E, but also when tho integrals arc taken over any mcnsurnblo part l'\ 
of E, the sequence is Siud to be eomjdctdy integrate over tho sot E. Tills 
terminology was introduced* by Vitall. 

I’roofs that the convergence of a series to its sum-function is sufficiont 
to ensure the validity of term by term integration were advanced by 
Cauchy and by Moigno. These proofs, although they arc invalid, may bo 
accepted as eigna that Mathematicians had, cariy in tho nineteenth century, 
become conscious that the validity of the process was in need of investiga- 
tion. 

202, A very important criterion of a general charootor is contained 
in the following theorem, which ia » generalization of a theorem duef to 
Lebesgue. 

If a sequence {s„ (*)} offvnelims,allofv>Mchare siiimnable inameasur- 
abh set E, of one. or mare dmauions, and of ^ite or infinite, measure, con- 
* Hendiconli delCire, Mat. eft Fafenno, Tol. xjtni (1007), p, 140. 

^ Lefons mr VinUgration, p. 



2fO St'/puwtim of fulegrnU jcn v 

«wr(/c.i at (til nj A' to (hit mltiai i^f a-funclhn h (x), i( is Hiijjkitiit in 
vnkr llinl j. fl (a;) (h wuy exiut, and Uial thr. neynrjinr, {«„ (a:)) he e.mnjklihj 
inlvtjrnlili', rivrr llir. Ael K, that a noH-wyaliw ficnrJum- 1} (x) Ahnuhl cjtifl viiH 
ill Hiiimnnhln iiver PI, and Auch that \ (*) | ^ (x), for nil wiIvi'ji «/ n mul r 

(inE). 

Moreover thr. eonnergcHKc. of the tnirynda j k„ (:r) dtn I" j x l\ 
viiifi/rm for nil mwAurahh nets V in H. 

it; nIimiiI'1 }x: ohNurvfx) Uiai. if, jii IS, tlinm m an iikiii>\)I'ki!iu) mil »F]Jubi«, 
cjf niwi-Hiirn y.oro, at which tlm Hc(]iionco {/>„(*)} tlotiii jkiI; cotivcrKo, Ihf 
thenrum Htill lioldii (;ooi]. Vor il may l>i« afiplicj U) IJin net oljliiiiirid l>y 
romovijig 1]jo oxc4s;iUoiiul m>b froiri K, atKl (.liiii »rii»l!«H iii> iVilhruwn to (he 
values of Ukj A-iitlojjra1n. 

'J'o jirovo tlio tlicorcnj, il. in W!uii from tlic ixtlation | «„ (le) | rt »/. (s), tlml 
\a (t)\ ft (»), nntl fhiin Uiat | 4 (x) | hi mimma\i\o in A'; lifjriHo « (r) is 
luiitimahlc over IS. In pai-Umiliir, if m(/?) in infiiiitr), /i (x) in iLiiiinhili'ly 
Hiitnriiahlo over IS. It jii only wlion m (/P) in infiitll/j iJmi niimnialiility of ii 
fniKit-ioii over A' fiowi not woociumrily jr»i]»Iy niMoUiUi niimmaliilll-y, Klni), 
lot. it; 1)0 anniiTiiod l.liat m {PJ) in liiiilo, and Jol. r tie rui iirliitnirily <ilio;K'ii 
ponitivt! tnimbor, I/)l. «„ ho ttiat not of pointo, in K, Itir nil of wliiflfi 
I A (.r) - (x) I r, for nt' -O, ), 2, JJ, uorl, airily oxinlJi if n lift 

nulHoiont-ly large, Jf P' ho A uiciunirahlo jMirt. of IS, lol, Im jnirl, of f, 
wliioli in cont-nincd in Wo iiavo l.lion 

(ft {X) - /)„ (X)( i/x |.' jj a lx) - 4, (*) I dx -!■ ft (») - ft„ (S-) f 
on ((!„) ^ Jyj ^ (*) 

Rinco I ft (®) - /*« (*) 1 -"I 2 ^ (x>. 

'It, in clear liial. ftol e„ in conUinod in f.hc nol, and f lint- A -'r. 
ooril.arriH (.lie nr.t, Ji - e„,,. Moroover thorc oxinln in> point- comMon UmW 
1,lic nclJi K - c„4„, for W-- 0, 1, 2, 3,,.., for if :« word itnnli a pulril, 
Hlioiild tiavo I 5 (ic) — «„4„ (x) | > r, for all vallicn of w; and tl'in i" bivm- 
limUijit vAih tlie convcrgcnco rrf tfic nniiuancti of jiiimlmrii ('')} f'l H"' 
limit * Jimploying a ihtmmm given in I, § KtJ, it now follows flmt 
lirnmfA'- e„) - 0, 

If 71 lie greater tiiari or ixpwl to a. fixed integer «„ it now Mim (iiftt 

I Ln moaKiirahlc act 

oonlainod in PI. Slncu c in arbitrary, f h„ (at) /fx f;ofivcrf;c;i to j A<zj(k’ 
Jin 

uniformly for nil nuoh m-.ln P. 
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Ivext, let m {E) he infinite; a part o£ E, of finite measure, may be 

EO determined that A {*) «fi< «. If ^ be any measurable part of E, 

1 lE-r.) 

it KonEistfi of a part Fj otE,, and a partF — Fiol E — Ei. We now have 


j j (a:) - «„{ar )} rf« 1 5 j j^^ja (ar) - | + 1 ^(a (ar) _ (x)} dx |. 

The Kccond integral on. the right-hand side is less than 2 1 ^ (je) dx, 

or 2c; and the first integral conTcrges to zero, as , uniformly for 

all the sets contained in thus | J {a (x) — «„ {x)] dxj< 3c, pro- 
vided n is not less than some number dependent on r; thonrfore 


f e,(x)dx 
J(F) 

converges to I a (z) dz, unifonnly tor all measnrable parte F, of E. 
JlE5 


The above theorem is equivalent to the foEowing: 

If fka atqvenat {«„ (z)> of funalma, all aummahh in the n&uurahle act 
E, and aU ahsalvtdy eummaUe in caee E has infinite VKoaure, converse tc 
a (z), everytehere {or almost cwrr/whcfe) in E; and if a. non-negative futuAion 
ijt (z), Jtf mmaile in E, exieta and ia weft that | a (z) — e„ (zj [ S ^ (z), /or all 
values of-n, and of x {in B), than I a (z) dx extaia, and the sequence {a„ (z)} 

is eomjielely iniagrable in E. Mortovtr, the convergamx of (z) dz to 

-in 

I a(x)dx ia uniform for all measurable aeia F, cmiamvl in E. 

Jin 

For wo have 


|s(z)i£!s(z)-a.(z)i+l#„(zH5#(z) + Ie„ {z}\, 
and therefore a (z) is abeolut-dy Eumniabie in E. iloreovor 
\a„{x)\S^{!c)-i-\a{x)]. 

which is a suznmahle nan-negative function; and thus the condition of the 
theorcin, in its fona,is satiriicd. . 

It may be observed that; 

In the first theorem, the condition | (a:) ! ^ ^ rnay be reptaced by the 

omdilion di (x) £. «„ (z) 5 ^ (z), Khae (z), ^ (») ore iioo fundiona, sock 
of which ia uhtohtldy summaJAe in. the set B, of finite, or infinite, measure. 

For if ^ (z) £ a„ (z) £ (z), j (*) } is at each point not- greater than 

the larger of the two numbers | ^ (z) }, | ^ (z) | , and we may take «;Jp (z) 
to be the function which has this value at each point x. It is easily seen 
that ^ (z) is Eummable in E. 
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203. The theorem of § 202 can fee extended to the case in Trhicli the 
functions {«„ (a:)}, s (x) involve a parameter a which may typify a point 
in a given set of points K. in any namber of dimensioiis, We consider a 
sequence {e„ (x, a)} which, at each point *, of the set E, converges uni- 
formly for all points a, in E, to the value s {*, a). 

Let e, denote the set of points in E, for all of whiclt 

\8{x, a) -s„^ [x,a) I £ e, for ni==0, 1,2, 3 

and for all points a, in Z. It can be shemi that there exists no point of 
E which holongR to all the sets E — e„, E — e„^i, E — .... For. if 

X were such a point, we should have | « (a;, <r„,) — (.r, a„) \ > c, for all 

values of m, where is some sequence of points belonging to K; and 
therefore, at the point i, a* {x, «) does not converge to s (x, a) uniformly 
for all points of K, which is contrary to hypothesis. It now follows that 
lim w {E — c,) » 0. Assuming that there exists a non-negativo function 
<f> («}, Eummablo in E, such that ) s„ («, a)\&.4> (x), for all points x in 27, 
and for aU points a in Z, the proof of the theorem given in § 202 is applic- 
able when the sets {e„}, as here defined, are employed. We have, accord- 
ingly, the following tlieorem: 


ief (x, a)} 6« a sequence of funciions, defined far each point x, in a 
■measitrabh domain E, of one or more dimeneians, and of finite, or injinitf., 
measure, the sequence existinq for each point a, in a set E, of one or more 
dimensions; and let it be assumed that {«„ (*, cj} converges to Ifie lalue of 
a function s (*, a), at each point z, in B, uniformly for all points ct, of K. 


It is sujicient, in order that j s (x, o) dx may exist, and that the sequence 
.'(Ft 


{x, a)} be completely hUegralile in E.far all values of o in K, the sequence 
of integrals being uniformly convergent in Z, that a non‘neffatii'C function 
<h{x) should exisl.tdhichUsvmmable over E,and,issvchihai \ s„ (x,a) ] 
for all values of n, x {in E), and a [in Z). 


As in § 202, the condition in this theorem may be replaced lly flie 
conditiou that [ s (x, a) — {x, a) { £ ^ (*), where tp (x) is a non-negative 

function, summable in E, for all values of n, and of a (in K). Wlicii E has 
infinite measure the functions s„ (x, a) must be taken to be abjolutcly 
summable in E. 


204. Important particular criteria ate obtained, for the case of a .set £, 
of finite measure, by assuming that the functions <f> [z), p (x), employed in 
the two forms of the theorem of § 202, are both constant In E. 

We find, from the first form of the theorem, the following: 

If a sequence {a„ (x)} of functions, oE measurable in a set E, of finite 
mea^tire, be convergent in that set, and if fl„ (*) is bounded, for aU the values 
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of n and x, so that j s, (») ] & K, wftere K is independent of n and x, (hen the 
sequence {a„ (x)} is comjileiely integral in E. Moreover the convergence of 

I s„ (x) dxto \ s {x)dx is uniform toii& respect to everu measurable set F, 
Un . , An 
contained in E. 

Ae in the general case, it makes no diSeroace if there be an exceptional 
get of points in B, of measure zero, at each of which {s„ (x)} does not 
converge, or at which the conditaon | s„ (x) [ £ £ is not satisfied. 

This theorem has been given, in a somewhat less general form, ini, § 398. 

ITrom the second form of the theorem in § 202, we obtain the following : 

If a sequence of functions, Bummable in a set E, of finite measure, 6c con- 
vergent tn f6a{ set, and if | a (z) — «„ (z) | £ K, for all values of n, and of x 
(»n E), then the sequence {*, (z)) is eompletelg integrable in E. Moreover (he 

convergence of I s„{x)dx to I s (z) dx is uniform with respect to every 
J (F) /tn 

measurable set F, contained in E. 

It should bo obgorvod that the condition j a (z) ~ a„ (x) \ S K is (ses 
g 04), in the case in which E is closed, equivalent to the condition that 
thore aio in E no points at which the measure of nori'Unifonn oonvoTgenco 
is InfiiiltB. Thus: 

li is sufficient for the comjAete integrability of the sequence (z)} in a 
closed and hounded set E that there be in E no points at uihieh the measure of 
non-wniform conwryence is infinite. 

This theorem is a development of a theorem first given* by Osgood, 
for the case of a linear interval in which s (x) and t„ (x) ore all continuous. 
The case for a linear interval in whieh s (z) is nol; necessarily ooni.inuous 
was obtained! by Hobsmi, and was also investigated by W. H. Toungf, 
and by Arzeliig. 

If {s„ (z)) .converge uniformly in the set E, of finite measure, we have 
I « (*) — (z) I < e, for all sufficiently large values of n, and for all the 

values of x. Tims wc have the theorem : 

It is sufficient for the complele wtegrabUily of the sequence (z)}, in 
a set E, of finite measure, that the aequesuse converge, uniformly on E. The 
convergence of the integrals is then uniform uniA respect to all measurable sets 
coninined. tn E. 


The results obtained h^re may deariy be extended to the cose in which 
the functions involve a paramet^, as in.§ 203. 

* idmer. Jo«r7i,dqf jrflfA.-Kd.xix(lS07]. p. lel 
t Proc. Zond Ifoa. Saa. (!). •ni. xxnv (1801), p. STA. 
t Free. Loni. Uaih. &>e. rat i (1904), p. S3. 

§ ZTem. i. It. Acad. Botcytta (6), voL vm (1900), p, 703, 
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205. An important criterion is obt^ed by applying the second theorem 
of § 202 to the case in which the sequence {«„ (*)} is monotone ; eitlier non- 
diminisiiing, so that (x) a (x), or non-increasing, so that s„,.,(z)c^ofr), 
for ali the values of x and n. In these cases, we have 


0 £ I « (x) - 8„ (x) I £ 1 » (x) - «, (*) 1 £ I « (x) 1 -h I 8, (x) j. 

It is sufficient, in order to apply the theorem, that « (r), and Sj (x) should 
be sunimahlein jS, when m (i^ ia finite, and tiiat they should be absolutely 
snmmable in E, when wi (£) is infinite. 


We thus obtain the following theorem; 

If, in a mcasvrallc. act B, of finite, or infinite, mcnsuTC, the monotone 
sequence {s„ (x)) contrerjes (almost eeertfwhere) to a function « (x) which ie 
summable tn E when m (i?) ia finite, and absoltitely 'summabk in E when 
m (E) in infinite, and if Sj (x) ealiafiea the same eondilion ; then the 
sequence (s„ (x)} is amplelely integraOle in E. Moreover the eonvergenee 




s (x) rfx is vniform for all measurable sets F, eonlaintd 


Du's theorem may be extended, os in § 203, to the case in tvhich the 
fiuiciione involve a parameter a. The functions «, (x, a) must then he taken 
to ho monotone for each value of the paramctcro; and [ e (x, s) j, { ei(x,a)| 
must be taken not to exceed positive functions which are both suramnWe 
in.E’. 


806. Other criteria for tbo complete integmbility of a sequence may 
bo obtained, wliich depend upon conditions involving integrals of the 
functions in the sequence. 

The following tlieorem wID bo first established : 

Zet the sequence (x)) eonverye everywhere (or almost everijuihcre) tn a 
measurable set of points B (of one or more dimensions) of finite measure, to 
the values of o function s (x) which is summable in E. If the condition 
Jim I" 1 8„ (x) j fix = 0 is satisfied for every sequence [e,} of measiirabte ttls 
contained in E, stxh that each set of the sequence contains the next, and such 
that lim m (e„) = 0, then the sequence {«, (x)} it completely integrabh in E. 
Moreover (he convergence of the integrals over measurable components of E is 
miifomi for all such components. 

Let e„ denote that set of pednts of E, for each of which 
I 8 (x) - 8„.^„ (i) j > £, 

for one or more values of m in the .sequence 0, 1, 2, 3, : so that 

I 8 (*) - «— » (x) I £ <, 

in the sot E — e„, and tlie conditions are satisfied that e^i is contain'd 
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in e„, and lim m («„) = 0. Ji F he any meaHurable set contained in JH, 
let/,, F - f„ denote the parts of e„, E ~ e„, respectively, that arc con- 
tained in F. 

Wc have now 

[f {d(x)--6„iz]}dx\il («(«)-a„{3:)|dr 

IJlF) I J(M 

Also [ j « (3!) - (a;) I <fa5 [ \a(x)\dx^[ | (*) | djs, 

JfW 

and since both the integrals ai Uie right-hand side convei^c to wro, as 
n ~ 05 , it iii seen that the integral on the le/t-hand side U < r. provided 
nisnot less than some integer**. Wo now have 

for 

and for every measurable set F, contained in E. Therefore s„ (z) tiz 

converges to f 8(e) dz, uniformly for all such sets F. 

J(P) 

li is easily aeon lhai: 

Tlie evjfieienl condilicn in Ike theorem may Ik rejiUictd by the Jose ntringenl 
coitdilim lim j «„ (a) dx •= 0. The eequenee « t?t«i comjsUl^y inkyrcdAe 
in E, bat the eondUion thot ijte irUegrale of «„ (*) o«er a meaeurabh jjari of 
E {'o ihe inleyral of 8(F) oner Vtol firt U uniform for all such jwrM ie nol 
newisarily miefied. 

For the inequality employed in the above proof may be replaced by 

I -»« (*}} ifej {») “ 

new H (x) dr, converges uniformly to wjto, as n ~ v> (sec i, § and 
j^^s„(x)f2r, by hypothesis, converges to zero, as w (/„) converges to 
zero, but it cannot be as-serted that |J {*) dr j < c, for n S whcTC 
n, is independent of the pariiCTjlar sequence {/a}, and therefore independent 
of F. 

207. If E have inJinxle meaaura, w'e have the following theorem ; 

{**1 (F)} converge everywhere (or ahnoet everywhere) in a meaeurnlile ad, 
of infinite menmre, lo the values of a function e (x), almluiely summahle in 
E, then, •provided the condition of tie last theorem is ealirficd in every part 
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Ei , of E, wTticli has finite measure, and provided that, if t he aTbilTarHv 
assigned, E^ can be so deiermined that 

I s„(x)dz<c,/crrn?in,, 

and for every measuralde set E^, vdiieh contains , and is contained in E, 
the sequence (s^ (*)} is inlegraUe in E. 

T!ie set E., of finite measure, can be so determined that 

11 s{x)dx\<.e, and also b„ (x) dx < 2e, for n S fit- 

I Mte-fj I 

We hare nov 

f {4(*)-«n(a:)}^*»( {s{z)-s„{x))dx-i.l {«(*)-«„ (I)} dr, 

J(E) ias-eo Jgaj 

and since the sequenco | «, (*) dx satisfies the condition of the lost 

theorem, r-s have jl^ (*)>d* j < «,for n g a/. It follows that 

I J f« (x) — s„ (*)} dx j < 4c, for n g n", whero a," is the grcnicr of fhe 

numbers n,, Wr'. Since * is arbjfcraij', the sequence | s„ (*) (far converges 
J{£) 

to ) ${x)dx. 

J IE) 

Tlie theorem might be so stated as to involve the complete integrahility 
of the sequence, and also so that this b uniform with respect to all sofs. 
208. Let Ehe a. set of points of finite measure. 

If, corresponding to an arbitrarily chosen positive nnmbcr e, another 
number p exists, such that jj" a„(«)(fa;j<«, where e is any mcnsuraUc 
set contained in E, prodded tn (e)<ij, for every value of n, the integrals 
I [ s„ {x) drj of the sequence arc said to Iks egiHt-convcrpent. The term cqui- 
absolutely continuous is sometinies used instead of cqui-convergoat, and 
sometimes the term uniformly convergent is employed. 

If the integrals s„ (x) dx are eqvi-connergent, so also are the integrals 
Usn 

/ I s„ (x) I dx, and conversely. 

JlE) 

For, let Cj and Cj be the two parts of e in which s„ (x) is g 0, and in 
which Sr, (x)< 0 : we have then ( (*) dr < <, - f «„ (x) dx < c, and 

f fei JM 

therefore j ] s„ (z) | dx < 2e, for every value of n ; since 2« is arbilrarj', 

the integrals I a„ (z) I dr are eqnl-convergent, 

Ubi 
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Conversely, if ( I s, (x) I rfz arc cqui-convcigcnt, we have 

/(.> I I ^ ® («) < 

for every value of n ; hence 

[ 3„ (*)<£«:< «, ~ f a„ {*} dx<€, 
ht.) Jw 

therefore jj £,(x)di;|<€. 

]f iS bo of infinite measure, and if the condition is satisfied, that for 
every set E^, of finite measure, contmiied in E, the sequence of integrals 
is equi-convergeat. and provided also i^josa be so determined 
that (a) tit I < «, for all valnes of «, and for aU sots of finite 

measare, oontainod in E, arid containing i?, , then the integrals J (ai) da 
axe said to bo oqui^convergent in the sot E, of infinite measure, 

In case all the functions a. (x) are absolutely summable in B, it is 

easily seen that the equi'convergence of the integrals j a, (x) dx involves 

J (B| 

that of tlie integrals j | (x) | <fx; and oonvensciy. For, sincie is 

of finite measure, the s^uenco of integrals ie equi-convergent iu E^ — Ei , 
and therefore wo have, as before, I I a, (x) 1 dx < it. 

209. It 3nll he shewn that, when the Integra (x) dx are equi- 
J(ffi 

convergent, and when m (B) is finite, the condition lini J s„ (x) Ar =■ 0, of 
the theorem of § 206, is satisfied. I<et e, be the first set of the sequence {e„} 
for which m (e,) < ri, then ( s„{x)dx\<e, for all values of n, and for 

m = 0, 1, 3, 3 Thus we have jj s,+* (x) dx j < e, for»n-= 0, !, 2, 3. . 

and hence lim jJ s„ (xldxjsc; and ance e is arbitrary, it follows that 
lini j" (x) dx = 0. We thus obtun Vitali’s theorem* that: 

li is sufficient for the eompfete inttgralniily of a sequence (x)} which 
converges almost everywhere inaeet E,(^ finite measure, to a function s (x), 
sii?nmn6Je in E, that the integnde of a„ (x) in E should be cgwi-convergeni. 

• Iie!)4iKKti dtl Oire. JiM. di I’aierjao,td.iam{llKn}.p. W. has farther proved th>it 
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Vitali’a theorem may be extended to the case in which the set E hw 
infinite measure. 

Let it be assumed that the sequence j s„ (*) dx is equi-convergent 
in E. Let f be a measurable part of E', then if m (F) is finite, tlie inte- 
grability of the sequence in F fcdlows from Vitali’s theorem. We need 
therefore only consider the case in which m(f) is infinite. A set E^, con- 
tained in of finite measure, can be so determined that I j s„(r)(fi:j<?, 

for every set E^, of finite measure, containing E^, and contained in E, and 
for all values of «. It then foUowa, as in § 208, that ( [ s„ (s:) I dx < 2f. 

^ iSj—Di) 

LetF, he the part of F thatisinS], and ^"4 the part that is in 2Jj; wc have 

then (ar) da < 2e. Let now m (Ef) increase indefinitely, ao that 

I ^ (S', "S’,! \ 

E is the outer limiting set of the sequence of sets {E^ , then F is tlie outer 

limiting set of the sequence of eetsF,; we have thus j I a, (») dx S 2 c, 

I 

and it then foUows that I {s (x) — «„ (x)) dx I < 3c, provided m (F,) is 

lf(P-F,) I 

eufiloiently large. Hence 

j {a (X) - (x)} dx j S j js <x) - «. (X)} efa j -l- j ^ ^ {«{*)- (=)) * 

and the expression on the right-liand side is < dc, if nSttir; it follows that 

I (x) dx converges to f a (x) dx. 

-'(P) I(n 

We have accordingly established the following theorem: 

It is sufficient for the- eompkle inlegrabtlily of a sequence {s„ (x)}, of 
functions, summabh in a sel E, of infinite measure, which converges almost 
everyivhcTe in E, to a summedde function s (x), that the integrals of s„ (x) in E 
should be equi-convergenl. 


210. In case s„ (x) £ 0, for all values of i» and x, in E, the condition 
lim J s„ (i) ilx = 0, of tliC theorem of § 200, can be shewn to be neces'aiy 

for the complete integrability of the convergent sequence (Sn {^)1 
the set E, of finite nieasure. An int^cr n, can be bo determined tliat 
j s (a) dx is less than an arbitniiily prescribed positive number S : more- 
over nj (£»i) can be so determined tliatj «„ (x)dx differs from (x)dx 
by less than 5, provided n £ ni £ jjj. We have now, for n £ ns, 

/(fn) ) *" J « ^ 
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Thus j s„ {z) dx<28; Ekod raoce 8 is arbitrary, lim j {z) dx — 0. 
Hence we have the following thewem: 

If tfie sequence {«„ (*)) is almoat snerywJiere convergent in the set E, of 
finite measure, and «„ (*) £ 0, far aUihe values of n and x, it is necessary aiid 
sufficient for Ike compleie iTtieffrabHilg lie sequence in E, iitsi 

lim f («) dx^O, 

iokere {e„} is any seqticnce of measttr<d)le sets, contained in B, such that each 
set contains (he next, and m (e,) eonveryes to zero, aa ~ . 

Let it he now assntaecl that a seqoence {«„ (a:)},, which converges almost 
everywhere in E, is sucli that 0€«„(x)£/„ (*), for almost all values of *, 
and for all values of n; where {/,(»))i8 a completely inlegrable sequence in 
JE. We have then OS s„(a;)dxsj /,(*)<£!;, and since lira ^„(a:)cfa! = 0, 
it follows that lim j a, {«) dxmO, uid tborefore the eequenoe (z}} i's 
completely ijitegrable in E. It bee thus been proved that: 

If E beef finite measure, arid (s„ (z)} be almost everywhere cmvergenl in 
E, and OSSn (»)£/« (*), wltere {/* (*)} is comfileiely integrable in E, then 
ii„ (z)} is completely inlcgrable in E. 

Next, let it bo assumed that [f„ (z)}, (*)} tue any two sequences, 

completely integrsble in B, and that, almost everywhere in E, 
/,(z)Ss,(z)Sp„(z), 

where {s„ (z)) is convergent almost everywhere in E. The two sequences 
{s„ (z) — /„ (z)}, {jn (z) —/„ (z)} are both cemvorgent, almost everywhere in 
E, and s„ (z) —f„ (z), (z) — (z) ate both S 0, almost everywhere. 

Since 0 S (z) — /„ (z) S g„ (z) — /„ (z), it follows that the sequence 
{«„ (z) — /„ (z)} is completely integrablc in B, and thence that the sequence 
{fi„ (z)} is completely integr^le in E. Thus the theorem* has been proved 
that: 

A sequence (z)}, convergent almoet everywhere in the set E, of finite 
measure, is completely integroMcin E if Ubo vtiter sequences {/„ (z)}, {g„ (x)} 
exist, both completely inUgrabk in B, and such that f„ (x) S s, (z) £ g„ (x). 

That the condition is necessary as well ae .suiRcient, is seen by taking 

211. To extend the above tiieoiemB to the case in which m [E) is 
inSnitC; let {Bfi bo a sequence of sets of finite measure, each one contained 
• See W. H. Young. Pnc. Load. Jfott. Boe. (2), toL tx (191(1). p. 315. 



300 Sequence* of Integrals [cn. v 

in the next, nnd wth Ti as their outer limiting set. Let 0 S .9„ (x) e (x), 
wliere {/„ (x)} is completely hitegrablc in E. We have then 

limj a„(x)d3!=J s(x)dx; 

now J s (*) dx is not greater than J / (x) dx, wliere / (x) = iim /„ (i), 
and thjs is by hypothesis finite; therefore a (z) is summablo in E. Similar!}' 
it can be shcivn that (*) is summaUc in E. We now have 

( s„(x)dxM f *„(x)dz, 

J(n>) ■'(B) 

far (jvGty value of r, and therefore limj (i)dxSliro [ s,(x}dx; 
that the limit on the left-hand tide exists, follows from tlvo second tbeowm 
in § 210, and it is equal io j 8{x)dx, and this has for its limit as r~«, 

I a {«) dx. Therefore lim j a. (x) <£e — I a (x) dx = k,, where L S 0, 
• srs-itEi Um 

A similar relation ^vtll hold for tlic sequence (/„ (x) — s„ (x)}; thus 

^ " *" ^ ® 
where fr, 3 0. From these relations wc Jiave 

lim f a„ (x) dx — lim f s„ (x) <#x ■= A + ftj; 
since lim (*) dx j f (x) dx, by hypothesis. Hence fc, and must 
both be zero, so that lim I a„(x)dx = j a{x)dx\ therefore {«„(*)} is 
intograble in E. It we t^e F, any measurable part of E, instead of R, 
the saino proof is .applicable. Thus we have the result for the case in wlucli 
m (E) i.s not finite*. The second theorem may be obtained as before. 

212. With a view to obtaining other criteria of the iiitegrability of a 
sequence, it will be proved that; 

If, in a measuTohle set E, the aegnence {a„ (x)} ts almost p.vcrywhert con- 
vergent la the values of a- function a (x), and if, for some valve of p, > 1. 

(x) \’’ dx does Tiot exceed a fixed positive number K, independent of n, 
Chen I B (x) (’’ is Hummable in E, and in case E has finite measure, s (z) w 
summable. in E. 

Lot m (E) be, in the first instance, finite. 

• fiM W. H. Voong, free. Load. JTaM. Ok. (2). vol. tx (1910), p 319. 
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As before, let | s (a) — Sn^* (*) ] S e, for m = 0, 1, 2, 3, ... , in fthe set 
E •- e„; we liave then 

® , I * 

+ 2»-i f j a. (*} (•■ S 2”-! {X + €»ra (S)}. 

It foUows that, as m (e,) converges to zero, j 1 s {*) 1® cte has a 
finite limit S 7<'2»“*; and from tJiisitcan bcinfcircd that [ k (r) I®, and con- 
sequently « (®), is summablcis £. For, if ^,v(a:) denote that function wliich 
has the value | « (z) |®, when |s(*)j*’i A?, and hns the value N, when 

Iflte) l®> Af, weliave ! I R fz) ["rfaii-Iim / ^j^teloir. from the doCnition 
J(£) 

of tlio jh-integral of on unbounded function. 

I7ow lim / <is(x)dx^' lim lim ii//{x)dx, 

siueo I d>/f (x) ilx & Nvt (e„}, which convorges to zero with m («„}> Sinoo 

ht,) 

(a) dx is a monotone non-diniinj.slung function of both n and .A', 
tfie <^er of the repeated limits, as Af ~ «e . n ee , may be reversed ; thus 

[ I R (x)|’'dzM liin lim j (z) dz ~ lim j {8[z][*<2z. 

J(S) •n-K N-nitB-t,) 

Therefore J |r(z) f'dzislimto, and4 2®~'Jr; hoiicos(z) isBUtamabloin E. 

Next, let m (E) be infinite; a sequence (£,) of measurable sete, such 
that m (Br) is finite, can be so determined that each one is contained in 
the next, and that E is the outer limiting set. Since I | a (z) j® dz exists, 

.'(RJ 

and is £ K2’’~^, for every value of r, it follow that J" | s (z) [® dx exists, as 
limj I s (z) t® dz, and it is S 2*'”*iir. 

The following theorem may be deduced from the last theorem: 

If, in the set E, of finile meas%tre, (z) converges almost everyivhere to 

s (z), and for some valw, of p, > 1, \ | s„ (z) |® dz^ a number indc- 

Ust 

pendent of n, Oten s (z) is gmttmalAe in E, and the sequence {«„ (z)} is 
compleldy integrahle in E; the oonoergenoe of Ute integrals being uniform in 
all measurable parts of E. 

For, by the lust theorem, a (z) is .l umm ahla in E, and 
j^^js„{x)\dx&lj^ jR,(z)l®dzp.{«»(e„)> & Rr{mie„))~, 
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by an inequalit 3 ' given in l, § 435. It foQows that lim | | s„ {x) | rfi 0, 

and thus llte theorem of §20G, is applicable. 

813. The following theorem, which was given in a less general form in 
I, § 399, will now be established: 

Lei {s„ (a)} be a sequence of ftaiclioHS, sumtnable in a measurable sc! E, 
of finile, or infinite, measure, and of any number of dimensions, be such that 
s„ (x) S 0, for all values of n, and of x, in E; these fmistions need not be 
bounded above. If, for each value of x, the sequence {s„ (e)} is monotone non- 
diminishing (a set of measure zero being •possibly disregarded), and if 
lim I (*) dx lias a definite valve, then (1), (he points of E at which 
(*)) does not converge form a eel of measure zero, and (2), the function s (*) 
having the valve of lim «„ (*), tokere this limit exists, is summable fn E, and 
the erquence {«„ (*)} is completely kUegrable. in E; the convergence of the 
integral of 3„ (x) to that of s (x) being nniform in all measurable sets eontainetl 
VI E. 

First, let m (£) be finite; andlet be tliosot of points at wluoLan(^)>-^‘ 

Tlin sof> g„ is oontnined iit g^v > thus lira m {g„) is tlie inonsuro of tlio 
sot of points for whioh s„ (*) > A, for ail values of m, from and after 
some Integer depending on x. Lot it bo assnmed, if possible, tiiat {«„ (z)) 
'diverges at the points of a eet h, of po-sitive measure; then 
lim m lg„) g m (A) > 0. 

An integer n, can be determined so that a„, (*) > X, in a set of points of 

measure im (h); hence [ s„, (x)dx>iAM (A); and therefore 
Jtsy 

Km J s„ (x) dx > lAm (A), 

Since A is arbitrarily great, this is inconsistent with the hypothesis llwt 
the limit on the left-hand side has a finite value. It follows that fr)} 
converges olmost everywhere in E. 

If m {E) be not finite, a sequence of measurable seta [E,] exists, each of 
which is contained in the next, and is of finite measure, such tlmt E is ifs 
outer limiting sot. In E,, Uie set of pcnntsCr, at wliich {s„ (z)} is divergent, 
has measure zero. Tiie outcrlimitiiigsetof {e,) is the set of points of diverg- 
ence of {«„ (e)} in E', and in virtue of a theorem established in i, § 131, the 
measure of this set is zero. 

If A„ be the set of points of E^ for which » (*) — s„ (e) 'C c, '’■’e ba^ n 

[ {« (e) — 5„ (e)} dx<fm (Ab), or f s (*) d* < f s„ (e) dz -f f m i^r) : 

J<>.) J(*j JM 
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hence lim I 5 (*)<?*.:« lim I Sdc8w-(A„) converges to m(Sr), 

n~<o}(E,) 

it is seen that a (of) rf* = lim s (») dx', and thus I s (x) dx exists, 
J(E,) tv~«Jpw) Ue.) 

and is i. Um [ a, (s) dz, or is £ lim (x) dx. 

n-a 1(E) 

It now foUowfl that I alz)dx==^ lim / s{x)dx exists, and is 

J(S) 

S iim I e, (x) dx. Thus k (x) is eommable in whether m (E) be finite, 
or not. The last part of the theorem now follows by appljdng tho theorem 
of § 205. 

In case E has finite measore, instead of the condition s,, (x) £ 0 we 
may assume that (x) Si ~ K, where K is independent of n and x. For 
the theorem may bo applied to the sequence {«« (x) + K), and since K is 
summsble in any set of finite meaaure, the result follows. 


IKTEGEATION OJ? SERU4S nCPIUKI) IN AN INTERVAl 

214. If M) (») + «s (®) + ... + a, (*) + ... converge to a function a (*) 
everywhere, or almost everywhere, in a linear interval (a, b), and a (x) be 
aummnble in (a, b), It is of importance to possr,ss criteria suffloiont to secure 
that ij [ It’, (») ix, or j*.s„ (x) dx, converges to j*s (x) tfx, for all values of 
X in the interval (a, b). Wiien tliis convergence takes place, the series is 
said to be intcgrable in (d, 6) in the ordinary sense; whereas it is said 
(ace § 201) to be completely integrable In (n, 6), when j (x) dx is the 
limit, as 41 ^ CO , of J s„ (x) dx, for every measurable set of points e, in 
the interval (a, b). A series may be integrable in the ordinary sense in 
(o, 6) when it is not completely integrable ther^, but many of tbe criteria 
sufficient to ensure ordinary iniegrability are also sufficient to secure com- 
plete integrobility. 

The following criteria are obtained as special ca-ses of the theorems in 
§§ 202-213, which were established for integration over sets of points in 
any number of dimensions: 

(1) If, in the finite interval (ft, 6), tkefttnetions (x) ore summable, and 
the scries 2w„ (x) converges wiifortnly (he interval to the values of s (x), then 
I s(x)dx= 2 j Un (x}dx, and the conveiyence is nni/orm for ail values of 
X in (a, b). 

This has been proved in § 204. 
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(2) If, in an int£rtol {a, 6). OiefuncUons «„ (*) are all summabU, and and 

that, ahnosl everywhere in (a, b), the series £ m„ (») converges to s (x), and a 
von-negalive fxtneiion if> (x) exiMs, tritick is sttmmable in (a, b) atid siid Ihni 
[ s„ (k) I -S. (x), for all values of n and x, then j* s {x) dx exists, and the 

series S j n„ (x) dx conceives to tJ, tmifortnly for all values of x in (n, 6), 
This theorem also holds for an indefinitely great interval (a, « ), or (— cc , cc ), 
grrowded ift (a:) is stnnmable in the internal. 

This has been proved in § 202. 

(3) In the case of a finite interval {a, 6), the condition may be replaced by 

the condition ] (x) | S ^ (*), wdierc iji (*) is non-negative, and summnbh in 

{a, b). As in (2), |* s (») dx tlten exists, and the scries S j u„ (x) dz con- 
verges to it, un^ormly in (o, 6). This holds also for {a, « ), or for {—as, «), 
provided the terms v.„ («) are absolutely summable in {a, » ),orin (-<o,»), 

(4) IVhetliar («, h) be finite or infinite, the condition in (2) may he re- 

placed’ by the eondUion ^ (x) S b„ (x) & <fit (x), for all the values of n and r, 
where if>i (*)» (®) o''® functions, each- of fririch- is absolsildy s!<ni«ifli/« 

in the interval, 

(6) A 'particular case of (3) is the condition, in Ike case of a finite interval , 
that I (x) I should bebotmd^ for all Ike values of nandx. This U equivalent 
to the coridtVion. that the series S «„ <*) has no points of infinite measure of 
non-uniform convergence. 

(0) If Sn„(x) converges, almost everywhere in a finite, or infinite, 
interval to the. values of a function s {*}, ««»inwi6te in the interval, and if all 
the terms v„ (x) are £ 0, for all (or ahuost all) the values of n and x, then 

I* «„ (x) dx converges to s(x) dx, uniformly in the interval. 

Tliis has been proved in § 205. 

(7) If S it„ (x) is almost everywhere convergent in a finite, or infivilc, 
interval {a, i), and 0 £ «„ (x) S v„ (x), where S (x) is a series stich that 
S I" v„ (x) dx converges everywhere to j S (x) dx, ■where £ v„ (x) converges 
to S (x), then, yi j (x) dx converges uniformly to J s(x)dx. 

(8) // v„ (x) S ii„ (x)iS to„ (x), iriiere both the sequences {v„ (x)), {if- (^)) 
are inlegrable in (a, b), and £«, (x) is convergent almost everywhere in the 
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flniii, or infinite, interval {o, 6), iiien S J* «„ {*) dx converges uniformly in 
[a, b) to j s {x) dx. 

(7) Mid (8) have been proved in §§210. 2H. In particular if S | ti„ (a;)| 
ia integrable term by leim, ro aJnu Le S a, (a:), for 

- 1 tt» (*) I S «„ (») £ I w„ {x) [. 

(0) If, in ilia finite interval (a, b), E «„ (*) converges almosl emrywlicre 
to s (*), and | {«„ (*))’’ dx is bowndedfor aU valves of n, where p is a number 
> 1, then 8 (a:) is stirnmnliletn (o, h), onrf X j* (x) dx converges uniformly 
in {a, b)io^ 8 («) dx. 

(10) If, isiafimle, orir^mite, interval (a, 6), u„ (a;) & Ofor all values of 
nan(iK(exeeptpossiblya(aset(tf])ointsofmeasure 2 ero),andif S j Un(x)dx 
has a defiuAto value, theii. <Ae series E it, (x) is iilmast everywhere convergent, 

• uii(i s (a) is summabh in (o, 6); moreover S j*tt, (a) ix converges urtiformly 
in (fi, b) to j s {x) dx. ' 

In. all these oases there is complete integrabUity of the soi'los, provided 
in (7) and (8) the integrahJIity of the setjuencee {o, (a)}, {w„ (a)} is aasumod 
•to be complete. 

In case (1), if It be sssumed that convei^nco of X u (a) to s (a) is 
simply uniforaily oonvei^cnt only, Ihia is suffioient to ensure that s (a) is 
Bummable, but It is then not necessarily true that X |* it, (aj da is a con- 
vergent series. It can, however, be shewn that, whenever this aeries is 
convergent, it converges to the valne of [* a (a) dx. In fact we know that, 
by bracketing the l^rins of the rimply uniformly convergent series S st„ (a) 
in a suitable manner, the series is converts into a uniformly convergent 
seriM X v„ (ar), and the result (1) is then s^pUcabJe to this series, and thus 

X p (a) dx converges uniformly to the value o( J s (a) dx. It is clear 
that, whenever Z j u„ (a) da oonvm^es, it must converge to the same 
value as does the scries X (a) <£c. We thue obfain the following 
theorem: 
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(la) If the series S « (*) converges simply-unifonnlj' in the finite 
interval (a, 6) to s (a:), and all the terms w„ (z)arc sutnmahle in the intervni, 
then*, (1) if the series E w (x) (£c be convergent it converges (o tlie 
value J* a (x) dx, and (2) if tlie aeries bo not convwgeiit, it may by auitahlT 
bracketing tlie terms, and amalgamaring the terms in each braoliel, be 
converted into n series wbiclj converges to (x) dx. The convergence is 
uniform with respect to x. 

A practical test that S v„(x)dx f 2 v„ (x) dx which may be 
ajipliwl in many eases ie Uio following: 

If the series 2 | «„ (x) | converges cvert/ivhcre to a s^im-funetion tvliieh 
is snmmable in the infinite interval (0, co), then 

2^ u, (x) <fx - 2^ «, (x) dx. 

This theorem is a particular case o( 
which 2 I (x) [ converges, we have 
of n and x. 


(2), for if ^ (x) is the fimotion to 
j 2 u, (x) d ^ (x) for all values 


215, Wlien, in tlie finite interval (a, 5), the condition iti (6), Hint Mio 
series 2 (x) has no points at wliiob tbo measure ot noti-unifortn con- 

vergence is infinite is not satielicd, there exists a eet t? of euoli points wliieh 
(sec § 114) is necessarily closed, and may be finite. In this case tho tlieorom 
may fail to hold good either (1), wl«sn 2 (x) dx ie not everywlierr 

convergent in (a, b), or (2), when Its sum isnotoontinuous in the interval, 
It may also happen that, in these circumstances, the continuous function 
U (x) to which the sum of the inl,^rals converges, is not equal to 


dx; this Inst integral being assumed to exist. 


Tho following theorem will however be established: 

If the series 2 (x), of vrhidh, aU the lenns are summablc in the finite 

interval {a,b), converges to the summablefimcHonsix), andif, farther, Ihcscries 
2 j u„ (x) dx converges et'erywAere to the valaos of n function tohich is 
conlinnous in {a, i), it is a sufficienl condtiionf that this favclion be cqurrt to 


* The first part of fhis theorem was given by Bendixson, for the case in wliich llic feiiclion^ 
i(« (i) am all rnntiniimn; »cn .Vfo^hofm ^o, voL MV (1807), p. OOC. 

t This theorem was piven by Oagood, ^mer. Jmtrn^, vol. xrx flS77], p. 182, in Uir ca“r 
In which the term? of (Iw scries, and fta anin, are ccatinuoos. The gcncnil llirorcm nes ;!ivcn, nr 
Ricmnnn intogrelion, by Arvcil, Man. iK Boto^na (5), vol. vm (1900). 
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J s {x] dx, that the ^joints at which the meowre of nor-uniform convergence 
of the series S u„ (k) is should form an cnicmern/ile set. 

The closed onuroer&We set of points at which the measure of non- 
uniform convergence of the aeries is infinite being denoted by G, let ^ be a 
point of (a, h) which does not belong to G. Since f is within an interval 
ooiiiiguous to G, in any integral (f — ? + e*) interior to that contiguous 

interval, | (a:) ( has a finite upper boundary. Denoting by U„ {*) the 

»th partial sum of the series S j" (*) d*, nnd by U (a^) tlje continuous 
function to iriiioh 17„ (at) converges, aa w ~ ® , a value ?i, of n, oan be .so 
determined that \Uii)~ (?) I < 8. | <7 -I- h) - Cf „ (? 4- h) | < S, for 

nS n, •where ? + tis a fixed point AvitMn theintcnral (? — fj, ? -b Ss), and 
S is nn arbitrarily ohasen positive number. 

We now have • 

|Cf(f-i-Jt)-Cf(?) U„{i + h)-V^(()l .28 

I T a rp^T' 

Since the interval (?, ? -b A) contains no points of G, it iollotvs that, for all 
sufficiently large values oi «, 

j 1^* s„ (a-) dx - 1^* 5 (*) dr j < 8. 

Therefore we have, provided n is not less than some fixed integer 51i, 

I h h \^\T\‘ 

where S (x) denotes J^s(z)dx. ’ 

From the two inequalities, we have 

1 t;( ?-b8)-t;(?) _ g(g+7 > )-a(?) j ss , 

1 h h I r»T 

and since 8 is arbitrarily small, it follows that 

u{$ + h)-mD- 8{i+i>)~s(o 


Tins holds for any point ? that does not belong to Q, and for any point 
? + 7i in a neighbourhood of f that ccHitzuns no pointe of O. It follows that 
any one of the four derivatiires D*"!! (?), D+U (?), D'U (?), D-U (?), is 
equal to tlie corresponding derivative of 8 (?). Since one of the four 
derivatives of the function S {x), U (») ie such that its value is the same for 
the two fiontinuoua functions, except at peunts bolonging to an enumerable 
set, it follows (i, § 267) that tho two funefions difiur by a constant; and 
since both vanish at the perat a, they must be everywhere equal. 

When the closed set O is not enumerable it contains a perfect com- 
ponent; and in thafease the sum of ttie integrals of the terms of the series. 
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is not necessaril}- equaJ 1o the integral of the sura, even when both exist 
and the condition of continuity of £ J h„ (*) dx is satisfied. 

It will be observed that, in accordance with the theorems ^vliich have 
been estublislied, the term by term int^ation of a scries luaj- fail toyire 
the integral of tlie stun, cither (1), wdien the set G, of points of infinite 
measure of non-uniforni convergence of tlie sttries, is fuiite or enumerable, 
but tfie condition that tlie sura of the series S j (a:) dx should be a 
continuous function of x is not satisfied; or (2), when G contains a perfect 
component. 

216. If there exist, in Uie mlcrvaJ (o, ft), points at wliich the scries 
£ {a;} is rot convergent,, -such points will be regarded as points of 

disQOiitinuity of a (x). Let it be aasumed that these points form a noti- 
elerisc sut ivith an cnomcrablo derivative, i.c. a reducible set; films they 
are oontiiincd in a set O which is on enumerable closed set. Lot it }» 
further assumed that, in any interval (a, /5) which oontains, within it anti 
ub its ends, no point of G, the condition Is satisfied that | 5„ (x) | is less llinn 
some fixed number, independent of n and x. Lot it be also iissuinccl that 
£ { u„ (x) dz is convergent for all values of x in (x, I/), and that its sum- 
function U (x) is continuous in the closed interval (a, f>}. Ixst it be further 
assumed that s (x)dx — S (*) is a continuous function of x; tliis will ho 
the ousB when e (x) is siimmabic in (a, 6), or more generally when it has 
tt JD-integral, or in particular, an L-integroI in (a, h). The enumerable set 
G contains all points of non-convergcnec of the given series and also every 
jiaint at which the measure of non-uniform convergeiico of the series is 
infinite. With these assumptions, the proof of §215 is applicable to 
e.stablisli the IcgiLimucy of the integrability of the series £a„ (x). We 
obtain accordingly the following theorem; 

If the series S ii„ {x) coaverffes to Uie Jvxelioti. s (x) a! every jalnl of Ihe 
interval (a, b) uliicli does not belontj to a reducible sei of points G, and if, in 
any interml (<i, which amlains within it, and al its ends, no points of 0, 
[ s„ {x] I is bounded as a function of n and x; and if j u„ (z) dx exists as an 
L-inlcgral, or as a D-integral, or an IJL-integral.for every vahie of n, and l!i'. 

series 2 J u„{x) dx, for aS.xS.b, converges to a continvous function of x; 

then, if | s {x) dx exists a$ a continuous function of x, 
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Tlie following tlieorem which also has refctcncB to the ease in whieh 
there arc points at which the measure of non-uniform convergence is 
infinite is due to Vitali* : 

// -points of a finite interval at whidi a converffent scries has infinite 
measure, of Tion-nniform. convergence form a eel G of zvkich the -measure is zero, 
then term btj ttrni integration is pertnissibU, provided the sum-funclion is 
snmmablc, and prot/ided also the integrated series com>erges io a s-um which 
is the integral of a suni»na61e function. The last condition is clearly also a 
necessary one. when ike first is .satisfied. 

In this case it is assumed that 17 (*), the sum-function of S [ ri„{x)dx, 
is an indefinite integral of a summabic function, that is, that it is 
absolutely continuous in (o, 6) (i, §218). The closed set G being of 
measure zero, a finite eel intorvals (A) of total measure < « can be 
determined wirinh include within Ihcoi aU. the points of tfio sot &. 
Since U (*) is absolute continuous, the sum of its variations, each 
talren Math ite proper sign, over the intervals A is < 5(, wliero is a 
number which converges to zero with «. An interval one of the 

intervuLs oomplcmenbary to the finite set (A), contains no points of G, 
and therefore U (S) — U («) *= - -Sfa); where &'{«:) danateaj^ e (*) dx. 

Now If (ii) is tJmsum of the variations of U (*), taJwn over all ftho intervals 
(A) and allthe oompleineut ary intervals (<z,^), and the samo remark applies 
to S (f'). It follows that U (/>) and S {b] differ from ones another by less 
than Si H- 1 I a (a-} | dx. As e converges to zoco, so also do 8e and m (A)i 
consequently U (t) and S (b) are equal. By considering the interval (a, x), 
^'[•hp^c a <xS b, it follows also that 5 (*) •• U {*); and thus the tlicorom 
Is established. 

217, It is easily seen that, in case off <S« terms o/f/ie ssries S u„ (a:) are 
non-negative in an mterval (a, b), finite or infinite, the term by term in- 
Ugrahiliitj of the series for (a, b) mpfi'es its comjdete integrabrlity. 

For if c be any set of points in (a, b), 

/(O ~ ~ 

since s (.r) — s„ (*) & 0. If the int^isl on the right-liand sido converges 
to zero, as 77 — M , so also does the integral on the left-hand side. 

'rise following theorem has reference to sequences which, in a given 
interval, are in general noa-conv(H'gent: 

In. case the sequence {a„ (a:)) is not necessaril-g c-mrrywhcTc, or almost every- 
where, convergent i-n the tnfenul (a, b), and is mich that [ s„ (r) | £ ;^ (a:), 
• Sendtumli ist Cve. ifrrf. di Pofenso, »oL xztn (1907), p. I»j. 
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ivherc^{x) is siimmchlc in (a,b), then fhevpjicrandlower limits of (.T)rfi, 

CM 71 ~ 05 , arc both integrals. 

Let P (*) = lim f «„ (x) «?x; and F (x) = j” s„ (x) dx, 
then /'(Xj) = lim ||^«„(*)dx+ J a„(x)rfx| 

S Km p s„ (x) rfx — (x, — z,)J X <1^- 

Tims P{Xt)-F (*,) S - (x, - xj A, 

and similarly F (xj) — F (a^) S (Xg — x,) A, 

where A denotes [ x (*) The sum of fcl«e values of the absolute vnriations 

of F (*), or of F (x), over any sat of non-ovorbippiiig iiitorvalR, whoso total 
ineesum is < e, is less than At. It follows that both the functions ate 
absolutely continuous in (o, b), and are therefore integrals of sumninhlo 
funotioiis. 

An oxtenHion of tJfe theory of the integrability of oonvergciiL sequences 
to the case of non-oonveigenl sequences wliieh have an upper and a lou'or 
function, in relation to semi-integrals, has been developed* by W, II, 
Young. 

218. When a convergent sequence of fnnctlonsis dolined in theinflnilo 
interval (a, « ), and it is known that the soquonoe is intograble in every 
Unite inlorval (q, b), it is dcnrablc to possess a siifRcient condition that the 
EcqucRoe should bo intograble in the Infimte interval. 

Tiie following snlHcicnt conditions may be established; 

(1) ijcf the series 2 7t„ (x) have as its sum-funclion s (x), siiinmabic ta 
every finite interval, and let it be stidt that S u„ (x) r/x aoniergcs to 

for every finite value of C (> o), «*cn if, corresponding to an 
arfizfrnrifj/ chosen jxfsUive number e, an- wither Tic, and a value of C (> a) 
can be so chosen that jp" «„ (x) dx j < f,/or every value of O' (> G), and for 
all values of n S 7!c , then s (x) is mtegrable in (a, eo ), although not necessarily 
absolutely summable m [a,co), and 2 [ {x) dx converges to j 8{x]ilx. 

(2) On theasstcmptionOuittkeeguation ^ a (x) rfx == u„{x)dx holds 
for every value of C (> o), then provided, that S | si.„ (x) dx is coni^rgcnl, 

s So& Proc. Lond. itaSA. JSoc. (2). Trf. lx tIOlOJ, p- SSS. 
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ard Uial 2 it„ (i) dx wmittgts io Qte value Z j u„ (x) dx, when C is 
independenUy increased, it folloivs that J" s (x) <£); exists, and is equal U> 
I j" u„ (*) dx. 

Ik should he observed that these theareoiB may be applied to cases iu 
which the integrals a„ (x) dx, s (a:) <£t exist only as iion-absolutely 
convergent mtograls such as Xt-int^rals. 

To prove (1) it is seen thatlimj*^ «„ (*) <ic ■«= s (*) da;; andassuming 
thatWf and C can be so detennioed tliat jj^ a,(*)dj:| < t, foin&ne, and 
for oil values of O' (> 0), it follows that j | a {») d* | « «, for O' > 0-, and 
smoe.c is arbitrary, sfxjdx exists. Aswitning that all the integmJs 
j" 8, (a) dx exist, we liave 

]^^s{z)dx~ pSn(x)dx^s^j s(z)dx- ^ a,(a!)<foj 

and by taking a sufficiently great value of n (S n«), imd a sufficiently largo 
value of C, tlie expression cm the right-horjd side is < 3j. It thus appears 
that 

lim J* s„(,x)dx=j 3(x)(fo. 

To prove (2), we see that, if < be fixed, 0 may be so chosen l.lial, 

[ M, (a:) for C'>C, 

and from this it follows that j j*'' s (w) cte | ^ r, for C > C. Since e is 
arbitrary,!* ^ ^ AlsotanceJ*^ e {») dx = lim 3„ (x) dc, we see 

that J” s (x) dx is the limit to whioli £ s, (*) dx converges as <7 ~ , 

and this hmil is by hypbthesie S J”«„ {») dx. 
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SKQDEKCES OF FUNCXIOKS THAT AHE INTEORABLE [Jl) 

S19. Let u, (z), w. (ar), ... K„ (z), ... be functions each of whicii is 
bounded in the intervai (a, b), and each of whicii is integrable (1?) in tlitil 
interval. Let it further be assumed that, in the whole interval, the series 
(*) + zu (a:] + ... + (*) + ... converges to a function s (r). Also lot 

it be assumed that « (*) is bounded in («, 6). Ttis proposed here lodetonnine 
necessary and sufUcient conditions that « (*) may have an i?-infegral in 

Let E he a, set. of points, in (o, 6), of measure zero; and let. t be an 
arbitrarily chosen positive number, and fi an arbitrarily chosen integer. 
Ijct us suppose that, for each pc^t *, , of (a, b), which does not belong to 
a certain component Ee> of £?, an integer Hj (> n) can be determined, nud 
also a neighbourhood (ar, — 8, *| + 8'), such that the condition ] Jl„, (*) | < < 
is snlisiied for every point x. In that neiglibourhood. Then, provided tliis 
condition is satisfied for every value of e, and E is such that each point of 
it belongs to E,, for some sufficiently small value of », the conveigonco of 
the sequence {s„ (x)} to s (x) is said to be regular in {a, b), oxcopt for tlic 
sot E, of ineasuro fioro. 

It will bo observed that, for a fixed *, the integer iii (> n) depends in 
general \ipDn the particular point*,, which does not belong to Ei. More- 
over, since S is arbitrary, there exists, for a parficul.ar point X| , an infinite 
number of values of n,; the neighbourhood (x, - 8, x, S') depending 
however in general ujion the value of n, ohnsen. 

Iti the particular case in which «„ (x) S 0, for all values of n and i, so 
that the sequence {s„ (x)) is monotone non-decreasing, when the condition 
E„ (x) < < is satisfied for a particular value of «, it is al.so satisfied for all 
greater values. In the general case thi.s does not, hold; the condition is 
satisfied for an infinite set. of greater values of n, but not necessarilj’ for 
every such value. 

It is easily seen th.at the set i!, must, for each value of c, be a non-dcn^c 
closed set, although the set E is not necessarily non-dense, and mny ho 
everywhere dense in (n, 6). For, if ^ bo a limiting point of Ei. then every 
neighbourhood of ? contains points of E,, and it is impossible tlial the 
condition [ i?„, (x) | < r can be satisfied for cver^* point of such neighbour- 
hood. Tlierofore ^ must belong to and E^ is conseqnentlj' a closed set: 
and since its nieasiu'e is zero, it must bo non-den.so in (o, b). 

The following theorem will now be cstabli.shcd : 

The necessary and sujficient condition that the bounded function s [x) way 
he integrable (7?), is that the sequence of functions {Sn (x)lr oW of zchich are 
inltgraUlc (7f), shall converge to s (x) regulatig, exccjil for a, set of jninls h. 
of measure zero. 
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To prove that the condiliou slated is uecessary, let it he assumed that 
s (*) is integrable {R). Siuoe s (x), a, {x), s» (*), ... are aU integrable (R), the 
set of points at -which any one of these functions is discontinuous has 
measure zero, and it follows that the set of pointo at which one or more of 
these functions is discontimious has its measure zero. It Tvili be shewn 
that a point at wliicL all tliose functions are continuous cannot belong to 
Ec for any value of <, and ccmsequently cannot belong to E. Let ^ bo a point 
at which all the functions are conlinnous, and let e be a prescribed positive 
number. The intogei to, (> S) can be eo chosen that | s (f) — s„, {$} \ < Je; 
also S can be so chosen that, for every point a, in the interval (f — 8, ^ + 5), 
the inequalities [ a (f) - « (a) | < | (0 - #«, (*) | < are satisfied.- 

From these three inequalities -we deduce that the inequality 

!«(»)- (*)!<« 

is satisfied for all points in the interval (^ — 8, f + S) ; and therefore f does 
not belong to the set E,. Since t ie arbitrary, it follows that ^ does not 
belong to E. Hence every point of E mnet belong to the set of points at 
which one or more of' the functions <t (x), {x), ^ {x), ... {z), ... is dis- 

eonWnubusi and therofeau m (B) = 0. 

To shew that the condition staled in the tiieorem is sufficient, let e and 
fi be fixed, then Et is a non>d«nse closed set of measure zero. A finite sot 
of intervals, the sum of whose lengths is an arbitrarily chosen number ij, 
can be so determined that every point of Bt is rrithtn one of the interrals. 
The remainder of (a.b) consists of a finite set of intervals {A}; and for 
any point in an interval A, a neighbourhood (*, - 8, », + S') can he , 
determined, and also an integer n (> B), nob necessarily the same for all 
such points x, , such that 1 11, (x) | < e for all Uve points of (x, ~ 8, x, + S'). 
This can be done for every point x, in the intervats (A), and we can consider 
the set of all such neigbbourfioods (x, — 8, x, 4- S'). To tliis set we may 
apply the Hoine-.Borel theorem; and conseqnenHy.a finite set of the intervale 
(x, — S, X, + S') exists such that every point of (A) is interior to one or 
more of the intervals of this finite sot. Jn each one of tho intervals of this 
finite set, the condition | (x) | < r is everywhere Batisfied for some value 

of n{> ii). When the set of intervals of -^u'cli tho sum is rj is excluded from 
{a, h), the rem.iizider may be divided intoa finite number of parts such that, 
in each part, the condition j Ii„ (x) j < e is satisfied for a value of to belonging 
to a finite set n 4- p, , « + Pj, ... n + jv, of integers all greater than S. 

To sliew that « (x) is integrable (fi) -we now apply Kiemaun’s test of 
integrability. Divide [a, b) into a number of psuts /i,, ... h„ so chosen 

that all the end-points of the exduded intervals, and also all the end- 
points of those finite parts for each of -which | R„ (x) | < «, for a single 
value of n, are end-points of the parts ft,, Jlj, ... h,. For an interval h, in 
the excluded Bct, the product of h into -the fluctuation of s (x) is less than 
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(M — jji) h, whore m arc the upper and lower boundaries of s (r) in 
(o, 6). For on interval h, for the wheJe of which [ | < c. the fluctimtion 

of 5 (®) cannot exceed that of 5s,., (x) by more than 2e. It follo\rs t!mt the 
sum of the products of each h into the corresponding fluctuation of s (x) 
cannot exceed 

(iff — m) rj + S 2ft {2e + fluctuation of s^^.„ (x)}, 

u’hero, in the double summation, the first summation refoi's to all tlioso of 
tlic ?f’s which are in an interval for which p liaa one and the same value, 
and the second summation refers to the valiic-s pj, p^, ... p,. Since (z) 
is inlegrable (£) in the interval to wluch it belongs, and for wliicii p has 
a fixed value, it is seen that, when the number $ is sulficiently incrcasccl, 
and the greatest of the h's is suflEdently small, 2 2/i x fluctuation of 
Ss+t hecotnes arbitrarily small. Since ^ and e are arbitrarily small, it 
follows tliat Rioinnnn’s test of integrabilLly of s (x) is satisfied. 

The general theorem having now been completely Bstablisliod, it 
appears, from the foregoing proof, that it may be stated as follows; 

If «i (a:) + Kj (a:) •!• .•■ cotiverffoi to a diffinite vaJ.ve a (*), for all poijita of 
(a, 6), and the fvnUions «„ (®) are all htU/jrabh (.fl) in {a, 6), the Jiccessary 
and aufjicienl conditions giats{x) may be inlegrable (i?) in (a, 6) are (1), that 
the upper boundary of | s (*) j in (a, b) be finite, and (2), iiiai, correajmdinri 
to two arbitrarily chosen positive numbers p, e, and to any positive inicyer ii, 
a finite set of intervals whose sum is law than p can be excluded from (o, !<), 
so that, in the remainder of (a, b), | ila,, (*) | < «, for every x, where p has 
one of a finite act of values which depend on x, but one such that the eamc p is 
applicable to all points x ina certain continuous interval. 

Tlic condition (2), contained in tliis theorem, was obtained* first by 
Arzeli, and is expressed by him in tlie fonn, that a certain mode of con- 
vergence of the series, called uniform convergence by segments in general 
(conveigenza uniforme a Imfti in generale) holds good. This mode of 
convergence differs from that of uniform convergence by segments, con- 
sidered in^ 89, in that finite set of intervals, of arbitrarily small sum, must 
be exchtded from the domain, in order that the condition may be satisfied. 

EXAftfPT.ES 

(1) I/!t Snt*) =’txe~’'’', nlion » is odd. and =0, when « it o\-on. In tlii? case llic scric* 
is siinply-miifnrmly convpiBcnt; the sam « («) is the continuous function 0. Tlicn 

or 0, 

• “Sullescriodifundoni." Partn, itciB. rfclfe fl. if. rfi iJotoiliio (5). vot vtii (IWWt 

A proof different from that in the text sms fpren by Hohson, Proc. Loud. Math. Sor. (-J- ' o1. 1 
(10OI),7>. 332. It isshoirn Ihere that AtzeUt's praof is invalid. 
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according as ii is odd or even; Uius 

has no definite \ni.Iu«, but J%(x)<b^O. 

Tho term !>y term integration faila in ddn casiv because tticro is oao point a; sO, at Trliicli 
llie measure of non-uniform CQnvei}»once is iiiifefinitely greet, us m&y be seen from 
-V^ (nodd), 

the limit bmj «„ (®) cfe not ejasling. 


If a be dUtbrent from f,( 


,1210^* «,(a)<te>0, but at tho limit is -It tbus. in nny 

interval tvbicli contains tiw pmnt 0, the fuocUon 1101^* f„(x)ix is discontinuous, nod 
thetaicte cannot oiiuel J which TRzero. 

(8) ibat , = 

w« dnd 4 (0) ° and « (z) -e>’, for | x | > 0. 

Wo have J ii(x)i!trse*-l. Also lim J^ea(x)<lx b ^acoatinuoua at the point zbO, 
which is IV iiointat wtiioii tiiomvaturu ol non-uniform oottYCigence w iniliiitet it convbrgse 
M c* - J If a > 0, and to tow « zbO. 

(41 Lot n fa)- 

where &„ is a function oi n, and ^(z), (tn'leO arc hidtc and coatinuous in the interva) 
• (n, 6), and vanish iorxso. FurthorlotitbcaBsumcd that increase indermilely 

-with n, for evoi7 value of x except a, but to that iun ti„ fa) is zero. 


«n !*) {<P,H (*)} + 1, tan-i 

j^sfa)dz=t,l«I-‘{^,fa)}! 


iW). 


the second integral and t!ic limit of the first me not tdonlacal unless 
-!^tnn-»{^„fa)) 
has the limit zero. It ^fa)B%„fa-a)*, 

wbors h„ is positive and incresoes indefimfely with n, wo have 

iim ten-1 fa)}=iw lim £,^1- 

Honco, if lim £,^-1 bare a finite valn^ tbe tvro ezptcsaknu have different finite va 
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i-„+i increases indefiailely uith n, the Bcrics of integraU ©f the terms of tlit swica St/„ (t) 
diverges. The series of integralshea in this casco point of disronlinwily. 111 = e; we find (hsi 



and this increa.ses indnRnlfcly a.s n increases, and thus the point n is a point at <rliicli the 
mensuro of non-iiiiifurm convci^encc is inileiinitely great. 


(5) Let 
■where h. inci 




rs indefiiutcly mth », aikd£,= 


poeij*' 


In (hie ease! increases indeRniloiy witli M.ainl tlins a is a point of Inflnilc 

neasuro of non-uniform conve^nwe. 

Itm j »„(z)d*cii-,Iog{J -Uinil'B+jlQgf(„^,, z>it, 

ind KmJ «1ienz=o; 


also y e(*)dr=I-,log{l 

If I, lim i'n«logAn4i is nof zmi. lienee (lie tcnii by term Incogriition (alls; but 
If ^>1, this limit Is rnro, and the integral of «(r) is equal to the eum ol the series of 
integmU, although in either coso the potot <t i« a ptfint of Infinito measurv of nan'Unlforn 
convergence, 


(0) Lot r he n perfect set of polnie conelruelcd as follows: In tho midilla of Ibo 
Inicmil (0, 1) lay oil an interval (1), of length f, wX -JX. wliere X fe a positive nuniber 
not grc.Mer Uiah nnity. In the middloof each of the renuuning intervals, lay oQ an interval 
(S), loth of tliees Intervals to be of the same length and such that tho total length of the 
intervals (1), (2) is /,+2f,«x-iX. Proceeding in this manner, in tho middle of llic equal 
rnmainitig intervals, after n -1 each »lcp», lay oil an interval (ti), all these intervals to lio 
of tho same length f„, and such that the total length of all the intervals (1), (2) fa) is 

/,+2t+z>/,t...+a"-‘f»=x - 

When n is mdefinitcly increased, the act of and-poinia of the intervals, and tlio limilinR 
points of tlicse end-points, form the perfect set r. Let 

*£0; 

then form the fimefion 



-0, for all other ■valocs of z. 

Let the middle points of the above iiifervals (n) be denoted bv Oi'"', 03*" V .... 
and let e„ fz) be defined by 

»n (*) (» -Ol"’. fj) (Z -Ol"*. fj) 

+ fj) 4. ..+*„(* /,) 


+ di„(x /„). 
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Then -f, (z) ia conlinuouB in (0. I>. and converses to 0 tor «-cry value of z; for, if z„ be a 
point of any interval (i), at most ono term in the expression tor j, [r) ie different from zero, 
and this term converges to zero. II Xg does not lie in any interval (r ), all the teems of e„ (i) 
arc zero. Every point, of the irerfcct sot r is a point of infinite tneasure of non-uniform 
convergence of the series of tvhicb a, (z) b the partial Bum. In tills esse the series sj v„ (i) dx 
is uniformly coiivergeni, and thus has a cootinrrous sum, nhieli does not liorvever coineidc 
ivitli the value of J a (z) dx. 

Wcfmdthat i U <fa=J 

/ -1« 

Kiicte p„ < is thu iiuiiiber oi the intervals (n) whkh toll ritliin (0, z). 

U eaii noiv he shewn thalUm J •„(x)drif aconUnuoua finietlon ul z vliioli increases 
(mm 0 to 1 as zincreiwos Irom 0 to t, udiorcas J lima„(z)dz«0, for ovciy value of z. 

if any perfect hon-denoeset of points O he given, and en.m he the middle pourt of (he 
eoinplomcntnry Interval of length f,, the luncliorr 
i.ni-k, 

»n Iz) = ^ S (z - nj. U, ,) 


will have, it every point of O, nn infinite measnre of iron -uniform convargencs to its limit 

s(z), Tlio'intervals li.fuco here arranged in cniiitKrable order, eo that If rj, 

he n dcflooiidlng aoquciieo of posilive rrumbers which eonveigos to zero. It, ,, !i,f, f|, x/ 
are those of svhich the lengths ate Sti., nnd >ri. 


SEQUENCES ON 1NTE0RA14 OF CONTINOOira FUNCTIONS 

220. Itlinsbeenshetvniui, §430,tbiftt,lf/(*), afunotioiiof any number 
of vnrinble.s, be defined nnd he eummable in ft finite coll it, and 6„ be an 
arbitrarily prosoriiicd positive number, a continuous fiinutlon (ic) cun be 
so determined (lint 

Sinee j - <j>„{x))dx^S ~4‘n{x)\fix<€„> 

where E is 0115’ meo-surablo part of A, it is seen that, if {e„} be a decreasing 
sequence of positive numbers convcipng tov.oro, aeorresjionding poqiicnce 

of coiitimiotis functions {^„ (z)} can be so dcfcmiinecl tliat | (a) tfz 

J 

converges, n.s n — cc , to | / (r) rfx, for every measurable set of points E, 

contained in A, and uniformly with resqiect to all such pels E. If we, apply 
to the continuous function 4„(z), Wcieistrass' theorem (spo §§ 350, ICO), 
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it appears ttat a finite polynomial (x) can be so determined tbat 
1 (ti„ (x) — P„ (z) I < at all points of A; it then follows that 

I ~ ^ /(« ~ ^ 

It is now seen that we liaye the following theorem ; 

Iff (x) bt any function, aummablein tlie p-dimeiisioml cell A, a scqucwf. 
{Pn (x))offiwtcj>ohjnominhcanbesodelernimedlhat^ P„{x)dxcon\:trQtJ! 
to f(x) dx, os n — ,_for every measurable set of points E, containcii in 

J{E) 

A, and uniformUj tvilh respect to all such sets. 

The theorem of i, § 430, has been applied in varions cases to extend 
properties of tlie integrals of continuous functions to the case of Z-intcgrale 
in general. It now appears that such extensions can bs mode by starting 
from the simplest possible ease, that of the integral of a finite polynomial. 

THE 08CILI/ATI0KS OF A SEQUEKCE OF INTEGRALS 
221. Some important properties will be given of asoquoneo ofintcgiaU 
j /„(x){?*, where the sequence {/„(*)), in general uon-coiivergent, is 
defined in an interval (a, h). The theory lias been fully investigated* by 
W. H, Young. We shall denote by/(*) and/(») the upper and lower 
functions of the sequence {/„ (x)}, and by /'(x), £(x) the upper and lower 
functions of the sequence {F„ (x)) , where {*) denotes the integral 

jjn (*) 

It will be slie;vn that: 

If fa (x) has a. finite lotuer boundary mlh respect to (n, x), and (i^„ (x)} is 
such that at no point is P (x) = F(x) = + «o, then 

SmjVarly, iff„ (x) Iras a finite upper boundary with respect to (n, x), and 
{Fa (x)} satisfies the condition that at no point is P{x) — F (x) =« — «, then 

F{x)ij^f(x)dx. 

It will be sufficient to prove tho first part of the theorem. 
lAJt iv„ (x) be the function wliich, at each point x, has the value of the 
lower boundary of the sequence fa (x), (x), ... , at that point. Tlien 

{iy„ (x)} is a monotone non-diminishing sequence which converges to / (x). 
Since w„ (x) hn.s a finite lower boundary, and is S tho summablc function 

• Prx. 7^ii. Math. Soc. (2), ToLtHf9l0),p.iB0:iMi.i2}, vol. XJ (1312). Ji. ^3. 
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it is Bununable, and J vi^(x)dx^j f„[x)dj:; and from this it 
follows that lim w„ (a;)da:£ ^(*)- Since P(x) is finite, and {!f„ (a:)} 
monotone, itfollowafrom the theorem of § 2J3 that {u)„ (*)}is anintegrable 
sequence, and thus that^ (a:) is snminBble, and that 

lim j WK{x)dx == j f(x)dx; 

therefore F{x)ij f (*) dx. 

It Tvill next be proved that: 

If T (») S I f («) dx, then P (x) and F (x) are wjjper semi-jntegrah; and 
t/ i' («) a ( 7 (a:) dx, then P (*) awd F (») are lovxr semi-inteffrals. In the. 
first case it is assvmed that /„ {*) is boundal below, and in the second case 
that it is bounded above, with resjiecl to (n, *). 

An upper semi'integraJ has been defined in i, § 407. as the sum of au 
integral and a monotone non'dimiaisbing function; a lower semi-integral 
is the sum of an integral and a monotone non-increasing function. 

It u-ill be sufficient to prow, the first sf-afament in the theorem. 

Since F„{x + h)^ F„[x} + j f,{x)dx, ■ 

Tve have Urn (* A) S lim F„ (x) + Im j , /„ (z) dx, 
or ^ j * f„{x)d3iSP(x-T-k) — P (a). 

Similarly, it may bo shewn that the lower limit on the left-hand side 
w=iF(z+h)- F{x): 

Employing the last theorem, we have 

j^*^X{x)dx&Flx-i-h)-F{x) 

SF(x + k)-F(x). 

We have thus 

(a:) dx--P(x + h)£ dx - /' [x), 

and j Hx}dx — F[x + h)sj£lx)dx-F{z). ■ 

Hence j J[x)dx-F(x), j fl^)dx — F{x) 

are both monotone non-increaang functions, and therefore F {x), F (s;) 
are upper semi-integrals. 
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222. TJie foOowng theorem* is iodepcndent of the supposition limt 
f{x) is asunimable function: 

If lim j /„ (ac) dx £ 0, to&ere e denaics any measurabk iff of 

•poinls in the iiUeroal (cr, 6), thtn the sequence {F„ (a;)} is &oBJi(?cff bcloir, aiul 
oscillates continvoiisly and homogeneously bdow. Also if any subsequence 
{F„^ (x)} is convergent, its Ihniiing function is an upper semi-iiilegrnl, and 
also a lotcer semi-continrtows function, and is conseqxienily everywhere con- 
tinuous on the left. 

We Jiave F„ {x + h) •• J**, (*) + /b (*) as n — co niid h ~0, 

tiie BCBoncl integral on tlie right lias itg lower double limit non-iiegalivc. 
Hence, if x'(ic) denote the chasm fnootion of the sequence {F„{x)), wo Imre 
X (*) S F (*)• The functions {*) being all continuous, we Jiave 
^ lim f", (a: + 7t) £ Um (a; + 7;) S x W- 

It follows that F (x) X (x), and tlius the soquenco oscillntos uei\- 
UriuouBly below; since the ailment may be applied to any suh-soquonce 
of {Fn (x)} , the continuous osciUation belorv is homogeneous. 

To proro that F„ (r) is bounded below' in relation to (n,x), po.t]liro 

iminberse, «,und an integer con be so determined that j /„(3:)d*> 

j (el 

provided 7« (e) < a, n > Bj. 

If F bo any measurable set of points in (a, 6), the inlerv'al may he 
divided into r equal parts, each of length < a; and thus the pari of F in 
each of these siih-intctrals has its measure < a; it follows that 

[ /A(*)d'x> -rt. 

.end in particular that F„ (a) > — re, for a > Wj. Hence F„ (x) is boundtd 
below, for n> n^, and therefore for all values of a. 

Tailing c to consist of a finite set of non-overlapping intervals (x,., , x,), 
wo have S {.f’., (x.) — F„ (x,_j)} > — «, for n> provided the measure 
of tlic set of inten-ais is < a. It follows that, n being confined to Imvc 
those vnluR.s wliich it has in the sub-sequence {/"nj, (x)} that converges to 
the unique function F (x), wo have 

S (*._,)} £-*• 

Tills must also Iiold when the set <rf intervals is infinite, provided its 
mcnsiirc is < a. 

To prove that tlie function F (x) is of bounded variation, wo observe 
that, if it he not of bounded variation, there must be at least one of iiie 
r p.arts of (a, b) caeli of which has measure < a, in wliicli the tol.ai variafinn 
• See W'. H. Yoone. Plw. iOBif. Jtof. ( 2 ). vol. Xi (1012). p. -''I. 
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of F (k) 13 infinite. This sab-interval (a', b') mey be divided into a mimbcr 
of parte such that the sum of the absolntevatiationsin those parts exceeds 
a number N, as large as rve please. The sum of the negative variations over 
those parts is auraerically less thui «; hence the sum of tho positive varia- 
tions exceeds N — e, -which is ixnpossibie, if iW — e is sufficiently large, 
beoaiiso the sum of Oie varintdons, each taken wii.li its proper sign, is 
F (6') — (a'). Therefore F (*) is of hounded variation, and as in i, § 243, 

may bo expressed by P (a:) — N (aj), -wbete P (x) is the upper boundary of 
the positive variations over the meshes of all nets fitted on to [a, x), and 
N (x) IB tlie upper boundary the nuinoricoi vnliiea of tiie negative 
variations. Tho functions P (*), N {*) are monotone non-diminishing; and 
it ean be seen that N (*), and oouBegueaUy — N (*), is an integral. For 
the sum of the variations of N (») over every finite or infinite set of non- 
overlapping intervals of which the measure is < a Is < e; sineo, to each 
value of «, there corresponds a value of o, it follows that F (x) is absolutely 
continuous, and is thoroforc (seo i, § 40fi) on integral. The function F (a) 
being tho sum of an integral and a bounded monotone increasing funotion, 
is an upper Bomi-intogral. Thai is lower semi -continuous fdlowsfrom 
a theorem given in § 117, that the limit of a convergent soguonuo of con- 
tinuous funntinns wliioh oscillate continuously holo-w is lower somi-con- 
tlmioua. 

It follows from tlio theorem juet estab'iahed, and from the oorrespondlng 
theorem for tho case Gin I /,<*)<£rs 0, employing the theorem in 

m »-•*» • W 

§ 123 , that: , ^ 

TfJicn Um ^ /„ («) « 0, the eeguence {J', (»)} oectZlaiM ooniin- 

uouily and homogeneously, and there is in every svb-scquencc of (*)}, a 
sub-se^ence which converges •uni/omly to im iniegral. 

• 223. The following theorem, given* by W, H, Young, is of use in the 
theory of series: 

If {fj, (®)} M a sequence of nonrnegatMK fnnBtions, svoh Uiat (a:) dx 
forms a sequence (a;)} tokich oscillaies hovndedly, tlxre is in every sub- 
sequence of (a)) , a sub-sequence whuA converges to a lower sem.i-conlinuous 
function which is an upper semi-iniegnd. 

If the sequence {/„ (r)} is bounded bdow,-<he theorem clearly also holds 
good. From the theorems ^ven in §221, it follows, since {/„(*)} is 
bounded below, -with respect to [n,x), and F, (x) is bounded above, that 
h' (x), F (x) are upper Bemi-intcgraia. SiuGC this reasoning is applicable to 
any snb-sequence. it follows that all the upper functions and ail the lower 
functions of the sequence {F, (a:)} are r^per Beml-integrala, 

‘■Proc.Jtay. Soe. voL I,zxxvnr(l<i8), p. 6>1. 



822 Sequence$ of Integrals [oij, v 

Since /„ (*) is non-negative, it f<^ows that 

lim f /„ (*) d* £ 0, 

and \vo see, in accordance with the thcoteia given in § 222, that {f„ (r)} 
oscillates continuously and homogeneouely holow. Hence all the lower 
functions of the sequence (a:)} aie lower semi-continuous (see § 117}. 
Since they arc also upper scmi-izitcgTale, that is each is the sum of an 
integral and a monotone non-diminishing function, it follows that all thetc 
lower semi-cont.inuouB functionB are therefore continuous oti the left. 

If all the upper or all the lower functions of a sequence are coiitinuoii!! 
on one side at least, the same side for all, then a sub-sequence of llie 
function.s exists wliioh is convergent (see § 122). This sub-sequence Nulisfics 
the conditions of the theorem. 

THE LUIIT OF AK INTEORAT. CONTAINING A rARAMETEB 

224. If E )jB a measurable set of points x, of any number of dimensions, 
and / {x, y) is a funotion which is siimmnhio in E, for all values of tlio para- 
meter y, contained in some finite, or infinite, linear interval, it is of import- 
ance to possess criteria for the convergence to a limit, of J f[x,y)ilx, asy 
converges to some value y,, wliich may be finite or infinite. More generally 
there may be an exceptional set of values of y in the linear Interval for 
which / (*, y) is not sumroable. This exceptional set may be throughout 
disregarded, even if it be everywhere dense in the interval. Such con- 
vergence differs from the convergence of a sequence /„ (x) r/x, as « ~ *. 

Jtri 

considered in §§ 201-213, only in tl»c respect that tiie parameter y, 
approaches its limit yg, or o> , through a continuous (or at least unenutner- 
able) set of values, whereas the parameter « is confined to have the 
values of the integer sequence. It will appear tliat the criteria obtained in 
§§ 201-213, have their analogues in the more general case here cotBsidcred, 
in which the parameter has values in a continuous linear infen’al. It is 
sufficient to assume that y is confined to an interval yo < y y + 
one side of the point yg, or, in case yj, is infinite, to the interval A < y. 
When y may have values both greater and less than yg, the limits on tlie 
two sides of j/o then be coiuddered scpar.ately. 

Let E, in the first instance, have finite measure, and let it be assumed 
that, at each point x, at E, the limit /(», ya -t- 0), or / {x, «), has a 
definite value. If, at points of a component of E, of measiue zero, th's 
condition is not satisfied, this exceptional set may be througlinut disre- 
garded. If e be an arbitrarily chosen positive number, let Cj denote the 
set of pomts of E at which j/(a:, y) — J {x, yii d- 0) | £ t, for nil the valitcs 
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of y such that j/® < y S + A. In case y® is + « , may be taken to 
denote the set of points for wHch j/ (*, y) — /(a, « ) | $ e, provided y Si A. 
If k > h', is contained in «»,; and i£^' > is contained in e^'. Thus 
m (e^) is monotone non-diminishing as A ~0; and ?n (e^) is monotone non- 
diminishing as .<4 ~ =0 . It can be sherwn that m (e*) converges to m (SI), 
as A ~ 0 ; and that ta (e^) converges to m {B), as 4 ~ oo . For if 
lim « (A! — e*) — A (> 0), 

a sequence [h„) of values of A converging to zero could be so determined 
that lim m {B — c*,) = k; there would then exist points f common to an 
infinite number of the seta B — c,^; and at such a point f, we should have 
I / <f. l/n + h„) — / (a:, y® -t- 0) I > e for an infinite set of values of n ■ and 
this is iuooQsistont «vith the exishmcc of the limit / {x, y® + 0). It thus 
follows tliai: lim m[B — e»> ■« 0, or m (2f) •» lim m (e»). In a similfix 
mariiiar. it is proved that »« (5) •» lim nt (s^). 

2S&. Tlie following cviforion can now be establislxrd : 

If Ebt a measurable set of pointe, of any nnmbar of dmensioM, of finite, 
or (f t:yfnf(o, measure, and if f (*, y) be sxanmabh in E, for values of y in 
some tniertwf y® < y y® + « .' or in yS a, and if, for idl (or almost aU) 
i>oI«M of X, the limit f (*, y® + 0), or f (*, » ), art sis, « i is sufficient in order 

that I /(*, y® +-0) dr, or ( /(»,«) dr, may e*Mi omi 6e ebuol to 
•'(S) Us) 

lim I f (s, y) dr, or to lim j f {x,y)dx, that anonrnegative function ip(x), 
svmmabk in E should exist, euoh that ] / (*i y) | ^ ^ («), for all values of x, 
in E, and Ike tnl««s of y in the inUrval rfy<y&y^ + a, or in y £ a. 

It is clear that \f {x,y„ + 0)\ & ^ (»), or that | / (*, ® ) | a ^ («), and 
thus that / (*, y® -h 0). or f {x, ® )t is summahle in E. Let m (£) be, in the 
first instance, finite, tlien we Iiave 

j|^^^{/(2;,yo-(-0)-/(a:,y)}dB!a + ») ~f{x,y)\ dx 

+ [ l/(*,y® + 0)-/(«.y)|d®<em(e®)-f zf ^(a)dr 

< €m {E) -f- e, 

provided h have a suflidently small value. 

Since c is arbitrary, it foUerws that 

j / (»« y# + 0) = J*™ [ 

Thecasein wliich y® is infinite can be treated in a precisely similar manner. 



324 Snquenee$ of Integrals [cfi.v 

Next, let m (E) bo infinite ; a part of E, such that m (£’,) is fiuiic, 
can be so determined that ( ii{x)dx is lew (han c. We liavc then 

j {/ (*. 2/0 + 0) - / (X, y)} dx I ^ Ve + 0) Si^. V)) j + 2c ii 3c, 

if t/ is sufficiently near to It then follows that 

I /<x,yt + 0)dx‘^ )im f /(*,y)fte; 

and simiiarly, it is seen that 

f /(x,tr>)tix= lim [ f{x,y)dx. 

J (E) V~«. (Ef 

II iaE there exists a set of points of measure 7cro, nt which the limit 
/ {», yo + 0), or / (x, 95 ), does not exist, it makes no difference in the 
application of the theorem, because the omission of this set of points from 
E does not aCect the values of (be integrals. 

As in 1 202, the criterion may bo expressed as follows: 

// / (ar, y) is absolvUly summable in the meaevrable eel E, of f\nite or 
infinite meaevre, for valves of y in an interval yj < y S y, + o, or y s a, and 
if S (®> 2/) converges everywhere in E (or almost everywhere) to f (*, yj), or to 
J (x, 05 ), os the case maybe; and if a wn-negative function i/i (*), summahk 
mE, exists such that \f{z,y) -/(*, y«) |, or |/(*,y) -f(x,te)\ is£</^lx], 

then] f {x,yg)dx, or \ f {x,'r>)dx, exists, and is equal to 
■' (E) ■ (S) 

Hm 1 / (ar, y) dx, or to lim [ / (ar, y) ti*. 

V'V. '(E) cr-«'{£) 

For ! / (ar, yo) i s I / (ar. y) -/ (ar, y,) | + 1 / (r, y) ] « (x) -t- 1 f (ar, y) [ , 
and therefore/ (ar, y^} is alisoltilcly aummablc in E. Moreover 
i fix, y) 1 = 0 (ar) + [/ (ar, yff |, 

which is a sumnjable non-negative function, eonesponding to ^ (r). 

In case E has finite measure, wc obtiun particular cases of tiie above 
criteria by taking (ar), ifi (ar) constant, and equal to K. Thus we obtain 
the following: 

If E be a set of points of finite measure, in any mitnber of dimensions, and 
if I / (ar, y) I s K, for Ki/u« of X in some isiteroal yo < y S yo -i- o, or y £ a; 
and if for all (or almost all) values of ar, the Ihnil / (ar, y® -r 0), or / (z. ®5 )r 

exists, then I / (ar, y^ -f 0) (& = lim ( fix,y)dx,or 
J(E) 1;~y,J{E) 

[ /(ar, 99)rf2r= lim f !(x.y)dx. 

.'(E) 
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Iff [x, y) be summable in (Ae «neasura£2e set E, of finite measure, for all 
values of y in an interval y,<iifSfg + a,ori/&a; and iff {x, ij) converges 
everywhere {or almost everyugteres) in B to f (a:, yff, or to f {x, a>), and 

l/(*. »)-/(*. I. 

or \f{x,y) ~f{x, ai)|, is ^K, then f /(x,ye}dx, or f f(x, co)dx, 
J(B) Jm 

exists, and is equal to lim j / (*, «) dx, or to lim I / (*, y) dx. This in- 

V~V,J<E} v~m Jm 

eludes as a special case the amditian thatf {x, ij) shcndd converge uniformly to 
f(x,y(,),ortof (x, a.). 

226. The following criterion can be deduced from that given in § 225 : 
If f {x, y) be defined a» the taeasurable set E, of finite, or of infinite, 
measure, for values of yin an interval < yS jr« + «, or y S a, andiff{x,y) 
be, for aU a in E, wionotene ntm-diminishing (or nonincreasing) with respect 
toy, in the interval, andj/(*, y, + a)|, or [/(»,«)), w summable inE. then 
I f (®i Us 0) I J (*■ y) rvre either both finite and egual, or 

MS) V-V,J(B) 

else both are infmile. The same statement applies to I . /(x, so }dz and 
MS) 

lim [ / (ie, i/)dx. 

V''^J(S) 

The values of y considered may oitlior bo all those in the interval 
yt<y Syg a, or y S a, or else they may be those corresponding to any 
fl'et of points in the interval, of which f/o, or ® , is a limiting point. 

The proof will be given for the case y» = ® ; only a very slight modifioa- 
tion Is re(^iiircd to apply to the case in which % is finite. 

Since/(s, »)~(/(x,to) -f(x,a}) +/(!e,a) and/(*, «)-/(«, a) is 
of fixed sign for nil points *, in jB, it follows that, when 
J^^{f(x,’o)-f(x,a))dx 

is finite, so is 1 / (.t, » ) dx, and when the first is infinite, so is the second. 
(B> 

Since]/(«, ®)|i |/(x,a)l + (/(»,«)-/(*,«) |, it follows that ]/(a;,'® )[ 
is summable in .b’ if |/(3;,to) — /(*,a) | isaummablein E ; for by hypothesis 
I / (x, «) I is summable in E. Since 

!/(*,«) s |/(»,a)l +|/(x, «)|, 
it follows that when (/(a^ ® ) | is snininablo in if y is in the interval 
y> a, \f(x,y) —f{x, ® )| is less than a non-negative function, summable in 
E. Thus the condition of the theorem of § 226 isBatisfied, dndconscqiinnfily 

f / (x, « ) dx = lim f f[x,y)dx. If Km T f(x,y)dx^<a, then for 
J (E) v-t J IB) i IB) 

all sufficiently large values of y, I / (», y) d* is greater than an arbitrarily 
■'un 
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chosen positive number A’. In this case / (*, y) is non-diminis)iitig ns y is 

increased, for all values of arin £>;ittben!fore follows that I /(i, » 

He) 

Since N is arbitrary, I /(*,!»)«& is infinite, of the same sign a": 

■'(E) 

lim ( f{x,y)dx. 


The case in which / (x, y) is non-incrcosing can he treated in the same 
manner, the integral J f {x, m) dx then having the value — co . 

227. From the criteria obtained that J /(*, y> (£r may be continuous 
at a point, criteria aie irometliMely dcducible that the integral should bo 
continuous in a finite, or infinite, interval of y. Thus we obtain thefolloning 
criteria; 


//, in an interval («, 0 / y, we luxve | / (r, y) j S 1 ^ (®), where 4’ (*) f« a 

nm-negative ftineiiov, smnmabU in the measnrabUset B, of finite, or infinite, 
measure, and. if f (s, y) be eontinuatts wilk respect to y in {a, /S), then 
f (x, y) d»U continuous in any interval of y, interior to (a,B). If B = tn, 

* (El 

trie integral is continuous in the interval («', « ), where a' > a. 

In applying this theorem, ^ (x) may be taken to be the maximum of 
I f (x, y) I In the Interval (a, /5), of y. 

If E have finite measure, and |/{x, y) | £ K, in an interval (o, fi), of y, 

and f {», y) be continuous in (a, fi), with respect to y, then \ f (*, y) (te « 

•' (E) . 

eontinwus sn any ‘interval interior to (o. /5). If fi => », t( is continuous i« 
(«', « ), where a' > a. 

If \f(s, y) j be summaMe in the meastirable set E, of finite, or uifinitc 
measure, for all values of y in an vntertnl («, fi), and f (*, y) 6e for all values 
of X cither monotone non-increasing, or tnonolone 7«?n-dt»nt7?M/<i7iy, and con- 
tinuous until respect to y in the closed interval (re, jS), then j f {x, y) dr. i-s 
continuoxts in any interval interior to [a, fi). If fi = <» , the integral is con- 
tinuous in {a', « ), where a' > re. 

Theorems relating to casco in which /(®,y) lina disoontmiiities with 
respect to y have been given* by Hardy. 


228. In the case of an integral j /(*, y) rfr, over tho linear interval 
(a, 03 ), the following criterion is of rise: 

If, in evert/ finite, interval (a, O), udiere O > a, the corulilion 
\ /{a:,y 9 + 0)*:'^ lim 
• QuarUiiy Joanal, toL xsxit (JOOSj. p. 28. 
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t« fialisfied, and if, corresponditig to an arbitrwily fixed jnnitive number e, 
a number C (> n) can he delertnined, andaisoavaluey,, (> j/g), of y,/or which 
T euery •ualwt of C (> C), and for every mine of y such 
tl;aly„ < y £ y^.llienj^ f(^>% + 0)dxexists,a3idisa]ualio]im f{x,y)dx. 
This crileriorv holds good also vdiui ce, in which' ease j f (z, y)dxj< c, 

for every ■value of O' (> C) and for every value of y whitJi is S j/j. 

It will bo observed that, in this thcocent, no rcstTiction is placed upon 
the nature of the integrals. 

Wohave (f (x,y) —f (x,y,-+ 0))dx 

= j^l/ (». 1/) -/ (*>y» + 0)) + f^(^> y) 

If 0 be siifUoiently largo, since, for < y £ yj, 

l^/(x,y)dx= lim^f^f(x,y)dx, 
wohavc j|^/(*,y)<f*jse. 

Also jy (*, 2/0 H- 0) rlz ™ Hm j^f (*, y) dz, hence j (x, j/o + 0) d* j £ c, ' 
tor all values of O', and thus j |*/ {*. yo + 0) <f* j •'S «. Also, if y be 'euf- 
iifiiently near to ya, wo havejl {/(*,y) -/(*,«, + 0)} da: j < <. Honoo, if 
y is aulTicientlj' ne.ir to f/o>. hnvej j {/(z,y) — /(*. yo + 0)}rfi:< 3c;and 
thus tlio t.licoren\ is established. Only a slight modification is required for 
the case in wliioh i/n is infinite. 

An aUoniiifivc to the above erilerion is tiie following: 

Jf, in every finite intcnvl (a, C), »«dicrc <7> a, the condilion 
f flZ',t//,-i-0}dz=‘ iim j /{3:,y)d3:, 

J a V~*« J o 

IS sei/isficfl, and if lini p / (r, y) dz exists, and also lini ^ f{x, y) dx con- 
verges f<5 the value lim j f {», y) dx, udien C is inrfc^irtfc/y iTicr«7.?«f, these 
conditions are sufitcient to ensure that | f {z,sjg + 0)da: ca:f.?fs, and is equal 
to lim J” / (X. y) dx. The, case, in titich St)=’ <*> is iKcfwderf. 
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III order tliat j j {x,y)Sx may bo continuous on the riglit, at y^, the 
additional condition nnist be satisfied that/ {x, o) —f {x, y^], or more 
generally that/ (a, y® + 0) -/(*, i/o) diould be an intcgrablo null-function 
in an arbitrary interval of x. 

229. In caao the iiktegrals ^ f(*,y)dx, for values of y eucL that 
j/o < y £ yj + a, are not necessarily £-intograls, but may, for sonic or all 
aiicli values of y exist as D->ntegrals, or as £fi/-intograls, we may apply tiic 
result of § 21G to obtain a act of sufficient conditions for the equality of 
I f (^1 Ho -I' 0) dr. and liin / {*, y) dx. The case in which y„ is infinite may 

J a V— V» - 

be obtained by a slight modification of the statement of the folluiving 
theorem ; 

/// [.r, y) converges io a d<fnitc Umkf (x, y« + 0), for all foinis x, of the 
inicraal {a,h) •whichi do not belong to a closed enumerable set 0, and the 
functions f (x, y), for y^K yS + a, satisfy the conditions (1), that, in any 
interval (aj, ^i), coiilained in (a, (>) and interior (o an interval contiguons to 
G, I / (*, y) [ hounded xoith respect to (x, y), and (2), that j f (x, y) ds exi*M 
either as an L-iniegral, an HL-integral, or a D-inlcgral, for each vahie of y 

such that j/n <y£y -i- a; and (3), that Jim [*/ (x. y) dx, fora&x&h is eon- 
v~v. « 

vergcrit and represents a continuous function of x; and (4), I f(x,y,-t-0)dx 
exists as an L-iniegral, an JJL-inlegral, or a D-into.gral; then the. equality 
j /(Xiyn + 0) dx r- \im j’’ f {x,y)dx holds good. 

in order to deduce this theorem from that of §2IQ, it is BufFicictit. to 
clioose a sequence of values of y converging to y^. 


t)OUiid«3, nnd tliuB Uio oondition 
CbcfiJid, 


(1] If y>0, wc Imvo j but rrhon y=0, dx vaalshw; nnri iliiis 

j Sx is liiscontinuoiiB aty=-ft 

III any iiK^rvnl {0, O) of X, nnd 0<y^a. 

Jim dz~0is satieGwl. But iM; and ho«' 

a valuo 1 /, of y can be so clioscn tlmt taking O' ancli lliat C'yi-a' 

TIius if i« impoa'iblc to choose Ota that <tr | <f, for O' >C and forcvrrj’ mine 

of y in an iiUcrial (0. «); and thus the coodilion in tJio tlieorero of § 228 is not sotiflicd. 
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Sinco lim J the condition intheGceond Uioorcm of §228, that this limit 

muBt convci^e. os tl — os, to lha vfdae Cm J*" '® not uatisfied. 

equality iioi (*)/te y)*= J* (*)/(*. +0) liar hoWs if \S(.x,y)\ h 


(2) The 


liounded fot all values of * and jiauuh that os®s6, si<ySiro+«; “"d iirovided also 
is Eummablo in (o, hj, and hae infinite diicoiitinuitiaa only at points of a uloeed enumerable 
«t. For 'j>(x)f{x,9) converges to ^(z}/(z.yb+0). in aoconJaiice with the condition of 
§ 229, boundediy in any interval interior to an interval cont^ous to the exceptioual set; 
and the theotoin is therefore apjilicaUe. The rcsnilt may be CKtended to tho case in which 
iisn, provided d>[sr) be absolutely Buminablc bi {a, •»>; then under the same conditions 
the equality holds. Fot j j | ^(i) j di, where K is the upper 

boundoty of \/{c, y) [; and theiofoie, assuming tho csistenco of j^| (a) [ ir, wc have 

j <«. provided Oissnflicieotly great ItfoUows that j" /{».yr + 0)d’{ir)d* 
■esIsN, andls equal to Um j'°/(c,jr)d>(c)dr. 

(3) Consldflry^ where 6 may be finite nr infinite, It foUnrra fwin E*. 2, that 

provided ^ [x) is absolutoly aummable in {a, b), imd has at most a sot of points of infinite 
ditoonUnulty which form a reducible Bct, Cm j c‘**‘^{x)dxmj^ di(*)<ta, 

Tbo theorem holds, however, whenever ^ dz has a deOnite value for aC velum 
of y such that 0,Sy£n, trZicto a is some positiro numlier. If ^(zj denote tbo cORtiouous 
function y* dj(z)de, wo hftvo 

i being taken to he tlidtc. Since | ^(z)| has a finite upper limit 17, in (4, h), we have 
jj «-v®+(z)Jz[<P«-w(h-o).Ua>0; 
therefore Um j <p(x)dr~ 


p ir'^(j,{z)dx=-y p + p e'vr^, 


I ^e~> 
due thcorsm, we have 


(a)*. 


henes, applying the first m 

1“ «-w,p{r)*.=+(aq)(rrw_e~>fr)++{z,)s-v'^, 

whore % is somn number between a and l/v^. and z, some number greater than l/'/y. 
When y uonverges to tbo bruit zero, the liist term on the right-hand side converges to zero, 
and tho second to the limit (oe h ^ ^ It is sufficient if (z) have a i)-inlegral in 
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(i) The intcgra.1 /(E)costyA:iaa conlmnons function of y, inanj- finite int'’n 
y, interior fo (0. w ). provided <rither ( 1 ), \f(x)\ isBummaMe in (0, k), or (2)./(i) is 
m.iWe in every finite interval, aa *~oo, and is of bounded variation in 

intervai 


In case (2), if/ [a) be monoUffic decreasdiiK in (X', o»), tve have 

j f(x)cmzydx=J{A’}j emx}/dxif^^{t'aiA"'x-anA’i) 

or I j /(ijeoszydj: | provided X <X'<X",srhcreX"' is in the interval (ri’.ri"). 

ItfoIIowe that I ^ /(z)eos*yri» <», provided y is in oti interval interior to ( 0 , r, ]. 

and X'ls taVen niffieicnUy Urge. 

1 1 is clear (list, if / (sr) is tbodiflerence of tno such monotone functions, tlwt is, ol bountlrd 
variation In (X,«), and Um /(3c)B(b thrsaiDcrcRoltholdsgood. Broollng tlic irtrjreHy 
/ (y), we have 

j f (y H- A) - / (y) - /{*) {w>8 z (y +A) - cos zyiz] | < 2r , 

and sines j f{x)eosxyix is eontinnoua Irecause 

\t{z)i»3zy\&\Jix)\ and |/(®)ld* 

exists, wc have [ /(y 4h)-/(y) | <3r, provided | h | is small enough. Thus (ho condition 
of eontinuify of I (y) is satisfied. 

[B] vjy(x.i,)^(z}dx it continuous with reaped to y in an tatorval (s, fi). for csrli 
ilnita value of X (>«), thetij /(*,y)^(s)d*cxi«le, .ludiBconfiniiou* with respect toy in 
(a. j5), if either of the followvig sets of conditions are satisfied: 

[i) . 'PWdx rjd8ts;/(x,y) is monotone decreasing with respect to *, and ^R. lor 

each VO ceof y, in (<i. j3); and |/{a, y){ biess tfran a number K, indepcniicnt of y. 

(ii) , j <j,{z)dx OJciilatcs between ifiute Bioits; /(*, yj w, for each value ol y in (a, fl}, 
positive and monotone with respect to or; and f(x, yf converges to zero, avr — a.unilormly 
ivitlt respect to y. 

Wc have, by Bonnet’s form of the second mean value Ihcoreui, 


/■V(^.y)0W*=/(X.y)J'‘ <f,(t)dx, 
ncasedh |/(X,y) | <^,Bnd X may be so 


PP> Azt-an, whs 
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ThoreforB [ J f (x, ’j) 4, [x)ilx^ is lea titan an aa^icd inaitivo mimbcr, if A lie properly 
choaen, for nil Ttiluea of ( >j 4), nnd for (01 vnlaes of y, in (n.fl). Tliaty*’ /(i,y) 0 (i) if* 

In ease (ii), A may bo bo clioaeai (liBt for oil tho values of y, and 

j j ^ I is less titan a fixed Ttnmlxs; iiidqtoiidcni of d"; II1119 Ibo eame rceull follows, 

230. The foUoaving tlicoroin fe of use in connection with tiio theory of 
Fourier’s series ; 

if 8 (0 IS u eH»imo6?e fwnctioR, defined in Utc cdl or inlcrml {a, b), and 
if f {1} a snmmobfe function, dinned wt the cell or ttifemiJ (a -i- a,b + f), 
then [ / (a; + <) i7 V) dt exitls and is a continvoiis function of x in the cell or 
tnfervoi (a, ^), provided dther (1), <7 (f) i« bounded in (0, ?(), or (2), j / (t) ]>’, 

I g (t) I’ ara sumniabia in the calls or inlervaU (a -I- a, b 4 jS), {a, b) re- 
spMficciy./or some tahies of p andqsueti ihalj^ + ^ 

In ease the variables x and ( are in r dimensions, the integral donates 

rlilti.Wii, 

' J(s'‘i,rni,. 

g («•), tf», ... . iW) d (ii«, fiw, ... <")). 

(J, 

A precisely similar result holds good for on integral S(x ~t)g {f) dl. 
This theoKoi was established'* by W. H. Toung, for the linear ease, but 
the proof ^ven below suffices in the case of functions of a variable of any 
number of dlmeiieionH. 

If P (1) denotes a finite polynomial in t, wc have 

■£/(» + ')!? (<) i( - £{/(« + 1) - p (« + <)) a (1) it + 8 w, 

where Q (i) is the finite polynomial 

£p(r. + l)5(l),!l. 

Considering first the case (1), the polynomial P (f) may be so chosen 
that I * ( / (0 - P (0 ! fit < n, whwe p is an assigned positive number 

(6eei,§430 ). Wb have then j I {/ (* -h t) — P (* 4- 1)} 0 (<) '^.j < 5’?, whore 
g is the upper boundary of | <7 (1) | in (a, b). It follows tliat, if f be any 
fixed value of x in (n, f), snid *' any pmnt in a certain neighbourhood of 
i, the difference of the values of J / (» + 1) ? (*) * for f and z' i.s numerically 

* Proc. Jldjr. Soc. (AX voL nxsxr (IDUX Pp. 4M-108. 
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less than rj (1 + 217). or than «, if ^ be chosen to be £ t/(l 2g) Therefore 
^ J {x + i)g (1) dt is eontinnons with respect to » at the point 
Next, in case (2), wo sec that (see i, § 436) 

is numeiicaily not greater than 

[£ I / {^ + i) - p (« + ■) I'*]’ [I V (<) I- *]" 

By tfie theorem given in § 173, the polynomial P (f) can be so chosen 
fhat 

then j* {/{* + t)~P(x + t)}g (<) dt 

is numerically less than iji’Q 

or than l e, if ij bo properly chosen. Since Q (z) is a continuous {unefiun 
of a, in a certain noighbotu-bood of the point # tho fluctuation of Q («] is 
< Je; hence the fluctuation of | /(x 4- 0 y (0‘^^ i” that nolghbourliood 
is < e, wliicli is the condition of continuity of tlie function of z. 

Tire DlPFraiENTIATTON OP SERIHS 
231. If s {x) denote the siim>fuitction of on infinite scries 
V, (x) 4- «»(*) 4- .... 

and it be assumed that, either at a particular point, or in a continuous 
linear interval of x, all the terms arc continuous ond 

diiTerenliable, it is a subject for investigation under what conditions s (i) 
possesses a differentia! cocflicient which is the limiting sura of the infinite 
series u,' (a:) + -u,' (x) + .... of which tho terms arc the differentifll en- 
efTicients of tho original series. It may happen that fl), n [x) possesses no 
differential coeflieierit, or (2), that the series »<i' (x) + u/ (x) + ... is not 
convergent, or both (1) and (2) may bo the ca.se, or (3) it may iiappcn tliat 
s' (x) exists and the serie.s of differential coeffioienf s is also convergent, but 
that its limiting sum i.s not «' (x). 

Writing s (x) = (x) + (x), we have, at any point of convorgenco 

of the series, lim P„ (x) =. 0; further we have 

s (X + /Q - s (x) ^ s„Jx + A) - /in + ^0 - 

■/, ■ - - j - - H- 
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On the hypotliesis fchnt all tbe terzna of the eeries have finit.R difforentia! 
cooffioionts at the point a, wo hare Km if 

[x) exists, at the point x, aod conveigeB, as » ~ oc , to the value aero, 

s' (.r) = ]iin5„' (a) = lim (V («) + «,'(*) + + u„' (a)}. 

In case R„‘ (a) either does exist, or if it exists but does not converge 
to zero, as w ~a3, the tem by term differentiation of tbe series is inap- 
plicable. 

Let it be assumed that, in a given interval (a, b), the terms of the 
convergent aeries (x) -h (®) + — + nn diilerentiablo, and 

tliat thoii differential coofliidents are intt^mhlo in (a, &), in accotdancQ 
with Lebesgue’s delinirion, or more generally in accordance «dth that of 
Beiijoy, Let it be fuither ussumod tliat, for each value of n, 

J ««' (*) «te = w„ (x) — «n («) : 

tills condition is ueHoiuly tsatislied if (r) is finito at ovoiy point, and 
Bummablo in (a, b), arid u„ (x) is of bounded variation (sco i, § 663); or 
more generally, if ti„ (*) is of bounded variation, and «„'’(*) is infinite only 
at points of a reducible set, and is sumntable in (a, b). In ooso Ur' (x) is 
eyerywhefo finite in (a, 6), J* {x) dx always «.xists as a B-intogral, and 
tlie coiiditioh j (*) dx •‘it, {*) — «, (fl) is certainly satisfied (see i, 
§471). Let it also be assumod that the series (*) -l- (*) -j- ... is oon- 

vorgont everywhere in (o, i); then, dcnoijng the aum-function of this series 
hy tf> (*), we may apply the theorems given in gi 214-218 to obtain sufficient 
conditions that <f> (a) possesses on integral J* >f> {*) dx, where o S !* S 6, and 
that tbe series {Wj (ar) — Mj (o)) 4- {«,(*) — W* («)) -h ... converges to tbe 
value p if) (ic) dx. If the condition tiiat S {«„ (*) — «„ {a)} converges to 
the integral J ^ tfa, is saiisfiod, w© have « (*) — s (o) ’= [ ^ (ar) da;; from 
which it follows that, almost ovmywbma in (a, b), and certainly at every 
point of continuity of ^ (a), the differentiid coeHlcicnt s' (a:) exists, and has 
the value ^ (x) ; or s' (x) = S «»' {*). 

Accordingly, H is suffiaientfor the vaUdUy of term by le.nn, differentiation 
of the .icries n, (x) + (x) -I- ..., almost everyudiere in [a, b), that: 

(I) j" u„' {x)dx exists as an L-vaUgral, ora D-integral, awl has the value 

"n(x) -K r («). 
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(2) The sum-fwulion ^(»), of Ike aeries S «„'(£) has an ivicgral 
J' <f, (ar) dx, in (a, 6), lovihicti the series {«i(a:) — «i(b)) + {uj (a:) — (a)} + ... 
converges. 

Condiiion (1) is ahoeigs satisfied if (») is everywhere finiie in (a, i). 

TJie simplest sufficient conditaon for the validity of term by term 
differentiation of a scries is the fallowii^: 

IJtheseries S v„{x)convergeaevert/whcreinthefiniieinierv<iHa,b),and 
the terms of the scries X u„' (a) be iiR continuous in (a, b), a7td this lallcr series 
is uniformly convergent in (a, 6),tAen.s' (*) exists, andislhe sum o/f/ic scries 
£ K„' (x), at all jxinta of (a, b). 

For, if tlio series of continuoxis functions Zu„' {x) converges ntiiformly, 
its sum-function ^ (x) is contSunons, and Jias an .^-integral [ ^ fa:) dx, to 
tviiich tlio Boriee £ (Ur {x) — Kr (a)} converges (see § 214 (1)). 

282. TIxe following theorem gives less stringent sufficient conditions 
for the validity of term by term differentiation of a series; 

If £ «„ (a:) be cverj/iohere eoyivergenl in the interval {a, b), and the dif‘ 
ferenda! coe^iefenfs all have. finite values everywhere in the interval, awlv.„‘ (*) 
be summable, and the series £ «,'(*:) be everywhere coni)cr;7e.nt in (o,&), 
then, almost everywhere in the interval, and certainty at every point of con- 
tinuity of £ (a), the relation ^ £«„(*) = £ (*) ftoids, provided 

either (1), £ u„' {x} cemverges uitifortnly in the interval, or (2), j £ h„' (x) j 
is, for every value of nenJ X, less than the value of some sumtitabh fundion 
Ip (i), or (3), if £ u„' {x) is continuous in (a, 6), and the set of points hi 
whose neighbourhood | £ u„' [x) j is not bounded for all values of m, is 
enumerable. 

Since v„' (x) is summable, and everyu'licre finite, tlio L-integrnI 
J f(„' (x) da; exists and Las the value Wr (a:) — «„(o). If either of the condilions 
(i ). (2), (3), (4), of the theorem is satisfied, it follows from the theorems 
established in §§214-216, that E j* Mr' (*) dr converges to j f(x)dx, 
where ipix) = £ u„' {x); thus both of the conditions in § 231 are satisfied. 
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The condition of the above theorem, that it,' (*) be everywhere finite, 
may be so far relaxed, that it may have iniiaite values at points of a 
reducible set, If then u,' (i) ho bUU summablc over the part of (a, b) wliich 
temains whefa the reduoible set is removed, in acoordtiiino with t, § 413, 
£«/(a)-7t(ar)-it(a). 

In this case, the theorem erf § 216 is applicable to prove that, under 
certain oonditioua S | (*) dx uoQvmges to j* S u„' {x) ilx. 

We have accordingly the following idieorem: 

Jf it„ (ns] 4e everywhere cotvoeryent in (a, b], and has a condmioiis mm, 
v„’ (z) bi finite except at points bttongijiff 0 a reducible set, and be summablc 
ta (a, 6), and {ffuriher 2 (*) converges to a fundhn tji (*), of every 

rfoes not 6ctonfl to a redwable art G, and so that j S (z) j is bounded, 
<u a function m and x , «» every tnlerual that contains no point of Gas inferior 
or end-point, then term by term differentiation holds good almost everywhere in 
the interval. 

883. The following theorem is due* to Fnbini; 

If all the ftmeiions of ike convergeiU senes 2 it, (*) are motusione non- 
diminishing, or all are monotone, non-i-ncreasing, and the series conuerges in 
(a, b) 0 s (pi), then s' (os) exists and is the sum-function of 2 it„' (a), almost 
everywhere in (a, 6). . 

. Let ii„ (z) be monotone non-diminislung; it has almost everywhere in 
(a, b), a differential coetTioient tt,' (x) S 0. Irforeover u,' (x) is siunmable 
over the set of points at whieh it exists, sindj «,’(*) ” ’U (*) — Wn(a)- 
In accordance wif.li llicorem (1(1) of § 214, eince 2 •!(„' (z) dx is con- 
vergent, the series 2 u„' (z) convei^es almost everywhere to a fuiiction 
4- (x), sumtnable in (a, t), and E j* u„' (*) dx converges uniformly to 
j 4 (z) dx\ therefore s (x) — s (a) = j^4 (®) from which it follows that 
s' (r) exists almost everywhere, and has the value 4 (s)i to which S v„' (a) 
converges almost everywhere.' ' , 

A theorem, similar to tin's, is the foDowingt: 

If S u„ (x) is a convergent series such that uf (x) is, for eadt valve of n, 

* BrTirf, Acc. lAnen, (5) vol. XJnv (1916), p. 30t, wberB » direct prool of the theorem i? given. 
Another proof Jins been given by .A. Rajchmiui luid S. Sale* /VndemenM Afel. rol iv, pp. 211-13. 

t Sw W. H. ■^onng, Cow6, Pha. Tnnt. voL «a (IDlOh p. 40S. 
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finite at ever;/ point that does not belong to a reducible set of points, and If 
S 11 (x) converges almost nccrgi^ereio aftinction wJiieJi is itself a simmalde, 

differential coeffieient, and- finite, eaeept al points belonging to a reducible set, 
then Y S «/ „(*)= S vf {x) almost everywhere. 

For we liavc, as in the last case, J* uf (*) dx = i(„ (s:) — i(„ (a); anti 
L u„' (*) converges almost everywhere to a (unction if (x), equal (o n 
hmetion 0' (x) almost everya-liere. Also, in virtue of the condition tlial 
if' (a;) is Kummtihlo, and finite, except at points belonging to a rediicilile 
set, we have | if (x) dx = ^ (») — ^ (®). 

334, ITie condition of tdio validity of tenn by term dillorciitiution of 
the convergent scries £« (®), at a particular pwnt a of the domain of r, is 
identical \vi1h tlie condition that the two repeated limits of 
4 fn + /*, y) - X in, y) 
h 

for 1( = 0, 2/ 0, sliould exist, and Lave one and the same value. By apply- 

ing the tlioorems of I, §§305, 306, which contain the necessary and aufllcicnt 
oonditions for tlie existence and equality of repeated limits of a function at 
a point, we obtain the following theorema: 

If the series Sf(„ (®) everywhere converge inasiiJ^cieiUly 4»)!aff »ieii7/i6owr- 
7(00(1 of ft point a, and the differential coefficients «/ (o) exist, and are finite, 
then the necessary and sufficient conditions that s (a) ut a: - a, «ioy exist 
andbecgvalto (ft)ar« (l),< 7 Mr< Zu„'{tt)beconverge}it,and(2), (hat, t being 
an arti/rarili/ chosen, positive number, and n# an ar6jt('ar(7y cAoscji jMSth'w 
integer, a iijwi6er tj, positive and > Q can be found, and also a positive integer 
n > iXq, such that the condition j j < e is satisfied for Ibis 

value of n, and/or every (--ftlKe o/ /c such lAat 0 < | A | < -r;, and far which « + A 
!S interior to the given neighbourhood of a. 

If the series £■!(„ (a) ci>eryi«/ierc converge in a sufficiently small neighbour- 
hood of a point a, and the Jifferaitial co^cienls (a) exist, ami are finite, 
then the nec-essary and sufficient eoTuh'tion that ol x - a, may exist 

and be equal la Hiif (a) is that, corresponding to any ariu7rnr(7y chosen 
posiiiJ.’C number e, an integer n„ exists, such that corresponding to each integtr 
11 > ?(o, a positive number ij, in general dependent on n, can be found, such 
that the condition ~ ^ fa satisfied for every value of 
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h siith tJiat 0 < I /i. I < >j, and for vihitJi a + h ia inierior lo the given neigh' 
bourhood of a. 

It is clear from i, 1 305, that ttct«»^or»aa)»»srj?fincs 
to the limit ^ allvalttes of h, except 0, in a fixed inlerml 

(— S, S') for h, is a sufficient condition Iheil a' («) exists, and that the scries 
2 m, i' (a) cemverges to s' (a). 


23S. The following theorem* is eometimes more convenient than the 
theorems of § 234, for the purpose of ascertaining whether afunction defined 
by a convergent ficries of {iinotaons is differeutiahlo or not. 

//fAeeertesSun (a;)con'octtret»(a, b),tiHdlhediJfercnlialcoefficientsu„' (a) 
««ji, and 'are finite, then the wecessory and .•mfficwii conditions 
nay tzisl afa; » a, and be thesttmof (Ae«erie« Su.' (a), are (1), that the series 
2tt„' (a) iie convergent, and (2), corresponding to an arbilrariiy fixed 
positive number e, and an- arhilrarily fixed irtlegcr m', a positive number S 
caw be fJei«rmtw«d 5«<A ibal, for each vaive of h wcmerically less than 8, and 
far which 'a + h is in (d, b), an integer m (> m'), in general mying with h, 
«iw bn found, for which Iht three numbers , 

S f l^n (° (a) 

arc all immericalh/ less thane. 

The convenience in application of tins theorem arises from the foot that 
it provides a test in which only o angle valuo of k is omployod. T'o prove 
tliat the conditions stated in l.ho theorem are suflioieDt, we have 
,_(a -I- h) ^ s (a) _ £ ^ {a + ft) - u. fg) _ j 

where denotes the remsunder, after rw terms, of the series Sw^’ (a). I'he 
luiraber m' can he so obosen tJiat | Ji„' \ < e, for » £ m', sinoo the series 
(a) is convergent. If j» he chosen > w', and such tliat the second 
condition in the theorem is satisfled, wo see that 


I a (a -1- h) - g (a) 

I A 


— S«„'(a)j< 4 e, 


provided | ft [ < 8; and therefore lim ^ is S it,,’ (a)- There- 

fore the conditions are sufiicieitt. 

To shew tliiit the conditions statediare neceseaiy; it is clear that 
(1) must be eatisfied, and thcoeforo Ijiat »»' con be determined so that 


* Hiai. OntaSagtn, {>. IfS. 
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1 1 < I if ’'L S SIoreoTcr, a positive number 8 can bo dofennitipd 

sueb tliat ^ — fjs) _ 2 u„' (a)iBDurocricalIylessthan|<,ifj^'[<S, 

Also since 27(„ (z) is convcrgrait, for each value of a corresponding value 
of JTf (g in') exiata, Biioh that are each numcricalij- < }f. 


It then follows that, for fdiese values of h and m, tlie condition 


is satisfied. Tijnreforo the conditiona in the theorem are necessary. 


EXAilPLES 

(1) JM u„ (*)=-flin Tit; the sorios SVafs) converges ovcryivliero In any intcri-nl. but 
tbo seriea 5 ooa kx docs not convoige. 'Hie term by term difforontfstion et Iho given scriwi 
is Itiorofero inapplicable. 

fZ} Lot «n(’r}*‘~ the scries 2 u„{t) ooovorges to the lumdunetion r(i)>>z, In 

the int/smil (0, 1). Tbo scrien S (**’> -t") convciges lo s' (t) ■ 1, for all values of t in ilio 
interval [0, 1), sTccopt for sb], when it converges U 0, ivliloli is not o;ub 1 to s' (0), Tlic 
series S (ie"~> -t") has the point t^l for o point of non>iiniform eonvorgenoe, and thus 
the aonvorgoncsis not uniform in the interval (0, 1). 

(3) Xiio series S t'*o<»(a*t). where 0<t><I. converges unlfonnly in any inten'al. Thu 
series -S (a2>]'‘sin{a'’t), fotii&>l.isnotconvcrgcnl.. It will boshewnJatertbatthnfiinulInn 
dcilncd by the given scries is not diflerentiabic for any value of z, provided ali exrceds n 
certain value. 


IMVlttlSlOt) as TUB OnUUB OP SGPBa.T£t> rNTEOItAT.S 
23G. It is an important case of the problem of the inversion of Uie 
order of repeated limits to investigate sufficient criteria for the equality 
of tlie repeated intogr.ils 

wlicre/ [x, y) is a function of two vaiiablcs, defined in the cell (a, b', a, ^). 
It rvill be assumed tb.at/ {x, y), whether it be bounded or not, is zneosunible 
in the cell. 

The plane set of points at which / (z, y) > A, is. for each value of A , 
a measurable plane It has been shewn in J, § 427, that the section 

of Ea by an ordinate y, corresponding to an abscissa x, is linearly measur- 
able, for almost all values of *; hence the set of points on the ordinate y, 
at -wliich / {x, y) > A, is, for almost all values of x, linearly moasumijie. 
Assigning to A the values of an enumerable set of numbers, everywhere 
dense in the indefinite interval (— « , to we see, taldng account of a 
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theorem given in i, §383, that /(*, Jf) is, for almost every value ot a, 
linearly measurable with respect to y. 

In order that the repeated inta^als j dai ^ f (x,y) dy may have a 
meaning, it is sufficient that J* / (*, y) dy should have a deiinite value ^ (x), 
cither as an L-integrnl, or aa a non-absolntdy convergent integral, such as 
a D-integral, for almost all values of *, and tliat j ^ (x) dx should also 
exist; where, in the integration, those points of {a, a) at which ifi (x) is not 
definite, forming a sot of measure aero, are left out of account. A similar 
statement will apply to | / (*, y) dy. It is not absolutely necessary for the 
exiatoiioQ ol j dx j f {x, y) dy lijat J* / (», y) dy, or <)> («). should have a 
definite value, almost ovaiTwherc in the intorvaJ (o, a). If, in accordance 
wiUi any definition, <fi (x) has an «rppftr value f (*), and a lower value (f> (»), 
the ropBated integral may exist where j (x) — ^ (x)} dx •• 0. This pos- 
Bibility iviil however not be hero further considered; it will be assumed 

ff 

tliroiighout that j^/(x,y)dy oxists almost overywhoro in the Interval 
(a,o), and that j f (x, y) dx exists almost eveiywiiere in the interval (6, ^). 

237. In case it is known that/ (x, y) is summai)!e in the coll {a, h; a, /S) 
we have the theorem established in l, § 1211 : 

// / (x, y) be a funUien, bounded or unhounded, (ftot ts ewnmabU tn iht 
(o, b\ a, ^), l/x repeated inieyrale 

l^dxjy(x,y)dy, ^^dy^f{x,y)dx 

are equal tc one another, and have the same valw as the integral of f(x, y) 
over the cell. 

It is of importance to possess a oriterion which does not depend upon 
a knowledge that the funoticai is summablc over lAio cell, in view of the 
fact that, ill general, an integral over Ae cdl can only be evaluated by 
means of one of the coiTeapondiiig repeated integrals; and it is in general 
not known, apart from such valuation, whothor agiven unbounded measur- 
able function is summable, or not. For tiiia piirposo, the second theoiem 
in 1, § 423, may be employed : 

If one of the repeated integrals ^ dxj^ \f(x,y)]dy,j dy j' \f (x,y)\dx, 
exists as a finite number, then f (x, y) is aummalde over the cell {a, b ; a, ^), 
ami therefore £ dx £/ (x,y)dy = ^^dy £/ (x, y) dx. 
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In particular, we have liie result that: 

Jf J{x, y) S- 0, iti the cell (o, 6; a, p), and if one cf the repealed iiilcgrah 
off {x, y) exists as a finite manber, then, the other exists, and the two hair, the 
same value. 

Tlie folio-wing test may often* be eonvenieotty applied: 

If <j) (x, y) be S 0, aJ«f unbounded, and one of the repealed integrals of 
f) (z, y) is finite; and ^ (x. y)bea bounded measurable function, the repealed 
integrals 

[ dx {*, y) ^ (*, y) dy, £<fj/ J" ^ {x, y) iji {x, y) dx 
are both finite, and are equal to one another. 

For the function 4> (». y) | ^ (*, y) i is summablo over the cell, nince 
^ {x, y) is sunimable and | (*, y) | is bounded; therefore ^ (®, y) ^ (*, y) 

in Humrnable over tlieoell, and the result then follows from the first theorem. 


SS3. ltf{x, y), although measurable, is not summablo in the cell, tlie 
repealed integrals may exist, and they may have difierent values. An 
example of this possibility Las l>cei) given in i, p. fi76, for tho onso 


the cot! being (0, 0; 1, 1). 




_£* — y* 
(a;» + y*)*' 


For the case in which / (x, y) is not summablo, or is not known to be 
suminabic, over the cell, the following general theorem is applicable; 

If (0- I [*/ 1/) ^ ^ (yh |j^/(*ty)dyjs '/'(*), for all mluv of 

ix,y) in the cell (a,b; 0,0); tahere f>(y) is some non-negaliee function, 
SKffijnoWe in the interval {b,p), and 0(*) is some non-negative function, 
summable in the interval {a, a); and if, (2), the points of infinite rfiVcoiifmm'fi/ 
of f {x, y) are distributed oH a limil^ number of arcs of continuous curves 
represenling Tnemolone functions, then 


In applying the theorem, ^ (y) -will be taken to be tlio maxiiimra of 
j ) / (®i ’J) I , for a fixed y, for all values of x in (a, a). A similar remark 
applies to 0 (y). '['he functions^ (y) maybe infinite, or indelerminnle, 
for sets of values of x, y which have linear measure zero; and still tlicy may 
be summabie in (n, c), {b, (3) respectively, when tliesc sets arc left out of 
account. 


• W. U. Younc. CamC. Fkil JVin*. Tol. HI (1910). p. SG-t, where Did tiieortro in P'-f" 
in nlightly difForent. lorm. 
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The particular case of Hus theorem, which is a generalization of one 
given* by Jordan, that arises when ^ (y) and 4 > (») are both constants, so 
that j f (35, y) dx, j*" / (*, y)dg are both bounded functions of {z, y) in the 
cell, was givenf by W. H. Young. 

Let each point of each crare, bHwiging to the finite set, be enclosed 
in a rectangle with centre at the pmnt, and sides parallel to the axes, and 
of lengths e„, ««'; where {*„), {€„'} are two sequences of dirairushing positive 
numbers which convorgo to 7 xro. Employing the Hoine-Borel theorem, 
there exists a finite set of these reotanglea whioh oontahis all the points 
of the ourvea. In this manner a finite set A„, of cells, is obtained, such 
that every point of infinite diswairinnity is interior to one of them. On 
any straight lino parallel to case of the axes, there are at most r segments, 
in which the straight line intorsoetad,; where r is the number of tlio ourves. 

Lot/n (a, y) ri: 0 at all points in any of tlm rectangles of and lot 
!n (*» y) =/(*» y)> O't all remaining points of the cell. The function /„ (», y) 
is summable in the cell [a, a, and Hierefore 

la “ C ^ 

Denoting (x,i/}ily by x«(*). md J*f (x,y) dy by x(*), it will bo 
shewn tliat J* x t‘^) exists and is equal to lim j* Xn (“=) 

That j X (^) dx exists, follows from the condition ( 1 ), of the theorem, 
since \x lx)\St{i (x), which in summable in (a, a}. The dilTorence of the 
two functions x (*)> Xn (®) the eiim of at most r integrals j f (*, y) dy each 
taken over a segment in which the ordinate, coiro-sponding to tho abscissa 
X, intereccls tho cells A„; it follows that | X ^ X« (^) I ^ (‘^}- Thero- 

fore, employing the theorem of § 202 , wo have 

j X (®) dc = lim J" Xu (*)<*''; 

or j da. J^/ {x, y) rfy = lim j* <ir £/, (*, y) dy. 

Til 11 precisely similar manner, it con be shown that 

J dy^ f[x,y)dx = ]Am^ dy^S„{x.y)dx-, 

and the two limits on the right-hand side being the same, tho theorem has 
heen established, 

* Cnart tPAwiigae., vol. U. p. 07. 
t Camb. PUL fftnu. voL xxi (ISIO). p. 305. 



342 Sequences of Integrah [cii. v 

It can be shewn that: 

In the ih(/3T€tn, if condition (1) be replaced by (1)', that, corrcs'j)onding to 
any fixed positive number e, pbsilive numbers A], l.\ exist, such that 

j (*. !/} [ < e, 1 / (*, ij)dij'^<c 

for j ^ Aj , j fc ] ^ Aj , atid for every value of (*. ij) in the cell (a, b ; a, 
the llicorcm holds good; the condition (2) betn^ unaltered. 

The condition (1)' is more stiingcot than the condition {!); accordingly 
if (1)’ be adopted, the tiicorem becomes less general. For, if the condition 
(1)' is satisfied, we have, since 

where s is the least integer such tliat eA, Sx, and h' ^ Aj, 

Now s oannot oxceed the smallest integer S, such that JAlta; hence 
j j^/ (*, j/) (f* j a «, andthuBj f{x,y)dx is bounded, for all points {z,y) 
in the cell, Similarly it is seen that f(x,y]dy is bounded. It follows 
that the condition (1) of tbo tltoorcm is satisfied. 

Wlion the corclitions (1) and (2) of tbe theorem are satisfied, it does not 
follow that/ {x, y) is summable in the cell, but it follows that it has a non- 
absolutely convergent donble integral of tlie kind defined in l, § SOS, p. 404, 

subject to the extension that / (*. Jt) d (*, v) may exist only as an 

J tD.i 

£-infcgral, and not necessarily as an iZ-iiitepul. Such a non-absolutcly 
convergent integral defined as Um / (z, y) d (x, y), for a finite net of 
rectangles D„, which contain none of the points of infinite discontinuity 
of / (a:, 1/), may be termed a restrided Jordan double integral. 

The conveiso dot?s not hold good, that (I) and (2) follow from the 
existence of the restricted Jordan int^rai. 

Investigations of conditaons of eqnaKty of the repeated integral.s were 
given by de la V.allce Poussin*, and by Hobsont- TJie results there obtained 
have now been in tbe main saperseded, owing to the later development of 
the theory of Lebesgue integration. 

• See Anwlu tie la toe. ee, de Bnaetta, i-ot svi (B) (1892|: I.ioudUe’e Jmrnal (4), vol- ^•OI 
(1892); Had. (E), to!- t, p. !91. 

t Proe. Land. Math. Soe. (2), toI. it (1006). p. 14*. 
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If it be assiomed only that the restricted Jordan integral 
J[x,y)d{x,y) 

exists; takmg/„ (*, y) as before to bo zero in the finite set A„ of cells which 
indude all the points of infinite discontinuity of / (*, y), wo have 

f'‘^f{x,y)d{z,y)^Vtm f (»,y)d(a:,y) = lim T dx T/n (*. 2/) 

J{u,b) J a <Jh 

anti thcroforo j /(*,y)d(*,j/)s«"J dxj^f{x,y)dy, 

provided lira J da j /(*.y)dy = 0; where A,(z) denotes that finite sot 
of intervals which forms the section of by the ordiuntc corresponding 
to tho abscissa a. Tliis conditiou will bo satisfiod when the conditions 
(1) and (2) of tho theorem of §238 are satisfied; but it may be satisfied 
when (1) and (2) are not satisfied. 

In order te obtain criteria for the equality of fclio repeated integrals 
of / {x, y) talwn ever any mennurolilo hounded set of points E, we may 
take a cell 'wldch contains B, and assume / (*, y) to be defined ovor the 
wliolo coll by takiug ita toIucs to be zero »t all points of the ooll wliioh 
belong to the oomplemcnt of B relatively te the cell. Tho preceding tlieory 
will then be applicable to this cose. 

CXiiMrLES 

(1) For tho fimctlon defined ini. $305. Ex. I, enlyonnnf tho mpeated Integnvla osists. 
1 q Hceoidanee with tlio deflniUon then employed ; ncidiordoes tlio /l-douhlo iiitcgtui erist, 
Ibo Leheiguo double integral ofdsla, and hss tho vaIqo L For tho sot of points at erhioL 

= l has moasuro zoroj auil (lit-rcforu tho {luiottoa lias tho enmo £-fnfegniI ns thnt 
funcllon which, at every point (i. y), hss Uie value 2y. I'beother ropc&tcd intogml noKO-sBorily 
ozbUi, in accardanco with I.ebes^i>e’a defimtion. ns may bo vasily vorified; and both tlio 
repuated integrals have tbn value I. 

(2) For tho Innotion defined ini. $360, Bx. 4, bodi the ropoatert inlegrals exist, In ae- 
cordatioo with tho definition them cmptoyod.oadthoyhftvoHiBTolunBjthodoublofl.mtcgial, 
however, dots not exist. But tbo i1onli!e/-iDt<stal exists and lias tho value c; for Uie points 
atwhieh/fw, y)=c', allhaiigii Iboy aro evucywhoni dense, formn sot of piano moasiiv© zero. 

(S) Let / (I, Pj? . and lot tho domnln be tho eell (0, 0; 1. 1). Tlio funotioti is not 

Biimmoblo over Bio ooUjncitlicrdocsthorestrietcdJonlnnintcgral exist. Forit the rectangle 
{0, 0; ?i, k) be excluded Iroin tlio domain, tho donblo inlogmi over the reniaindor of the 

'vtiicb is oqual to Jw - tan'* 5; and this has no dofimte limit, ca h and k converge inde- 
pendently to zero. 
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It. follows tliat ono at least of tho conditions (1), (2) of the theorem of J 238 canool. be 
Battsded; and it is clearly the confition (1) which should be oxamined. 

VVe havojy^ j and the manmum \-aluc of this is, fora Gxed a-abe 

of !/, ~ which is not eitmmahle in ((^ I); thus the condition (1 ) is not satisiied. 

(4) It has beenabewn in tho Example in i, 1 368, that the doable iotegral of - sin - over 
(0,0; a, b) docs not exist. In this cate the xcstrieted Jordan integral cxUla; for 

and ihia has a definite limit, as .—O. The condition iitn y* di/ j ^ ^iami(fi = OLsaatUficd, 
lor .\,ls) U independent of y, and consists of the intereol (0, t). Tho repeated infiyrah 
accordingly exist, andarecqnol to the tcstrielcd Jordan integral. However the condition (i) 
of tho theorem in 1238 is not satisfied, for jdyj s jjSit'j j f”'* the morlmani 

j ^ sin ^ j which is not summsbie in the interral (0, a). 

(fi) l,ct/(x,y]=( 2 -y^'S, in the domain (a. 0;h.c), 'when e>a. In thiscssofljefuaollon 
is non-negnUvo; in order to shew that, the repeated intagraU exist, it is only ncecssvty to 
verify that ono of them is Soitc. 

(6) Let the function* i'{») bo defined for the domain (0, 1] by tlis rale that, for evoiy 
rational value of e of tho form — • (oSO), 4* eud that, for eve:^' other valua 

of r, iK*)=0. T/ct if-(a,y)=ji«inij^(*) in the cell (O.O; 1, 1). Since if-fa.ylls non- 
negative, It is sufficient to shew that odo of the repealed ictegmls is finite, in onlsr fo prove 
that ^ (x, y) is summablein the cell, sod consequently that the repeated Integrals ore equal. 
Since d- (w) |-sin - jlsxcro for almost aD mlues o(z, when y is fixed, we have 

I'M •“fi'i'W*-'’. 

and therefore j •t’J Iherefore the other repeated itifcgrai if zero. 

TitE nrVEnSION of repeated IKTEGBAI^ OVEB an INI'TSITE rOMAiU 
239. Let the meMurable functioa / (x, y) be defined for the intinife 
domain {o, h; co , <n); criteria. wiD be obtained -which are snfRoiont to 
ensure the equality of the two repeated initials 

^dy j^f{x,Tf)dx; 

which are equivalent respectively to 

lim j" dxAim^ f{x,y)dy, lim . lim J flo:,i/)dx. 

• See Stole, GramtSje, vd ri. p. 149. The fonotion was first given by Do Bois- 

Reymontl, Crdle't Journal, rob sen, p. 278. 
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Let it be, for the present, assnmcd that / (3:, y) is a non-negative 
function, sumtnablc in every finite cdl (o, 6; a, ^). Denoting the integral 
of / (x, y) over the finite cell by F (o, p); we have 

F(a,P) =|| = f{x,y)dx. 

In case tlie double limit (a, /^, as « ~ <0 , 0 ~ exists, as a finite 
number, /(x, y) is aummablc over tiw donwin {a,h; m , cc) (see i, §437). 
Moreover, since F (a, p) is monotone non-diminishing, as a increases, and 
also as ^ inoreases, it is solficient for tho existence of the double limit that 
either of the repeated limits Mm lim F («, P), lim lira F {a, p) should exist. 

Let us conader lim lim j‘ dx (x, y) dy; it svill be shewn that this 

is equal to lim J rfx . lim J f (x, y) dy which is J da j f{x,y) dy. 

' Xot X (•■'> P). 'denote j* / (x, y) dy, and let ^ ) denote j" / (z, y) dy. 

Sinoo X (it> P) is a monotone non-diminishing function of y, the theorem of 
§ 22(1 is applicable, and shews that 

lim 

are cither both finite and equal, or both + « . 

Thus we have 

J <fx^/(x,y)rfy= limj «fej^/{x,y)<iy 

if eithei- of these expressions has a fiuit© value; otherwise both aro infinite. 
We now have 

J” dxj f(x,y)dy.-^ lim lim j^dxj /(x,y)dy 

if the repeated limit on the right-hand side has a finite value; othem'ise 
both sides are infinite. 

It thus appears tliat 

y) = Im y) d (x, y) 

when either of the expresrions is known to be finite: otherwise both aides 
are -t- * . ■ ' - ■ ' 

Similarly j^dy ^J(x,y]dx^ lim^^|/(*,y)d(x,y), 

both expressions being finite, or both infinite. 
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Tlie follcraiiig theorem has now been established: 

If f{z. y) be a non-negaHve measttrable ftinclion, defined in the domain 
((7, h; 00 , 03 ), the three expre/teions 

are all finite and. equal, or else al{ infinite. 

240. If f (*, y) be no longer non-negative, the above theorem may bo 
applied to | /(*, y) | . H then cither of the repeated integrals 

is known to he finite, the otiicr one Is finite, and | / (i, y) [ is suramablo 
over the domain, {a, 6; 05 , od). If/ (»,y) bo expressed by/* - /'(z, y), 

whore / + {x, y), f~ (z, y) are both non-uegative fuuol.ions, one at least o£ 
whioli is zero at each point, wc have 

I / (*. y) I - /* (*. y) + /■ (*. V)- 

Sinoo/+ («, y) £ |/ (».y) ]./" (*.y)£ |/(*,y) [, it follows that, if |/(z, y)| 
Is summablo in the domain, so also ore /* (*, y), /“ (z, y), and therefore 
/ (®, y) is siiramable. 

Hence the repeated integrals of each of tlieso funotioiifi are finite and 
equal. 

Since 

J^/ {X, y) dy « Ito [* {/+ [x, y) - /- (x, y)) dy 

= llm ^f*(x,y)dy - lim j^f~{x,y)dy 
when the limits on the right-bnnd side exist, wc Imve 

j^f (*. y) dy - /* (*, y) dy - /- {x, y) dy, 

and hence 

j"dzj^/(2:,y)dy = | dx^ f* {x,y)dy - ^ dx^^J-[x,y)d’j, 
when tlie integrals on the right-hand aide exist. 

We obtain, in the same manner, the corresponding result when tho 
order of integration is inverted. 

If then one of the repeated integrals of |/ (x, y) j over the domain is 
finite, J / (*, y) d (*, y) is finite, and ance it is tlie difference of the 
integrals of f* (x, y), /- (z, y), it is equal to 

£dx jj/+ (z, y) dy - (x, y) dy 
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which has been shewn to be equal to f j similarly the 

integral of / (ar, y) is equal to j J'V(a;, y) die. The following theorem has 
now been established: 

// one of the repeated itOegrals j" da ^ I / (*• y) ! dy, ^ dy ^\f {x,y) \ da 
is Icnovm io he finite, then the repealed ivlegrais of f (x, y) arid the miegral of 
f (*> y) over the domain (a, 6,- w , w ) ore all finite and equal. 

In order to extend the results to the case in which (— oo , — » ; m , « ) 
is the domain of integration;, it is only necessary to consider that an integral 
of / {x, y), or a repeated integral, is the sam of .the integrals, or repeated 
integrals, of tlie four fiinotions / (a, y), / (— *, y), / (.t, — y), y) 

over the domain (0, 0; ® , <»). 

/ (3^1 y) be doliucd over a uioasurable set E, of inHaite measure, we 
may suppose / (*, y) to bo defined over the whole domain — m ; 

« , w ) by talring / (*, y) 0, at every point that does not belong to E. 
The above theorems. are then appUcable to any measurable domain, of 
Infinite meaaui'e. 

We thus obtain art extension of Fnbini’s theorem given iu i, § 4B9, and 
applicable to integrals over a domain of finite measure : 

If i/(*, y)| be summable over a measurable domain E, of infinite 
meaetire, then j f (a, y) d (*, y) is equal to eilher of the repeated integrals of 
f [x, y) taken over E. 

S41. When the suSieient conditions tliat Iiave been obtained are in- 
applicable, further criteria will bo rcqniied. The integrals which are 
employed are not necessarily Ir-integrals, but may be non-absolutoly 
convergent. 

Let us consider, in the first instance, the case in which the domain of 
integration is {a, 6; <i, to ). Jx;t it be assumed that, for every finite value 
of (8, the condition 

J^dxj^f(x,y)dy^j'' dy^f(r.,y}dx . 

is satisfied. 

If j dy J‘ f (r, y) dx exists, as a definite number, it is equal to 

lim J 

Denoting J* / (x, t/)dyhy x (*. fi). 
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we have 

/(*, i/)rfa; = JiniJ*ffa:^/(i;y)rfy=| dxj^/(x, y) rfy. 

We have thus the following theorem ; 

On the supposition that the two repeated inUffrais off (ar, jr) over the domain 
(a, b; a, jS) exist, and have equal values, it is sufficient for the equality of the 
repeated integrals owr (a, b; a, « ), 

(1) , ihalj dyj f (x, y) dx shall have a dejiuite value, and 

(2) 3 l/iatj dxj*f (x,y) dp shall cotwerge to zero, as 00 . 

Sufficient oonditioac may be obtained that condition (2J of this theorem 

is satisfied. The condition is that lira J x | X (*» " ) 

X(®. »nd x(tt,co)m f"/{a:,y)iy. 

Eoforring to the results in §§ 22/^229, it is seen to be sufficient, in order 
that (2) may be satisfied, that one of the foUa\ving conditions should bo 
satisfied; 

(!)' is a monotone function of ^ for all values of x in 

(a, 0 ). This condition is satined, in parliadar, if f {x, y) H 0, 

(2)" If ||[/C»,V)dy| has a maximum ^ (se), for all values ef ^ in 
(/j, « ), £i»id (x) is summable in the interval (a, a). This condition is satisfied, 
in particular if j (*, y) j <fy fs a boimdedftmciion of (*, /9). The condition 
may 6c satined when there is a»i excc^tbnaf set of poi'nfe x, of Tiieosiire zero, 
at which J^'f (x, y) dy is oscillatory. 

(2)"' If j f {x, y) dy converges usiifonnly to J"/ (x, y) dy tn the inlerm! 
{a,a),ofx. 

m" If 

242. Next, let the mea.sumble function /(x, y) be aa before defined in 
the domain (a, 6; ® , <0 ). It will be assumed tiiat the repeated inlcgrala 
j" dx ^ f {x,y) dy, j dyj f{x,y)dx exist, and are equal, for all finite 
values of a and f-, let their value be denoted by ^ (n, f). We have now 
lim d> [a, /SJ = !'/(*, y)<fo = lira j" dxj^fix, y)dy, 

it being assumed that this limit has a definite value, for each value of a. 
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If now limj dxj^f(x.!/)dy = j 

we have Urn lim ^ (a, ^ = j^dx J ” f (x, y) dy ; 

the oondifion that tliia may bo the case can bo expressed in the form 
!tm J” dxj^ f (*, y) dy = 0. 

Similarly, if tim ^ dy j^f{x,y)dx^ 0, 

we have lim lim ^{a,fi)—^dyj f {pc, y) dx, 

it being assumed that lisn ^ (a, fi) has a dofinito value for eacli value of 

If tho further condition is satisfied that 

lim lim 4' («. P ) " f'® 4’ («> )5). 

'then 

Tim foIlo^ving theorem hoe accordingly been established: 

It haing cMswned lltal IH reyeated uUegrats of /{x,y) m tIt6_domain 
{a,b; tt,P) exist, and arc cgual, for every yair of finite cahtea of tt, fi, it iS' 
sufiicientfor the existence and equality of the tan repealed integrals of f {x, y) 
over Qie infinite domain {«,i; «9 , <o)UuUl}tefdlhwingeondUions he satisfied. 

(1) That dxj* f(x,y)dy, J^dyj /(x,y)dx have, dfmiis implies for 

finite values of and a, respectively. 

(2) Thai Um j dx^ f(*.y)<^ = 0, 

mui lim ^ iiyj*/(*,y)<la:" 0. 

(S) Thai lim Jim J dxj / {x,y)dy-^Hm lim j dxj* f(x,y)dy, 

Tim condition is satiated, in particular, »/ J" da: | / (a;, j/) dy have a 

<ioi(6Ze limU as a ~ <o .fi ~ <o . 

Alternatively, the emuiition may be applied to j'' dyj f{x, y) dx. 

Suiiicient conditions fo be satisfied by I * f {x, y) dy, J* f {r., y) dx have 
already been given in § 242, that tbo condition (2) may be satisfied. 

The condition (3) may be expressed in a somewhat different form by 
maliing use of (2) ; thus we may replace (3) by 

(3) ’ TAnt lim I dx j / {*, y) dy = 0, or else lim J dy j“f [x,y)dx = 0. 
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(3)' is equivalent to the condition that, if e be arbitrarily chosen, n 
number exists such that 

and iienco tliat, eorrosponding to each such value of n number ^,5 can be 
chosen so large that 

jj Jxj^J(x,y)dy^<e,(orfi>p,, 

and for A > Ag . TJic condition, in this form, might have been deduced from 
the tKeorem iu l, § 30S. 

243, The follo'ving theorem, due* to de la Vnljee Pov:ssin, much more 
restricted, in its scope, may be deduced from the theorem of § 242. 

It is fluj/icieuf /or ffte existence and ajualilyof the rejmled fnfejrofs, with 
vifinile limits, ( 1 ), that flie repeated inteyraU between fwite limits aheays 
exist, and are equal; and ( 2 ), that j / (*, y) dx be umforjidy convergent in an 
arbitrary viterval oj y ; antH^), that j J (x, y)dysaiis,fiai the similar condition; 
and (4), tluil j dx j f (®, y) dy convenjes uniformly in the KnltmiVed intenxil 

of^. 

If J / (®, y) dy be untforinly conveigent in the interval (o, o) of x, then, 
forafixod positive mimbcrij,^, can be so determined that jj /(*, j/)dyj<ii 
for (8 a j3,, and for every value of x in tlie interval (a, a); it then follows 
that j J dxj f (x, y) dy j < p (ff — a); for a fixed a, q can be chosen equal 
to e/(a ~ a), and thus jJ dxj /(x, yj dy j <«, for ^ hence the con- 
dition lim j dxj” /(x, y)dy = 0 is satisfied. Similarly it can bo shewn 
that the other part of condition (2), of § 242, is satisfied. 

The condition (4) of the present theorem may be stated in Ihc form that 
I <j} {a, — lim ^ (a, j9) I < t for every value of and for all values of a 

not less than a fixed value a,. Since, on account of (2), 
lim ^ (a, P) 

it is seen thatjj"' dy j / (x, y) <fa j < e for every value of /S, and foreSe,- 
• Liounties JoantaHi), vot TOi (I0K). p. *01. 
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Thus jj^rfyJ°/{a^y)dcjse,fora£<rr, 

hence Urn j ifyj“fix,y)dx=‘0, 

which Ls one of the conditions (3)' <rf tfie theorem of § 242. The theorem 
has been established, since it has been abewn Uiat, if its conditions are 
satisfied, so also are those of the theorem of § 242. 

EXAMPI,'ES 

(1) It Mill befonnd that j ^ -ir, aud that j ^ 

In this case tlio lirsl condition <il the ttwrem hi 1 242 is satisfied. Tor 

The second cosdilion Is hou cverool eaCislicd; for 

/r''iT iSrw * iT?!.-- * -.tQ - -i) -I- 

(S) where p>}; then Tbs Mjwated integral 

imt j^dx In this case 

J* (itjr)«lr= -Un-‘ (<ao*). 

wbicl] doi>s not converge to 0, as c—». Thus the conditioB of the tbeorem in |241 is 
vtolatcd. 

(3) Wc havcj^ jt fora>0, bnt J^dt^^coaaydy dooa noten'tt. 

(4) ItmaybesbcvTntbat j'^ dx j difj t~*^dx. For e“”£0, and one of the 

repealed intends exists. 

(B) Lett ein «sm>rj^ in this case we find 

The repeated tnfe^iy^ dz j ..f~~d«snot cifet,for^*^.^ dy, or no definite 
value, for anyvalae oi x. The dcobloliniitlizny^ dy ^^dr existe, and is equal to zero. 

■ Sec Slolz, (JrundrOje, vcl tn, pp 8, 182, wheae the esamplc is ascribed to Da Boi.s.Rey. 
moud. 

t Bromwich, I’/uc. i«nd 


d. Malh. S<K. (2), VoL I, p. 182. 
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(61 We find, in thii cam, 

/j 

but the other repeated int(®ral docs not eiist, since / (i. y)dz has ro definite value. 
The double limit lin^^ dx /{x.t^Jp=0. 

(*) In this case, the two repeated inlegrala 

exist, and are both sero. 

The conditions o( the theorem of $ 242 ate estisfiod. Wc find that 

fiTwi?'’ *■ 

since ^ ® bounded function of (it/3). the limit, wfaea^-se. of (hoinicgnl 

la aoeortilngly rcro. TIic function <h (a, repeated llmils u o~«, 

S-^ce an both stcro, aUboogh the dooble limit docs not exist. 

(8) It can bo proved that tl>o order of integration in^^ ainydyj^ «"w'drcatibcrevcnird. 
Sinoo (lie iunatiou e~*^sisy la bounded, its repeated integrals over a finilo rectangle 
(0, 0; 0 , an equal, Also -c“*® (cos^+»* BinS))j and the 

expreaaion on tbe nglit>band side is nomerically len than oU valoes of 8 ((r<})i 

and tills ia a summsblc fttnclios of zin tiio interval (0, <d ); therefore 
j dxj^e->*’m!fd!/-‘Km l^dxj^e'^'^Binydt/, 
and thusoDC of tho conditions (i) of the theorem of §242 is satisfied. Again 

hence J° tr''^ sin jidr is bounded for all vahica of y (S®). ortd therefore 
C'Vi’ainyii* = lim ^ dyj emy dz, 

thu.s the second of the conditions (1) of tho theorem of | 242 is satisfied. 

Wo hove also j’*r-sVmnydy=J*|^{coa» + z»smft): if wo divide the integn! 
on tho right-hand side into two porta from 0 to I, and from t towi, the first of Itiese integfals 
lias the limit 0, as /S — eo; tbe second is nomerically loss than e-fr dx, or itl-vii lii>n 
e-r'i'ir, and thus converges to zero, as ^~:o . Therefore the second condition oilhc 
theorem is satisfied. 
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(D*) het /(i. ti» field o{ mtegnitioii being (0, 0; «, «)- In 
(], 0; CP5. co) wB have/ j) JO, and in (0, 0; 1, to ),/(*, y)sO; thus tho ropeated inMgrals 

may oocvenjentJy be considered aepamhfij. Snee in eacb case the integrand Ls o£ fixed 
sign, rro need only aiicrw thnl one id the rqieated int^rak eidsU, both when the ntngu ot 
X is (0, 1), and tvben it is (l.io}. llcan thus beahewn that the ropcated integrals are equal. 


DIFFEaENnATION OP AN UTTEORAI. WITH BESPECT TO A PARAitETEB 


244. Let/ (», y) lye a luncljoii of a; defined in tlie interval or ceD (a, b), 
and for each value of y interval (y,, y® + a]. This function / [x, y), 

defined in the p + 1 dimensdonal cell (* in (a, fi}, £ y&Vo-i- ®]i will be 
assumed to be Bununable ui (a, b) foe alinosl all the values of y. It is a 
problem of importance to find sufficient concUtions that 

hf/ fa ' 

This rule, first cmploj'ed by Leibniz, is spoken of as diderentiation 
under the sign of integration, and is an important example of the omploy- 
ment of the piocese of changing the order of repeated limits; a process, the 
validity of wliich is always subject to conditions, tbo sufiloienoy of wliioh 
is a Bubjeul of investigation. In bltis ride the difierentiation at is on one 
side; thus at y#, denotes thederivalive on the right, If the (unction 

be defined for an interval (y» — a, y, + a), of y, the derivative on the loft 
may bo treated in a tumilar manner, and when suificient conditions on 
both sidesof yoaresatisfied, at y,, maybe regarded as the differential 

coelHcicnt in the ordinary sense. 


Conditions suiEcIentlo ensure that Leibniz's rule is appiiuable have been 
investigated by Jordaot, Hamaok^, de la Vallee Pous8in§, G. H. Hardy ||, 
and W. H. Young^, and others. The problem has also been considered, of 
obtaining the differential coeflicient when Leibniz's rule is not applicable. 


245. Two methods may be employed to determine the requisite 
sufficient conditions. Tlie first method, wbiob wiD be here developed, 
depends upon the convergwice of integrals of tlie incrementary ratio 

• W. H. Young, Carnb. Phil. Traaa. voL XU (UtO). p. STB. 
t Gcnirt d'Analyie, tdI. u, p. 155 (2ikd ed.). 
t EUmente<feT niff. u. Inteymlrecinany, 

§ LicumVte’s Journal, (4)voI. vm<16a2).p. 421.80(1 Aim. data ane. ir. dc Snirelles, vol. xn (B) 
(J8II1-2). 

I) Quarterly Journal of Math, vol xxzn (1901), {i. S6. 

•1 Trans. Damb. Phil Sod voL xxi (1910). p. 397. 
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gg j, dfovergps to zero. Denoting t)ie \-a!nc of 
£/[*,. T>y «„ we have y. + jf j - / y, ) 

where /; £. a. If then lim ^ has a definite value, 
ns the eontinuouK variable h converts to zero, exists, and has the 

same value. 

J! further 

and exists for almost all values of z, wo then have 

Assuming that ^*" ^sts at all points y interior to the interval 
(j/o , i/o + /;.), and that / (*, y) is continuous with respect to y in the elo«cil 
interval (ynt Vo + have, employing the mean value theorem of I, § 2G2, 

ifcjpjtibiilSii'-l . .»■.+«); a„to<e < 1. w. 

h dy 

thus have „ j jj.. t|,g number 6 depending upon 

7i nnd z. 

If it be further assumed that ensts for all the values of *, and 

that it converges to > UDiformly for all values of z in (a, I/): 

wo have, provided k is sufficiently small, 

where j ^ (x) j < «, for all the values of z. 

Under these conditions, wo have, since jl" j8(x)«fzj is less than the 
nrbitraiy small number em (A), where A denotes the ceil or interval (a, i). 

The condition of uniform convCTgence of — ^ is satisfied, in par- 
ticular, if ^ is continuous with respect to (z, y) in the (p + !)• 

dy 

dimensional domain [x in (a, b); yi S y = y* d- AJ. 
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Aociordingly, tl\e ro)Iowing Iheorem has been established: 

/// (a, y) be defined in the finite (p + 1) dimensional domain 
[xt» («,5);yBSySyi, + «!, 

and j f (a, y) dy exists as or Irdntegral, for every vahte of y, it is a sufficient 
condUionfor the exisitnee of the differerUial coc^icienia/j/a, and for the validity 
of the differentiation of j f(x,y)dt/, at y^, on one side, under the iwfep'rol 
sign, that should be a coniiauous function of (*, y) in (he whole 

^ 3/ fay* , 

12/ («. y)] 

1 '27 7 . 


domain; or more gmsroMy, it is suffieicni Oial 

unifornily for oB values of x in (a, 6). 


• should converge to 


S46. Less stringent conditions bor the valhilty of the rule for the 
diSerontlation of the integrtU under the ^gn of integration may be obtained 
by employing the sufficient conditions given in |f 22S-227. for the o'on- 
vorgenee of dx U> Hm 

In aoeordanoc «vith the thcot<emof| 2S5.it is sufilciont that 
should exist for all values of x. and that a function («), aummable in the 
finite, or infinito cell, or intorvoJ (a> t), sliould exist, and be euuh that 
1 / (x, Vo + h) -f (g, tf,) j . , 


£ ifi (2)> for »li values of x in (a. b), and all values 
r. This condition is eatiefied, in ^ 

(a, b) is finite, if (fi (*) hns the oonstuut vuluo X'. In oneo •- exists in 


of h such that 0 < 7j. s o. This condition is satisfied, in particular, when 

. V(». y) . 

Iho whole domain [x in (a,b); t/aSySpo +-«], tlie above condition is 
satisfied if j | ^ ^ {^)» in the whoie domain ; in accordance with the 

theorem of i, § 280. 

Thus the following theorem has been esta2>lished: 

2f y exist in the finite, or iitfinile, domain' 

[X m to, fi) ; ^ S y S jfa + a] , 

oK<f be such that j j ^ ^ (jb)^ tuAere ^ (*) ts summable in the cell, or 

iwierrai, (a, f>),-<Jie» j" dx = f (,x,yf)dx. When (a, b) is finite, 

we rnay have in 'pariicular j ^ X, o conBta-ni, 
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n case ■ Js a "bounded function in the (p + l)-djmensional do- 

1, finite or infimte, and ^ {») is absolutely suminable in (a, h), we liavc 




If I bovnded in \x in (o, ft), ya S y S y, -f n], and ^(3;) be. 

aisohilebj siiwmable. tn (o, ft), then 

C ^ 1 / 

If the theorem of § 223 ho employed, it is seen to be sufficient for tlio 
application of tlie rule for differentiation tinder the sign of integration tjiat 
/ _( y. Vo + — / (g .J/n) monotone tvith respect <0 /i, for nnoli 

value of *, But a simpler condition is obtained by assuming that 
exists and is a monotone function of y in the interval yo^ V^-yB + Oi 
each value of » in (o, ft). For lies in the interval 

bounded by and — — *?* ^ and thoroforo 

■' 9y 


lies in the interval bounded by ^ rf* and J — 'g^ 

Since is monotone with respect toft, omployiag the theorem 

of § 225, tvR have 

lim£ J dx »£ dx; 

for lim account of the fact thot is 

monotone with respect to y, and therefore in accordance \vith the tiieorem 
in I, § 283, is continuous at yj, since it cannot have a discontiniiily 
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The foUomng theorem has now beencstabiisbed; 

y'< {g jitonolone with rexpect to y, in the interval j/o * * J/o + 

for each value of x, in the finite, or infintle, cell (a, b), then 

/.’ 1/ <“■ »> * • I// 

for j/o £ 1/ < 2/o + 0, it being aeetemed that j / {x, y) dx exiets for each siich 
value of y. 

347. The second method of obtauiing sufheient conditions for the 
validity of Iho diilorentialjwi of an integral under the mtegr&l sign depends 
upon the condition for the equality of two repeated integrals, 

Let it be assumed that, for almost all values of x, the relation 

/ (». ffo + it) -/ (*- y®) ' 

holds good. This is equivaleDt to the assumption that f{x, y) is an ht- 
definite integznl in y, for ahnost all values of x. 

Wo hare tiisn 


’Vy--" - 1' * . ‘ f * Jr !’•*“ d,j: 

if now the order of iTitegraiioti in tlie ro)ioatnd integral may be reversed, 
we hare 

and then, in case J ^•^^-•rfa:bccontimiou8tvith respect toy at the point 
l/a, wehava 

(II. 

We thus obtain the following thcMcm: 

U (1)> J (®i V) is ^71 indefiaite L-intcyrtd ia y, for nlTnosS all valves of x, 

and (2), the repealed intetmUs of — over (he domain 
dy 

[xin(a,by,ya^ySy-{-a} 

have equal wluea, and (.I), j ^ exists and is continuous with respect 

to y, at y „ , then 

The condition (2) is eatisfied in partacular, when {a,b) is finite, if 
summable over tije dommn [*in (o, h); S y S yo + «]• 
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[oil- V 

In case the function/(a:, «) is monotone with respect to w, is 

01/ 

of fixed sign, and in this case the ctmditicMi (2) is necessarily satisfied (see 
§ 237) whether (a, 6) be finite or infinite; we have accordingly the following 
theorem : 


7/ in tlizfmiit, or infinite, domain [x in («»&); J/o^ j/o + a],/(x, y) is 
monokine with respect to y, and is an indejinilc L-integral in y, for almost 
every vahieof x, then, if also J* — -^i^rfa;tscon<tnaoT(s toy at 




348. Tiio case in whiclj (o, b) is a linoar interval, and fi = ee> , may bo 
specially oonsidoied; in this case the condiUon tluit should be 

summabio in the domain (a & x < o> \ S yo ■{■ a) is not sufiloioiit lo 
ensure that the order of the repeated integral may bo reversed; it may in 
fact happen tliat dy does not exist. 

We have 

- «», - Itm J {S(x,yo + ft) -/{*, ffo)} dx 

it being assumed as before that, in the finite domain 
[a&x&X-,yt&y&y,fi-a), 

3y exists and is an ^-integral wth respeot to y, whatever value A’ 
may have, If — is summablc in the finite domain, wo liave 

* 

Tinow lira j*'*’’ ^ 0 (B). 


nnd further, if | 


-dy be continuous with respect to y at j/c wc iinvc 




In case j — dx does not exist, or tlie ct[uation (H) be othcra'isu 
not valid, tho equation (A) still hrfds, and it may in certain eases be applied 


to determine 
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Lebusassume* Ih&tJ {focanbedivideclintotwooompoBents, 

KO tliat J ' = <^ y)+J ^ (*» y) where 4 V) ^ 

that lim I ^ (X, y) dy = 0, and where ^ (*, y) is such that 
I dxj^ dyj ip[z,y)dx. 


We find then, provided J ^(a^3/)dxis 


continuous function of y and 


„thafc(^|^^ -J 0{a:.yo)d*. 


249. In ordinary ejiacs, a. ai>eda] case of Uio criteria of § 241 may be 
applied to establisli the validilj of the inversion involved in Uie use of 
the equation 

nnd then, prodded j '® oonUmious at , with respeob to y, we 

have 


It is thus established that: 

A svJJlcUnC conditiojifoT the diffeKnliabilUy o/J*/(a:, y) dsoaty^, wtdsr 
(ke sign of integration, is that sJiaU converge uniformly for all 

laiiics of y in the interval (y^.y^ + a), and shall be a contiwtntui function of 
y at Ve- 


it may be observed that: 

The covdilion. that j dx ^all be a cotUinuoue function of y, at 

I/j, maybe replaced by the condition that j dx be continuovs, whatever 

value X (> a) -may have, it being asgamed that the condition of uniform con- 
vergence of J gx is saUgfied. 

For J dx J ^ «fa + 1} (y); where 1 >j (y) ] < e, provided 

A' is sufficiently large. 

• Do Is Vnll#u Poussin, j4nti. rf« ii soc-se. de Jntwfto. wl. xvi (I?) (1892), p. 150. 
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[cir.v 


Hence, wo have 

f~ + i _ 8/ l|A> j + 5^ 

^vlle^o I 5 [ < 2c. From this it follows that, for all sufficiently small values 
of /i, J dx — ’S numerically loss Ilian 3e; and 

since « is arbitrary J dx is cootinuous at y^. 


EXAMPLES 

Cl*) I^t 
then 

We 6nd that A J^/{*,!r)*t=^^^ct>3^4tan-i^^; 

thoroforo, at the point ^ j^/(z,t/)dx-'l. The value of (oht 

^4 Un~‘^^, when y>0. artd it ia zero w'bcn ya>0. Rinre tills lD(c(m>1 it not 
cantlnuonn at y^Uii ths conditions of $ 247 for diScreniiatfon under the tigs of integration 
nro not eatisilud alp=0jln fact wo have Tho funotion/(r. y) it discon- 

tinuous at the point (0, 0). 


(2) Oontidor the Integral Sz, where y>0. Tliin integral is not diffoiealitble 

under tlin sign ol integration for any value of y; for eosaydr doee not osdst. 

(St) Tholniegcal J^'ca-y^ itx may be diScreotiated ander the sign of inh-gratlon, for 
every value of y. l^ir it hue been shown in P.x.(<], thatfe 'y)~* hasanA-integralin 
f ho domain (0, 0; A", A). Also (x-y) - IduejaeCaaRdiss tontinuousfenctionof yjlbere- 
fore the conditions of the Uteorcin of 12-17 are boUi satislierl. 

(4) Consider the Integral u ^ ix. where y>0. Tlie integral J" f'”’- 

verges uniformly for all values of y greater than n positive number y,. For, iiilegratinghy 
parts, wo find 


, if X'>X>I, the al»oIulc vnluo of tbe integral on the left-hand aid 


which is <«. if AT be chosen enfficfcntly large. It is clear that is, for - 

oi X, a continuous function of y(>0). for Ibo integrand is Ixiimdcd in tlie 
(0, y: X, y + A), and thus the theorem of §225 is appGcabln. It thus appears thn 
ditions of tho theorem of § 249 arc satisfied. 


* Baraack’s and Ini. Cak., Catlicart’a trausJalion, p. 2110. 
t Jiardy, puartrrfy Jaamal<^ 3Ialb. voL nm flOOl), p. 07 



2i9, 200] Differcniiation with re^&A to a Paramete)- 361 

(5j Ijet /(r,a) have tlio valnes (a-*)J-x,0, (a-arji+s aooocding ae * 50 , whero 
-I <a <li then 

(e*) Tlieintegralj^ /(y±a:)^(»)dr is dilfeentiableuudar the agnot integration, where 
y is in an interval ( - A, A] cithcrii (1). ^ (x)iSBQmmableiii (a, 6 ], and/(t] has a differential 
eoefficient that is hnunded in {n -A,b4-A),octS),it l»tJi/(«)M an integral in (o - A, h +A), 
and if. (xj fa an integrai in fa, A). 

The case (1) is a particular eaaa of tins second Uicotcm of 1 246. 

To prove (2), let (t)=: tbni 

tlie integral on the right bond f>dts nodes case (I), and may tbereforc he differentiated. Thus 


250. Leb (a, 5) now denote & linear integral, and let / (a:, y) be defined 
in the interval (a — e, A 4 e), for all values of ff in eoineliiieuj Interval; and 
let I /(*,y)c/a;bedenotedbyM(y,a,6). 

Weliave ' ^ . 

and thus gj' = Urn j j f{x, y) dx, provided the limit on the right-hand 
aide exists. Tf, for a particular value of y,/{*. y) i« continuous with rospoot 
to X, at z — h, ihe limit on the right-hand «de ie equal to/ [li, y). 

Agafn. if, for a partioiiiar value of y,/(x,y] is, in a neighbourhood of the 
point X “ 6, the finite difierentia) co^cient of a function T (x) of x, w 
liave (fine i, § 4-71) ^ f {x, y) dx F (x) — W (b), ttie integr.al being in 
general a I>-integral ; and thua^ F' {b) =f{b, y). 

The following thcorom has now be^ established ; 

The integral J f {x, y) da has, /or a pariiculttr value o/ y, a differential 
eoefficient rvitli respect to b, cf which the eahie is f (b,y), if either (I). / {x, y) 
be continuous wUh respeU to x ai x ^ b, or marc gancrally (2), if, in a neigh- 
bourhood of X ~ b, f (x, y) is cveryuhire fhefiaile diftercTUial coefficient of a 
function of x. 

The sufficient condition that tiw diSeuonti^ oo^cient of the integral 
■witii respect to a is — / (n., j/) is prccfeely Eimilar. 


I. Yonng.ftac. Ai 9 .S«.(A),Tri. xcuiOen), p. 2S0. 
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251. Sufficient eonditioiiB ha.Te ncnr been obtained that «,//) 
should have, at a particular point {y, a^, b^, partial differential coefficients, 
of -which the values are respeotavely ^ <fx, — /(flo, y],J[bc,y)-, ws 
proceed to determine sufficient conditions that u{y,a,b), regarded as n 
function of (y, a, 5), should have a total differential at the particular point 


should be expressible in the form 7i 
where p, 


If <f> {x, y, z) be a {unction of the three variables x, y, z, it can lie shew-n, 
as in 1, § 309, -where the case of a function of two variables is dcait -nith, 
that, it is sufficient, in order that <fi {x, + h, ijo + k, + 1) —<p (xj, y„, jj) 

T converge to zero as ft, b, f do so in any manner, that ^ 
have doiinitd values at (x^, y^, Sg), and that one of these partial differential 
coofficients, say ^,oxisfsovciywhcrcln60incthrc0'dimcnsionnlneigliboiir- 
hood of {atg, yi), So)> continuous at Sg), and also that anoflicr 
of thorn, say exists in atwo-dimcnsional neighbourhood of {*,, t/o), for 
z = Zg, and is continuous at (a^i, yg)- 


Applying this result to the function u (y, a, b), we obtain the follcnting 
theorems* which are found by replacing in different orders the tliree 
variables z, y, z by y, a, 6. 

/// (x, y) btconliniions vnlliTe^jtectlo is,y)alllis points (Co, yp), {beyii, 
and ’7 J / (*• y) have a parlial- differential eoefftcienl roilh respect fo y, ol 
the point y^, then J f (», y) dxhas a total differential at the point (yo.Op.to) 
unth respect to (y, a, b). 

7/ / (x, y) is, in neighbourhoods of the points ffp, for y = yo. o finite 
differmtial coefficient of some summable fivnetion, with respect to x, and is 
continuous with respect to x at the point (6^,, y’g);®’?<f if further u (y, a, b) has a 
differential coefficient with respect to y wMck is eontinvcnis with respect to 
{y, a, b) at the point [yg, Og, bg), then u {g, a, 5) has a total differential irith 
respect to (y, a, b) at the point (yg, Og, f^,). 

If y,a,b are all differentiable functions of a single variable i, and I lie 
conditions of cither of the above theorems are satisfied, we have 


(yo.®a.i-o) =/(f-o.yg)^ -flflg.yg)-^ + ^ 


See W. H. Young. IV.«n». Cmnfc. Pitl. Joe. vd. xxi(39IO). P- t02. 
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3G? 

OBNERAUZED INTEGKALS 

252. In T, § 389, the gcncroljzcd upper and lower integrals of a fiinction 
have been defined in a manner dependent upon the division of the measur- 
able set.®, the field of integration, into a finite, or enumerably infinite, set 
of measurable pints. The relation of this definition, which is due to W. H. 
Young, with the definition of Lebesgue will here be investigated. 

The following preliminary theorem is required : 

If H br. a closed sol of poutfe, »» p-dimeneions, and {x) be a function, 
darned fu 11, and of mhich V and h (S, 0) are the upper and lower boundaries 
in H, the necessary and sufficient condition that the (p + l)-dtnteJwionaJ set of 
paints (z, y), defined by \xinH,i)£y&fi (z)] should be dosed, is that <jt (z) 
should be upper semf-contfntums tin ike dosed set If. Also the necessary and 
sufficient condition, that the set [x in H, ft (x) 6 [ij should be dosed, is 
tiiai ^ (z) should be lower aetni-eonUnuous in R. 

In the first part of the Uieorem, It is clear that the necessary and 
sufficient condition is that the set of points should bare no 

limiting point (f, jl), such tliat ^ (^). This is equivalent to the condition 
that, < being an arbitisrily chos^ positive number, a p-dimonsional neigh- 
bourhoud of ^ can bo so determined that (z) < ^ (f ] + e, far nil points z 
in that neighbourhood; and this for every point of H. This is equivalent 
to tbo conditdon that 4> (x) be upper somi-conttniious in H. 

The second part of the theorem can be estabhshed. in a similar manner, 
from the consideration that the necessary and sufficient condition is that 
the set of points (z, ^ fz)) diould have no limiting point ({, such that 

5 < ^ (!)• ' 

It is clear that Che condition L&O may be removed, for, if H < 0, we 
can conader the function ^ (z) — L, for which ttio lower boundary is zero. 

253. The following theorem Will be eetabliehod: 

/// (z) 6« a function defined for aU points x, tn a measuTable. set E, of 
p-dimensions, and if E be dimded into two measurable parts JEj and Eg, the 
fiindims /j (z), /j (z) being such that fi (z) =/(*), otier Ei, and fi (z) « 0, 
over E,^: /, (z) -= f (z), over B^, anAf,(x) «= 0, ouer E,; then 

[ f^lx)dx + (. ff{x)dx=l /(z)cfe. 

i(E,) iJB) 

■ Also the corresponding result iuddsfor the upper genmdited imegreds. 

The set Ey can he divided into a finite, or eaumerably infinite, number 

of measurable partaefi, such that [ /j (z) dz — 4^ ; more- 

ita) 

over JIj can be similarly divided into parts e®, such that 
I /,(z)*J-|e; 
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where Jl" is fchc lower boundary of/, (a:)incW, imd/P'is the lower bouiidnrj- 
of /j (r) in e<^). Since ehi and e® taken together forin a set of sub-divisions 
of E into mensurable parts, we see that Sfh'w(eh>) (eP)) forms a 

corresponding sum for the function / {*) in the set E, and this is conse- 
quently ^ I /(z) »ii:: it fnUuiTO that 

[ f{x)dx>{ /,(*)tfa:+[ /,(z)(fi:~e; 

1(E) f<Ei) 

and since c is arbitrary, we ha-ve 

[ / (*) rf* fc f /, (x) dx + f /, (r) dx. 

im /.(EO /<E,) 

In order to prove that this rolaMon cannot be an inequality, let it bo 
assumed that, if possible. E is divided into a set of mcnsurnblo pints e, 
such that 

Sira (c) > f /, {*) dx-h f ft (ir) dx. 

-'(R) 

These seta a willingoncml fall into three classes, those, which contain 

only points of Ei\ those, 9® which contain only points of Et\ and those h, 
whieh contain points botl> of S, and of Bf Thus Sim (c) conHists of throe 
sets of ferioa; let ua consider a term Im (7t). The set h oan bo divided into 
two mensurable parts A*”, and A<”, where A<'> consists entirely of points of 
El, and 7iP> consists entirely of points of £3. The term Im (A) will then, in 
this further sub-division, bo replaced by ffhwt (AUi) + Iffljii {7»Wl), whore 
fi i, and fP’ g 1-, and thus the term hn (A) may be incroaBod, hut cannot 
be diminished. Wc tlius obtain a sol of sub-divisions of E, into measurable 
parts 7ii", and also a set of sub-divisions of E. into a set of measurable 
seta g^-\ 7iP>. It follows that 

HfTOf?®)-!- S7mm(A®)£ f /, {*) dx, 

J<E.I 

and f /,(*) dx\ 

he,\ 

adding together the expressions on each side, and remembering that 
1.1m (7t) s 

we have Hm{e)sl f.{x)ilx, 

which i.s contrary to the assumption made above. It now follows that 

I /(x)dx=‘f /,(z)dx+f /i(x)dx. 
i!E) /cm J(E} 

If we employ u, tlie upper bonndary of Iho function in a set e, iii.slcad 
of 7, a similar proof utU establish the fact tfiat 
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Tte followng coroUaiy follows from the above theorem; 

If f (x) 6e a fuwAion., dotted m a measurable set E, of any nwmber of 
dimensions, and if E be contained »» another measurable set F, and the 
function rj (x) be defined by {?(*)=/ {*), «» E, and g (*} — 0, in P — E, then 

I /(»)(&:=* j (x) dx, onrf | / (x) lia: = I i; (x) dx. 

J(B) J«y) J|B) lir) 

It can be cosily seen that; 

•V /i M S/s {*). </!ert f fi{x)dx^\ J^{x)dx,and 
J (R) 


f /»(*)'**• 

i<ff) /<Si 

For I /j (x) dx is tlie lower boundary of all the sums Su<’' m (e), where 


«(ii ia the upper boundary of/, (*)in «; som is a S«i*)«(e), whore mI*> 
U the upper boundary of/, (*) in (e). It follows that the lower boundary 
in tUo liiBt oaee is not less than the lower boundary in tlio second case, 
Tho second part>of the theorem follows simibtly from the foot that, in 
any set e, S i'**. 


854. It will now be proved that; 

If f (x) be a non-negative fimetion, d(fiwil in a meeunrabk set E, of 
jinfte nteosttre, the upper, and the loiocr, j7cneraJ»aeo! iKteyraJs off{x) over B 
are equal, respecHveh/, to the exterior and interior measures, of the (p + !)• 
dimensional set of points [z, y), defined 6y[*in.E, OSys / (x)} . 

Let if bo a closed set, contained in E, and let 4 M ^ 
ooutiniious function, defined inE, and such that 0 S 4 (le) £ f (x). It has 
been shewn that the set [x in if, 0 S y S ^ (x)] is a closed set, and it is con- , 
tainedin the set [x in E, 0£y S/(*)]. 

It will first bo shewn that the lower genewdized integral of 4 (*), over 
E, is equal to the measure of the oloeecl sot [x in //, 0 S y £ ^ (x)] , wliich 
will be denoted by Ht., It is bnpos^lo U»at [ ^ (.v) ix> »« (//«); for 

if this inequality held good, could be divided into a finite, orenumerably 
infinite, sot of measurable parts such that £i, _«.(«,) > m (S*); where 
1,, denotes tho lower boundajy of ^ (x) in e,. A finite number », of these 
seta e,, could be so determined that £ (e,) > m (fif*); further, in each 

of the sets e. (t = 1, 2, a closed component /, could be so determined 
that S whotel,, might havoagrcatervahie than before, 

when it is taken to refer to /. instead of e,, but could not have a lessee 
value. The set of points (*, y) such that x is in (/,), when t — 1, 2. ... n:. 
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and 0 £ y^h,’ is acloaedsct.contsHnedin/f#, and it would have a measure 
greater than tliat of II which is impossible. It has thus been proved that 
4> (k) dx & m ; and it will now bo shertui that tWs relation cannot 

hti'i 

be an inequalitj'. For, let it be assumed, if possible, that 

«(//«)>/ ^ 

Ipn 

and let the net (o,, c,, ... o„) befitted on to the linear interval bounded by 
the lower and the upper boundaries of ^ (*) in R ; let e, denote the measur- 
able set of points x, such that a,-i (x) < a^, for r = 1, 2, 3, « — 1; and 
let c„ denote the set for which Or_jg ^ {x)£a„. We may take tlio netRiicIi 
that the hreadths of all its moslies are loss Lliaat;. Thenm (//#)]ies hotween 
II a,_j»i (e,) and h Qrm(e,), which arc tlto measures of sole contumed in, 
and containing Ht, rospootivoly; and tlresc measures differ from one 
tinotlmr by less than ijm {H). Choosing 17 siifiiciontly small, we now sec 
that 2 a._,rn (c.) > I A (x) dz; thus w« have, sinco a,_, is the lowor 

T-\ f{») 

boundary of ^ (x) in Die eel t,, a Anile sot of measurable parte of 11, buoIi 
that (e,) is greater than J ^ (x) Jx, wluch is impossible. 

It lias now been proved that m (Ht) = j iM dz. 

im 

The cose ivill first be considered in which f (x) is bounded in E. From 
the tlieorem of | 2Sd, we have 

I ^(x}rfx-f ^{x)<ix+ f i^(x)rfx 
J(Ej 1(11) l(s-m 

=‘m(Ht)+( 'f‘(x]dx; 


the second lower integral on the right-hand eide ia less than f7w (E — II), 
where U is the upper boundary of/(x) in K\ and this will he arbitrarily 
small, since H may bo so chosen m (fi — //) is arbitrarily small. The 
interior measure of the set (x in £, 0 £ ^ £/(x)l ia the iqiper boundary of 
tho measures of ail closed sots mterior to it, and is consequently the upper 
boundary of m (Ht), as t?i (//) converges to m (E), and for all upper semi- 
coiitinuoKS functions (x), such that 0 .s ^ (x) £ / (x). For any closed 
set contained in [x in FI, 0 5 y s / (x)} has for its section by a y-ordinato 
a closed set of which the upper and loww boimdaric.s uro ^ (x), (x), ■'vliere 

rfi (x) is upper semi-continuous; and the measure of such a set is clearly 
not greater than tliat of the8ct[xiB£, 0£y£^(x)]. It thus appears that 
the interior measure of the set (x in £, 0 £ y £ / (x)] is tho upper bouniliiry 
ot f 4, (x) dx, for all functaoim ift (x) which are upper aomi-continuouR, 
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and such that 0 S ^ (a:) S/ (ij. Let^ (*) be so determined tiiat the interior 
measure of tho set \z\a E,0^ y (x)] exceeds j if> {x) dxhy less than 

«; since j f (x) dx ^ I i^(x)da:, it iollowB that the interior measure 
i(E) 

of f.r in 0 S y s / {x)l S | / (a) «fa: + e, thus, since e is arbitrary, it is 

J(B) 

S ftx)dx. It is imposmble that this relation can be an ineauality, for, 

1(E)' 

as before, if it were so, a finite set of parts of E could be so determined 
that S f,m (e,) would be greater than the interior measure of tho set [x iu 
E, 0 S y £ / (x)] ; and by taking snitabie closed parts g, of the sets c, , wc 
should have f f, in (y,)> the utterior measure of [x in 0£yS/(x)}; and 
thus lliis last set of points would contain a closed set of measure greater 
thao the interior measure o! tbe set itself, which is impossible. Therefore 

1 /(*)At is equal to the interior measure of the set laixiE, 0£y£/(»)], 

J.(n 

Lot uB next consdoi the funvtiun U --.f (x), then | (1/ — / (x)} ds is 

theint^or measure of tho set (x in , 0 £ y S Cf which is equal 

to the excess of Um (_E) over the exterior measure of the set 
fxin,ff, Os yfi/{x)]. 

Also j {[/ — /(x)) ix is the upper boundary of sums S (17 — it,} m (e.), 

or t7m (E) — Su,m(e.); and is thus equal to Um(E) — f /(x) dx. It 

J(B) 

now follows that j f(x)dx is tbe exterior measure of the eet 
[xin^,0SyS/(x)]. 

The theorem has now been established for the case in which / (x) is 
bounded in E', we proceed to the case in which it is unbounded. 

• If I /(x) dx has afinite value, amodeof divirion of £into measurable 

■'(E) _ . . 

sets e, can be ao determined that S «,?» (e,) — J / (x) dx = &e, where 0 is 
such that 0 S 9 < 1 ; e being an arbitrarily chosen positive number. 

The numbers m can be divided into two sets, those, wf*' which are S 
and those, which are > where Ifo is an arbitrarily prescribed 
positive number. 
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Tims 1 K.mW- S«|”tn(e.)+ S 

and the sum S {«,■), being conveigcnt, can bo expressed by 

‘ H- 6‘f. 

where 6' is sueh tisat 05 O' <1. Let N be greatest of the s numbers 
where i' == i, 2, 3, Amaigamoting the two sums 

we have a single sum L v, m (e,), where all the numbers u, are & K. M'ls 

have now, in this new notation 

X».to(c.) •‘rO'i — ( f(z)dz = 8e. 

.-I J{B) 

Lot F denote the set L e.; this set f is a measurable component of 

E. Consider I (*) ilx, wJierc (») is the function do6iied by 

J (F) 

/■'*■>(*) =/(»), when /(j:)SiV; and when f(x)>N. If 

S a, ?u (e.) — ( (*) dx > t, the set F may bo divided into a set of 

.-I .'(D 

moBSurnfalo ports such tli.at i ii,m (^) — / dx => O’f, whore 

.-j hn 

OSS’ < 1. The set F has been divided into parts «, (t 3,2, 3, ...) and 
.= s I,s + 2, ...); thus 

or f f /(*)<f»-2s. 

■'lF> J(B) 

Now, by tlie corollary in § 244, the upper generalized integral of/*''* (x) 
over J" is equal to tliat, (nerE, of the function which has the values (x) 
in F, and the value zero over E ~ F, and tliis cannot exceed the iijipcr 
generalized integral of /t'^) (a:) over E. 

Therefore [ /*'''•(*) <£c £ f /te)«£c — 2e. 

J(KJ }(Bi 

M , wc have 

lim? (*)«/*£ [ f{x)dx. 

A''*.'(£) Jl£) 


As « ~ 0, A" ~ 
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It is impossible tliat this relation can be an iaequalit3', for, if it were so. 
jV could be ohostm so large that 

J /lx)dx, 

J(B} J (E) 

which is impossible, sincQ /Wi (ar) sf (x) (see § 244). Therefore 
f /(x)dx=‘lbn f /f^'}(x)cir. 

/tE) 

Now I (x) <!x is the exterior measure of the set 

The exterior measuro of the set [z in 0 £ p £ / (z)] being defined as the 

limit of the exterior measure of [z in 0* y S/^’*(z)], os hf to , it has 

nou’ been shown that J / (*) dus is the exterior measure of the set 
txiD£!;0£y£/(x)J. 

In a similar manner, it can be shewn that J /(x) dx is tlie interior 
measure of the set [z in B\ OS yS/(z)}. 


25S, In accordance with the definition of a generalized integral given 
by W.,H.. Young (i, | 389), the integral j” _ /(*) dx esdste when, the upper 
■ and lower integrals have the eaioo value, us consiclor the case in wliich 
f(x) S 0; the case of a function which is not necessarily positive, but has 
a finite lower boundaiy is at once reduced to the case in wliich / (») & 0, 
by adding to / (*) a properly chosen coMfant. 


The integral / / (z) dx exisls only when the upper and lower general- 
1 (E) 

iMd integrals have one and the same finite value. It irill be shown that, 

when j / (z) dx exists, so also does I (z) dx, wheru has anv 

'lE) .<(8) 

positive value; when/ (x) is bounded, N may, of course, be restricted to 
have no value greater than the upper boundary of / (*) in B. 

Let B' be a number grcoler than Af; then B may be divided in four 
different ways into measurable sots eW, e®, e®, «<'*, so that 


OS (c®>) — f f^l(x)<lx<e, 

OS- f /d*) (z) dx - Sl<^m (c®) < v, 
Jjp) 

J(X) 

os I fitnfx)dx-SP^m {£*»)<(. 
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If we define the set as the set comraon to all the four sots ej,**, f*’* 
ef, the division of E into the sets may be concoivod of ns a con- 
tinuation of each one of the four sets of sub-divisions employed above- 
and the four inequalities will all be strengthened by the adoption ot (his 
ne^v method of sub-division of E. It is thus seen that there exists a set 
of sub-divisions of E into measurable parts e, such that, for Uiis syelciii 
(e), the four conditions are satisfied that 

j yW (ar)d* •» S-KJJt («) — (?£, 

f /•’* (a5)rfa;« Zfwi{«) -r 8'e, 

hci 

[ (®) rf* - Stt'm (c) - eu, 

Um 

[ /wi(*)cfa = 
f (B) 

\vhei« 9, 9', 6", are all in the interval (0, 1), end u, I denote the upper 
and lower boundaries of /•'**(*), in c, mid also V denote the upper 
boundaries of (ar), in e. 

Wo hare now 

= S (a' - 1 ') m (e) - S {tt - 0 m (e) - {$" + 9‘" -0-8') c. 

In case e consists entirely of points at which =■ S, we have 
•!i = f = — y > 0 ; if e contains no points for wliich (*) >= wc 

have u = «', 1 = 1'; and, if c contains both species of points, wb liavo 
I' = I, it' Z it. Thus, in all cases u' — 1' — 1; and the number 

S (it' - D 7» (e) - S (« - « m (e) 

is accordingly positive or zero, for each value of t. If e no«’ converge to 
zero, it is seen that the expression on the left-hand side of the nbovoequation 

is certainly S 0. Therefore / {x)dx— [ far) dx is a monotone 
het iw) 

non-diminisiiing function of AT, as ill is increased. 

It now follows that the excess of the exterior over tliB interior meaFurc 
of the set [z in 0 S i/ does not diminish as N increases. If, 

•when A’ is infinite, tlii-s difference is zero, it follows that it must be zero 
for every value of A'. 

Thus, if f / (z) <ir exists, so also does f /«'''» (z) dx, for every positive 

•'(E) J(B) ,, T 

value of N, and aU the sets [xin E; OS y ^ (z)] are men.siirablc. in 
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accordance wii.h the theorem established in i, § 427, the section of the set 
[i in 0 £ t; £ (i)] by y m is laeasorable, for alnvost a!l values of 

N in the interval (0, This section is congruent rvith the set of those 
points of E such that / (*) S N, and £ N. Therefore, for almost all values 
of ’N , the set of points for which tl £ (*) £ IV is measurable; and from 

the theorem establislied in r, § 383, it foUomi tliat (x) is a measurable 
function. Since this holds for all values of N, it follows ibat / (a) is 
measurable (see i, § 400). 

It has now been proved that: 

For any bowuled function f (x), ami for any function with a. finite, lovier 
hawniaxy, ilte definition of an integral givm in i,^3S9, is completely e^dvalent 
lo the definition of Zebeegtie. 

There remains for consideration only the ease in which/ (a;) is unbounded, 
b'oUi in the positive and tbo negative directions, in the measurable set E. 
Lotitbs assumed that J / (#) »is has afinite value; and consider Z Mim.(e.), 
for any set of sub-dividone of E into measurable parts, suoh that, in each 
part, «. is finite. If S v,m(e.) is not absolutely convergent, the terms of 
the serioe ean he so rearranged that the series diverges to - os (see § S6) ; 
and in that case the lower boundary of S m (ej, for all possible atsts of 
sub-divisions of E, would not exist ns n Unite lunnher. Tiisrofore the series 
Zi<,m (s,) must be al>so]ntcly convergent; and it con be atTanged as two 
scries, consisting respectively of positive, and of negative, terms. Let 
/+ (a) denote the function defined by/» (*) =/(*), when/(x) S 0,/+ (*) •= 0, 
wlien/(ai) < 0; and let/. {*) deoote the function defined by /_ (xj =«/(®), 
when/ (*) £ 0, /_ (*) >» 0, when / (*) > 0. Tlie value of j /* (») iZ* is defined 
as the lower boundarj’ of the sum of the positive terms of S «, m (e,), when 
all sets of sub-division of E arc considered; and J/_{r)dr is the lower 
boundary of the sum of the negative terms of S (e,); and both these 

loivet boundaries are finite, since ( f{x)dx is a.6sumed to exist. Sets 
J(S) 

e, cl^l, c<*> of Bub-diviaions of E can be so detennined that 

S,..m(e0-7 /M*:, /,(»)*, 

-1 f(B> -1 Hh) 

«n4 /-(»)*, 

—1 im 

arc all three in the interval (0, e). K we take a ne^v set of sub-divisions of 
E, of which the type is the set of points common to c^, we obtain 
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a, sub-division of E, whioii is » continuation of each of those above 
employed, and for Tvhicli tlie three conditioDS 

OS Eti,m(c,) - f f{x)d!C<e, 

OSSu,»n(e,) — f f^{s)dx<e, 

04 (e.) — ( /_(«)<&:< e, 

J(EI 

hold good, where in the second inequality, only the positive values of ii,, 
viz. u. are taiceii, and in the third inequality, only the negative values of 
M,, viz. fj. are taken. Wo thus find, since 

Zu,m(e,} »» (e.) + Tff.m (c.), 

that j /+ (*) d* + [ ^ (*) dz differs from j f (*) dx by less thnn e, 

Since c is arbitrary, it follows that 

f /*{x)d*-l-f f{x)dx. 

J (S) J (B) J (K) 

Similarly, assuming that I f (x)dx has a finite value, we find that 
JJS) 

f ^(*)(£e+[ /.(z)dx-l j(a)da. 

i(S) i(E) i(S) 

We now see that 

!s the sum of 

I ^ /+ (*) dx — j (*) dx and j /_ (*) dx — J ^ /_ (a) dx. 

All three of thoso arc g 0; it thus follows that, if J /(x) dx exists, in 
accordance with W. H, Young’s definition, eo also do J _ /+ (x) dx, and 
[ /_ (k) dx. ' ’ 

J(E) f J 

It now follows, sincc/4 (x) has a finite lower boundary, that j^^/+ {x) di 

and I /_ [x) dx exist as I,-integral8. having tho same values as boforo. 
J(B) 

Hence [ fteldxistheeumofthetwoi-intogralB f /i.(x)dx,j /-(xidz, 
J(E) - 

and this sum dofinc.s the fS-integral J /(*)da:. Therefore, wlinn/(x) has 
a generalized integral ovor E, in accordance witli the definition in i, § 389, 
it is summable over E, and tiie ^-integral has tho samo value as tho gener- 
alized integral. 
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Coiivei'sely, let it be assumed thst/Otr) issummable over E. lu. accord- 
ance with the definition of tbe L-\oSx^t^, given in i, § 388, if e, is the set 
of points at which o,_j£/(»)<o»., the two sums Sa,_im(er), Sarni(e,) 
differ from one another by less than ipn (E), and the i/-iii(*gral j” f (x)dx 
is between the values of the two sums. If denote the boundaries of 
/ {x) in €r> we have u, £ a,. U| £ a®d it follows that 

S u,m, {€,) — S (e,) < 17m (B). 

Moreover the lower boundary of StirW {«,), and the upper boundary of 
S (a,), for the eyaictn of note ooirosponding to a sequence of values of 

1 }, converging to zero, arc both the I^integral j f {s) dz. It then follows 
that 

f J(x)d3:s.l /{*)(£*, and /" /(*)<&£/ /(x)dx. 

HBi /«} J<E) /(B) 

Sines J (x) dx S (*) <&, it follows from these relatione that 

I / (x) dx ^ I / (x) dx ” /(a)dx. Therefore the generalteed integral 

ME) .^(E) f(E) 

of/(x), over /(>', exieta, and lias the value of the /.-hit^ral.- 
The theorem lias now been completely established, that : 

• The dtjihiiicn of an integral, of any function, bounded or unbounded, over 
amiuiiniTabheelE,offiniiemeiuiitTe,g{ventni,%S9'J, is completely equivalent 
to the definition of Lchesgue: 

JloreoVer, utilizing. results obtained in § 264, we have the following 
theorem; 

The lower generalized integral of aftm%-negatit>e fwKtionf (x), defined in a 
measurableselEof finitemeasure, istkeupperboimdaryofihe lower generalized 
iulegrals, orcr E, of alt upper semi-eoniinuoun functions <ft (x), defined in 
E, and such that 0 5 ^ (x) -5/ {x). 

If the hounded f luietion/ (x) be no longer rcatiiotod to l>n nou-negativo, 
a number c can be so chosen that f{x) + c is non-negative, and if ^ (x) 
be any upper semi-continuous function £ f (x), the function (x) + c ■will 
also be upper semi-continuous, and£/ (x) -f c. Applying tbeabove theorem 
to the function f (x) -ho, it is scon that the upper boundary of aO the 
integrals I {i (x) -h cldxis I {/{*)-f-c}rfx, and hence that I di(x)dx 

ME) _/<B) i(E) 

lias for its upper boundary I f (x) (£1;. Thus we have the theorem that; 



374 


Scqueneei 0/ Integrals [cn. \- 

/// (a^) beany bounded function, defined inlhe measurable. sntE, offintle 

measurejhelowergencralhedintegralof f{x)ooerlheseiE is thenpper boundary 

of the lower generalized integrals of all upper semi-continuoits funclion.^ tk- 
fined in E, such that ^ (x) sf{x). 

Tf wo make use of tlie fact that the exterior measure of a (jj + 1 ). 
dimensional sot is obtained by subtractiiig the interior measure of tlio 
complement of the set with req>ect to a (p + l)-dimonRiona1 cell whioli 
contains the set from the measnre of that cell, we obtain the following 
theorem ; 

If f (x) be any hounded Junction, defined in the measurable scl B, offmilc 
measure, the generalized upper integral of the function over E is the lower 
boundary of the upper generalized integrals of all lenver semi-amiinuovs 
functions, defined- tn E, such ihal f (*)£/(*). 


THE UBTEOD OF MONOTOHE 85Q17EKCRS 


2$€. A method of investigating properties of integrals, depending upon 
the use of integrals of monotone sequences of fxmetions of spoolsl types, 
has been developed* by W. H. Young. Tliis method consisis of the ex- 
tensions of properties of the integrals of the functions which constitute 
the monotone sequence to tho integral of tlie function f.o which the mono- 
tone sequence converges. A general account of this methodwill bo given hero; 
it Is possible to use this method conversely as the bosis of a general theory of 
integrfi.fjon of all functions capable of analytical definition. 

If / (x) bo a> hoiiiiclcd non-negativo function, defined in a mensurable 
sot.^, of finite measure, it has been ^l^c^vIl in §255. that / (*) dx is tbe 


upper boundary of the integrals j" f (*) dx, for aO upper semi-contimious 
functions ^ (*) such that ^(a:) £/(*). It will be shewn that 4> (x) is sum- 


mablc in E, so that j J>{x)dx'^\ A (*) dx. 

J(B) 


It should be observed that there is no loss of generality in resfricting 
the functions <f> (x) to be non-negative. For, if (i) be any upper ?emi- 
cnntiniimiR function, it reinains so if all its negative values be changed to 


If {H„} denotes a sequence of closed sets, contained in E, and such that 
each set of tlie sequence is cemtamed in the ne.vt, the sequence can bo so 
determined that, if be the outer limiting set of tho sequence, 

* See “A neff method in the tbemy of into^ea^on,” Pros- Koivl. ifath. Soc- (2). val. IX (IPIO), 
nlso “The smeral theorj- of integrathm.” Fka. Traru. (A), vnl. ccix (IW5). «« (nrlhct 
o/A/offi, vol. X3%-n (1907), p. 148 ; FnK. Comt. PkO. 8<K. vo). nn [I90S), p- 520; Proc. 

Malh. Sx. (2), Tol. VI {190S). p. 298; *nd Pndia, toI. CT.Xit (191(1), p. W, 
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It is known (see i, §230} tliat ttie set K„, ot points of at wMcii 
^ (a;) S a, ia closed, whatever value a may have. Tlio soquonco {,K’„} has 
accordingly an outer limiting set K^, which ia meaanrabic. Each point of 

at ^7hich ^ (x) £ a is contained in Jl„, for some value of n, and for all 
greater values ; and the sot of ptnate of at whioii (g)^ a is measurable. 
The set ot points of li — if. having measure zoro, the set of points of 
£ — if, at wluch ^ (x) a a has measure aero. Therefore the set of points 
of a), which ^ (x) £ a is measurable; and thorofore^ (x) is enmmsble in E. 

If/ (x) be any bounded function, it can be reduced to a non-negativo 
function by tiie addition of a suitable constant. Tt has therefore been 
proved that: 

jf// W bounded fatclion, defined in a measurablo set E, of finite 
measure, of any number of dimensions, the lower generaliicd integral of f (x) 
over E is equal to the upper boundary of the integrals of all upper semi- 
continuous functions, defined- »» B, and such that / (®) S ^ (x). 

If the function U — /(*)becon«dftrcd, instoad of/(.r), it can bo shown 
at’once that; 

The upper gcneralizedinlegral of the bounded- function f {x) over E is equal 
lo ihe lower boun/lary of the integrals of all lower semi-ecnlinuous fwictiotis 
(x), snc/i (/taC i/'(x} &/(s;}. 

867. A eequenoo {^„ (*)). of upper scmi-contimioushinotions, onii he so 
defermined 'that Hm i i„{x)dx= I f(x)dx. It '^vjJi bo sliown that 

J{F.) 

the soquunuo (x)} can be so determined os to Ixt monotone. Taking the 
t'wo functions (x), (*). let Xf>*i (*) b® the function which has. at 

each point x, the value of the greater of the two functions (x), (x). 

This function. (*)i8 upper seini-continuouB {ace § 111 ), and it is S/(x): 
moreover j ^ [ ^**,(x)<?x. Starting with s^i(x), (x) a 

monotone sequence (x)} will be formed, which has the same property, 
inrelationto / (x] <fx,nKihc original Bcqucnco. It has thus been shewn 

J(SI 

that: 

A monotone non-diminishing sequence of funclions, qH •upper serni- 
conlinuous in the measurable set E can be so d^ennined tltat, if (x)} 
denote the sequence, lim j •f>^ (x) dx = ^ / (x) dx; where f (x) is any 
bounded function. Moreover if>„ (x) S / (x).~ 

In a biinilar manner, it can be shewn Uiat: 

A monotone non-inereasing aequence'af fimctions, cdl lower semi-con- 
linuous in B, can be so determined Utat, if (x)) denote Ihe sequence. 


lim f tli,{x)dx’= I f.{x)<Lr. 

n— »J<B) Ub 



376 


Sequences of Integrals [cu. v 

The monotone sequence of functions (r)} will converge to a funotioti 
(a:), which is an Zit-function (see § 111), such that (z) ^ / (z). Since 
I (z) 1 is bounded for all values of m and x, we have 

r O (z) <ti; lim f A^{x)dx-, 

J(S) »-<».'(£> 

and therefore I d> {*) <£b = 1 /(*) dx. 

JCS) J(B) 

The fimctaou O (z) may be termed a bounding Iii-function of/ (i), 
SimOarly if V (*) be the lower limit of the sequence (z)}, of lower 

semi-continuous functions, we have | T (z) dx = I f (z) dx-, and 4' (z) 
■’ (CT J (E) 

is a hounding w?-function of/ (»). 

In case/ (z) is Euromablc in E, we have 

f '}'(x)dx=f f(xidx~f «>{z)rfz: 
i(C> J<s> J<E) 

and since ’i'' (z) g/ (*) g O (z), we see that T (z) “/(z), almost orery- 
whero, and O (z) = / (z), almost everywhere. 

Thus it has been shewn that: 

W^en/ (z) is summadle in E, functions 4> (z), *1' (z) uihkh are bounding 
lu-fmclions and bovnding nl-funclione of f (x) are such that almost every- 
where in E, ‘^{z) =T{*) =/(z). 

The functions 4’ (z), (z) are not unique, but it follows from this 

theorem that two ftinctious which are both bounding uf-funcUons of/(z} 
differ from one another only at points of a set of measure zero. A similar 
statement apphes to two bounding Iu*functioDs. 

258. It tt-illnowbeshcwnthat,if/(*) beaboundedaummablefiinelion, 
defined in the measurable set E, a bounding iu-function and a bounding 
uf-ftinction of / (z) can Iw constructed. 

If V and L are the upper and lower boundaries of / (z) in E, let {L, U) 
be divided into n equal parts of lengths {U — L)ln ; and let a, denote 
E ■¥ ^{V — L), where r = 0, 1, 2, ... n. Let y, denote the measurable set 
of points of E at wliich / (z) g a,. The sets 'Ja-n 9a such that 
each set is contained in the next; closed parts ... hn of the sets 

?n-2! ... ?o he determined, each one of whicli i.s contained in the 
next, and such that m (jo) —m (S,) is less than -. 

Let the function (z) be defined by means of the specifications 
tfi„ (z) = o„_, in A,.,; (z) = in — A„_j, ... , 

(z) = Q, in hf — ...;^n (*) = Oi in f'l ~ 7;.; 

and (z) = ffo = j[r, in all the remmning points of E. 
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Let the fimotion (a) be defined by jne^ie of the Bpeoifioatious 
(*) =- a, in A, - Ai; (ar) = «ii in - Aj, ... , 

>l'n{x) = o„i in A, - ...; (i) = a„.i in A„_s - A„.,, 

and <li„ (x) =‘a„s U in all the remaining points of E. 

The function qi, (a:) is a -tt-fnncrtifBi, end ifi^ (x) is an f-ftmetion; the 
sequence {i^„ (x]} is monotone non-dimhiuiIiiDg, and the sequence {i^„ (x)} 
is monotone non-increasing. Moreoivar (*) — (x) = ~ — except at 

points of a. set of measiire less than i, at which ili„ (x) — ( 2 ) — f7 — L. It 

foItowB that, except at the pennts of a set of measure 2 ;ero, we have 

<J> (a) « lim (*) lim 4>a (*) “ '1' (*)• 

Moreover 0 (»), '1' (®) are both equal to/(*), almost everywhere iu E, and 
aro thus bounding Ju- and wJ-functaorw, corresponding to f [*). 

In case the set £ ie a linear interval (<z, b), and the function / (x) is 
monotone in E,' the semi-continuous functions 4n (^)> ’Pn (*)> constructed 
as above, ore also monotone in (a, 6). Let / (x) be monotone non-diminish- 
ing, then the sets 9n-i< 9i>-t> (ft con^t of intervals (iXn-L> &)> (Ufw-ai f>)i 
(oe, 6) which aro dosed at the end-point h, but not nccessoiily ut the end- 
points Qn-i,,a„-a, ... <zo- The clo^ sets An.j, K-o> maybe taken to 
consist of the closed intervab CfU-i. 6} (fin-tt !>)• — (figi f*). each of which 
is contained in the nest; when; ^0 — u<-. The funobion <^n a„_] , 
when ;8„^i S » a &; ( 2 ) — o„.t, when (») “ flf. when 

fi,Sx< <p„ ( 2 ) >1 a, when aSx< fii. Thus (x) is monotone hon- 
dlminishing, and is constmit in each interval -of a finite, set. A similar 
remark applies to the function (x). 


258. There remains for con^derafion the ewe of ah unbounded sum- 
mab!efunction/(x). TLr8tIet/{x)£0,tlienf /(xldxis lim | /'•''.’fxlda:; 

where is a monotone divetgent sequence of positive numbers, and 
fW ( 2 ) ig the function which has the value of / (x), when/ (x) S N^, and 
which has the value N, when /(x) > Jif,. Let (x) be a bounding fit- 

function for the funotiem /W (x), then \ O, (x) dx = \ (x) dx ; 

•'(m . .'(E) 

and thus we have I / (x) dx = lim I 4>, (x) dx. 

J <EI J CE) 


Tliat the hounding functions (x) for the functions /i^.i (x) may be 
so determined that {Ci, (x)} is a monotone non-diminishing sequence is a 
consequence of the following lemma; 

(x) are boicnded smutmiblefajiclions such that /<'• (x) */<*> (x), 
in E, then the corres'ponding benmding bt-funetions ifn't (x)^ (x) can be so 
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delermined lltal (*) £ {*). Similarly the corresponding bounding til- 

funciions ’ri‘> (s), (x) can be so determirted that M'l'* (x) £ (x). 

Let Of’i (x) s= lim <l>®*(x) = lira (x); where 

(*)} are monotone non-diminisMng sequences of it-furotions. A new 
monotone sequence (*)} of »-fuiictioii6 con ta so dolermined that g„ {x) 
Jias as its value, at each peunt, the greater of the two functions 

(x). At any point at which (x) differs from (x), it is equal to 
(x) and is therefore < (x), and therefore also S /i-' (x). Also ainco 

(x) S (7, (x), [ I o*(x)<fa:; and thus 

J(E) J(E) 

lira J 5l„®'(x)dx= Um I o'„(x)rfx, 

since the limit on tlio loft is the highest possible. Thus tlio soqiionoe {g, (x)} 
may be taken Instead of the sequence (x)}, in which case we )jave 
(x) S (x), or O'** (x) s d>'** (*). The second part of the lemma may 
bo deduced by means of a change of sign of the functions. 

It hns now been shewn that there exiata a monotone non-diminishing 
sequence {<l>, (x)} of hi-functions such that f / (x) rfx = Hm <l>r (.r) dx. 

■ (K} r~'aJ(IS) 

If <1> (x) is the limit of f<lv (^)li it is an lf»-functioQ, i,o, an fu-funotion, 

I'lius, iff (x) bo n posdtivc unbounded siirumablo function, tliuro osisfs 
an l«-funotion (x) such that the integrals of / (x) and of tl> (x) over the 
set E ato identical. 

If / (x) bo an iinboimdcd summablc function having Ixitli aigiiB, it can 
be expressed os the difference of two positive summablc functions, and 
J / (x) (lx can be expret«ed as Iho difference of the integrals of two la- 
functions, or as the sum of an fit-function and aid-function. Tlierefme/(*) 
can be replaced, for the purpose of determiniug its integral, eitlicr liy an 
idit-fuiiction, or by a. fuf-function. 

260. Tlie process of dctlncing propcitjcs of integrals of suramahlo 
functions from those of the integrals of continuous functions, or even from 
thoso of finite polynomials, consists of the following stages, in each of 
which a monotone sequence is employed. 

(1) Let ^ be a closed .set of points in any number of dimensions, and 
/ (x) a continuou.s function defined in S. If A bo a fundamental coll wJiich 
coritains E. a continuous function may be defined in A whioli lias at every 
point of E the value of /(x) (see 1 108). Applying to A the theorem of 
§ ICl, a monotone sequence of polynomials can be constnictcci wliich 
converges in A, and tberrfore in B, uniformly to the value / (x). It f hen 
follows that J / (.v) dx is representable as lim J P„ (x) dx, where (Tn (x)) 
is the monotone sequence of polynomials. 
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(2) If / (*) be an upper semi-conliiHioas bounded function defined in 
the measurable set JS. there exists (aee | IDS) a monotone non-increasing 
sequence { /„ (r)}, of continuous functions wMcb converges to / {x). Then 

/ / (s') the value Jim / f„ (*) dx. 

J(B) 

Similarly, if/ (.r) be a bounded {-function, bbero exists a monotone iion- 
dirninishing sequence of continuous functaons /„ (r). such that 

liro ( f„(x)dx‘~ f f (a:) dx. 

H—oJlB) J<E} 

(3) 'If/ ( k) be any bmindcd function, sutniuoblc in the rocasiirable scl> 
JH, there exists a monotone non-diminishing sequence {if>„ {x)} of ■7i-functjonB, 
such that j (*) dx-^ lim j d>n (*) dx. 

Also there exists a mrmotune non-inoreasiog eeq^ience {\li„ {x)}, of /- 
ftmetions, such that f (x)dx lim 

Thus/ (*) can beroplnoed, eitliorhy anfw-funeUot!, orby a7i!-fuiiutioii, 
without alteration of the value of its integral. 

•_ (4) Jifix) bo an unbounded function, suromeblc in tJie moasurable 
set E, tho function /(( b) may bcTbplaeed, without alt ering tlio value of its 
integral, oither by a {td-fnncl.iou, i.e. by the limit of a mouof.onc non- 
diminishing sequence of ‘r/f-fimctione, or by on ufu-funotion, i.e. by tho 
limit of a monotono non-increasing seq«>ence of tv-funotions. 

It has been pointed out by W. H. Young that, starting with tho 
definition of the integral of a continuous function (or even of apolynomial), 
the integral of a ii-f«netion, or of iwi Z-fiinctlon may bo defined ns the limit 
ol the integrals of tho continuous fiinctious of tho monotone eequoncos of 
continuous functions ^vbioh converge to tho te-funotion or tlie {-fimdtinn. 
Similarly the inti^al of a td-fnnetion, or of an hi-funetion, is defined as 
the limit of the integrals of the I-fnnciaons, or of the tt-functiona of the . 
monotone sequence which converges to tho giijen td-funotion, or the given 
{?i-function. Tlio integral of a bounded aummablc function is then defined 
,as that of either the ui-function. or tho {«-fiinction which is equivalent to 
the summabic function. Finally the intcgcal of an unbounded aummablc 
funciion may be defined as equal to Uiat of the equivalent ulw-funotion, 
or of the eqmvatent Zui-function; the int^ral of cither of these latter being 
defined as tbe limit of the integrals of the «{-fancUons. or of thcZii-functions 
of the monotone sequences which converge to them rcapectively. 

In this miunnor the method of monotone sequenceB is employed to 
build up successively tlie definitians of the integrals of the successive types 
of functions. Examples of the application of this method have been given 
by W. H. Young*'. 

• Free, Land, iralh. Soc. (S), voL n (IBID). 3B-50. 
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TONELLl’S THEOSY OF INTEGEATIOK 

261. Lebesgue’B theory of integration depends upon the theory of 
measurable sets of points, and this theoiy makes use of tlie midtiplicafive 
axiom, as has been seen ini, § 130. A mode of defining the infcgra! of a 
function in a finite interval has been developed* by Tonelli, which is 
independent of the general theory of the measure of sets of points. This 
independence also appertaina to the theory of integration suggested by 
W. H. Young (§ 260), in whicli sequences of scmi-continuous functions are 
employed, and in •which the definition of an integral ultimately depends 
on that of the integral of a continuous function. We proceed to give an 
account of Tonelli’s theory of integration, which also consists of an esten- 
sion of the notion of the integral of a continuous function. 

A set A, of non-overli^piiig intervale contained in the interval {a,b), 
is spoken of by Tonelli a-s -fAwrintcrwilU)', the set A may contain a Dnito, 
or infinite, number of distinct inlervals. Tbo intervals of the set A may be 
either closed or open ; an interval a s x<a, or an interval ^<zsb, 
of which a and b are end-points, may be regarded as open. The sum, oi 
limiting sum, of the lengths of the intervals of A is taken to be tbe length 
of A, whether the intervals are closed or open. 

A function f (a), defined in (a, b), « said to be guast-ecmttnwius in (a, 6) 
if n aequenu. {AJ, of sets of o'Pen inlenaU, exisfs such (hoi the hngth of A, 
M leas than - , and is such that f (x) is, for each voiue of n, continuous in the 
part of (a, b) which remains when all the points of A„ are renioi’wf from the 
interval. The sets A„ are said to /« associated with f (sc). 

It is easily seen that a function which is discontinuous only at points 
belonging to a finite, or to an enumerable, set of points in (o, i) is quasi- 

continuouB, but this does not exha'DsttibecIass of quasi-continuousfunotions. 

Let f (s) be quasi-continnons and bounded in (a, b), and consider A, 
one of the open sets of non-overlapping intervals asstHiiated with f (r). 
Let/i„ (x) be the function "which has the value / (a:) at each point x tlmt 
does not belong to A„; and Jet /j,, (x) be h'ncar in each interval S, of A„; 
the linear function having at the end-points of 8 the values of / (x) at 
those end-points. The function (x) is then continuous in (a, h). Wc 
have thus a sequence {f^ (x)} of fnnetions, all of which are continuous in 
(a, b). The functions/ (x) differ from one another only at the points 
of A„, where the length of A„, being converges to zero, as n ~«o. 

The functions {/j„ (x)} arc said to be associated wTth/ (z). 

• ^nnot.' di Mai. [4). vol. t (1923). p. lOas bw sIbo tbe tiwiiiv Foadam-Mi di CaMo ddh 
I'afiaiivni.Bologna, 1912. 
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The integral j f (a;) dx, qf the gvasi-coniinuous bounded funelion f (x), in 
{(I, 6), is defined to be the limit of the segpaiee oj integrals J /a„ (a;) dx, as 
n is increased indefinitely. 

It can easily be shewn that iJie Talue of j f (x) dx, so defined, is in- 
dependent of the porUcular set of ossodated fuiiolionB which is employed 
in forming tho scquenoe. 

TSie definition of tlie integral of a. conUnuoufi function wliicli can be 
employed is that of Cauchy, aS which the most general form ia that of 
Rieraann. 

Tlie ordinary properties of J /(x)<2i; such as 

j (ar) dx = j V (*) dx + j*"/ (*) dx, 

I {/(»)+ S' (*)}*«'= + J gl!>:)dx 

oan.be easily estahUsbed in accordance with tire above definitios. 

Xonolli has extended his definition of on integral to tho oaes of un- 
bounded quasi-continuoua functions by the method of de la Vallde Poussin 
(I. § 887). 

.li /,v,w' (*) =/(*). when —Vsf{x)sN\ /n, when 
/(a:) >'2^; and {») =»- - N', when /(*) < - N\ the integral of the 
quasi-continuoufl function / (*) is dcflncd'to have tho value 

whenever tlio double limit oxisls; and it is then denoted by J / (k) dx. 

The necessary and sufHcicDt ctmdition for tba existence of [ / (x) dx 
can eoaily be shewn to be that | J j Sa bounded with respect 

to(iif,2^'). 

The theorem ■ lim [ f„ (*) dx^ j f (*) dx, 

where | /„ (x) | is bounded with respect to (m, *), and the sequence of 
quasi-continuous functions /„ (*) convmges to / (*) has been established 
by Tonelli on tho basis of his definition. Ho has also proved the tlseorems 
of integration by parts and other properties of integrals. 
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Tonelli’s definition is applicable to the class of qiiad-continuous fiinc- 
tions, and tins class certainly includes all tbase functions wbicb are defined 
by ordinary processes. If the tlieoiy of Lebesguc iniegraiion be assumed, 
it follo'v.5 that, as has been shewn in § 179, a measurable function i.s con- 
tinuous relafivel}' to a set. of points G which is perfect, and of mea.surc less 
than ii — b3’ Ic.sa than an arbitnirily fixed positive number <. The com- 

j)!cmcntarj- set C (G) can be enclosed in intervals of a set of ti-Jiich the 
measure is < «. It thus follows that every measurable function is quasi- 
eontinuous, in accordance with Tonelli’fi dcfinitiaii of qiiasi-continuitj'. 
Hence every LuLcsguc integral is also an integral in accordance «itli 
Tonelli’-s definition, the Lebesgue theory of inea-sure being a.ssumcd. 


PERBOJ^'S'DEFISITIOX OF AX lyXECBAL 
£62. A netv definition of the int4:gral of a Inaction in a finite linear 
interval, ■which is independent of the general theory of meesuraWe sets of 
points, was given* by Perron. It has as its starting point tlio conception 
of the inverse relation between the integration and derivation of a function. 

If / (k) be a function defined in the linear inteiN's! {a, 6), (bo greater of 
the upper derivatives D*J (*), D~f (x), on the right and left of the point 
X may bo denoted by Df{x), so that Df{x) = 

converges to zero, ivlien h is unrestricted as regards sign. Similarly Df (z) 
niaj' bu talvOTi to denote the smaller of the numbers (x ), /)_/ (*). 

In the first instance, let / (x) be any bounded function, defined in la, b), 
and let U and L be it.s upper and lower boundaries in the inton-al. A 
continuous function ^ (x), defined in (a, b), and such that D^{z]£j (?), 
at all points of (a, i), and abo such that ^ (a) = 0, is said to bo a miw/r 
funclicn fl-s^ociated uiilh f (x). Similarly, a function ^ (x) such tlint 
(x) S . / (x), in (d, h), and such that ^ (o) = 0, is said to be a nwjw 
funclion associaUd unlh / (x). 

It is clear that major and minor functions always exist; for e.xnmple, 
C7 (x — c) is a major function, and A (x - fl) is a minor function. 

If ^ (x) be any minor function associated with /(x), we sec that {i,§ 280) 
^ e.xcecd the upper boundarj' of Viji (x) in (a, b); thnt 

is 4.lb)S:U{b- a). 

It follows that the upper boundaiy of ^ (ii), for all minor functions, Ls 
a finite number g; and thus there exists a minor function ^ (x) such that 
tfi (b) > g — e, where « is an arbitrarily prescribed positive numlwr. 

■ Sitzungrbfr, S. fff,4elbf7^ Aiad.TtA. va Xo. *1. 
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Similai'ly there exists a number G whiub is the lower Isoundary of i[i {/>), 
for all major funotionB; and thus there exists a major function foT' whitih 
^(b)<G + €. 

Since (®) S / (*) £ Bi/> (*), 

we have P {iji (») — ^ (®)} & (*) — (x) > 0, 

for all values of ;c in (a, d). It then follows (r, § 280) that 

( ( 3 ^) - ^ ^ 

whatever pair of values, in (a, 6), axnuiy have. From this it follows that 
i/i (a:) — tf> (x) isnioiiolonfinon-rlirainislnngin (a, ft). Since ^ (n) = (a) = 0, 

it follows that (x), ^ (b) i; ^ (d)> and G&g. 

In cd«e C “ <?, tlte /uncfwn / (*) U said to be integrable in (o, 6), and G 
or g is taken to define the valve of j f (x) dx. 

It 1)03 thus been shetvn that: 

For every minor junetton <f> (*), anil for every mafor function 0 (*), 
associated itiUh f (x), the rsfertion 0 (b) S | f (x)dx 2 ^ (b) holds good. , 

The conrffftOB for the exislence of j f(s)dx is that minor and rnajor 
functions 0 (a!),'0 (ib) oan be so ihtcnnined that ifi (b) — (b) < r;, in which 

case 0 (w) ~ 0 (a’) < -q, in {a, b); where rj is an arbitrarily jyrescribetl 'positive 
tMtmber. 

Perron Iiimeelf gave an investigation of the prijrcipal properties of 
^ / (a) dx, in accordance wtb this delinition. 

268. Tlie defimlion oan be extended to the case in which / (a) is un- 
bounded in (a, b), provided, in snch a case, major and minor functsons exist. 
The general definition may be stated oe frflows: 

In the interval (a, b), afunctiimf (*) iti defined which has everywhere (or 
ainio.^t cucri/wfiere) a finite valve. Let it be assumed, that coniinuous functions 
0 (*), 0 (a;) exi.ll such that D0 (s) £/(*) S 2*0 {*), tidien 2)0 (a) has no- 
where the valve, + ro , and £0 (x) has wtohere the value — ot ; and 
0 (o) = 0 (a) - 0; 

then if lim 0 (a:) = Iim0 (*) = F (a:), 

the function F (x) defines (he indefisaie isUcgral j f(x)dx in (a, 6), aniiF(6) 
defines the definite ititc^roJ j f(x)dx. 

The proof in ^ 202 is ajqJicable to shew Uiat 0 (k) — 0 (k), for every 
pair of functions, is monotone non-diminiehing in (o, b); it follows that 
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ifi {») — F (*), F {x) — if> (a;) Bfe monotoDO non-diminislang in {a, b). Siiipo 
4 , (z), 4 (z) can be so det^mined that 4 (^’) — I' (6) < tj, it follows that 
4 (ic) — F (z) < ijj and thus a sequence of values of 4 [^) converges to F (z) 
uniformly in {a, b), and therefore F (*) is continuous in (0, ft). Tims the 
functions (z) — (z), F {x) — 4 (x) are monotone non-diminishing con- 

tinuous functions. It may thus bo stated that: 

hi order that the coiitinwous function F (*), where F (a.) = 0, may be the 
indefinite integral of f (x), it is necessary and sufficient that, if the positm 
nuinber € fte arbitrarily prescribed, a pair of continuous functions 4 (»). 4 (^) 
which satisfy the conditions in the above definition should exist, which satisfy 
the conditions Q < 4(^) — (*) < «, 0 < ^^ {*) — ^ (z) < e. 

The relation of the integral so defined with the integrals defined by 
Lebesgue and Denjoy has been invesUgatod by Bauer*, Hakofi Aloxnn- 
droff f, and Looman§. It was proved by dc la Vallce Poussin that evecj’ 
B’intogral is also an int^ral in aocordance with Perron’s definition; tliis 
proof is given in § 437. Itwasprovod by Bmior that abounded fimotionis 
iiitegrublo in aucordiiiice with Perron’s definition when, and only wliou, it 
is measurable, and accordingly intograblc in accordance ^Tith I/)bc3gue's 
definition. It was proved by Hake, and again later by Alexandroil, that a 
function, integrable in accordance with Benjoy’s definition, is always 
intograblc in acoordanco with Perron’s definition, TIio oonvorso of this 
was established by AlexandrolT. Consequently it is Irnown that: 

There is compleu equivalence between, the d^nition of Perron and henjoy. 

In view of the simplicity of the definition of Perron as compared with 
that of Denjoy, and of the fact tliat the former makes no xrsc of tho theory 
of the measure of Mis of poiiite, tiiis theorem may prove to be of great 
importance in futuio develc^monlo of the conception of an integrol. 

Perron’s definition was extended by Bauer to the case of funetions of 
any number of variables, and it was shewn fay him that every Lobesguo 
integral of a function of any number of variables is a Perron integral, in 
accordance with the extended definition. 


TEI; 5UUMABIIJTV OF rNTEGKALS 

264. If tho integral | exists for all finite values of x>a, the 

integral / (t) dl exists in the ordinary sense when [ / (<) dt has a definite 
limit, as z ~ CO. In analogy with the caso of infinite scries, various con- 
ventional definitions of [ / (t) dt can be employed which assign to it a 


• Monaithijte f. llnlh. v. Phyait, vol, xzvi (1915), p. 253, 

+ Hath. Auiiatfr, voK Lxxxin (1B21), p. 119. t Hath. Zeilaehr. 
§ Math. AnaaUn, vol. xcm (1024). p. 159. 


to!. XX (1924). p. 213. 
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defijiite meaning in cases wlien it does not cjdat in the ordinary sense. 
Such a definition should satisfy tbe condi t ion of consistency, in accordance 
with which the value of the integral, with the conventional definition, should 
coincide with its value in the ardinaiy sense when the latter exists. The 
integral | S may be regarded as analogous to a partial sum of an 
infinite serieB, and j | | /(<) cfi may be c^arded as analogous to the 

arithmetic mean of a parta^ sum of au inliDile series. Thus the integral 
I / (i) dt is said to exist (C, 1) wbmi Km ^ J litj J } {t)dt has a definite 
value. The integral J /(O ^ then said to be summable (0, 1), and its 
sum (C, 1] is defined to be tbe value of the limit. 

The exteitsion of Cesitro’s method of summation to summation (C, r), 
where r is a positive integer, is made by defining tbe sum (0. r) of the 
integral j f (t) di to bo 

... JV j'7(» * (I). 

when this Kmit exists. 

Since j‘'dttj'f(f)dt = y(ti~t)f(l)dt. 

j* di, df, J'V (t) dt - i (1, - t)V (0 di. 

we have, proeeeding in. the samo manner, for the sum (C, r) of the integral 
I /(O di, the expression 



Tills expression (2] is analogous to the earn of a series by Rie37:’3 method, 
which has been shewn in § UO to be equivalent to the sum (C, r). As in 
the case of series, the expresidon (2) may be taken to define the sum {€, r) 
of tlie integral f (<) di, when r is not restricted to be a positive integer, 
When the integral existe in tbe ordinary sense, it is summable {G, 0). 

The method of Holder for defining the sum (ff, r) of an infinite series, 
for positive integral values of r, may he extended by analogy to the case 
of integrals. Thus the sum (H, r) of the integral | f(t)di may be defined 
to be 

when this limit exists. 


.( 3 ) 
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That the defiiufions (2) and (3) aro eqtiivalent when r is a positive 
integer, has been proved* by l/andnu. Berth of the expressions (1) and 
(3) werof considered liy Du Bois-Bcymond. 

2G5, In order to prove Ui<at, for r > 0, the definition (2), of summ.abiiity 
(C,r), satisfies the condition of consistency, lot it be assumed that j j(l]dt 
exists as lim j / (^) dt. 

If « be an arbitrarily chosen pomiave number, wo liave 
for all values of A' > A, provided A be sufficiently largo. Also 

j“ (l - i)Vw*- (> - I'jmit. 

for x> A, where cs is a number in the interval {A, x). It follows that tho 
integral on the loft-iiand mde is numerically less than «, for all values of x, 
Wo thus have 

for all values of x. Also, dnee ^1 is a monotone function of x, wo 
have 

(see § 205). Hence 

for all sufficiently large values of *, provided A is sufficiently large. It 
now foCows that lim j /(O*^ oxbfe, and is equal to J / 

Thus tho condition of eonsostetu^ is aatisfied. 

It may be shewn tljat: 

The Ttece-ssari/ and stifficieni cmtdiiitm that Uie integral [ tohen 

stimmable {C, I), should be convergent ia &at lira - j if (<) dl = 0. 

Denoting /(t) df by/j{a:), and J /i(i)d{ by/, (a), wc have 

jV. m* -A W 

from which the theorem at once fcdlows. 

* Lap:, Sitangjia, voL ixvttOlS). p. 131. 
t Crdte'i Joumor. veto (1883). p. 35G. 
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The follo^ng is aaalogonB to iJiooFem given in § rA: 

If I xf {z] I < K, and J f(t)dt is summaf^ {C, 1 ), it is also convergent. 
Let g{«) = 3l{x), Q'(a:)= 

then /j (a:) “ j / (0 dt = 
and therefore 

1 £/. ^ ii. 

It follows that, ivitb the hyjwtbcsis of sununiibility (C, 3 ), the integral 
j convergent; and it wilZ bo shewn that this cannot be the cose 

unless converges to e<^, as a» — •«, from which it follows, by the last 

theorem, that I /(0<i^^'sts. If does not converge to zero, a positive 
number A't easts such that G(a:)>/^]ar, or Gl(x)< —ITja;, for ail suilSoiehtly 
large values of «. It will be aseumed that <3 (x) > KiX, for such values ^ 
(6; wc may take < IC. Let JC be a value of * such that 0 (Z) > K^Z, 
ond let Zj « Z ; then, for Z, S ar S Z, we have' 

1 1? (a) - C (Z) I - 1 J V (0 I < -K ( J “ *) a - A'l) 3 

and therefore G («) s <? (Z) - | O (*) - O (Z) ] > iZjZ. 

Wo now have 

and therefore J 1® greater than some fixed number Z,; clearly this 

ia inconsistent with the convei^encc of the integral I dt. 


266. A general method of eiimmation, of importiince in connection 
with the theory of Fonrior’s int^rate, has been treated in detail* by 
Hardy, C. N. Mooref , BromwiohJ, and others 

Let a function 0 (»■.), defined in the interval (0, os), satiefy the conditions 
(I), that j>' (x] is aontinuous, and is posiUvo when x is greater than some 
fixed number, (2), that 4> (x) baa only a finite set of maxima and minima, 
(3), that [ 4> (x) dx exists, and (4), that ^ (0) = 1. 

• Oomi. rhil. JVmm. T0l.XM{imZ).p.431iS««l» the same volume, p, 39. 

t rra»a.,dm«-. ifnih. &>(. voL vin(I90T),p.3I2. 

} HaiK Annalat, vcri. LXV (1M6), p. 367. 
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I(. follows from these assumptions that (ar) is negative, for all 
suffioiently large values of*, and ihatit then increases steadily, cotivcigiug 
to 0, ns X ~ 05, It follows also that^ (z}ispoative, for all eufTiciently largo 
values of x, and decreases steadily to zero. The integral j tft' [x) dx exists, 
where a S Oand since (*) is monotoneforaUsuflioiently large values of x, 
lim x^' (a:) = 0. 

IFurther, since 

J (1) dt =» xift' (») — (a) +^{a) —ij> (*), 

it follows that j a:<^" (*) dx (a S 0) ojdats. 

If the function ^ (*) be defined so ns to satisfy the above conditions, 
the integral j /(z)(fz(oSO)willho6aldtobe«nmmafile(^),andtohavolhB 
sum e, if lim I <p {kz) f (x) dx ^ e, the convergocoe of i to zero being 
through positive values. 

Important special cases of summation (^) oro when ^ (x) — c*', or 
4,(x) = e-^. 

This definition satisfies the condition of consistency, for if | /(x)dx 
e:dsts, and has the value f, whether the convergence be absolute or not, wo 
see that j" ^ {kx) f (z) dx converges to j / (*) dx, or s, since 1 — ^ (tx) 
satisfies the conditions of thelast theorem in § 281, when ^ has any sequence 
{l!„) of values converging to zero. 

Tiie following theorems arc given by the writers referred to above; 

(1) 1/ j / (x) dx if 3um7nal>le (0, 1), and kas sum s, atid if 

lim^(fer)J /(<)<if*0, 

for every positive valwcf k, then j f{x)dxie swmiwiblt (^), audits sum {-f] 

(2) df I f (*) dx is summabk (^), and j (») i « less than a fixed 
positive number K, then j f(x)dx is convergent, and has as its valve the 
sum (^). 

This is the analogue of the theorem in § 54 for series. 



CHAPTER VI 

THE CONSTRUCTION OR FlUKTnOHS WITH ASSIGNED SINGULARITISS 
THE CONDBHSATBnr OE alHOHLARITIES 

267, A method of constructing functicms which possess, at an infinitely 
numcrouB set of points in a linear intoiraJ, singularities in relation to 
continuity, derivatives, or oscillations, has been given by Hankol, Tic 
method depends upon the employmoBt of functions which at a single point 
possess one of the singularities in question, and consists in building up, by 
the use of such a function of a dmple type, the more complicated analytical 
lepreaentations of a function whicb possess the singularity at an evsry- 
where-dens© set of points. To this method, Hnalcel* has given the name 
"Principle of condensation of singularities” (das Prinziji der Verdiehtung 
der Singrilaritaten); the name may however be conveniently applied to 
other methods of constructing functions capable of analytical leprcsenta* 
tion, which have been given more recently by other writers. 

Let ^ (y) be a function defined for the interval (- 1, + 1), bounded in 
that interval, and continuous at every point of the interval, including 
- 1, + 1, except at the point y •• 0, where however ^ (0) - 0. The function 
(f) (sinwms) is finite and continuous for every value of * which is not a 
rational fraction m/n, with n as denominator, and it vanishes for all points 
at which x has this form. 

The series S ^ {svcltmiz ) ^ where « > 1, la, in accordance with the fact 
11-1 ^ 

that <& (y) is bounded, uniformly convergent in every interval; andits.sum 
is a bounded function of * which is continuous for all irrational values of a. 

If ^ (y) were also oontinuonsfory « 0, the function represented by the 
series would be continuous also for rational values of t., but when rj, {y) is 
discontinuous at y = G, the properties of tlie tunotion 

■-1 * 

in relation to continuity or discontinnity at the points where * has rational 
values require investigation. 

The series being uniformly convergent, it follows from the theorem of 
§ 86, that f (®) is continuous at every peunt at which all the functions 

* See hit memoir “Untersuoiivingon uber db onandiich oft unetetigsn im oscilliarendea 
FanelioneD,” Inaugural dieeerWOon <187% leprodBeed n> Math. Annalen, Tol. zx (1882), p. 20. 
The metlioi] haa been treated in a rigorone muDer byZMiu, QmKdlaffcn, p. 187, 
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tf> (sin Jim-) nr0 continuous, i.e. for all iirational values of *. Let us oonsitior 
tho values of the function / (ar) in tbe nei^bourhood of a point x pjq^ 
where p and g are rolativo primes. We may write tho value of / (.r) in tlio 

* iji (ain 1 " 0 (sin qmirx) 

where n, has those integral values only which arc not multiples of q, 

Tho first of these series is nniformly convergent, and its sum is con- 
tinuous at tho point p/?; wo therefore find that 

rm-l 

wlierc ij* converges to 7.ero when h does so. 


Case /. Lot. ^ (y) liavo an ordinary disoonifnuity at y = 0; wo tlion 
have 


/ W? - 0) -/ W«) - 


, •!>(+ 0) . 

9' r 


T _1 

■ri(2r)«’ 
T ‘ 

■■liW 


where the upper or lower of the ainhiguous signs are to be talton, according 
aa j) is even or odd. 


If ^ {+ 0),^ (- 0) are different from one another, and from zero, thtiso 
relations shew that, at a point pfq, for which p is even, tho funofion/(a-) 
has ordinary disoontinoitics both on the right and on the left, tho mcaaiircs 
of the two being not identical. Moreover the same statement may bo made 
for a point pjq at wliioh p is odd, unless (-h 0), ^ (— 0) have suuh valvioa 
that one or other of the above exprassiorm vanishes, in which case them is 
an ordinary discontinuity on one side, and tho function is conlinumis on 
the other side. It is earily seen to be impassible that the two expressions 
can simultaneously vanish, and therefore Uiere is an ordinary disconiiniiity 
on one side at least. 


If ^ 0) ^ 0, ^ (— 0) = 0, there is disoontamuty on tlje n'glit at Il'O 

points z = 2p79'*indcontinnity on the left; and at the points* «= (27/-!- l)/j. 
there are discontinuities on both sides, with difibrent raea.sures. 

If <;5 (-t- 0) 7= ^ (— 0), so that^ (jf) has only a removable discontinuity a(. 
the point y — 0, then the fijnction/{x) has removable discontinuities at all 
the points x =- pjq. 

In every case the fiinotion/(*) is a point-wise discontinuous function, 
because its discontinuities are all ordinary ones (see I, § 238). 

Case 11. Let ^ (y) have a disconUnaity of riic second kind, at y 0. on 
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one side at (east. In tliie ease it -will be assumed that « > 2. Denoting by 
A the upper boundary of ] ^ ({^} } in the interval {— 1, 4- 1), wc have 

Is ^ mi"" 


/ (p/ff + 7i) - / (p/y) = i ^ (- ll'an qnTi) + ^ . 

where J is sunL ttiat — } < 5< I, and is dependent on h. 

If (y} have a disuoniinuity of the second kind on both sides of the 
pointy. « 0, there are finiteosciUationsin arbitrarily small neighbourhoods 
of the point on the two aides; if then s be chosen so great that AjZ'-- is 
less than half the aaltus at y = 0, we sec that / (*) has discontinuities of 
the second land on botli sides at nU the pointe x •>> jifq. 

If ^ (y) have a disoontinoity of tho second kind at y » 0, on the right, 
and have a discontinuity of the first kind, or be continuous, on the loft, 
there is, at each of the points x = p/y, where p b even, a dbcontinuity of 
f (z) of osuotly the same kind iia that of ^ (y) at y •> 0. On the other hand, 
if e bo sufEciently large, there is at each of the points x piq, where p b 
odd, n diaeontinuity of the second kind on botl) ddcs. For wo may oxpross 
/(p/2 + 7i)-/(p/7)intbeform 

, I » <i(-sin2r+J7v7<) . 1 -^(sinSrywA) 

— (FTTjJ — 

which eon, as in the previous case, be reduced to the form 

’J/. + g'. ^ ! - ran yff -t ^ ■ 

wiiore are both in the mterval (— I, 1). \Vc tlnis see that, if s be 
sulEcicntiy great, there are finite oscillations in arbitrarily smaU neigh- 
boiiriioods of pjq on both rides. 

The exiBtfliice of thefnofor l/j*iii Uio expression for/ (p/g + Ji) —fiplq) 
shews that there are only a finite number of points p/g at wliich the saltus 
of / (i) is £ k, where k is an arbitrarily, chosen positive number; and thus 
/ (z) belongs to the special class of point-wise discontinuous functions for 
wiuuh the set .K is a finite set, for each value of fc. 


EXAMPLES 

(I) = mid ^{0)s=0; Uiefcnet!on/(®)i»Hien defined by 

/ (z) s S ^on (coace Kvx), 

where, •whenz=jyg', the lerms for vrbicli n isamrffijdeotvarc to he nmifted. ’This functien 
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is, least wlicn a >2, a pgiat-eim discontinuoas fanoliOQ which is contmucms at all the 
irrational poinla, and iis9 digcontiniiUici the eecond kind, on both sides, nt (he rational 

(2) ix>t 

•where a>I. For 0<y£l, wo have <K}l]=l: tor -l£j/<0, wo have 4i(’j)= -I; also 
d> (0) = 0; and thus (t (jr) haa an ordinary ducontumitF at jr ■=0- 

ThoWioa /(a)=ij^l[^|^g:^einj(2r + l)^ninnrtrj] 

is a point~wiao discontinnous function, which is continuous for all irrational Talucs of t 
and has ordinary diseontinnitiea on both ndea at all tho rational pointa. 


(3) With tho same toIuo of ^ (y) as in Ec. (i), let 

wfaero e>l. For soy urationai value of z, x(') value s and for any rnfionsi 

Talus of X, tho function is indefinitely groat. Now lot 


lhDn/(c)sl, for all irrational values of x, and f{z) =0, iet ah rational values of x. Tfie 
function /(s) Is aocordiogly totally disconUnuoua. The valoca of J[x) an itupropotly 
defined at the rational points. 


268. Ldt ua next assume that ^ (t^) is eontinuous throughout tho 
interval {— 1, 1), and has no differential cooffioient at tho point ^ 0, 
where <f> (0) 0, but that, at every other point in tlio interval (— 1, •+ 1}, 

it lias a differential coeffident which is numerically lees than some fixed 
finite number A. In this case has no definite limit for h — 0, oltlior 
when h is positive, or when h is negative, or in both coses; or else tlie two 
limits both exist, but have different values. 

The numbers |^— which ate equal to | {9k) [, where 0>0 (see i, 

§ 262), have a definite upper boundaiy U {& A) tor aE values of h. 

Assuming that ^ > 2, we see Idiat the series 

ZA' (sin nme) 
w it— i — j-j — ' cosnwa: 

converges for aE irrational values of x, since the general term is numeric.itly 
less than where B is semae fixed number. 

Consider the series 

2<A fEin«jr(a: + All— rf(«in7j7?a:) 

t An' 



stsj The Condenmtion of Singularities 393 

■srhere z lias an irrational value. It 'will bo shewn that this series converges 
uniformly for all values of h. Unless n and h are stich that sin air (z + A) 
and sin mrx are equal, in which cose ^ [oinriTr (z -i- (mn nsz) = 0, 

we can write the general term of the eerics in the form 


jT [stnnv (z -f A)J — ^ (an WCTZ) 


stn^nwA 

JnwA 


5snr-(z + JAj, 


It then follows that the general term of the series is numerically less 
than where V is the upper hotindnty of the absolute values of the 
incrementarj’ ratios of the function. Since the series Sl/n'** is convergent, 
it follows that the above series eonveigc-S aniforraly for all values of h 
which are ^ 0; and consequently, in accordance with the last theorem of 
§234, the furint !oii/(z) has « finite differential coefTicicnt for noyiiretionsi 
voice of X. 


Next lot X have the rational value p/g. tVe may then express 

S t£S!Si!i?±*)lri.Wa!«? i 1 J iES’l sin m^k) 

An/ ■ 2*«-i Am' ' 

where ti, has all positive intf^nl values wliich are not multiples of g. In 
accordance with the above proof we see that S 
Tfilus X ■> pjq, a finite differential coelRcicnt which is the sum 

We have now she^ni that 


{(fiiif© 


A 



T!?} cos n,-njtlq + T* + ^ 21 




where is a number which converge to zero when A is indefinitely 
diminished, ‘ 


Case I. Lot ifi {y) iiavo definite derivatives on the right and on the left 
wheny = 0; and thus has one limit ^'(+OJ for positive values of A 
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g to zerOj and anot 
g, We thus have, w 

" 4>' (sati^irplq) 


converging to zero, and another limit (— 0) for negative values of h 
converging. We thus have, when p is even, 




For an uneven value of p, we find 


.iicnplg 

, "^'( 4 - 0 ) ” 1 

~cosn,-!rplg 

, ’’’f'' 0 ) I _}_ 


Jjt±< 




•,t'o(2r+l)*->’ 




lim 


(+ 0) ? 1 . n4>' (- 0) I _1_ 

5*-‘ ,.i(2r + l)-> 5’-' 

From these results it is seen that / {*) has, at tho rational points, 
definite derivatives on the right and on the left, diiforing in vsluo from one 
another, and therefore, at aQ these points, the function has a singularity of 
the same Idnd as ip {y) possesses at the punt t/ — 0. , 

Case II. Let ^ {y) have, on one aid© of y — 0 at loasl, no definite 
derivative. Unless Tnqliie an integer, in which caso ^ = 0. 

we Imvo 

tp f- ll’"''sin7?iyrfe) _ l[’” a inCTy7*) fiinvtgnh . gv , 

hm‘ “ ~T|»»iunniyjrA ‘ 

and tliis is numerically less than It fdlloivs that 

i X ^P^I’'^8in»Hgg/0 ^ 1 ^(- li>‘sing7r/i) ^ j, 

?'w-i lent' g* /< 

where P is numerically less than S ^y taking ii sufficient ly 

large value of «, the number P may be mad© as small as we please, ami 
therefore 

i. X l|*”simng»rA) 

q'fli hm‘ 
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U for a Bufficiently large .aW o^iHate ia the .axne nranncr as 

i^(- l\>’mil?«rh) 



large value of a be chosen. 

liXAMPlES 

„„ t ■. iyiSSE .1.™ «» r““” "•■“• “ “ "I 

« •i ntutnonaWntrXj ^ 

C2) Let (>(j)=y*5n(l«S»*h **’«'>/(*)=* n’ 


t2) Let ‘•■‘•vv-/ , n- 

The MnSix) to ceatinuaos. eaa J“ “ or 

■■ * ■ 


to nil flnite. 


th«leIt,l«rrononnivaiii«v.-, . ,. j * j 

369. Let it next be assumed that point except at 

(-1, 1), .nd h.. . Ml. "'"““t' » S L»d.ry to it» 
y m 0, but that this differential cocffioien ^ 

absolute ma^tudo in any neighbour . jj which is finit* or 

coefficients for irrational - values ot , number, for 

4.- (dnarr*) are not all nomenc^y ^ than ^^gnnicnt of § 268 

such a value of x, and for afl values of «; and fchu-s g 
does nob apply. 

pjq, wc have an before, 


For a rational point a 

A . ■ ■ 


s ^pTri-^dw.'!), 

1 L -- 


Th. th..r,„ of 5M= '•»> K “VuMld 

"bym.,o»ol torn 1.J urn. aiffeim««‘i"‘ rf tta loilos. 
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The Grat CDndition required by tiie theorem in question, viz. that tbo 
terms of the series 

2 !I^j55i^r2Mco3M £«• 

r.,.1 

shali be deflnitc, and that this series shall converge, is certainly satisfied, 
To siiew that tlie condirions relating to 

k-©| 

h r I A I 

are satisfied, we observe that {*) < - ^zi » XJ dentJtes the upper 

limit of I (y) j in the interval (- I, 1). Let t be so chosen that 
1 > < > _ ^ , (s > 2), and lot m be that integer next greater than ] h |”' 
whioh is not a multiple of q', wo then have \ [ > 1 It follows 

that, for each fixed value of h, m has been so chosen that 

aro both less than V \ h )**-*>'-», and are therefore both less than «, pro- 
vided j A I < 8; where 8 is fixed so that < «. It is clear that 8 

may be chosen so small that m exceeds an arbitrarily prescribed integer 
m', for aU the values of k such that | A | < 8. 

We have lastly to prove that the eum of the first m terms of the series 
of svhich the general term is 



is numerically less than e. 

TJiis series may be divided into two portionB S and S, whore Wj is a 

fixed number independent of A, so chosen that the sum S is less than 

m,tlo 

an arbitrarily chosen number ij. The sum of the first tn^ terms of the series 
under consideration can be made arbitxarily small, by taking 8 sofficiently 
small ; for the number of terms is independent of A. Wo have then only fo 
consider the sum 2. 

Since differs from an int^ier by at least it follows that 
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^siii is numerically less tlian some fisec! positive number U', for 

nil values of 71,. \Vc therefore sec that 

2|<^cr'. 

Further, iii has been so chosen that m — | A (■■' < 1 ; from which we 
have m [ ) “ I A j‘'‘ + 0 | A | , where 0 < < 1. If S be now so chosen that 
S'*' + S < I/2g, the two numbers !■ aJ differ from one another 

by less than ^ ; moreover they nro never iulegors, and contain no integer 

^ 1 
between them, and they differ from the nearest integer by more than ^ , 

It follows that, for all vchics of y botwcon sin »i,w ^ and sin -h 5^ , 
wheren, has the values belonging to it in tUcecrics, (y) has a differential 

ooelTjoiont numerically Jess limn some fixed number If". 

^fsinn,5r(£ + A)l -^(sin«,7Tf) 

Writing I — y/J. ■ in t Iio form 

„ [eiii 0 + &)] " ■^ (sin g j 




(..,p 

ATO see that this term is num^enUy less tlian now follows that 

|f |<m}(If" d-f/'l: 

andthisisnnmcrioally assmftU nsweploaso, if wo choose -ij and 8 sufSciently 
Btnaii, It is tliorefore posable to ohoosa 8 so small that the last of the 
re<iuisite conditions is satisfied, for all values of | A ( < S. 

It has new been proved that 

7»^„ 


^ it 




where o and A- converge together to zero. 

The second series on tlio right-hand ride of this equation can be written, 
vn tile form 

1 "g" ^ (- ll^rrinwga-A) 1 ^ ^(~ lj"’’sinng-7rA] ^ 

J'n-i An' • ftfi" 
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where mis fixed as before, for each value of A. The second sum is arhitrariiv 
small, for a sufficiently smell value of S. We have then to consider the first 
sum, which may be written in the form 

^ 71 yi _ i |7ip ^ sinwgrr/l _ 

„,.i n'-» '^Tjwginn^wA nti-rrh ’ 
and we now consider this sum in the different cases wlfich arise whenTarious 
assumptions are made as to the Dnturc of the derivatives of ^ (y) at the 
point. 1 / = 0. 

Case I. Let 4> (y] have the derivative -J- «e , at y = 0 on the right, and 
tile derivative — «c , at y » 0 on lie left. It is clear that, for positive 
values of A , all the terms of the series have one and the same sign, S having 
been chosen so small that wA is also sufficiently email; also it is clear that 
the first term of the series becomes numerically arbitrarily great for 
sufficiently small values of h. It therefore appears that the sum of the 
scries becomes indefinitely great, as A approaches the limit zero from the 
rigbt-hund side. If A be negative, the terms of the series all have the same 
sign, the opposite one from tliat which they have when A is positive, and 
as before, the sum of the scries is indefinitely great ns h converge.? to 7.ero. 

It has therefore been shewn that 



bas the limit d* « on one side of the point and — « on the other side. 
The singularities of the derivative of / (a:) at the rational points have the 
same peculiarity as that of<f>{y) at tbc pointy =» 0; i.c. derivatives on the 
right and on the left exist, which are infinite, but of opposite signs. 

Case II. Let<fj (y) have a differential coefficient aty »■ 0, which is either 

It Ls then clear that, in ca.'v p be even, 

A 

has the same limit + », or — cc, as^^. If p be odd, the femis of the 
scries under examination have alternate signs, and no conclusion can in 
general be drawn as to the nature of the derivatives of / ( 21 ) at fiie point 

x = '^ 

?■ 


Case. III. Let rf: (y) have a finite differential coefficient at 1 / — 0. 
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In tills case, as is easily seen, / (se) hna, at the point a definite 
cli/Iercntial coefficient of which the value is 



Ca.fc 7V. Let<^ (y) huve finite deiivatiTes at y = 0 on the right, and on 
the left, wliiob differ from one another. In this case / (a:) has, at each 
rational point, finite derivatives on the right, and on tho left, which differ 
irom one another. 

6’flse V. Lebi>+^(0), X)-^(O), D^<^(0) lie all iinitB and 

different from one another. The fnnotion/ (z) fiaa then at - , nt least when 
p is even, the same poouliarity ns (y) at y ^ 0. 

ItXAMPLES 

(1) Let<^(!f)o^gin^, ^ (0)=(t.The eoiTcapomllng ruiwUiMi/(s} Upron bj 

vinnnvsui — 

; (B) =1 whew s >S. 

TMx iniutiDTi ie oontinuous, but has no delinilu (lerivalirce at die mdoaal polutt, No 
fliscrUonoan be made &« to tlioderiealivesat the iiratiooel points, beoause the difioroutlal 
ooemolcnt bos indcnnlicly great vsdiim in ernry odgiiboutliood ol pad 

(2) Let ^ (2^) = (p*]!, where o.^nro positive integers eoch that 2fl <^, asii the real past t<TB 
vnluuB of tlin root are taken, Wc then liave 

/ w, 5 

This lanclionle nontinnaut, and ba8,atailnt(nnal pointy iiidefiiiitoly gieat dotiviitiees 
on tbe lighl, and on tho left, of i^positc signs. No .vnartioo can be mudo na to the 
derivatives .at the irrational points. 

cantor’s MBT’HOD of OOITDBSSdTrON OF SINOUtAHITIBS 

270, A method of oonstruoling a function wliich exhibits, at an every- 
where-dense set of pointe, some Bingnlatify, either in relation to continuity, 
or to its derivatives, hasbecn given Cantor*. Let^ (j/) denote a function 
"'hich is continuous for all values of y in the interval (— 1, 1), except y <= 0 ; 
and let ^ (0) = 0. Let (? denote an enumerable sot of points o;, , tuj, tuj, ... , 
'vliieh may be evciywhere-dense. The method of condensation consists of 
the constniotioii of the fonotion- 

/ {*) v= (* - «„), 

• J/u!7i. ATixakn, ml srx (1fl82X p. S88. fire aln DmVu OruniUnpin. p. 198. 
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where Cj, Cj, , c„, ... are poative nnmbecs, so chosen that the series Sc 
is convergent, and that S c,/j> (» “ ti»„) converges absolutely for each value 
of X, and uniformly in every interval. 

This method has two advantages over that of Hankcl. In the first place, 
the points <ui, tuj. ... do not necessarily consist of the rational points of the 
interval (— 1, + 1), but may fcoin any enumerable aggregate. In the second 
place, for a value op, of *, the singularity in question is exliibited by tlie one 
term c„<f> {x — <u„) only, of the scries which represents / (ar); wlieroas in 
Haiikel’s method, the singularity of ^ (y) aty » Ois exhibited, fora; » p/j, 
by an indefinitely great number ct terms of the series which represents the 
funetioa formed by coudensaUon. 

Let now ^ (i/) be disconrinuous at y =* 0; then, for any value of Xo of », 
wliioh is not one of Uio values of G, the terms of the scries (a - <»„) 
are all continuous; hence, rinco tbe series converges uniformly in any 
interval oontaiiiing Xg, it follows that/ (x) is continuous at Xg. Again, in 
order to consider the oontinuity of / (x) at the point £u„, we may separate 
the term On^ (x — w„){roin the rest of tbe series. As before, the scries wliiuli 
consists of all the tonns c.rcept tbe one c„<f> (x ~ u„) represents a function 
which is couthiuouB at x •• <0,, but c^^ (x — &>„) hiia at a discontinuity 
of the same character as thatof^ (y)aty » 0. It has therefore been shewn 
that/ (x) is continuous at evory point which does not belong to G, but has 
at every point of d* a discontinuity of the same character as that of <(> (?/) 
at the point y ~ 0. If ^ (y) liave a finite saltus h at y « 0, the ealliis of 
c„^ (x — t0„) at «„ is te„. Hence, on account of the convergence of He,,, 
there are only a finite number of xmlnls <a„ at wliioh the saltus of / (x) 
exceeds any fixed positive number. The function/ (x) is therefore afunction 
that is intograble (iJ). 

Letitnextbe assumed tbat^ (y)is continuous throughout (- 1, l),aiK] 
possesses a differential coeflicient for every value of y except y — 0; and 
that the differential coefficients are all numerically less than some fixed 
positive number B. It then follows that Uio four derivatives of ^ [y) at 
ia Jess than some fixed 

number A, for all values of 1i which are numerically less tlian some fixed 
number S. 

-\yeiiow see that for any pair of pointeyj, such that | j/i — y2 ( < S, wc 
— j < the greats of tdie numbers A and B, wliioh may 


3 all finite; it also follows that | 
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If 0^ be not a point oi <?, the sam 

^ ^ I rffa ia <C 

jroriaea f M < S ; limoe lh« »riea fa uniformlj oo.ivci^nt ior all valura of 
1 .uoil ttat 6 < n 1 < s. «■“»'<>" “ ^ 

laooaoiboapoint^.oie.fvo aopanOo from the .om. wlaoli '=P'«“> 

e , , a< h i \ It anoeais then that the remaining port ot the 

{fStrlpLotot LtioieWohboa.doM^ 

We have therefore 

f to. -m -/ (-.) , t(S a. A to.' h 

A " 

1 » 4 ...fafa. whm Aftocsso It thus appears that/ (a:) has 

:S=::srrrh:tT«>th«.t.« point 

singularity ns ^ (y) has at the point y « 0. 

EXAMPhBS 

(1) Lot ^ (p) "V -4 p o'n (i 

07o^p8lnt(aoopt |/-Oi -!!> a Uinmntinl flooIUoioat at ovary 

Tbo cflTreaponding IiuioUon "» oselUatas betwean valuos 

. point, not Ijtlonging to fffl. At tho point » 

{0n + ^ W “d ijOn+^'C"*)' -,flnn 9« Is-mnl* ll»9 

P) Lo. .!,» A.:, .fa. 
above, beoauBO | 4 .' (p) I V I >®' ’’P'*'’ 

TBS coKsT«nono» or 

j — « *■! T S yso that a function / (*) may be 
271. It has been pointed out ill I. § 2^9. th« 

continuous at a particular point I, and yet y ^ 

a differential cceffieient, either finite, or .nfimto tvith a fixed sign 
simple example of suoli a funcUon is a wn - . which at the pom x 
continuous, but whose dorivatiirea, both on the right am^ on o - 

oscillate in the interval (~ 1, l);8iimlariytb6function s* am ’ 

.t ft. pom. - 0 h„t ft. 7 'L".£‘oT .h“ 

oscillate through the. interval (—«,<»)• i 1 

• TKi. { 1 , notion Zv„ (x - l.,)» hfo been 

Btrass-Cimtof'sclic ConOonsotionrcrfehicn,” BlociMn 0^, ^ og,, 320, whore it is 

vol.u(1899),p. S18. SCO further Poinpein.J*®®-.^"™^^ ifa=tf (() is a oonlinuono innot'®" 
shown tliot. ii the Bcrire ho doDoled IW*. •"•"rirtod 
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of a continuous function which at no point lias a difTcrentifti coefficient, 
either finite, or infinite with fixed sign, was settled affirmatively hy the 
construotion. by Weieratrass* of such a non-dillorcntinble function. Tiiis 
o.vample of a non-difforentiahle function, namely tiie function 
j/= S o”co8(6"7ra;), 

\\'here b is an odd integei', smd a is snesh that 0 < <7 < 1 , and ni > 1 h- 3'^, 
was first publiabed')' by dn Boie-Beymond, with Weierstrass’ own proof. 

Attention has however been directed^ by 51. Jaselc of Pilsen to the 
existence of a nioiiuscript by Bolzano, said to date from the year 18,14, in 
which Bolzano defined a function, continuous in a finite interval, which 
Jic proved to possess no fiiute differential coefficient at any point belonging 
to a certain set ovor 7 \vboro-denso in tlio interval. It has been she\ni bj'i 
K. Ryolilik tha)., in point of fact, Bolzano’s tiinetion possesses no differential 
ooeffioient, either finite or infinite (with fixed sign), at any interior point 
of the iutei'val for wliich the function is defined; at the Iciblmnd ond-point 
of the interval there is a derivative on tlic right of valiio « , tind nt the 
right*hand end-point the derivatives on the left ate oscillatory, 

An example of a non-differential function was published 1| in 1800, due 
to Celli'rior, namely, y a. S a-’sino"*, wbereais asuffioisntly largo even 
integoi. There is evidence that ClelMrior diecovered that fimotion as early ns 
1880. Tiiis function is however not non-diifeientiablo in tbe same striut 
sense ns in the case of Weierstrass’ function, for, although it has no Unite 
tUfferertia] coefficient at any point. It has a differential coefficient -i- « , 
at the points of an cverywberc-dcnsc set of points x, and a diflerciitial 
coefficient — ® , at the points of another everywhere-donse set. 

A general theory of the construction of non-difforcntiablo functions 
W’as given^J by Dhii, which inoludes that of the WeioratrasBian function 
as a special case. 5Ietbods of constnictiou of such functions, dependent 
upon the employment of assigned functional values at the points of 
enumerable everj^vhere-dense sets, have been developed by Faber** and 
by Steinitzf-j-, 

• ll frte. rol. H, pp, 92. 97. 223. 
t Crflk-^ Jminnl, voL lxxlS (1876), pp. 21-37. 

} Sil:. bcHdilc *r i. BoArTi Get. der ITm*. (1920-21). 

§ ibid. (1921-22). 

|] Bull. dcK 5f, Math. (2), toI. atv (1890), p. 1S2. A disciwiion of Collcrioc'a funofion Ixwt 
pablislied by G. a Youne, Quartaly Joaimd vf Nath. voL m-yu (1D16), pp. 137, 171 ; oUo 
Falnnga, Giom. (f; ^/ar. toI. LIX (ID2I],p. 137. In baUi of tlieao wriliugs however the eitnlcnw 

ti Annafi di Mat (2), vol. vni (1877). p. 121? bco nlao Dini-Lurolb, Gnndlantr fmiM 
TJieoric dcr Funilionsn einen verandaHehm mien Orfyse, Leipzig. 1892, pp, 205-29. 

•• Mali. Annalen, vol. LXVI (1909), p. 81. and voL I,TTI (1010), p. 372. 
t+ /6-i vol. Ln (1899), p. 6a 



’ , * V.-,, «• W Moore that tfi« space-fitting curves pven 

It has 156011 8he^vIl y • • ,, ,oft_32R) are at eiwli point devoid 

b, p,„«, Hilbert, »a MO^ i™ u.i,.e letive.™ « 

either ot a umque j^jjgnon^inerentiM3lofiinctions;altho«gh 

bine to tlieetoteoraidered bote . riol ere non,<iifferentl»M= 

AomplemetboaoteonetmelmEtoM^I..^^ _ 

in the nlrlot .en.e to been J Weie.strios' 

-icHl -.U be» obbninea bp 

Other mathcraaticiana. 

,• {or the continuous 

272. Let the incrcmcnlary ratio aj,-*! ’ 

r W, «b) - 1 («.. «) J. 

lies between the two numbers I (*,. *) 
equal veluee, I (*1, has the wine va ui^ 

If lim /ta, *). lim /(»..» have one and the eaoie umq 

ri. r;rJ: ^01 ;(...)isonique,andl.sthesamevalue. 

■’ , ,_ a.\ /(av.!») each, converges or 

inwhich and *,corivcrgeW *, then coeffldenl, fmi» o>= 

diverges to that value, and tJierc >8 a 

infinite, at the point ic. _ .. v. .^r^n.Hiffe^enlaable 

It follows that, in order SvT pairs of sequences of 

at the point *, it must be possible to obt^ t V ^ 

Zi, T,, where each of the four sequences co (liveree to one and the 

does not, for the two pairs of sequences, cimvi^ estabWi the non-dif- 

. same value. This is applicable as a it will be 

ferenliability of a function at a partic ^ unique 

Emit » 3. ~ 3, .i O, tl,.t U* i. ft. o»» f« ' 

A. „ imporunt ™»pl. <4 «» »» »' “ “ , ,„i 

couBider Weierstrass’ functicm/(*) = S auch that 

,d™, „d M 0. b. ft. eo™!«>»““3 •» ’ 

6„-4S6’'K<C„-l-i-. 

•3'TaT«. 4m8r.jSIalA.S<>«.VQli<l»M'M'-’®- • coauins » very Ini' refowca to the 
t Jlolfi. Ztilschr. voU n tl9J«). P- !• me^oiv 
liletalnie o! tto antject. 
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First, let xj = 1 “*1 = * . 

then / (OTj, a^} = §6" I S a' (cos — COs6'Tra:j) + {— 1)«« 
it being assumed that 6 is an odd integer. 

Since | onsi'TOi — cos6'’7ia^| ^ (aii — i^) £ | , 

Tre have 1 (x,, t^) §a"t»" , 

•where — 1 s A£ 1. In case 

•we have I {x^, x^) = (- !)•• ^ , where Nn>Q. In a similar 

manner, it we take a%' a,' — ~ ^v ~» '''® 

I (*.' V) - - ; 

where N^' > 0, and — 1 S A' £ 1, •where, as before, a6 > 1 + (1 - o). 

Li ease there is in {c,} a sequence of even integers, it is seen that, sB 
o„ hoB successively the values in this sequence, / (z^, Zi) is positive and 
increases indefinitely, and I (z/, x^') is negative and increases indefinitely 
in numerical value. It follows that there b no differential coefiiclont at 
the point z. The same conclusion can be made in casefcn} contains nsoquenco 
of odd integers. Tlic theorem of Weieratraas haa thus been cstahlislicd 
that, b being an odd int^er, if 0<*< 1, a6> 1 + Jv the continuous 
function 2 a" cos bnon-differentiable. That the inequality 

a6 > 1 + Jjr 

may be, as is shewn above, replaced by the less stringent condition 
ob > 1 -I- }jr (1 — a) 

was proved by Bromwich*. 

G. H. Hardy has shewnf, by a method which b much more abstruse 
than the one which has been employed above, that, if 0< tt< 1, S 1. 
whether 6 be integral or not, ttio function Sb"oos&"z has no finite 
differential coefficient, and he has obtained other properties of this and 
similar functions. 

It ^^^I1 now be she\v7if that Wderstrass’ function, wlien the integer b is 
subject to the condition ab > I, has, at an overywhere-dense set of points, 
a unique derivative on the right equal to — to , and a unique derivative on 

• Tha>nicfInfinacScriu,p.49). t TVoim. J/oT*. Sac. to!, rvii (IBIC). p. 301- 

J Sco G.C. Young's memoir. Quarter^ J^m,ni<iI,voLxl.»n(19IB(. p. ICT.VhrrclhisiscjtnblisBi'd- 
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the left, equal to + ® ; and that at the poiiits of another evorywhete-densa 
set, tJjere are unique infinite da i y a l ive s, +a> on tlie right and - os on the 
left In gcometiioa.l language, the fnnctarai has cuspa at the points of two 
everywhore-denae sets; in these sets the cuiqw point in opposite directions. 

Consider the point x =: 0, we hare then 

£o-{1-c036"wA} = 2 S fl’‘8in46»irA; 
let m bt the positive int^er such tiiat | A j £ I < | A | we have 
> 2b" "iTa" Bin* ib”w j A I ; 
anddnoe sin'J4’‘ff [ A] > i (6"»| A|)>b"-“-', we have 


/(0)-/(A). 2 

A — 


.aj» 


"b*" ^ 2 a^b"' 

b"«oA»_i>5«a6t.:i’ 


At w increases mdefinitely, A converges to ?.ero, and dace for ah > 1, 
Increases indcfijiltely, we have 

V (0) = D^f (0) - - « , and D‘f (0) = Z)./ (0) = + « . 
let X — e' + where r is any positive or n^ative integer, and m is 
a positive integer; we have then 


S o*cc»6"to+ S «"C086"*s’. 


The first term on the right-hand sddo bos a finite difierential coetficient 
at the point x = and the second term has a unique derivative — ® . 
on the right, and a unique derivative , on the left. Thus at the 
overywhotB-densesetof perafe x = we have D^f (x) •- Z>+/(z) =» — “5, 
and D-/ {X) = D.f (x) ^ . If we tsie x » s' -t- we have 


/(x)= S a*coB6V»— S «*oo86''wx'; 
therefore, at the Everywlrmj-deose set of pomte x ^ 

.0+/(x) = D^f{x) = + « ; D-f(x) - T).f(x) = - 
If' does not appear to be definitdy known whether a noi 
function can exist which has no ensps. 
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273, The function given by Cell&ier -win be now disoiisr • ' 


Ijet/(*)= S sin a"a^ whca« o is an even integer. W.- j. 

/(a: + 7i) -/(«)= S J;{sina" (* + 7<) - siiin'’i}; 

2jf 

now 7 j = — , where m is a poatave integer, all the terras on tho v 


hand side vanish, except the 0r6t w — 1 terms; thus 
S{x H-70- /W ^ ^ l~cos(2va"-'" ) 

h „_i 2710"-" „_i Sva"-" 

The first sum on the right-hand side differs from S cos a”x by less than 
S , if -576 assume that a> 2; and this is less than ^ tiio 

n»l 6 Va'"”"/ ia fl — 1 

general term in the second enm u numerically less than vo"-", hence the 
Slim is nuraorically less tljan — — j. We thus have 


„ ”f ^osa"* 4- Xe, 

ft s-l 

whore [ il | < 1, and X is a positive number dependent only ati a, and 
wliioh may be mado as small as we please by taking a sufficiently largo. 
If wo take 7 j — ,the mth term in the incrementary ratio 7^' docs rot 
2 

vanish, but has the value — sinra"®; Iho succeeding tenns all vanish, 
and we find thati„' = X^c08«“* - 1 sin a"** 4- A'?’, where | d’ | < 1, and 

A' is a positive number dependent only on a, and which becomes os small 
as W6 please by taking a sufficiently large. X''rom the above resiilfs wo have 
- 7„ - cos «"* 4- 2A<1'', 

- ?smo“® h2A'r'; 


when \6"\, \6'"\ are less than 1. It follows that 

is, for all values of in, greater than 1 — 2 {4A*d''® -i- 7r*A'*0'"®}h or timn 
1 — 477 (A’ -l- A'-)*, which is certainly podtive, if a be large enough. 

It is consequently imposdhle that I„ and should both have unique 
finite limits which have the same value, for it is impossible that both the 
conditions lim [I„ — /„') = 0, lim {/„« — 1„) = 0 should be satisfied. 
Therefore, if a be a sufficiently large even integer, / {*) has at no point a 
finite differential coefficient. In order that /„ and may both have tho 



273,274] The Construction of Non-Differentidble Fu7ictio7is 407 


same infinite limit, + «,or — a>,itia not necessary that these conditions 
should be satisfied. It will be shewn here that there is an everjnvhcre-dense 
set of poinfa in wliich CcU6rier’3 function has a differential coefficient 
- 1 - CO. IngeornctricaJ language, Uw curve represented by Cellbi'icr’s function 
has a set of points of infiesdon. At the point « = 0, we have 


let m be such that a" j | S < a""*"* 1^1; then tlie sum of the first m 
terms on tho right-hand side is potitivo, and greater ninncrically than — . 

The sum of the remaining temifi is nuiuericaily less than S — - i-y-, , or 

I « I 

than If m. be indeBnitely increasod' ^ ■- ? - ^ diverges to 4- », 

whether h bo positive or negative. It follows that, at tho point a: = 0, tho 
function has a differential coefficient -t- «o . Let x-= xt + ^ » where r is 
nnj' integer and tn in a positive integer. Wo have tljen 

/ («) “Jj ^ S'o : 

and this fiinotlon has » differential coeffioient + ® at tho point x = 
sinoe tho first sum has a finite differential coefficient. It lias been shewn 
(i, § 20S) that the set of all the points at wtiich the differential coefficient 
is infinite liM a mcastito itero. 


The method which has been applied above te show that Colldrior’s 
function has, for a sufiicienily targe even integer a, no finite differential 
coefficient, may also be applied* to prove tho same property of Weierstrass’ 
function 2 o" cos where 0 <»< 1, and 6 is tin odd integer such 

that all S 1. 


274. An account will now be given of the mode of construction of non- 
diffcrentiable functions devciopedt by Knoj^, and wMch htis been already 
referred to in § 271. 

Let u„ (a:) be a continuous function, defined for each value of 7i {0, 1, 2, 
3, ...) for the indefinite interval (— ®, w), as a periodic function, of period 
21 , so tlial ii„ (i) = v-a {x + 21). 

* Tliis hrifl been cftrricrl out in Selw! (loc. eft), where however the cnnditien( 

b must be odd is omIt(cd.nUliaugliitiaaeceaiar7mtlu>pHicew.irbe possibility in xlso . ■ 
thnt ttie function tnny have nn infinite dilleientiiil eoeOituent. 

t MaUi. Zeitschr. vot ii ilOlS), p. L In tliU memoir f*eametricel jllusiratiens oi the '• 
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If c„ be the greatest valae of j «„ (*) |, it otII be nssuined tlial llie 
series £ c„ is coETergent, so that, in accordance with Weiorsti-ass’ lest, the 
series 2 v„ (») converges tmifonnly to a continuous fimction / (x). 
the partial s\im 2 (a:) be denoted by (x), so tiiat / (*) lim /„ (x) ; 

we thus Iiavo /„ (x) — /„_j (ar) «„ (*), /„ (*) (*). 


It mil further be assumed that each function {x) has, in a complete 
period (0, 21) of X, a finite set of maxima and minima, the number of whioli 
increases indefinitely witli n, and so tliat the greatest intcn'nl between a 
minimal point x, of it„ {*), and either of tlic adjacent maximal points x, 
diminishes indefinitely as n is increased indefinitely. Let { be any value 
of X, then f ia in an interval whore and xj+i are tun 

eonseoutive minimal pmnte of ««(*)'. point f may coincide witli ai"’ 
or with ai+i . Let bo tho maximal point of «„ (x) next to, and on tlio 
left of, the point and let be the maximal point of ti,(*) next to, 
and on tho right of, the point xi^i, and let us consider the two incromontnry 
ratios 





of the funotioii / (*), Since the interval (»$'\ is detorminuto tor oaoli 
value of n, for a fixed point we have, us n is inoreiised, tw'o sots of in* 
crementaiy ratios of /(x) such as are considered in § 272, in expressing the 
condition that tiie function/ (x) shall bo non*difiei'enliablc at tlic point x. 
T^t it. bo assumed that, from and after some value m, of n, tho eoiulitiotis 

are both satisfied, for n&m', tho two incrementaiy ratios then liave 
opposite signs. In case both the incrcracnlaiy ratios increase indelinilcly 
in numerical value, as n ~ , they diverge to <» and — » rnsjieclivcly, 

and there is consequently no differential coefficient, finite or infinite, al 
the point In order to eitsurc tliat this ie the case for all points f. let /!„ 
be the upper boundary of the set of absolute values of the incremeiilary 
ratios of (x) for every pair of pcants; tliis is the same ns the upper 
boundary of the absolute values of any one of the four derivatives of i/„ (x) 
(see I, § 280). It then follows that the values of all incrementary ratio.? 
for the function /„_i (x) = (x) + rt, (x) -b ... + «„-i (x), lie in the inlen'al 

bounded by the two numbers ± (4, + .4, + ... + A„.,). 




: it now be assumed that 

«n(-'K'r+i)>«,(4"’), and «,(x'i'?i)>i/„(*i+i), 

' after some value m, of «, wherever llie jioint i may be ; si 
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functions arc periodic these cooditions are finite in number, being all 
obtained by assigning a finite set of vaJues to r. 

It follows that 


1/ -7(4") >/. (4?i) -I. (4") 

1 1 ) -7 (4?.) > /. (47.) -/, (47i) ' 


where n £ m. 


Lot B„ denote the smjdlest of tie finite set of numbers 

«. (»".) - «. (4”’) ». (47.) - «. (47.) 

where r has the finite set of values required for points i in the interval 

(0, 21). 

We see then, since («) (*) + u„ (x), that 


>B.-(A, + A^ + ...+A,_,), 

afr+i-ai 

■= - + (A,aa. + ... + A,.,). 

•Tir-X l 


If noxv Urn {£„ — {At + j4j + ... + .da.,)) — + 06 the required con- 
ditions are satisfied by the two incrementary ratios, and the funolion / (x) 
has consequently at no point a differential coclficlcnt. It bos thus been 
proved that: 

li is sn^cteiiJ, in order that f(x) mat/ be non-differentiable, that (i), 

I'n (*'r+x)>«n and 1/n > «n (4+l) /o'" » S m, where *r+l 076 

any lino consccjttivc minivial jioinis of «„ (*), m order from left to riyht, 
is the maximal point of «„(*) next on the right of xJ+j, andx'J"\ the 
maximal point next on the l^l cf ff; and (2), iJiat 

lim {5, - (At + Ai + ... + =» ce ; 

where A„ is the tipper boundary of the absolute values of all incremeniary 
ratios of 'U„ (x), and B„ is the smaResl of Ike finite sets of numbers 
) -n „ > 

a^+i - 4”’ ’ . *r"-i - 4"A 


275. There arc four specially simple types of non-differentiable func- 
tions which may be defined by the metiiod developed above. 

(1) Let the minimaof «„ {x),for »£ 1, be all zero, from which it follows 
thati(„ (x) £ 0, for all values of x. Further, lot all tlio mammal and minimal 
points of (x) be at zeros of «„ (x). In this case the condition (1), of 
tlic above theorem, is certainly satisfied, since 

n„(,4"’) = 0, k„(4+i) = 0, «,(x'S;’,)>0, u„ 
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(2) Lot the maximal and mimmal points of (s;) he all at zeros of 

(.t), for 7! = 1, 2, 3 In this case/(9;) (x), at any maximal or 

mimmal point of it„_i {*). 

(3) Let the minima of v„ (x), for n & I , bo all zero ; and thus ■ir„ (x) S 0, 
and let all tlie minima of h„_, (*) be at zeros of w„ (x), hut not as in (J) tlie 
maxima. 

In this case ^ve hav6/(x) •=/„., (*) at any minimal point of a„_j (x), 

(4) At every minimal pennt (x), let 

«n(a:). «n (a:) + «„„ (x) «»(*)+«««{*) + ... 4 w„.„ (x), ... 

all have negative values ; and at any maximal point of i/„.i (.t) let (iie same 
expressions all have positivo valncs. 

In this case /«+.,.» (x) </■_, (x) at a minimal point of (*), and 
/titffl-i (®) > /n-i (*) *■1' a maximal point of «„.! (x). 

As asiraplo example of typo (1), denote tJio polygonal /unction 

which is defined in the interval (0, 1) by 

^ (x) « X, for 0 S X £ ^ (x) 1 — x, for ^ £ x S 1 ; 

and which is defined for all other values of x by the law tliat it is periodic, 
with period 1 , 

Ixst (x) - a"^/{6"x), where «< 1, and A is an ovon integer; since 
0£^ (A^x) £ I, it is clear that E (A"x) converges uniformly to a 
oontinuous funetion/ (x). Tlie maxintal and minimal points of ifi (A"-* x) are 
given by X = r . , where r is a positive or negative integer, or Koroj 

and all these points are zeros of A’tx; hence tlie function is of type (1), and 
therefore the condition (1 ) of the theorem of § 274 is satisfied. Tiio value of 
A„ is the maximum of |o’'A“^t'(A"*)) which is also I}„ = §n’'A’', since 
0, are consecutive minima of ttnix), and ^ is the dislntice of flic 

3 

minimal point x = 0 from tJie maximal point x « Xiie requisite con- 
dition (2), of § 274, is that 


lim (Ja’'A" -oA -a*6* - ... - a"-iA"-‘) = 


which is satisfied if ai > 4. 

It has thus been shewn that: 

The jxmetion E a"i^ (6“x),wAefc a< I, and A it 
diffcTuniiabU, if ab > 4. 
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The function ip (z) was first employed* by Faber, for the piiipose of 
constructing a non-differentiable fonction. The function actually con- 
structed by Faber was the function X (2" shewed that this 

function satisfies the wider nondition that j- ^ j , for an 

arbitrarily small positive value of e, has arbitrarily large values. 

In gonaral, the function Xo„(f where Xa„ is convergent, and 

an integot such that is an even integer, is non-differontiab!e if 

K^n - Kft 'i- 'hPi -i- — -t diveigea to -h eo , as n ~ co . 

Tf wo take instead of ^ (*) thofunctian| sin jia: j ,we obtain the funotion 
Xffi" I sm6"?w| ; when a < ),'and bis an oven integer, then X o" [ sini"«:| 
is a noQ-diirercntiablo function, of type (1), provided the second condition 
of the theorem of § 274 is satisfied- In this case it is found that .(4„ 

■5n =■ and thus the condition is fulfilled if Jo** 6" — diverges to 
+ » , wliioh irill be the case if o6 > 1 + f>r. 

As on example of a non-diSercntiable function of type (2), let x 
denote the polygonal function obtained by joining 

. X (®) ” *> *S j, X (*)”=*-*. for J '2 ® * I > 

X (*) = ® — 2, for I £ * iS 2, 

and oxlending the function so that it is periodic, and of period 2. ' 

If/(*'{ar)“ S a"x (a:)=> X (— l)*a"x (b“a:), where 0<rr < 1, 

and b is an even integer, the maximaf and minimal points of 
(s) » «“-‘x lb**>*}, OT (- l)«-i«"-»x (b" -'®) 
are zeros of «„ (»). 

If ab > 1, as in the former case the eoiidition (2) is fulfilled, and it is 
clear that the condition (1) is satisfied. Tlicrefore, whra nb> 1, the 
functions /O! (i), /l*l (x) arc non-differentiable. 

As before it is seen that the two fuDcUons 

2 a" sui b“7ia:, X (— ll“a''siaA'’'7T®,‘ 
where 0 < o. < 1, and b is an even inte^, are non-differentiable if 

' trb > 1 -t- |»r. 

Examplee of non-difleroutiabte fahetions of typo (3) are 
S a^plb^x), X o" ] £an6"»nc j. 


0910). p. 
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where 0 < a < 1, i is an odd integer, and in tiie first case ub > 1, in ttie 
second > 1 + fw. 

Examples of functions of type (4) are: 

S (i" •■>:). where 0< « < 1, 6 = 4»H- 1, <iA> 4, 

S a" sin /j" war, where 0 <a < 1, 6 = 4tn + 1, aZ> > 1 + 

S {— where 0 < a< 1, =r= 4 j>i + 3, ofc > 4, 

S (— I)'®"?!:! (6"na!), where 0< a< 1, ft = 47ft + 3, <i6 > 1 + gtr. 

It is easily verified that, subject to the Ktate<l conditions, the conditions 
of the theorem of | 274 are eatisfied. If, in t)ic second and fourth of those 
functions we change * into » + | . the functions become the Weierstrassian 
function X a" cos ft"**, where ft is any odd integer, 0 < a < 1, a6 > 1 + 


TUB OONSTIVrrOTIOir of a DIFFEnCNTlABDE BTBRr^VKBBB-OSOILLATTKO 
roNcriON 

S76. The first attempt to construct a function with maximaand minima 
in every interval, which should have at every point a finite diiTorcnfial 
coefficient, M'as made by Uanlcol*. The function whioh ho constructed is 
however not an everya-here-oscillating function. Ry Du Bois-Reymondf 
the view was expressed that no snch function can exist, but Dini Jicgardcd 
tlie existence of such functions as highly probable, The first actual con- 
struction of such a function is due to K^peke, who having firat§ eonstruutcrl 
an everywhere-oscillating function with derivatives on the right and on tba 
left at every point, in a subsequent meinoir|| obtained a function having the 
required properties. Kopeke’s construction has Irecn simplified by Pereno^J. 
and the account Iiere ^veii is based upon the work of tlie latter. 

On a straight line AB measure off sclents AA', B'B, eacli equal to 
-^AB. Let 0 bo the middle point of AB, and draw tlirough 0 straigiit lines 
rj. rj, ra. ... making angles with 0.4 of which the tangent.s are 
1/2", 2/2", 3/2", ... (2» + I)/2» 

respectively. Through A' draw a sUuight line r, raaldng wth jI'O an angle 
of tangent 1/2". Through theintersecUon (>o,r,) of r„ and r^, draw n straight 
line r,' parallel to r, : through (r,', Vj) draw a straight line r»' parallel to rj, 

* .Jfofi. ,l7ina?«ii, TOI. XX (1882), p. 81. + CWte'» jOTi-rint ml. lxxix (187.S),ii. 3:. 

} ffmnitajfn, p, 3B3. | /Innaltn, voL XXK (1887). P- 123. 

II Hath. Annalen, vela. XKtrr (IflaS], p. 161, uid xxxv (ISM), p. 104. 
aiorn. d! Mai. vol. xxxv C1837J, P- 132. 
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and so on. Tiio straight linos ra.fi'.r.'. an unclosed polygon 

above A '0. On OB' describe a prccisdy aniilar polygon on tlie other side 
of AB. The figure is drawn for the case w 2, and shetvs the half of the 
figure belonging to A'O. Tlie fcn-o polygons form a single polygon joining 
A'B' . and crossing it at O. On retake A' A" AA', and dc.soribean arc of a 
circle touciiing AB at A, and At each vortex of the polygon which 

has been caiietniuted, mai'h off on the rides adjacent to that vertex lengths 
equal to tt'j of Iho shorter side, and coiistmct an arc of a eirejo touching the 
two sides at the extrcniifies of these segments so marked oil. We Itave now 
a figure joining A and B, and composed of arcs of circles and of straight 
lines. This figure, by raoan.s of its ordinates perpendicular to AB, defines a 



(continuous difTerenf iable function, triffi aconlinuous differential coefficient 
whioh is zero at A and B, and Ls — (2" + l)/2" at 0. This function may 
be denoted by (A [ B)„. 

Lets;, y be a system olcoonlinateaxesinaplano, and draw a quadrant 
of a circle passing through the points (0, 0) and (1, 0), in the po.‘(itive 
quadrant. Lot Fg (,x) bo tlie funcUon repr&sonted by tliis quadrant, for 
tho interval (0, 1 ) of a;. Tlio function Fa (*) a maximum at x = ^ ; also 
Fa (0) = 1, 2'V (I) ^ If Oo denote the valtio of F^' (x) at Xa = J, 
describe the curve of vviiioh the otdinaies are Og (0 j J)i, from * == 0 to x-= 
and — Og (i I l)n from x = | to *= J. This curve reprcRents a continuous 
function /i (x); and wo have 

f,' (0) =/i’ ft) =/,' fl) = 0, 
and //«)»- too. 
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The function ^"1 (») = (*) +/i {*) 

is such that 

-Pi'(i) = -iao. -f,' (I) = i«o. •Px'(0) = l. = 

Thus (a;} has a maximum in the intcival (0, J), a minimum in (J-, i). a 
maximum at a: = J , a minimum in (J , |), and a maximum in (J , ] ). 

Let tlie interval (0, I) be divided into sub-intervals, by rncntis of the 
points at wliicli F,' (a:) 0; then, in each of these sub-intervals, f, (ar) is 

monotone. Then <livide each of these sub-inten'nls info 2, 4, 8, ... equal 
parts, lit! til the fluotuation of Fi (*) in each of these parts is £ t ; f Jijjj fj- 
ahvays possible, since F^' (x) is a continuous function. Let c”’, ci"’, e‘t \ ... 
denote all the points in which (0, 1) Jias been divided in this manner. In 
nny one part (cj r^\ F, (x) is monotone, and its differential eoefficiont 
has a fluctuation S J . Let ai*\ 03*’, ... denofo the values of F-^ (x) at tiio 
middle points of the intervals (0, (ci”, c***), .... Dosoriho the curves 

fli (0[«i fc> <*1 (Cl [Cl b- (*i I Cl )*•••» 
these (onn together a continuous curve which represents a function/j (*). 
Let 

J’,(x) = /’„(x)-t-/,(x)-l-/,(x); 

then J'l (x) line, in every interval Ci"), n new maximum and n new 

minimum. The length enoh interval is < 1/2*. 

Proceeding in this manner, let. us-suppose that the fimction F„ {x) lias 
been formed. Take t.ho points at which F„' (i) vanislies, and, in case F^ (z) 
has lines of invariability, the limiting points of those lines; those points 
divide (0, 1) info sub-intorvals in each of which F (x) is monotone. Then 
divide each of these sub-intervals into 2, 4. 8, ... parts, until the fluctuation 
of F„’ (x) in each part is £ 1/2"; let 4f’, <4^* ... be all the poinl.s of 
division of (0, 1) thus formed. In any interval the function 

F„ (x) is monotone, and the fluctuation of F^' (x) is £ 1/2". Let 

-<*) _<•> 

On » On j — «« . -• 

be tlie vnlnc.s of F„‘ (x) at the middle paints of the intervals ; and, in tlic case 
of a, line of invariability, take as the corrcspondbig value of the o„, 1/2" or 
— 3/2", according as the line erf invariability is in the interval (0, 1), or in 

(J , 1). Let the curves (c?”'* I be described, and let the function 

represented by the totality of tliese corves be denoted by/„+i (x). Then the 
function 

■F’nw {*) = ^’, (*)+/-« (®) 

has a new maximum, und a new minimum, in every interval (c„ , c,, ), 

and the length of each of these intervals is lera than 1/2"+*. 
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If tJiis la.w of generation of the fnnotions (*) be employed indefinitely, 
we have a scries 

(^) +/. (*) +/*(*) + - (*) + ...; 
and it will be shcira that this series represents a eontinuons function which 
is everywhere differentiable, and which has an cver}nvhere-dense set of 
maxima and minima. 

277, Let F„' {x) +// <x) +// (*) + ... +/,' (x) * S„ (»); 
it wO! tlien be shewn that, for every value of n and x, (x) is numerically 
less tlian n (l -i- . which may be denoted by P. Let us assume that 

[ iS„ (s) I is, for every value of*, less than 11 ^1 .which maybe denoted 
by Pn ; it mil then be shewn U>ftt | (*) j < P^i. 

Let the point a be in the interval (c?' c?'), wlioro * < the number 
a depondit^s upon the value of *; we have then, in accordnnee Tvith the 
construction of the functions, 

where 1 S n. S - (2"*' + 1). 

In the intorval ci*^), S„ (x) hoe a fixed sign, the same as that of 
blit- this is not the case for 8,^, (x). If o, is positive, we have 

If a„ is negative, we have 

it has thus been shewn that if | iS« (*) J < P„ then also | S„f., (*) ] < P„+j. 
Nenv I Pj' {«) I is, ovorywhwe in (0, 1), lees than (1 + J), and therefore the 
tiioorcm [ P, (x) | < P„ follows by induction. A forHori \ 3„ (x) | is, for 
every value of n and ®, <P. 

The numerically greatest value of /„+i (*) in the interval (c4*~**, ciT^) is 
at some point on the left of the middle point'of the interval, and tlial 

value is consequently < | anco the length of the interval is 
less than l/2"vi. Also, as has been shewn above, < p, and therefore 

and hence, since the terms of the series (*) +/j (x) ... are nuraorioally 

loss than the corresponding terms of the absolutely convergent series 

S + 1+ +^- + 

25 ~ Z’~ ~ 2^+3 ~ ' 
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it follow s that the sGries/^ (*) +/, (*) + ... is uniformly convergent in (lie 
interval (0, 1). It follows that the function Fix), defined as the sitin- 
function of the series Fa (*) +/i (*) +/g (») + is a continuous function. 

In order to prove that the funclion F (*) is everywliere differentinble, 
we sliall shew that it satisfies the conditions stated in the theorem of § 2;i.'3. 

We have of all to shew that the series /j' (a:) +f (x) j- ... is 
convergent for all values of x in (0, I). In case, for any valuo of r, all 
the numbers iS„ (x), far), ..., from and after some value of n, have nil 
the same sign, say the positive sign, tve have 

wliero m is the value of » in question. Also 

(•,7 


with BimilaT inequalities involving higher indices. From these inequalities 
wc find 


- S. (.)a "rl, + “•« + ... + s 


and since m may bo taken so great that i'/2~ is arbitrarily email, we sec 
that m may ba so oho.sen that — ■?„ (x) is arbitrarily small, wltsfcs-er 
poRitivo integral value -p may have. It has thus been shewn that, in llie 
case considered, the scries is convergent. 

Tfi may happen that S„ (x) is aero, owing to x being at ii point of dlvlRion 
in this case all the functions (x) wifit higher indices vanish, and 
therefore all the functions (*) vanish, from and after the parlicularvahio 
of n. It may happen that 8„ (x) vanishes, owing to x being a point of 
invariability of F„ (x) ; in this case (x) may vanish if x is an extreme 
of /„4.j (*}, and then x is a point of divimon oi+i , and all the functions .S„ (z) 
for indices 7n > ra vanisli. Thus if, for any value of x, S„ [x), S„^l {x) bofli 
vanish, thcn5,„ (*) vanishes for all values of mS n. If *5„ (i) vanislios, but 
not S„.i (x) or <9„+i (x), x is a point of invariability of F„ (*), and 



and the same reasoning is applicable as before. Let us nc.vt snjipoRn that 
(ho functions i5„ (x) are never all oi the same sign, from and after any value 
n, and that for some values of n they vanish; let rt,, tjj, ... be the values 
of n for which S„ (x) has a change of sign, for example. Jet .S„, (x) be 
negative or zero, and (x) be jxwitive, and Sa,{x) positive or zero, and 
(®) negative, and so on. If S„^ (x) is m^ativo, we Jiave 


‘5,,*! {*) = S„, (z) + tC„, , 

1 S «r„, £ - {2»>« + 1), 


where 
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and since «„ is negative, we have 

I P P 

account being talcen of tlie fact that the fluctuation of F„^' {x) in tlio 
inteival in wliich x lies is £ , If S„, (*) ia zero, so that * is a point of 

invariability of (b), we have 



In any case we find that 

s.,„ w + ~ , 

7vhere p = J, 2, ... 

Biinilarly, 7vc find that 

l«....WI<|-,.KS,W-0l 

and if S„, (a) > 0, wo have 

I W i < I s..„ W I + + jgs. 

for p •= J, 2, 3, — Wj. 

It is scon from these results that ( (a^) ( becomes arbitrarily small for 

nil BufTiciently great values of n, and thus lim S„ (x) « 0. It has nenv been 
sliown tliat Jn every case the series 

To' (*) +/i' (*) +/»' (*) + — 
converges for each value of X in the interval (0, 1). 

278. It must next be proved that, if < be an arbitrarily oh'osen positive 
number, then, for a given x, a number 6 > 0 can be found, suoh that, for 
each value of h numerically Jess tlian 8, and for which a: + fi is in the 
interval (0, 1), tliero exists an integer >»j,' variable witli ft, and not Jes.s than 
a prescribed integer in', such that ^e three numbers 

(* -f ft) -J’mfcr) n,., + S„(a:) 

_ ^ 

are all numerically less then c; R„ (x) denoting the remainder of the scries 
wliicL represents F (x), that is, J’ (x) — jP„_j (x). 

Tile case may be left out of account in which x coincide.^ wif.li one of the 
points of division of {0, 1); for the function F (x) ia then represented by a 
finite series, and is differentiable, rince/',,, (ej*) *= 0, for p > 1 . 

Let €, m' be fixed, and Jet us conridcr apointx in (0, 1); then a number 
71 S ni' can be so determined that 

< I «. I {*) - (*) i < ^ f , 
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where % q are any positive integers. Bbr any value of h, siiclj tliat x-^h 
falls witliin the interval Uie number fn can be determined. Let 

h bo po-sitive, and determine »», so tJiat * < eJi'L ji,pn 

it can be shenm that n, 4- 2 is a suitablo viituc for 'm. We luive 

/......ri'Vd-O; 

•nd I (4" 1 ± I < t, for p a 1 . 

The point is in general between x and x -f- h, and therefore it deter- 

minea two segments, &j, ij, where 

* " * + A ” Ctijt-l t- 

We have therefore 

1/..., .. W I < 2.;w . t.. !/««.. W I c 2^. ’-i ■ 

and 80 OQi and from these inequalities we dnd that 

I M I < ft. {5^. + j < gi , 

and similarly that 

I jf., .,(«+'') I <2^^,. 

Since 7^, arc Ices thon h, wo have 

It iuis thus been shewn that m = n, 4- 2 is a value of tn which satisfies 
the required condition. The case in winch k is negative can be treated in 
the sanio maimer. 


We have nenv to prove that 


. ^ ^ wl ; 

and if a;, a: 4- h are points in (cS[" ”, c^), the absolute value of tlie first term 
on the right-hnnd side is not greater than l/2"‘. 

We consider therefore 

/n,*, {*+/») -/«.«(*) 

A /"««<«)• 
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From the construction we have 

- 2^+1’ 

since x, x + h aie in tlie (e£ ^l). Let iis take the case in which 

F,, (a;) increases from to then, for any point x in the interval 

behveen tliese t\7o points, we have 

aj** 

h 

We shall find also a lower limit for this incrementery ratio. The point x is 
such that the ordinate of n^* ia below the *-axis, and if, for 

that point, the diHereuiiai uoelTioieiit is negative, we have 

.<® t - /-!« {*) (jj). 


Let the sides of the reotiKnour polygon wliieb was employed In the con- 
stmotion of I “Ih^Lj+i be denoted by 

ffl'. fi'. ••• ’^2*i+>-l>’''2’.+'+l' ••• Vj*/' V> 

where >■„/ b equal and parallel to On r,', produced beyond (r/, r,'), 
a segment equal .to r^'; tlicn tlijs segment is equal and pai'sUe] to s^', 
and the line joining the end of this segment with (Sj', is parallel to r,, 
and Mdli out r,' in apednt ft- But s,' is parallel to r*, and passes through 
therefore tUa segment is the prolongation of Sj', and is oonse- 
qnently inclined to the asaacb at an angle whoso tangent is — 3 

Hence, for a point between and pj, for which the ordinate is positive, 
wfi have 

(a: + k)-7i„+i(*). n 

-* S 

But the greatest value of /'a,n (*), in this case, is and therefore 




If a point ft on r^' be deienmned, by making a similar construction with 
j' instead of r,', then, for every point on the, arc p,, ft, except pj, 

/«.4 i(ic + _ 4 <4*/. 


But the maximum value of the di&rentialcocfGcicat is, 
therefore also in lliis case. 
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This concJition lioWs for eveiy point on tlie curve which lins a posilire 
ordinate. It holds also for pmnts trith a. n^;ative ordinate; beennso for 
such points -with a negative dillcrential cocfllcicnt the relation 

holds; and for points where the differentiAl coefficient i.s positive, the 
expression on the left-hand ia positive, and that on the right-hand is 
negative. 

It. ]ias now been established that 

W - ■< + 

and it lias already been proved that 

"■ ‘ - F'„, (i) + , where J S 0 £ - 1 , 


Wo now see that 



t.tikii) a/- 

^ - -r n, W + 2 „. + 2 'U *1 


and hence («;) j < e, 

since On” < P, and P/2"'-* < and [ d/2"i ( < P/Z"< < g«, 

It has now been established that tlic function F (a:) has af. every point 
a finite differential coefBeient which is the sum of the eonvergent scries 
■Po' (*)+/,'(*) -I- /,'{*) -I-.... 

Lastly, it must be proved that F (x) has an everywhero-denso set of 
maxima and minima. 

It has been shewn that, in cvoryinterval(<^ri’, <4*- j)i the function P„(w) 
has a new maximum and anew minimum, and that the length of the in'lcn'al 
is Jcs.s than 1/2". If Tj, is a maximum of P„ (x), we have 

F„ {To) = P„i K), and P-' {*.) = (*o> " 0. 

IMoreover /„,i (a:) is negative in the neighbourhood of the pohit t^, and 
therefore P„*t -t- ^) — P,+i (a^) is negative or zero, provided I /» ( les-s 
than some number k. It thus appears that P„n (*) has also a maximum at 
* 0 - If To is a point of invariaWlity of F„ (*), it is no longer one forP„., (r), 
and cannot be a point of invariability of all thefunotion.s with higherindice.'i. 
If To is a limiting point erf a line of invariability, P«+i {t) wiii Jmve a 
maximum or a minimum, or else a point of inflexion at Xq. In every ca.se 
Pn,j (x) will have a maximum and a minimum in every line of invariability 
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olF„ (i). ForanygiTeniatCTval,assmaIla3-wepIea.5e,»canbedeternimed 
so great that the interval contains one tiie intervals (Cn- os'll) in its 
interior, and all the fiincticots F„{x), F^j (*), ... have masinia in this 
interval; and it follows tJhat P (*) also has maxima therein. 

It may be remarked tJiat P' (ar), althougli definite at every point, has 
discontinuities of the second kind at an everywhere-dense set of points. 
At every point of continui^, this di&rcntiai coefficient mnst vanish (sec 
I, § 2S5). The function F' (*) is not integrable in accordance with Riemann’s 
definition. 



CHAPTER Vn 

THE REPRESESTATIOX OF POXCTIONS AS LOHTS OF KTEGRAI^S 
TEE GESBRAE COSVBEGEJfCn THEOREM 

279. In the theory of the representation of a function / {x) ns tlie sum 
of a series of some special type the method of procedure usually consists 
of the partial summation of the aeries; the partial sum being expressed os 
an integral which involves the numbern of terms of theseries asa parameter, 
followed by the determination of the nature of the limit of the integral as 
n is indefinitely increased. 

Tiic general theory of the evaluation of a limit of the form 
lim j f (*') <!• (i', T, n) dx', 
or more particularly of the form 

lim I / (x*) -X, n) dx', 

is, in its modem form, due to tJie investigarions of Hobson* and of 
Lebesgiiet, but an earlier theory, of a less general eharocter, was given 
by Du Bois-EeymondJ and Dini§- Further developments have beengivcn|| 
by Hflbn. 

In this chapter the tavoinvestigationB arc welded together into a unified 
form, "With a view to the attainment of the greatest possible degree of 
generality. The theory ie in part extended to cover the case of funotions 
of any number of variables, and to the case in which the function of a 
single variable is non-sommable, but has either a D-integral or an IIL- 
integral. 

The following theorem, which may he referred to as the general con- 
vergence theorem, together with apccialirAlion-s and gcneralizafions of it, 
is of fundamental importance in Uiis connection: 

Theoresi I. Let f [x") be a boimded or vnbomde/l fvnelwv, sinnmablc 
in the interval (a, h) of the variable a!. Lei «I» (*', i, n) ie o fiinclirm defined 
for all values of x' in the internal (a, b),for all values of n in a sequence of 
increasing numhers ivilhotit an u^per limit (tri jwrfi'ctdor the sequence oj 
integers), and for all values of x in someselof jtoinis G, Further lei <i> (z‘, x, n) 
satisfy lliefonormng conditions; 

• Proc. Lend. Malh. Soc. (2), toI. ti <1008), p. 349, and (2). >-oI. xn [1912), p. ICR. 

\ Annalcs ds Tmlovie (3), voL i (1909}. JU 25. 

t CrePt'i Journal, vnl. I.xir (18B8), p. 93, and i-oL WKX (1875). p. 38. 

I Seri( di Fourier, Pisa (ISSC). 

II Dmlt'-hr. d. Wiemr Akod. voL Sent (1916), pp. oSH. 6S7; alsn iVicrer Per. rol cxxvti 
(1918). p. 1753. 
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The Geaieral Con/oergmce Theorem 


(1 ) For each pair of numbers x, » for vHad}. O ix', x, n) is defined, that 
funcCioii of x' is equivalent (see i, 1 894) to a funelion which does not exceed 
in absolute value a fixed Kwmter K, indejiendenl of the parlicidar values of 
X and n. The trivial case in wJiich,forafmiU!sei of values of n, this condition 
is not satisfied may c?ear(jf be disregarded, since such values of n -may be 
removed from the sequence. 

(2) For each pair of values of a and fi, such that a£ a S ^ s 5, 

exists as an L-inlegral, for each pair c>f vaUus of n. and x {in Q), and it con- 
verges to sera, uniformly for oH udiuea of x in O, as n . 

Tkeri [ / (»') (a’, *, ») d^ converges to zero <m n ~ co , uniformly for 
all values of x in 0. 


Til is oloar that t'bore will bo no loss oT gonerBlit>y if the nontiltion 
I fJ* (»', a, 7i.) [ £ ^ iu taken to hold for all the raluee of a', a, n without 
Exception, 

It should bs observed that, in case (a', a, n] S 0, for all values of 
a', a, and n, the . condition (2) may be replaced by the oonditdon that 

r*’ 

I <t> (a', a; «) dx' should convorgo to scro, as » — os , uniformly for all 
values of a in (?. 

Toprove the theorem, we oljserve that, in accordance with the theorem 
in T, § 130, a cortinnotis fnnetioo ^ (:d), dolinod in (a, b), can be so deter- 
mined that I ] f (a') - ^ (a') ) ifa' < where « is a prescribed positive 
number, 'Phe interval (a, b) may bo divided into a number of parte (a, o,), 
(«!, dj), la,_i, 6), so chosen that the fluctuation of <f> (x') in pacli of these 
pai'Ls is less than ^ (a*) be a function wliich, in the interior 

of each part (a,_j,a,), where « = 1, 2, 3, ... r, hae tlie oonstaat value 
c, = (fi . At the extremities of the parts we may take ^ {x') to 

have tJie value zero. Thus ^ (a*) liae the finite set of values Cj , Cj, ... c,, 0. 


Since I (*') - ‘A I < ea'eiywhero except at the end- 

points of the r parts of (a, b), we have 

and therefore j (/(jb') — iA(2!')|«fe'<y. 
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The integral j f (s’) ® (*', x , ») dX" may be expressed by 

f { f (a;') - '!> (*')} ^ (*'. *, ») dX + 's' c, j"' (I> {x', X, V ) dx'. 

Hence we have 

j j" / (s') a;,n)rfa:' j< 2c+ £^| c,[ 1 1 ' O {x',x,n)dx'^. 

From the condition (2), of Uie tiieorem, a number m, belonging to tlio 
sequence of values of n, can be so determined that 

I f*‘ fh (a', , for o ■= 1, 3, 3, ... r; 

‘ SJc.1 

and for aU values of x in Q, provided « & «». It now follows that 
j j f («') 'I' (»'. *) «) dx' I < S«, provided n S n,, 
for all values of » in 0. Since « con be arbitrarily chosen, the integral 

fb 

I / (*’) I* dx' has been shewn to converge to zero, as n — » , 

uniformly for all values of * in 0. 

An examination of the proof of Theorem I shews that the theorem may 
be stated mors generally. In the first place the poipt x' may bo taken to 
be a point in a ^-dimenaonal ceU (a*“, o'**, ... alW; 6>‘>, ... i'^>) wliicli 

Avill replace the linear interval {a, 6) of the theorem. The theorem of 
I, § 430, holds good for a function in a p-dimenaional domain, and in the 
proof, the cell (a, b) wiU bo divided into r parts in each of a’hich the 
fluctuation of the continuous funorion <f> (x') is, 


K(h<n - a(») (Am _ oWt) J. (AM _ a'«) ' 

Instead of (a. a cell (u<'t, «(*), ... cCrt; ... /Jlw) will l)o employed 

in the condition (3). 


Moreover the setGinaybeasetofpointsmuiynumbDrtf, of dimensions. 
Further the numbers n may be replaced by aset of nurabeisn"i,w*“’, ... n'‘>, 
each of which belongs to a sequence with no upper limit. To the number 
He tliere will correspond a set of numbers »4*\ \ ... n*/*, sucii that all the 

integrals 


provided ... 

The single limit, as will thus be replaced by a /-pie limit, as all 

the numbers n^'>, u®, ... diverge to oo. 
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For example, if x' is in al'Wo-diincaiBional cdl, nnd n is Tcplaced by two 
mimbers nA), n'.^\ the theorem states that 
rifc"’, 6"’) 

lira (ajt'i'.aiM') 41 (aW'. a:®', d (ar!'’’, t<=i') = 0, 

and that the convergence ie nnifonn for all points z in the given set <?. 

It shraild also be observed that it is possible to extend, the theorem so 
that }i may be taken to be a continiions variable which diverges to co, 
, sucli that A s n, where A is some fixed mimber, provided the conditions 
(1) and (2) of the theorem are satisfied in such a domain of n. Also n 
may consist of a group «•>!, »!*), ... »W, of such continuous variables, each 
diverging to so. Tii this conncclaon tiie rcmocki; made in i, § 311, on the 
relation of the two definitions, by Cauchy and Heine, of continuity of a 
function at a point are reJevant. 

It ia clout that, instead of the interval or ceQ (a, 6), any hounded raeasur* 
able set ina}^ bo considered. For, if / {x') is defuiadia such aset taking 

an interval or cell (a, A) which contains E, we may aasiimo f (x’) >■ 0 in 
theooraplomentofF -with respect to (a, 6); then the theorem can be stated 

for the integral ( / (o') <& (a', a, ») dz'. 

HE) 

A generalization of Theorem I may he obtained by euppoting that the 
condition (2) is modified as follows: 

(2*) For each fair of values of a and fi, such that a£ a s ^ S b, 
j <h (a', a, «) rfa'- 

ezUts ai an L-irdegral, for each 'pair of values of n and a (in. <?), and it con- 
verges for each tvlue of x, in 0, to xero, asn-^eo. 

Itwill be observed, lliat,<OT account of the condition (1), the convergence 
is necessarily bounded. Tins condition is that j j O (»', a, n.) rfa’ j is less 
than some fixed number independent of a and n, and that for each value 
of X it converges to zero, as n ~ . 

The condition (2*) is then less restrictive than the corresponding con- 
dition (2), in which iimform convergence is postulated. The result of the 
theorem when (2*) is introduced instead of (2) will he that 

j f{x')0(x',x,n)d3^ 

converges boundexihj to zero, os » — oo , for the vtdues of x in 0. 

Only a slight modification of the proof is necessary to make the ex- 
tenedon. In the first place the proof as it stands may be employed to shew 
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that, for each single point *, of G, the convergence takes place. To shew 
that the convergence is hounded, -we have only to consider the mpunniily 

j I" /(!r')(I)(a:',3^«.)rf3:'|<2e-|- SJc.ljj"' d) (I'.a;, n) (f.t' j, 
wliich shews that, subject to (2*), the condition of boundedness is satisfied. 

280, Theorern I is valid when tlie interval {a,b) ia indefinitely great, 
provided the condition (1) holds in the indefinite interval, nnd (2) liolds 
for every finite interval, and provided fitrtlicr that / (a;’) is absolutely 
snmmablo in (— « , co ) ; tliat is, Hni j ) / (a^) | dx' cjcists. 

For all values of ,3’ (> fi) we hare 

I J* S {»') ^ (®'. ®. n) rf®' I S -K I* i/(x') I dx'. 

Since )8 can be so chosen that the intcgra-l on the right hand is less than 
«/K, we Jjavo, for all values of (> fi), /(*') (*', *, it)dx' j < r, for 

all values of x and n. Similarly a may be so chosen that 
j J / {*') (®'> ») <^®' j < ft for ft' < ft, 
and for all values of * and n. Wc now have, if ^' > |9 > o >n', 

I j J {x') <!> (*', *, n) rfs* I < 86 ; 

for all values of n not less than a. fixed value a,, and for all values of * 
in G, since the Theorem I holds for the interval (a, fi). 

It follows that I j f (a') <1' (*', x , ») dx' | s 8«, for n £ nt , and it in G. 
Therefore j f [x') ® (x', x, n) dxt oonvergoe uniformly to aero, as ~ , 
for all values of * in G. The case in whicli the condition (2*) is employed 
instead of (2) leads, by a slight modification of the foregoing proof, to llie 
corresponding extension of tlie theorem. 

In case il> (*', ir, n) is non-negafivc for all values of x', x, and 7i, nnd 
provided [ d> (x', x, n) dx" exists and converges to rero uniformly for 
all X in G, it is not necessary that/ (*') should be absolutely summnblc in 
(— CO , CO ), It is sufficient that, ontmde some finite interval (A, B), |/ (x') | 
be bounded (say < V), and / {*') be rammahic in every finite interval. For 

j uj” >P(x’,x,n)dx" 

provided ^‘ > ^> B. Hence, if n & tlie expression on the left-hand 
ddeis< Similarly, if the limits of the integral be a', a, where cc' < n A, 
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the nhsoluto value of the integral is less than c, provided n%n'^\ If be 
the greater of tiie two nuinbersw’/^Bj”, both the integrals are numerically 
less than *, provided » 5 . As bof<K« it follawfi that 


as 51 ~ CO , uniformly for all values of « in &. In case j <!'(*', x, n) dx' 
converges boundcdly to aero, for nil values of x, j / {*') th (a', a:, n) dx' j 
is less than a fixed number independent of a, a', n and the norresponding 
extension of the theorem can be mode. 


It may happen that, for a particular function <l> (*', x, n), the condition 
to w]iich/(*') must be subjected is less stringont in character. If x (•’■') be 
such tliat the function (a,-', z, n) s x (*•■') 'I‘ (*S «) Batisfics the con- 

ditions (1) and (2) of 'nieorom I, it will be sufficient in order tliat the 
interval’ (o, b) can b'o tahen to be the indofiuito interval (— a# , eo ), that 


/ ! X !»') 1 value. In case x (»') ‘J’ (®'r ») S 0. it will 

bo sufficient that ^ suiutnable over every finite interval, and that it 
be bounded for all values of X' outside some interval {.<4, S). 


It is clear that, with tbo necessary slight changes of statement, all 
these rcsiilte arc applicable when x' denotes a point in a domain of ary 
number of dimensions. 


281. There are oases bemdes the case considered in §280. in which/ (x') 
is not necessarily absolutely siiromable in the interval (— ec, »), In which 
Tlicotem I holds for the infinite interval. 

. Let it be assumed tint may be so cliosen tliat the total variation 
of / (®) in the interval (ft ftj, Vj /(») is finite, for p' > and converges 
to a finite limit, as ft ~ os; in that cose the total variation of f {x) in 
. (p, « ) is said to be bounded. Let P (*), — N {») denote the total positive, 
and uogalive variations off {x)m (ft »), fiian/(a:) ”=/ (^) -t- P (x) — N (.v), 
where P (x) + ^ (z) has a finite Uinit, as ®~co; and consequently 
P [x], N (w) have finite limits 'j>, »;'the limit of / (*) being f tfi) + p — v. 
We may now write / (x) — f, (*) — /j (*), whore fi {*) s / (ft p — K (»), 
/j (a) B — P (z) ; and thus /] (z), /s (x) arc monotone non-increasing 
functions, bounded in (ft co). In caise/(z)~ 0 , ns z~co, wo have 
f {^) + P — V =■■ 0 ; and both the fnnctioiu/i {»), /s (z) are non-increasing 
£■011011006 whioli converge to zero, as z ~oo. 

Similar consideralicinB apply totlieneighbourhoodo{thopoint»= — co . 
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Let it iio«' be assiiincil Uiat a and ^ can be so chosen that / {z') is of 
bonnded variation in the intervals (/!, oo), (— <o, a). We have 

I' m ff ® (»■, «, «]*'+/,(?') j', ® (!', I, II) 

where is in the interval (p, /3'). Let it now be assnmod that 
j I 4>(*',a:,fl)rfa:'j 

is, for every value of ^ (> fl), and of x, less than some mimber /:„ , whicli 
converges to siero, aa 7t ~<o. 

We have tlien 

1 1* A (®‘) <S) («', *. »)(?*'!< 1/, (^) I + 2iv f A (,8') ] ; 

thus the expression on the right>hand side is less than a fixed multiple of 
hn , for all values of ^ ' ; hence j [ /, (x') <l» (*', *, n) dx' | does not exceed 
a fixed multiple oi k„\ and since the same result holds for/i (x), we Imvo 

lim J /(*')<!)(*',*, n)rf*' " 0. 

The ease of the integral over (— «, c) may be treated in tho same manner. 
It follows that Theorem 1 is applicable to the case in whioli a and b arc 
infinite, wheu/(®'), <t> {x',x,«) satisfy the specified conditions, provided 
the conditions (1), (2) are satisfied in the interval (a, j3). 

Next, let it be assumed that fix') converges to aero, as x' ~®, and 
as — 05 , and also that a, fi can be so chosen that f (*') is of bounded 
variation in the intervals (^, «>), (— to, «). In (/3, to) we have 
/(x)-A(x)-A(x), 

where each of tlic functions /, {x), A (*) is monotone non-incrcasiiig, and 
converges lo zero, as x ~co. 

Wc have j /, (.ri) 4) (x*, x,n)d:^ ■— f ifi) j 0 (*’, *, n) dx‘, 
where is in the interval (fi, /?*). Let it now be assumed that 
1^ (x'j *, ») dx* j < t, 

where J: is some positive numbn, independent of ti, x, and ^ . Then nc 
have, applying the corresponding result for A (*- )> 

j j " / M ® (I-, *, «] *;■ I S t [/. ) + /, (/in ■ 
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Since ^ may be so chosen that /, (^), /* (fi) are both arbitrarily small, 
wo Isavo, for a suffioienlly large value of 

|/^ / C*') O (»'»,») da/ j<€, 

for all values of « and z. M'ith the corresponding result for the integral 
talcen over (— so, a), it is now seen that the Theorem I holds for the interval 
(— 03, co), provided the conditions (1) and (2) are satisfied in every finite 
interval. 

The foIloTOng results have now been obtained: 

Theorem 1 holds for (he iitfinUe integral (— ao, ro), when the eandilions 
(1), (2) hold, for each finite Miferoal {a, h), prooideil also one of the following 
sets of addiiionol co7idUions holds; 

(а) f{x') is absolvtety snmmablc in (— ao.co), and Ihc condUion (1) holds 
in that infertal. 

(б) Oulside some finite interval / (a/) is bounded, also il> {«',», w) is 
non-negative, and j <t>(x',x,‘n)dx' exists, and converges uniformly to 
zero, oa n. ~ as , /or all values of x in 0. 

(n) J^wmbers a, ^ atn be so chosen that f (*') is of bou.nded variation in 
{fi , «), a»d sn (— < 0 , a), and that 

j J* 0 j [ _4) (a/,*, »)(/*'! 

are, for every value of (> and every value of a' (<c), less than a positive 

number k„ , videpende7ti of x, which converges to zero, as jj — as . 

(d) / (*') eo?iiierpns to zero, as x' ~b 9, and as x‘ — eo, and numbers 
a, j9 call be so chosen <7iat /(a/) is of bounded variation in (p , «), and t« 
(— 03,a), andaiso j I ® (a/,*, n) d*' j, j | ^ (x',z,n)dx' ^ are both, less than 
some positive number k, independent of «, a:, a', fi'. 

There is another case in which, for an infinite interval, the absolute 
snmmability of/ (i/) can be dispensed with, fi.'he following theorem will he 
established ; 

If f (x') be Simnnable, but not necessarily absolutely swnmabic in the 
infinite interval (a, os), and if <t>lx',x,n) satisfies the condition. (1) ofi 
Theorem I in [a, ec ), and the coudiHon (3) t» every finite interval, and also 
the further condition, that Us total variation in the interval (a, to ) es less than 
some fixed number L, independent of n and x, then j" / {x') d* (x', x, n) dx' 
converges.to zero, trs Ji ~ ea , ttm/ormiy/or oQ values of x in G. 
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Let a < A < A', then, from i, § 4E4, we have 

j I fix'] O (x',x,n}dx' — 4>(A,x,n)dx'j f{z')dx']^ 

S 'I) (x', X, n) X the upper boundary of | dr.' j, 

where A -"I re £ /9 ='S A‘. If ij be a prescribed positive number, A ma}’ be 
so chosen that j J / (a') dx’ j < tj, for aJl values of a, ft that arc not less 
than A. We thus have j / (*') (a:', *, n) da;' j < (J{ + L)t;; and the 

number can he so chosen that (AT + i) ij < «. We then have 
jj /<s:')4)(x'.a:,n)<ia:'|<|J" /(a;')<I> (a;', *, n) rf.r' j + «; 

and if n 2 n* , where «< is Boroe number belonging to the eequcnco of values 
of H, 

j j (*’,*, «)rfx'j< 2<, for nS »<, 

nnrl for all vultics of x in G. Thus the thcorom has been establialicd. 

It is easy to see that tlio result holds also for 
j / (x') <l> (*', *, n) dx.', 
provided similar conditions arc satisfied. 

882, In oase the function / (x) is such that ] / (x) is summablo in 
(o, h), for some value of j > 1, the condition (1) in the Theorem I may bo 
replaced by the folio^viug less stringent condiUon: 

(1 a) For each ■pair of numbers x, n, for lofttsh <!' (a', x, t!) is defmd, 
that funclicm of x' is stick that \ is summable, and such Ihnl 

j ] O (.t', 2, n) ['J-i rfx' docs not exceed a fixed, number independent 

of the particular values of x and n. 

The condition (2) will be unchanged. 

In accordance wtli a theorem given in § 173, a continuous function 
(ft (»') can be so determined that 

By applying an inequality givenin i, § 435, ^ve see that 

IL ^ ^ 1 

If, for every coiilinuous function f>{x^, j ^ (x') 'I* (*', x, v.)dx' converges 
to zero, as n , uniformly, or more generally bouudedly, for oil values 
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of X in G, it is clear, since e is arbitrary, that the theorem holds for / (z'). 
Thus it will be sufTicieufc to consider the integral j ^ (ar’) O (*', x, n) dx', 
whore (x') is continuous in (a, b). As in § 279, a function ^ {x') which 
has only a finite set of values Ci, Cj, ... c,, 0 can he so determined that 

\if>{x') — Ip {x')\ < except at pmnts of a finite set. The integral 

K {6 - 

j ip(z')(\i(x\z,n)dx' maybe eicpressed by 

The firet integral does not in numerical value exceed 

and this Is less tlian «. As before, if conditioD (S> bs assumed, the 
expression 'll is mnnerically less than r, for nS rif, 

and for all values of a: in If couditiuii (2*) be assumed, the expression 
is bounded for all values of n. 

Thug jj ^ (*') <J» (x',*, j< 2<, if n S , and the theorem has 
been proved for the function ^ (x'), and therefore for/(x'), in ease con- 
dition (2] is assumed. In ease uoudition (2*) ie taicen. 

lyVf*') *(*'•*•«)<**' I 

is shewn a.8 above to converge to aero for each value of x, and the coo- 
vergenae is bounded for all values of as. 

283, In ease/ (x) is bounded and summable in (a, 6), the condition (1) 
of Theorem I may he replaced fay the following condition : 

(Ifi) j \ <t) {x',x,n)\ tlx" exists, anddoes not exceed a fixid number K, 
for all values of n and x (r»» O); and tdso,fm' each measurable set eeonUiineil 
in {a, b), j <5 (x‘, x, n] dx" converges to zero, as i? ~ , uniformly, or more 

generally, bimndedly, for all values of x in G. 

The condition (2), or (2*), of § 279, is contained in the second condition 
of the theorem. 

If-T) be an assigned positive number, a function fi, (x) can he so defined 
that I f (s') — <p, (s') I < If, and that (x') has only a finite set of values 
Ci, Cj, ... c„ which it takes in measnrable seta e,, e,, ... e„ (see i, § 38S>, 
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We have 

jj (i') <l) js S |t5,||J {x' ,x,n)<3x'^‘, 

Also, provided n £ n,, some number dependent on e, 

If — ; 

I-'"'* I 

and thus we have 

I J (*')•!> (a;*, *,») d*' j < «, £ot a S jie, 
and for all values of a: in ff. 

Againjj {/(*') -^, (*')} 4» (*',*, »)d*' | < ijJ | «1> (»',*,«) 1 < ^jA'. 

It follows that 

j j /(*') 'I* (*',», n) dhi' j < ijif +€, foraSJSf, 

and for all vnines of x in G, in case coiKlilioii (2) bolds ; and accordingly the 
propositioti is cstahlislicd, since t) and < axe arbitrary. 

If condition (2''‘) holds, it is seen that the convergence is boiindcd. 

S84, In case /(»') have only ordinary discontinuities in (B,b), the 
condition (1) of Theorem I can be replaced by Ibo folloiving; 

(L c) J I O (a:', x, n) | tic' is less Hum some fixed number K, tnrfcpcJirfciif 
o/ n and x (tn 0). 

The condition (2) or (2») will be unchanged. 

If k be a positive number, the set of points of (a, i*) at which the saltuR 
of / (*'} is S 1; is finite (see i, 1 23l<). This hiiite set of points divides (a, b] 
into a finite number of parts; if {«, )S)beoneoftlie8o parts, it may be divided 
into a finite number of smaller parts in each of which the fluctuation of 
the function that has the values of/(#'l at all interior points of (n, ^), and 
has the values/ (a + 0),/ — 0) at o and p nsspootivcly has aviihic < k,, 
where 7.^ is a number chosen to be > b. Tiie whole interval [a, t) can 
accordingly be divided into a number of parts such that the inner fluefua- 
tion off (x’) in each one of these parts is < ife,. Lot ^ {x') have in all tbo 
interior points of each one of these parts the value of/ {x') at the cenlre 
of the part, tlien | / (x'} - (p {x') \ < k^, except at the points of division of 
(«, b). In these end-points wc may take ^ {xf) = 0; thus p (x') has only a 
finite set of vnlues- 

We have j 4" {^') ‘t’ <*'» *,»)<£*'■" Sc„ J <]» (x'. x. *1) dx', 
wliere c„ is the value of ^ (ar') at »' = 4 (o„ 4- &»,), and m fin.s only a finite 
set of values. 
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It follows from condition (2) trf Theorem J that J ip (a;’) ih (s', x, ti) da' 
converges to zero, as n ~ oo, mufonxily for all points x in (r, From con- 
dition (3*) it follows that j ^ (a:*) 4> (a^, x , ») dx' is bounded for aU values 
of X, and n. converges to aero for each value of x. 

Again J {/(*’) -^ z, ii) j di' < it^A' 

for all values of x and n. Therefore 

j lim j fe,A. 

Since k and kj are arbittraiily smAll, we see that if condition (2) is 
assumed to hold j / (*') 0 (as', as, «) dx' converges to zero ns -n — « , 
tiniforraly for all values of as in G.' 

If ooiidition (2''‘)holds, theoonveigenoeforoavhvaluoof asiscstAbllshed 
'na above, end it is seen that tb« convetgeDce is bounded. 

285, In oase / (as’) is of Imuaded variation in (a, A), the condition (1.) 
of Tiiecrem I may be replaced by the following: 

(Id) j| (x'l X, n) dx' ^ does w)l exceed a Jinile nvmber M, indiijtendr.nl 
of a, (8, n, and x (i» G); where (a, is in (a, 6). 

. Tiie oondition (2) or (2*) will be unchanged. 

Since every function of bounded variation is the difference of two 
moQOtoss functions, it is oleariy sufficient to consider the, case in which 
/ (s') is monotone in (a, b). 

It has been shewn in J, §249, tfist/(!e'} (as*) + s (z'), where ^ (*') 
is continuous and monotone, »)d a (*') is the limit of a ecquenoc s, («’), 
such tliat the total varialion of a (as') — s, (as') in (a, 6) diminishes in- 
definitely as T increases. Moreover a, (s') is constant in each interval of 
a finite set into which (a, 6) is divided; also s (a) »■ .a, (o) = 0, 

Employing the theorem given ini, § 424, we see that 

j I {s (x') - a, (x')) O (os', as, n) dx' j < Jf (s’) - a, (x')) . 

Also lira j (z') <i) (sp*, X, n) daf = 0, the oonvergenon being uniform 
with respect to n ; since the esqsiession is the finite sum of multiples of the 
integral of <1> (z', ®, taken throng intervalB contaiued in (a, b). 

It follows that j s (a:') 4» (as*,-*, ») dx' converges uniformly to zero, as 
n ~ oo , We have accordingly to prove the theorem for the continuous 
monotone function ^ (x'). 
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First, if is an inde&ute integral j x (*') rf®’ + -^i ■'V'o need only 
consider j x (*') By integration by parts we have 

I ^(x') O (x'l x,n)dx' = j -J d> (a:', a:, n) rfa:’ 

-/!*<*'> 

The first term on the rigLtihnjid side converges to zero, asn- ^ co .uniformlj' 
for all the values of *, in case condition (2) holds; and it converges 
boundedly if condition (2*) Indds. 

Iforeover | x {*’) j d* (f, x, n) j is less than the summable fimotion 
JUx (*') and it converges to aero, as « hence, by the theorem oE 
§ 203, relating to intograblc sequences wliioli involve a parameter, wo ha^'e 

Urn j";, («■) [ Jtt (f , », «) . 0, 

the oonvorgonoQ being uiuform for all values of x in G. 

If ifi («') is not an indefinite integral, a new variable t can be so oIioBon 
that x' m ^ (^), y' = ^ (a/) — ^ (f)|. and the function ^ ({) is raonotono 

Don-dlmlnlshing; thus is monotone and non'dimlnisliing as i 

incroiises. The variable I denotes the length of the are of the curve 
y‘ {x'), so that ip' y) £ 1. Wo have then 

J V (*')<!> («'. *. «) <“ -// w w) ® w (').». «) f (0 'll. 

where I 0, when x' ^ a; and f — f, when *' — 6. 

DenoUiig ^ {tp (t)) ^ (f), and O (jf (i), *, ») <p' (f) by Oj (f, x, «), 

have to consider the integral j (t) O, (t, x , «) di. 

On account of the equality j (*', x, ») dx' = j 'hj (f, x, n) dl, ^cherc 
n', P' are the values of i wliiub correspond to a wid P respectively, wc seo 
that j I (t, X, ?i) cf< j < Jlf ; metreover d»] ((, x, n) satisfies the condition 
(2), or (2*), ot Theorem I. Also ^ (<) is an indefinite integral; for its fotnl 
variation in a set of points I, of measnie <: c, is given by 

S I (1) I - S I (»') 1 = S 1 Ay' [ S S (At) < c. 

It follows from what has already been proved that 

j W ‘•>1 (f, x,n)dx' 
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converges to zero as ?s ~ , uniformiy for all values of x in G; and thorn- 

fore the same statement holds forj ^ (x’) 4i (?, », m) dx', The sufficiency of 
the conditions (1 d), (2) has now established. 

•me GENERAL CONVERQENOB THBOJIEM IH THE CASE OF NON-SUMMABLE 
FONOTHUfS 

286, Theorem I can be extended to the case in which / (x') is no longer 
suimnable in the linear inteiwaJ (a, h), but has an /f/i-integral in that 
interval, provided d* (x', satisfies tbe additional condition that its 
total variation (x',»,n) in the interval (a, b), of x', ia less than acme 
positi\-e number A , indopondent of x and «. 

If /a (.v') / (x’) at all points of (a> b) except those of a firute set ^ of 

intervals which enclose the points of aon-snmmabilifcy, and if /a (*') » 0, 
in the intervals of the sot. wo have 

j /(x')ch («',«,«) tlx' •» J {/(*T -/a (x',x,n) dx' 

+ 1 }&[x')(b{x',x,n)dx'. 

• I’holimit, astt ~eo, of tliosceoiid integral on the rightrliand ddo is eoro, 
since /a (x'] is siiinmable, provided 4> (x', x, n) sotiafies the oonditione of 
Theorem I, the convergence being uitifonn, or bounded, according as 
oontlition (2) or condition (2*) is assiioied <o hold. 

The iirst integral ia, in accordance with tbc theorem of i, § 42i, ei^ual to 

il>(e,»,n)J’{/(x’)-/A(*'))^'+ 

■whore M is the upper boundaiy of j [* {/(x') -/a (*')> *«' [ for all inteivala 
{x', 6') contained in 6). In accordance with i, § 463, this is numerically 
less than Ke + At, where A can be so ehoscfi tliat « ia arbitrarily amall. 

Thus we have 

l iio J /(x')<l>(!e',x,n)d»'<(JC-(-*!l)v. 

The following theorem has now been established. 

// d) (x’, X, n) aalisfiet the condititma cf Theortm I, either with (2) or (2*), 
and also the additional amdUim that F,*0(*',x,n), the vaTiation of 
O (s', X, n.) in the finite interval (o, 6), of x', is fcss than some fixed positive 
number, independent of x and n, then lim j f {td) 4> (x', x, n) dx' converges 
to zero, ns n- ~ 03 , uniformly, or boandedly, as the case may be, for all poirris 
X, in G : where f (x') is any fnnetion which has an HL-inlegral in the linear 
interval [a, b). 
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In accordance with i, § 453, if (i' be any number in tlie interval (a, 6], 
I ! / (x') - /a (x‘)) dx' is nnmerically less than e, for all viJiics of b' in 
(a, b). It is now easily seen that j f (*') ® {*', x, dx' converges to zero 
as 71 ~ , unifortniy for all values of ft' in tho interval (n, 6), 

In order to extend the thcorcan to the cage of an infinite interval {o, m ), 
it is necessary to introdnee the restriction that ® (s', x,n) is, for each pair 
of values of x and ». a monotone function of x" in the interval [a, m ), The 
condition (1) being assumed to hold in (a, oo ), 4> (i', x, n) is also bounded 
in the interval (a, as ). We have then 

j‘f (i®') *1* (*'j ®i »^) » 4> (a, *, n)j / (»') dx' + <I’ («’, x, n)j f (*') dx'. 

If j f(x')dx' exists as limj* /(*')&', a may bo so chosen that 

j j f {*') d*' I < Tj for oJl values of p> a. We tlien have 

j| j < 2^, 

and if the condition (1} holds in the whole interval (a, ce ) we liavc, for all 
values of a', 

I 0 (a, x,n)\< K, I <1> («', *, ») I < ; 
and thus /(*')<!>(*',*, rt) dar' j < SJfij 

for all values of a' > a, provided o is sufBoiently large, and thus 

I {*',*, n) (is' 

exists, and is numerically S 3Kg. ^nce the theorem is applicable to the 
integral j f (*') 4) (a;’, *, n) dx', we see that it is also applicable to 
j“/(x') <t> (x',x,n) dx'. 

The following theorem has now been established: 

If f (a') has cm HL-vrUegral in (a, a > ), vend <I> (*', x, n) is monotone, for 
each qxiir of valves of x and » the inUrval (o, <» ) of x', and satUfes in 
that interval the condilions (1), and (2) or (2*) of Theorem 1, then 

j f{cd)<S>(,x',x,n)dx' 

converges, uniformly or lioundedly, as the case may be, for all valves of 
X {in <?) to zero, asn ~ai . 
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It wi!! be observed that, ia tins case, the condition (1), tliat 

1 O (*', », ») I < A, 

foral! values of ic, n and®' iii («,»), inclodeslhecondiUoii that F"*!* {x',x,n) 
is less than a positive mitnbcr independent of * and n. 

287. Let it be assumed tbat/(a^} liasaD-iutegra! in tiie interval (a, b). 
Denoting j / (x) dx by jb' (*), nducli is continuous in (a, 6), we have, if it 
be assumed that 4* (x',x, n) is, for each value of * and n, of bounded 
variation in (o, 6) and has a finite difieceutial eoefficieiit ^ 

at every point of (a, b), 

J V (»') ^ (*'. «. n) dx' - f (6) O (6, x,n) - jVf*') ii®‘, 

sinoc, in accordance witlj i, § 474, integration by parts is applicable. Let 
it now be assumed that -^-^,--2) 8ati8fie8tlwcondition(l), of Theorem I, 
that j I < P’ values of * and n, or move generally 

that it satisfies the' condition (1 c) of 1 284, that J j j c?»' < 

for all the values of x and n. Since 

I* n) - O (a, *, w), 

tlio condition (2) of Theorem I ■will be satisfied by for oaoh 

point x’ of (c, 6), <!> {x',x,n) convert uniformly to zero, as Ji'— « for , 
all values of x in 0. If both these conditions aro eatisfiod, 

converges 'to zero, as -n uniformly for all vrdues of ® in G. 

Since ® (6, x, n) converges to zero, as » ~ uniformly for all values 
of X in G, it is now seen thatj / (a/) (**, *, ») dx' hos the same property. 

The following theorem has accordingly been established : 

Zr.t f (x') have a D-iniegral *» the finite interseU (a, b). Lei <1’ {x', x, n) 
be, for each 'pair of valves of x and n, vdtere x is tmy povTif of ihe set G, of 
bounded variation i-n {a, b), and have at eadt poisU a differential coefficient 
. If either of the amnions 
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is satisfied, where E is independent of x and n, and if <J> (x', x, n) converges 
to zero, asn-^to , for each valve of af in{a,b),umformhjforaU points z of G, 
then lim J f {x’) ^ (*', *, «) dx' ^0, fhe conoergenu being vnifonn for all 
valves of X, in Q. 


NIX;ESaiTV or the C0KDITH)NS of the OENERAI. CONVERCSEyCE 

THEOREM 

288. It has 'been shewn Uiat the conditions {!), (2), to be satisfiwi by 
the function *I> (x', r, n), are sufficient in order that Theorem I may hold 
good for every suminablc fonction / (*'). It wili now be shewn that these 
oondltiona (1) and (2) are necessary in order tlmfc the convergence may Lake 
place for every function / (»’) that is summable in (c, b). If, will in fact 
be shewn that; 

Unless the condilions (i), (2) of Theorem J are both satisfied, afunelion 
f (pc') stimmabh in the inierval (o, b) exists, such Qiat the earrespondivg 
integral does not converge to zero, os n — oe , wniformlyfor all points x, in 0. 

The particular case of this theorem which arises witen the parameter 
£ is confined to liavo a single value, and therefore disappears, iras gfi’on* 
by Lebesguc. 

In order to shew that the coodiUoD (2) is necessary, let/ (x') be deflnod 
to have the value 1 in the interval (a, p), and the value 0 at all ulhci' 
points of (o., i>). Unless j” <!>(*', x, ») (£r' converges to 0, as ii-'W, 
uniformly for all points x, of 6, this funetion/f*’) is such as is required, 
Thisvrillbe the case whatever be the interval (a, jS); hence the condition (2) 
is necessary. 

For each pair of values of * and », | (*', *, n) | must be equivalent 

to a function which has a finite upper boundary in (a, b), U {x, n), whicii 
is finite ; for otherwiRc a summable function / (x') could be so determined 
that / (x') O (x', X, n) is not summable (sec i, § 397), For a particular 
pair of values of x and n, there exists a set jPa , of points of x', of measure 
> 0, for which 

1 ‘I> [zt, X, ») I > 17 (x, n) — h, 

where A is a positive number, provided the smallest possible value of 
U lx, n) bas been taken. 

For each pair of values rf x and «, tlie function di (x', x, n) may be 
replaced, in this manner, by an equivalent function. There is accordingly 
no loss of generality in assuming tiiat ^ (x', x, n) is ffiich that, for each 


I it Toahtut (3^ roL I (1309}, p. C3. 
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positive value of \ and for co^ pair of valncs of s and n, the set of points 
x' , at which 

! O (*', *, ») I > tf {x. It) — A 

Las a measure greater Otnn zero, and such that at' no point is 
I '!> (s', x,n)\> V {x, «). 

In order that the integral may converge for each value of x, in G, for 
such a value of x, U {x, n) most have a finite upper boundary u (z), as 
ji ~ , If tiiia is not the case for a particular value of x, there must be 

a sequence of increasing values of », say n^, such that V (x, Kj), 

U {x. III), C7 (k, jij), ... forms a divergent sequence of numbers; and for 
cacli value of p there is a set of points x' of measure > 0, for which 

It will be shown that it is then possible to construct a function f (s’), 
such that the integral diverges as u ~ , for the particnlar value of s. 

If it (s) is finite for each value of *, it may happen that u (a) has no 
finite upper boundary for uU values ol x in 0, and then the condition (1) 
is not satisHcd. If this is the case there must be a sequence Xi, z^, ... 

of values of x, such tiiat the sequence u (x,),ii (xt), » (a^), ... is divergent. 
Tliopo then oxista a sequence n,.nj, ... of increasing values of n, such that 
the eoquonoe U (*,,»,), V U (a^, t,), ... diverges. It then follows 

that there existe a sequence 1^, ... of iDcrcasing numbers, such that 

the sets of points *' at which | il> (*'. a^, «,) | > h, have a measure > O,- for 
all values of p. It will bcalicwn in this case that/ (s') can bo so oonstructod 
that the integral doe.s not converge to zero, uniformly for all the values oSx. 
In case x„ is independent of p, we get back to the case first considered for 
ivhich there is divergence of 1/ (z, n) for one particular value of x, for a 
sequence of values of n-, end this cose is accordingly included in tlie c.-ise 
in wiiioii the x^ are nut all idcnlical. 

Wc therefore assume that, for a sequenco of pairs of values x^, Up of 
xandp, 1 <Ii a,) I > i„inasefeJfp,of points®', such thatm {E„) > 0; 

where {!:„} ie a sequence of incrcaang numbers without upper limit. 

Tlie set E,, must have apart of measure greater than zero, so that 
for all points of F„, O (*', »,) is of the same sign and is numerically 

> Icp-, and this is the case for eadi value of p. Suppose that, for an infinite 
set of values of p, 4’ is positive, and m {Fp) > 0. There is no loss 

of generality in this assumption, because if tlicsngn were negative, it would 
become positive by clianging the sign of <!• (*', n, *) throughout. 

IVe may suppose all those values of p and fc, removed, for which p does 
not belong to this infinite setof values of p. It may therefore be assumed 
tliat 4>(®'.®„,7!,,) > kp, in J*,, and m (if,) > 0, for all values of p. 
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The sets {F,} may be repl&cedby sete{e,}, such that e, is apart of F^, 
?H (Cj.) > 0, no two of the sets have a point in common, and 
m(e,)>m {c,+,), 

for all values of p. To see this, we obswvc that the sets Fj, F^, ... may bo 
so diminished, ivithout making any of tfaeii measures zero, that 
m im{M (F., F,, ...)}• 

We tlien obtain e, by removing from Fj the points which it has in common 
with M (Fs, F,, ...); then m (c,) > (Fj.Fj, ...)}. 

Next, by diminisliing F3, F4, ... we may make 


we obtain e, by removing from F» all the penots that it has in common with 
thus TO(e,)>M»(e,)>m(Jlf(F,.F«, ...)}. Proceeding in 
this manner we obtain the sets C], c*, no two of which have a point 
in common, all of which have measures > 0, and such that 
m(e,)>n»(e,)>m(e,).... 

In we have <I> (*', *,,«#)> 

Let p, be a value of p, and consider /t,, I iJ> (»', z^, n,) dz', where n„ 
-'K.) 

is a constant such that ^,>n (e„) — If the integral does not converge 
to zero, as p -»09 , the function /(z') defined by/(*') — ji„,in«,j, and =0, 
elsewliore, Is a function such os is required. If it does converge to zero, 
we have 4) (z',x,,n,)dz‘j< 1, provided 

Let t, denote the lower boundary of 0 (*', *,, n,) in s,, and let U, be 
the upper boundary of I <!> {x", Xp , »,) | in (o, 6); then both 1, and V, in- 
crea.se indefinii.oly with p. 

TJiere exLsts a smallest integer p, S p'**, guch that > 2’?/,, ; lot /i„ 
be such that m (e,,,) = 2 ,*U ' 

If /i,. ^ X , . u,) dx' + /»„, C) (*', Zp , fip) dz' 

docs not converge to zero, as p ~ <» , the function defined as having tlie 
value iip^, in e,,; /i,,, in e^^-, and elsewhere zero, is a function such as is 
required. If it does oonvei^ to zero, its absolute value is < 1, provided 
p is not less than some number p®*; there exists a smallest integer p, (£ 71'’*) 
such that let = 

Proceeding in this manner, wo may be able, after a finite number of 
steps, to define a function / (a:') faavii^ the values fi»,, ••• Ih. 

sets e,,,ep,, ... e,,,, respectively, and elsewhere equal to zero, which will 
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be a function such as is required. When this is not the case for any finite 
value of r, let / {x’] have the value in e^, for every value of m. TJiis 
function/ [x') is summable, for its iniegial in (a, b) is 

,?i^ (^) = ' 

and this latter series is convergent. Also, we have 

Ij (^') ® (*'. O {Ji, dx' 

r-I J(‘„) r-mt-1 

. The first term on the right-hand side is S ■which is 


The second term is > — 1, and the tWrd term is greater than 
- (ew>, 

orthan 

It follows that I /(»') d) (x’,Xp„,n^)dx' > i; and since this holds for an 
infinite set of values of m, the integral j f («') O («', x, n) da' oemnot con- 
verge to zero uiuiormly for all values of « in 0. Hence theoondidon (1) of 
Theorem I has been shewn to be necessary, in order that the tinWorm 
Donvorgence may take place for every summable function / (*’). 

289. It can be shew that the conditions given in §§ 282-286 are 
nccessory in each ciuse, in cffdet that tho uniform convergence shall hold 
good for every function / (ar^ of the porUouIar type. The proof will here 
be given that the conditions (1 c), (2) aro noceesaty in the case iu which 
/ [z') is restrioted to have only ordinaiy disconlimdties. 


It is clear that the condition (2) is neces.'»iy, tor we may take/ (*') = 1, 
in the interval (o, ^), and equal to zeax) outside that interval. If the con- 
dition (I c) is not satisfied, it wiD bo possible to determine a sequence 
(•Ta, Wi), ■■■ **»>) — *4 pairs of values of x and ti, euoii that 

j I 4> (*', Tp, «p) ] da' increases indefinite^ as p and do so. Let us 
assume that this integral exceeds £„• where Z,, Zj, ... is a divergent 
sequence of increasing numbers. It may happen that, for all values cf p, 
the values of are identical; but this case ■will -be included in the general 
case. It will be shewn that a cantinuons fnnetion / (*') can be defined for 
which the uniform convergence does not hold. • 
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Wo have J | <!> (. 1 :', Xy,n^\d3f > L^-, letxi (*') = 1, or — 1, according ns 
<i> (a:',a:,,7i,)is £ 0, or negative. Thus^j (*') = li in a set £j, andxi (*') = — 1, 
in the act C (Sj). The eet can be enclosed in the intervals of a 
non-overlapping sot, of mensiire < m (£ 1 ) - 1 - c; and a finite set of these 
intervals of total measure > »» (£J can be chosen. Let (*’) = 1 in the 
intervals of this finite set, and let (*’) »s — I in the rest of the inferval 
{( 7 , b), except that Si (a) = (&) = 0 . 

The functions Xi (®')> Ot (**) differ from one another only at points of 
a sot of which the measure is < «. The function g, {x') is tho limit of a 
sequence of continuous fnnetions {/jj* (ar')}, all numerically < 1 . Moreover 
we can taJre alj tiie functions so that they have the value 7.ero at 

a and at b, since (»') has this property. Since tho functions fij' (*') arc 
all bounded, we have 

liraj (ai') 0 (»',*!, nj) rf*' tsj" < 7 , (*')<>{»', rf*', 

By a proper choice of e, wc con ensure that 

J* 9t (»') ‘t’ (**• * 1 . «i) d*' > Wt 
and by choosing a sufficiently large value of t, say t,, we have 

I In (*’) ^ (*’. »it «i) • 

rU ,, j 

If I (r') <[>(*', uTp, «,) dr' does not converge to zero, as p — w, ivo 
have obtained a continuoue function ftf’* (a;*) wHoh vanishes for *' a, 
fp, and is such that I hi (*') 4* (*',*, tOdr’docB not converge to zero, 
asTi , uniformly for all the values of x, In 6. If it does converge to zero, 
then, for all sufficiently large voluoi of p, it is numerically < L Take 7 ;. 
such a value of p that h^> and let bo the function corre- 

sponding to /ii'’ (*'), whore 

1 ‘I* *r,. »^) I diri > 




does not converge to z 


, then the function + ■ Vr 


is afimetion such as is required. If itdoesconvergo to zero, it is numerically 
< 1 , provided p is .sufficiently large; let 7 >a(> Ps) be such a value that 
j [ d* (x', JJj,) [ dx' > , and also such that Lf, > Let hs (x ) 


be the function corresponding to and 
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does not converge to 7.et 


p~ eo , tiic continuous function 






is a function such as is required. Proceeding in this mannen, and assuming 
thatXp, > 2’’L„_j, wcmay.afteraiinitennmberof stops, obtain afunetion 
such ns is required. But if not, we have a function 

defined by a uniformly convergent ecriea of continuous functions; thus 
tlic function / (s') is contsnuoue, and / (a) m / (6) » 0. 

Moreover 

jj {«') <J' *», . «,,) <lx- - ^,1— (*') <1. («', . «„} (fa- 

+*^2^ (*'. *r,. Mr,) 

‘’’.-H I ^ir~ [/«"’<*') 

The first term on tberiglit-bandeidois> , or> 2. The second 

term is > — 1. and tlie third term is greater than — Lf, S g^tX — 

> ~ i- It follows that [ / {*') ‘I> (ai'.Zp,, »».)<**' > i, for every value of r, 
and thus that / (x') is a continuous function such ns Is required, for wliloh - 
j f ‘1* {*’> ®. ‘f®' not converge to *cro, uniformly for all points 
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290. The following tbeorem may be deduced from Theorem I. 

Theorem II. ilet J” (a;',*. ») be d^ined for each i>ointzin a eel G, con- 
tained in {a, 6), and fen eacfi valveofninanitilegrttl, or noa-mfepraf sequence 
of incTeaeing mimbers teUhmU upper Until, and for all vabtea of x' in the 
interval {a, ti). Lei ft denote o- poeitive number (< 6 — a), and lei F (*', x, n) 
salisfy the folUnidng cotnliliona: 

(1) For each pair of values of * and n, and for all the points *' in (a, b) 
mch that \ x' — x \ ^ p, the /unction F {ad, x, ») is equivalent to a function 
tluit does not exceed in abaohde eolve a positive number K^, independent of 
the values of x and n. 
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(2) IJ a, ^ be any tiL-onvsnbo's sudi that a ^ ar\ ^ b, ^ F{x',x,n)dx' 
fxcists as an F-ivlegral, for all values of n, and for all l/iose values of x which 
belong to 0 and are not iuterior to llie iuterml (a — [i, § + /i); and as n is 
indefinitely increased, it converges la zero, vuiformly for all such values of x. 

Then J fix’) F (a:', *, n)d3f, j /(*') F(a^, x, n)ilx‘ converge to zero, 
<rs n <0 , uniformhi for all values ^ x, in G; for any function f [x') that i\ 
siimmable in (a, b). 

To prove the theorem, let the funeUon <l>(x',x,n} of Theorem I bo 
defined to liavo the values of F {t', x, n), for each pair of values of x and n, 
and for all values of *' in the interval (a,x~ii)-, let d* (jr', j, n) « 0 
vhen x' is not in the interval [a, x - n). Thus <1) (*', x, n) satisfies the 
ooudMons (1) and (2) of Theorem I. 

Also I «C* (*', », n)rfaj' — J F{x',x,n)dx'', it thus follows that the 
convergence of j* F {*', *, «) dx' to zero, as » — « , uniformly for all the 
points » of 0, Is established. The second part of the theorem is proved in 
a precisely similar manner. If the conditioDS of the theorem hold good 
when = 0, it is then identical with Theorem I. In acoordanco with 
Theorem II, the question of fhe nature of Vm j f [x') Fix', x,r\}dx' is 
made to depend upon that of lim j**'' fix') Fix’, x,n)dx'; the integral 
over i-ho neighhoiirlioocl {x — ji,x+ it.) of x. In this matter the character 
of the siiraraable function/ (*') outside this neighbourhood of* is irrolovant, 

An integral J / (x’)Fix', x, ») d*', for which the conditions of Tiicorcm 
II are not satisfied v’hen fi = 0, may be termed a singular integral. It will 
be seen that, in the theory of Poutier’s soncs, and of other raode.s of repre- 
sentation of fiinctioas by means of series or integrals, the theory of eingiilar 
integrals is of fundamental importance. 

In the case of an int^ral j f(x')F(x’,x,n) dx’, where x is confined 
to belong to a set of points G, eontained in the finite interval (01,^;). 
we may take an interval (a, 6) which contains (cj, &,) in its interior, and 
consider separately the three integrals taken over the intervals (— m, a), 
(a, 6), (b, CO ). Theorem TI can be applied to the integral over (0, 1), and in 
ease the integrals 

f fix’)Fix’,x,n)dx', [“ f{x')F{x’.x.,n)dx’ 



290,29]] Swgxilasr Ivde-grtAa 445 

converge to zero, as n ~'co, nnifonnly for all values of x, the theorem 
can be extended to ^ J'' (a:', *, n) d®'. Sufficient conditions that 

t]»ese two integrals may so convrage are obtained by CTiploying the 
theorems of § 281. 

291. It is easily seen that ThetHem II can be extended to the case of 
a function of two or more variables. For simplicity, the following theorem 
will be stated for a function of three variables only. 

Ltt f(x', s') be summiMe in a given recUmgnlar paralMopiped A, and 

ktF(x\y',z',x, y, 2 , ») be dinned forad-poiiUs z') in A, and all points 
{z, y, z) in a given sel O, contained in &; and for all values of n in some in- 
creasing segncnce of numbers toith w upper boundary. Let the function F 
satisfy Ui€ conditions (IX/or each set of values of x, y, z, n, and for all points 
{z’,y',»‘) such that (»' — s)® H- (y' — y)* + (*' — z)® £ y.*, the function 
F (*', y', z', X, y, z, n) is ejwiwilcnt to a funelUm that docs not exceed in 
absolute value some positive number K, , independent of n, and of (*', y', s'), 
®)/ <tnd (2), in every ceii A| contained in and for aU points (x, y, z), 
ofO, which are at a distance i, p from ev^ point of 

F (o', y', *, y, 2 . n) d (a^, y', *') 

exists as 'an L-inlegral, and converges to zero, a« n ~ ce , unifoTinly for all' 
values of {x,y,z). Then 

f f (®'. V'> *') F (x', /, s', ii) d (*', y', s') 
hs-B) 

converges to zero, as n~<o, uniformly for aU values of x, inO; 5c?«nolM,/or 
each point {x, y, z), the set of points (x’, y", s') at wkicJi 

(x' ~ x}* + (if - y)* + < 2 * - s)* < ft‘. 

Bi Older to prove the theorem, let <!• (*', y', s', x, y, z, n) have the value 
F (x', y', z', X, y, z, n) wbonevra’ (»' — *)* + (y' — y)* -I- (s' — s)® £ ;i®, and 
when this is not tlie case, let 0 (*', y', s', ic, y, z, ») have the value zero. 
We have then only to apply Theorem I to the function 
0 (*', y', s', X, y, z, n). 

Another case of Theorem II whi<ffi is of importance in the theory of 
double and multiple Fourier’s series may he given for tJie Iwo-dimenaiona! 
case, and can ho immediately extended to the ense of any number of 
dimensions. 

If («, y) be a point in the reotai^le A, a point (*', y'), of A, for which 
one at least of the numbers | *’ — * | , | y* — y | is £ /i, is said to be in the 
cross-neighbourhood {p] of the point (x,y); that crosB-neighbourhood con- 
sisting of the totality of all sneh points (x', y'). 
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The theorem ma3’ be Etated as follows: 

IJ {F x', y\ X, y, n] be defined Jor cucft point (z, y) in a sel G. ccjitaincd 
in the cell A, and for each value of n in emne increasing divergent sequence, 
and for all valves of (x', y‘)in A;andif F (x', i/, x, y, n) satisfy thefolloKing 
conditions: 

(1) For each set of tti7ue« of (pe,y,n), and for all points x' not in the 
cross-neighbourhood (p.), of {*, y), ihe function F (x‘, y', x, y, n) is cquhalent 
to a function that does not- exceed in absolute value a positive mimber A',, 
mdeptndenl of {x, y) and w. 

(2) // Aj be any cell contained in A, ^ F (s', if, z, y, n) d (*’, y') 
exists as an L-integral, for all values of n, an^ jor all those values of {x, y) 
which belong to G, and are such that A, has no gioini which belongs to the eross- 
neighbourhooi (p) of (x,jv)» ond it converges to zero, uniformly for nil such 
points (*, y). 

'f/ien. I ^ ^f{x')F{x\y',x,y,n)d{x',y')converge4lozero, uniformly 
for all points {z, y) in 0,for any function f (z'.y') svmmabU in Ai tehcre 
B,, (*. y) denotes Ihe cross-neighbourhood (p), of (x, y). 

Tho importanofi of the theorem arises from the fact that, when it holds 
for every value of p {> 0), Jiowever small, the limit, as n — os, of 

(»'t V) ■P’ (*'. y'. *. y. «) d (*•, y') 
depends only upon that of 

I /{*',y')i’(*'.y',®.y.n)<f 

taken over the arbitrarily small cross-neighbourhood (p) of the point (*, y>. 

In order to reduce this theorem to Theorem I, we liave only to defino 
<i> [x', y', X, y. n) as having the value zero in the eross-neighhourhood (;j) 
of (x, y), and as having the value F ix',y',x,y,n) outside that. cross- 
neighbourhood. 


THE CONVEBGRN'CK OF SnfGTIUai rKTEGHALS 
292. The most important of tie applicatious of Tiieorem.s I and H to 
the theory of series and integrals arise in the case in which tlic function 
F (x', X, n), of Theorem 11, has the form F (*’ — i, n). It \rill be assiiined 
that this function satisfies the conditions (1) and (2) of Theorem If, for 
all positive values of p. The question of the character of 

iimj f{x')F(p;' — x,n)dz' 
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tlieu reduces to the investigation of the limit of 

(af) i* (*' - *, ») ttc', 

or of J / (* + 0 •S' (#, ») where = a: + t. 

It thus appears that the character of the Kmit of the interval at a point x 
depends only on the properties of tiie function/ (a;') in the neighbourhood 
of the point x. 

Let it be ussuiced that the function F (t, n) satisfies the two conditions, 
(o) lira F ({, n) dl * 1, 

( 4 ) j' \I'(t,iv)\mA, 

where 4 is a positive number iodepondent of n and (t. 

Wo have 

j S {tc + t)F (t,n)dl F[t,n)di 

+/j/(» + i)-/W)r (!,»)*■ 

Let it ho first assumed that the function / (x) is continuous at the point x, 
then g can be so chosen that 1/ (x + /)—/(*) | <f for all values of i in 
the interval (— g, g), where ’ij is a prescribed positive number. 

It then follows that 

jlim J /(* + Ofp.a) A -/<x)| <i}4; 

tuid since i] oan be taken to be arbitrarily small, by proper olioioe of g, we 
have 

lim j f(x')F{af~ x, «)<&'=/ (®). 

If the set 0 consists of all the pmnfa of an interval («, in which /(*’) 
is continuous, the contirnity at a and p brang on both sides, g may 
be so determined that tho condition [/{» + t) — / (a) | < i; is satisfied 
for all the pointe x of the intervtd (a, P). In that case the convergence 
of the integral to tho value/ (x) is uniform in tho interval [a, p). 

The following tbeorem has been now established: 

If the function F (x' — x, n) A>tis/iea (Ae cotufttiona (1) and (2) of Theorem 
11, and satires the conditions 

(a) lim j F (t, ») tfl — 1, 

(b) j' \F{i,n)\iU£A, 
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wliertAis indcpendtiit oI ^andnforall sufficitnUy small values of fi (>0),(^cit 
J / [x') F (a:' — a, n) dx' converges, <w n ~ , to the mluej (x) al a \mnt x 

at which f {x‘) is cmiiinnoua; and it converges uniformly tof (a) in nnyinlerinl 
{a, P) in which } (a') is contMMiOKS, the oontinuilg at a and p lielng on both 
sides. The function, f (x‘) is angfunetiontliat is stimviable in {a,b). 

Incase/ (a') is afuncUon of one o{ the types considered in §§ 282-285 Uio 
conditions (1 a), (1 h), (1 c)and (1 d)maybosabstitutedforllio condition ( 1 ), 
It slioiiid ho observed in case F {t, ii) is never lujgativo, the condition 
(6) is contained in tfie condition (a), since, if necessary, a finite set ot values 
of n may be disregawled. 

293, In tbo case in which can he so «;hosen that tbc function/ (*’) 
is of bounded variation in the interval {« — /f, * + ft), it is sufficient, iiisteatl 
of the condition (&}, to assnnto titat the condition 

(&') j [** J* (f, n) (fx j £ ,4 

is satisfied, for every interval {A,, Aj) contained in (— (t, ft). For in tliat 
caao, in accordance ndth the theorem of i, § 424, 

I/' Ul* + <)-/(«» -P (<,»)* I 

cannot exceed A multiplied by the total vaiiatlon of / (x + () in the hitotvnl 
(- ft, n) of t. This is seen by dividing tho interval of integration into the 
two parts (0, >i) and {—ft, 0). In any interval in which / (s’) is continuous 
and of bounded variation, it is expressible as the difference P (s') - N (s') 
of two continuous monotone functions. In the interval (- ft, ft) of I, tho 
total variation of / (x + r) cannot exceed tho sum of tho variations of 
F* (* 4- 1) and N {x 1), which is 

\P [x -i- ft) ~ Fix - ji) \ + \N (x -1- ft) - f'f (x - ft) 1 . 

For a point x of the interval, these arc both arbitrarily small, by projwr 
choice of ft. STorcover, if * be confined to an interval interior to tliointcn-nl 
in wliicli / (s') is uonliuuous and oS hounded variation, ft can be so chosen 
that I P (x H- ft) — P (x — ft) I , I Ji (x 4 - ft) — liT (x — ft) ] axe both Ics-i 
than an arbitrarily prescribed number, the same for all tho values of r. 
It then follows, as before, that the integral converges to / (»), at a point 
in the neighbourhood of whicli/ (*') is of bounded variation, aud uniformly 
in a whole interval interior to another interval in whioli / (x') is of bounded 
variation and continuous. 

The following theorem has he^ established ; 

If the function F(x'-~x,n) satisfies the conditions (1) and (2) of 
Theorem JI, or me of the eondilions (1 a), (1 6), (1 c), (I d) instead of (1), 
in case / (.t') belongs to one of the corresponding classes of functions, and if 
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fvrther F {z' — z, n) satires the eonditioas (a) aTid {!/), then at a J75in£ z 
in a neighbourhood oj rvliich f{x') is conlinmus and of bounded- variation, 
j" f {x') F [x' — z,n) dx" converges to f (x), as n ’xt . AUo for an interval 
which is interior to on inlertsal f» lohieh J {ar*) is continuous and of bounded 
mrialion, the convergence of the integral to the limit f {*) is uniform in the 
interval. 

294, Let u£ now coiiader lie conTergence of the integral at a point x 
at which the function/ {*’) has an ordinate discontinuity, so that/ {x 0) 
and / (z — 0) have definite values. 

The following theorem will be established: 

If the condition (o) of the theorem o/§ 292 bere^cedby the conditions {o') 
Um 1“ F {t,n)dl = Uitt j Pft, »)<f£ =r 4, 

the condilion (6) rematnin^ vnafiered, tften at any point x of ordinary tlis- 
eonlinuity of the function f (*'), 

lim J*/ (a') J (*•-*, J?) Jz’ =*{/(* + 0) +/(* - 0)}. 

Wo Jiavo 

f{x + t)F{t,n)dt 

- I' {/ (® -(•<)-/ (* »)) ^ ft «) A H- / f* + 0) /" J’ (t, n) dt 

+ f {f(!r.-l-t)~f(x-0))Flt,n)dl+f{z-0)p_ F(t.n)dl. 

It can be assumed that ^ is taken so small that 

|/(z + £)-/(z + 0)|, i/(* + <)-/{®-0)|. 
for t in (0, ft) and in (— ft, 0), axe both less than ij. 

It follows that 

jEj" f(x + l)T(t.n.}dl-i{/(x+0)+flz-0))j 
<vj' lF(t,n)ldl<Aji. 

Since p is arbitrarily small, we have 

lim J / (*’) F [z' -z,n)dil = } {/ (z + 0) + / (* - 0)}. 

In case the point z is a point in a neighbourhood of which / (z') has 
bounded variation, the condition (6) of the theorem may be replaced by 
the condition (6'), that jj F (f,ii)di^SA for every interval (A,, A,) 
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contained in (- fi. /i), and for nil values of ». The proof is precisely pimilar 
to that in §293. Tims: 

IJ the conditions {a'), {b') an aatiefied btf F (t, n), then at anij ]>oinl r, 
in a neighbourhood of which f (*') is of bounded variation. 

lim j” f(z')F(x’-x,n)dx'=^i(f{x + 0 ) +f{z- 0)}, 

295. It has been shewn in § 294 that, subject to tlic conditions of 
TJiBoreni II, and the conditions (a), (i) of f 292, tlie singular integral con- 
verges to J {/ t- 0) A-f{x — 0)} at any point of continuity or of ortlinat^' 
discontinuity. If wc asaumc that tEic value of f (z) at any point of 
orcUnaiy discontinuity is taken to bo 4 {/{a: + 0) -f /(* — 0)}, the iiiLcgrnl 
then converges at such a point to the value f (*). It can, however, bo 
shown that, provided F (t. ») satisfies certain conditions, tlio convergence 
of the integral to/(s) holds good at ail points of a set wltich includu 
points at whioli / (z) has a discontinuity of the second kind, 

It will bo asBUmed that F (<, n) is an even function of i, and that it 
possosaes a continuous partial differential coeffieient {t, n), ivith respect 
to t, for each value of n. It will further be assugicd that F {i, ») oonvorgoa 
to zero, as u ~ M , for each value of I that is ^ 0. 

Wo have 

J** f [x + i)F (t, n)dl » j <f> (0 F {t, n)dt + Sf (as) j" F (f, n) dl, 

where ^ (t) denotes / (a; -f- 1) + / (* — t) - 2/ (*). Tho second term on the 
right-hand side converges to/ (*), os » ~ oo , in accordance with the con- 
dition (a) of § 292. 

There then remains for consideration the integral (t) jPft, n)rfl, 

which may be expressed as (ft) P (p, n) — j (0 {t, n) dt, where 

lo 

if>, (i) denotes j" ^ {1} dt; since F (0, «) is finite, and (0) == 0. 

Lot U6 assunio that J ^ has a differential coefficient equal to !:ero 
at the point / = 0; we have then (t) = lx (<), where x (0 is continuous, 
and X (0) = 0- It" is known' (see i, | 432) that this condition is satisfied for 
almost all points x, in (o, b). We have then to consider tho limit of 

the term <f>j (/j.) F (ii, n), or fLx (/i) F (p, »), converges to zero, as t 
The integral j" x (1) [t, »)1 dt ctMiTerges to zero, as n 


' , if the 
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ftmetion {I, re) satisfies the cemditions (1 e), (2) of § 284, for tlie interval 
([i, ft), and the conditions (o), of § 292, for (0, /*'), where p' < ft; 
since X (t) is a contiiiuous fonction of bounded variatton in {pf, fi). 

If a', be such that Q < pf & < p' S p, where fi' is a fixed number 

(< ft), we have 

IF^ {/, n) at =» (f. n)j'^ - J ^ (f, n) dt. 

Since F (I, n) converges to zero, for t a", and t ** nnd since F (t, re) 
satisfies the condition (2) of § 2ftt, it fallows Ibat the integral on the left- 
hand side converges to zero, as « ; and thus that fF^ (I, n) satisfies 

the condition (2) of § 284. 

The condition (Ic) that j | <f , (f, n) | rf< should be bounded with 
respect to ?( is satisfied if the condition that j* j /Fj ((, n) ] df is bounded, 
and is included in the latter condition. 

Since 

+ !;■((.») I. 

we see that J** | fFi (f, r) | rf/ is bounded with respect to n, if 

/.II 

is so, and if J* | F (r, n) | <ft satisfies the condition {5), of §292, which 
we assume to be the case. Now | {fF (t, a)} | dl is the total variation of 
j‘ {fP (<, a)} di (see i, § 415), or of <F {t, a), in the interval (0, p). 
Therefore the condition (1 c) of § 284 is satisfied if fF (f,a) has a total 
variation in the interval (0, p), less than some fixed number independent 
of re. Moreover 

limj fFj (f, re) <& “= — lim J F(f, Ji)df = — J; 
it being assumed that the condition (a) is satisfied. Hence it is seen that 
lini J** X (0 [*F, (f, re)] dt -= 0, since x (0) = 0- 

The following theorem has now been established : 

If F {F — X, re) sali.^Jtcs the conditions (1), (8) of Theorem II, for aU 
values of p (> 0), and also the conditions (a), (5) of § 292, and if 
Bm F n) =» 0 
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when x' x, and F (i, n) is an even/unciion of I; then, provided tF (i, v) has 
a total variation in (0, p.) leas than a faced nianber independent ofn, 

j f (*') R (*’ ~ *« **) 

converges to f [x), os n ■— os , for everg point x in (a, h) for which 

/'(/(* + I) +/(»-<)- 2/ W> 

has a differential coefficient alt^O, equal to zero; this is the ease for almost 
all values of x. 

Id ease F (i, ti) is not an even funeUon of t, we raay define (/) to 
denote /(* + 1) — fix), or/(* — i) — fix)-, and thus 

J’/ (* + » ? (I, ») <“-/’* M r ('. «) * + / (2) /' -F (1, n) *, 

and by proceeding as before, it can be alicwn that, subject to similar 
conditions, tbc convcrgcitco bolds good at evoty point x at wliielj 

/‘ (/ (2 -H) - / W) il, «"<! /* {/ (2 - <) - / (2» * 

bavo difFerontial coefncicDts equal to zero; and this is the cose for almost 
all values of x. 

296. flaking, as in § 2D6, the assumption that lim F (i, n) ~ 0, for 
each value of (, except zero, we have 

/■ X it). IF, ((, ») * - {/' + /'} z <0 itr, <!, «)j *. 

Let it be now assumed that J' }^(()|i/(basadifretantial cocfiicient fori •• 0, 
equal to zero ; tliis is the case (see i, § 432) for olmost every value of x. 
We have then J | ^ (i) | rfi •• W> Xi (0 oontinuoiiR, and 

Xi(0)“0. 

We have now 

I /“ X (I) <F, (1, ») * j s I * (I, „)ldl<M («.) J"' lx 10 1 it: 

where M (n„) is the maximum of | tFi (t, n) j in the interval (0, a„); and 
since j | x (0 t dt = a, x wliere 0 < a„' £ a^, the absolulc value of 
the integral is < a„SI (a„)x (“h^)- 

If it be assumed that Jf (a,,) a„ bas a finite upper boundary with 
respect to n, and that a„ converges to zero, as » ~ ■ we have 

for all sufficiently large values of n. 
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Next, consider j x 0*^ ft Since 

lias bounded variation in tho interval (oi,, /t), the integral is numerically 
less than T^“ multiplied by the maximum of j (I, n) dt | for 

nil intervals interior to wbere denotes the total variation 

of in the interval (u,, f»). Hence 

j j‘ X m-‘f, (1, ») * I < if w K. {s|5| , 

where N (ff,) daiotes the absolute vnlno of tho mdximum of \t^Pi {t, n) dt, 
for all intervals interior to (aB,#t). Wcliavoaleo 

j' *|)i, . [i.// («■!>];_ + 2 (0 *} it 
Tim,. . 

and this holds good when ft is replaced by any niimhor t in tlie Interval 
(Onr/*). 

It follows, employing the theorem in i, § 415, that 

sXx<e!_ *>-&) + 4 (1-1)5,, 

ft a„ \a„ nJ 

when xi tiie maximum of xi (O in the interval {«„, n). 

It follows that' chiVt, ® Xi (/*) 4- < «. provided /j. he chosen 

sufficiently small. We liave now 

and thus, provided — is bounded with respoot to n, the integral on 
the left-hand side is less than on arbitrarily chosen number. If then also 
I a„jlf (ff„) j is bounded, wc seo that j"*" ^ (f) f (f, n) dt eonvergea to zero, 
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The following theorem has been established: 

If F (x’ — X, n) satisfies the eonditioTis (1), (2) of § 290, for every valw. of 
(i (> 0), and a sequence {«„} of •posUive numbers eanvcrginq to zero, n ~ , 

can be so determined Viat, for a sufficiently small fixed number fi, a„M {a„) 
and are both less than fixed positive ntanbers indcpcnelenl of n. then 

rb 

I f {x')F (x* — X, n)dx' converges to f {^, for all points x, interior to (a, i), 
at which J lf(z-{-f)+f(x — i) — ^(x)ld/ has a differential coefficient 
ait 0, equal la zero. The number M («») denotes the maximum of 1 1 j 

in the interval (0, «„). asid N («,) demotes the absolute value of the maximum 
of jt^^JL^lHiidtifor all inlervols interior to («„, p). 

It is clear that at any point x, at which j \f{'X-¥t)—f{x)\dl, 
J 0 

j I / (* — 0 — / (®) I ^otli have, at t = 0, didorontial coeificienta of which 
the value is zero, then J !/(* + <)+/(*“<) — 2/(*) [ eft has at* the same 
property. It follows from the theorem given in 1 , 1 422, that this property 
holds for almost all values of x in the interval (a, b). 

It is dear that, in the proof of the above theorem, there may he sub- 
stituted for ((, n) any function ^ (t, n) which satisfies the same condi- 
tions as Fi (t, n) does in the theorem. 

Thus we obtain the following tlieorem, due to Lobesgue (foe. cU.)‘. 

For any point x of rdhieh J | ^ (f) | d{ has a differential coefficient for 
t — 0, equal to zero, 

j' 

converges to zero o-s n ~ a , provided tfi {I, n) satiffm the condifions that, for 
some sequence {a„} of numbers coatiergin^ fa zero, a„M (a„) and — are 
bounded, for all values of n; where 31 (<r„) denotes the maxiimim of \ hji ((, a) 1 
in the interval (0, a^) and N {«„) denotes the absolute value of the maximum 
of {t, re) dtfor all intervals inlerior to {a^, p). 

297. Let Ji(f) denote ^ JV(*+0+/(* 
that u [i] has bounded variation in the interval (0, p). For < = 0, wc may 
talce re (0) re (+ 0); then u {1) is continuous in the interval (0, p). VVe 
denote / (x -I- f) +/ (x — f) by ^ (f). 
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We have 

(f. n) (<, n)dl-, 

if it boJisaumed t}iat| iF fl, ») | < £,faraJltho values of t and n, then since 
(fi) F (ij., n) » {« (^} - « (+ 0}) itP (fi . ») + w (+ 0) /j-F (ft, n), 
we have lim (ftat (ft) F (ft, n) — « (-j- 0) ft2^ (ft, re)} < 17., 
where tj,. ~ 0, as ft ~ U. 

Again, considering J u «) {iP, (t , »)) dt, we have 

j /( (• (<) - « (+ 0)1 ly. (i, •) * I - n {• l‘» i (p), 

■where L (ft) is the absolnto 'value of the raaxiinuni of JfP, [I, n) dl in 
intomls oontainod in the interval (0, ft). 

Since j<P, ft, ft) dl = [tP (I, ;t)] - |p (I, a) dl, 

.■we Hso that T/ (/t) is I«a than n fixed number independent of », provided 
the absolute maximum of Jp (t, n) dl for all intervals contained in (0, /i) 
is BO, Since lim Vo {u (t)} 0, os ft 0, it follows that 

— I / D (I, ») dl I < {„ 

where ~ 0, as ft ~ 0. 

It is now seen that 

ita I jl^ 4 , (C) F(i.n)df-ii {+ 0)|> (f, n) tft II < 7,. + C. I 

and assuming that F (i, n), an even function of {, satisfies the conditions of 
Tlieorem I, for ©very interval (ft', ft) when 0< ft' <fi, the abo-ye limit is 
zero wliGii ft', instead of 0, is the lower limit in the intogrols. 

We then have limj ^ (<)P (t, «) dt = » (-f- 0) lim |^P (<, n) dt. 

The fallowing theorem has now been established: 

IfF (t, n) beancvenfuncliotioft,iaidsali^ieslh«condilio7tsofTJt€oremI, 
in every interval (fi',/t), (/t'>0),«»nd*f |<P(<,n)| <J(i,/or aU values of n, and 
all values of t in Uie. inlervol (0, ft), tftca j*" f (x") F [x' — x, it) dx' converges 
to u (H- 0) litn j F (t, it) dt, at any foird at which the function 

- (0 + 0 +/(»-'» ■« 

has ftcKtitded variation in some mierval (0, ft), of t. 
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This theorem is a gnneralizatioD of a theorem given by do la Valldo 
Poussin for the case of P’oorier’s aeries (see § 346). 

THE OSCILUITIOK OF A SINOULAR INTEGRAL 

298. Let it be assumed tliat F (t, n) S 0, for all values of t and n, and 
that the condition \imj P{t,n)di==’l is satisfied, together with the con- 
ditions (1) and (2) of Theorem II. 

If denote the upper and lower bonndaries Df/(a:') in the interval 

(a; — ti, X •)- /i). a’ld V, L ate the lower and upper boundaries of 3T^, w, 
as the number ^ can be so chosen that < 31 + T},m„>m ~ ij. 

AVe have 

j“ f (* i) F {1, 7^) (it < l,M + 1 )) I F {t, n) di > {m - ij) J* F {t, n) dt. 

It follows that 

— fb 

lim j f (*') F (*' — *, n) dx' < M + tj, 
and lim J / (»') F (*' - ar, n) d*' > m - ij. 

Since t] becomes arbitraiilj small, by choosing n small enough, wo liavo 
the following theorem: 

If F (f , n) £ 0, for all values of t, ti, and salines the oondilion 
lim j' F (I, ») dl = 1, 

Ikoi provided (he funclicn F {*' — *, ») wtits/es the condiliovs (1), (2) of 
Theorem II, xoe have 

M S lim j" /{*’) F (*' - I, n) tfa'S Ito J / t^"\F (a’ — *, 7i)rfa:5TO, 
where 31, m are the and minimwn of f (a:') at the point x. 

THE FAJXtJRE OF CONVEKOENOB OB OF OWIFORM CONVEEOENCE 
OF THE SINCHtLAB INTEGRAL 

299. IF/t67: the function F(t,n) is suck that the condition (h) w not 
satisfied, so that j | J” b) [ increases indtftnitely asn-~(o,it is possible 
to define a function f (ar'), continuous in (o, 6). and such that, at a parlicular 
point X, j f (x') F (a' —x,n)daf does not converge to f (a:), asn~'<o. 

One at least of the two int^rals j \ F (t, n)] di, j° IP {t, n) \ dt ia 



£sr-299] Failure of Convergence of the Singular Integral 467 

unbounded; let os assume that the ilrst of these is unbounded- It has been 
shewn in § 289, that a coufinuous function (Q, such that x (p) = 0, 

exists, such that j x (0 (f» ”) does not converge to zero, as n ~ os . 

Let / (s') 0, in the interra! (a, a;) and in tiie it>ten'al [x -f ft, h); 

and let / (a:') = ^ (a' — 2^). in the interval (ar, x -t /i). 

We have then 

I / (*') F (x' — x,n) fix' (af) F{x! — x, n) daf = j^x <<) -F (t. n) dl. 

II folIowK that J / (s') J* (s' — s, «-) dai does not converge to zero, which 
is the value of the continuous function /{s') at the point s. 

Tile following theorem will now be established: 

iJ j 1 ^ ”) i inwsaaes indtfiniUly aen-^tfi ,it U -possihle fo define, 

a eeniinuous funclion /(s') sveh Ihit j" /(s') PJa/ — s, »>)ds' eenvirgea 
to/ (s), « ft — w , at re j/rueribei jtoinl x, but does net amvergt vnifmnlg in 
ony Miglibourkood of a. 

It has been shewn in §289, that it is possible to define a contintiona 
function ^ (s'), of which the numerical maximum is il, such that, for 
a given point s, j* ^ (a^) F (iF — x, ft) dx' has a value which exceeds 
m j ) y (s' — s, ft) I dx' — «, where « is arbitrarily assigned, lloreovor this 
iunction ^(x) can he so chosen as to be of bonnded variation; becatise 
It l.s clear that a function which is constant in each inter\-al of a finite set, 
and is elsewhere zero, can be taken to be the limit of a sequence of oon- 
tinuou-s funotion.s of hounded variation. 

Also, if tp (s') be a function which has the value 0 in the intervai 
ix ~k,x + h), and is numerically not greater than M, we have 

--x.n}dx’^SMF(hl 

where /? (7i) is the niaximutn value of 

Fix' -x,n) I dx' + F (s' -x.n){ dx' 

which is finite, on account of the condition. (1) of Theorem II. Con.sider 
a sequence of intervals no two of whhdt overlap or abut on one another, 
and such that their end-points have the point x for limitir^ point. Let 
their lengths be 4fii, 4hj, ... 4^, and let x,,x., ...x^. ... be their 
middle points. Let /r, be the distance froin x of the rearer end of the 
intervai of ivhioh the length is 4h,. 



458 Represmfution of fhinetions <i8 lAmits of InlcfjraJs [cii.vti 

A fimotioii /j, (s'), contmiious and ot bounded variation, can be go 
determined, that it is nnaicricadly < 1, and such that, for n 

[ Ij, M f (a:' -*..»,)« I > j. + 2fl (/.,) ; 
the number n, may be so chosen as to exceed any proscribed integer. 

Let (a:') = /p {*’), in the interval (*, ~ A,, *p + A,), and]et<^p(a:') ^ 0 
outside tlic interval (*, — ih,, 4- 2/tp). This function (x') niny be so 
determined as to he continuous and of bounded variation, and Riioli ns 
to satisfy the conditions | (»') | < Z, < I, | 9^* (»') — /p (a;') | < 1. in the 

whole interval (x.„ — 2fcp, x, + 2ftp). 

We have then 

(«') (»:■)} J («•-»„«,) U s IK). 

and therefore 

I J V. (*') F (*' -x„n^)dx'^>'p + R {h,). 

Now let f (®') "■ <f>p (»') in each uitervul (*, — 2/tp , Xp + 2/*,) ; and outside 
all these iiitorvala lot/{a:') -• 0. Then 

I Jy (X-) F (x' ~ Xp , «,) rfx' I > P + (Ap) - It (2Ap) S VI 

it follows that j f (x') P {xf - x, n,) dxf cannot converge uniformly to 
/ {x) in any neighbourhood of x; eince tite numbors n,, Xp oan bo so chosen 
that the integral increase indcEnitely with p. That/(x') may he bo dofinod 
that j f (*') F (x' ~x,n)diP converges at the point x, to the value r.oto, 
may he seen as follows. 

The integral is ei^uivalent to ^ J ' ^ (*' “ x,n)r!x'\ and 

the terms of tin's series ate numcric)3iy*^e8s than those of the RcriKi 
S IpR (fcp). If we take 1, cqoai to the Bioaller of the two niiniberB 
v ^R (jc ~)’ series is convergent. The series whicli represents 
j" / (x’) F [x' — X, n) dx’ therefore converges uniformly with respect to n, 
and since each term converges to zwo, as » — ® ■ it follows that 
j''/(3')F{!p -x,n)dx' 

eonverge.s to aero, the value of/{»') at tfie point x. It is clear that the point 
X is a point of continuity of the fonction/(x'); it is an isolated point o 
non-uniform convergence of the iniegraL 
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The above conatriictions of a series which is non-con vergent at a single 
point, and of a series wbicli oltiiot^h convei^ent, converges non-uniforinly 
in every neigliboiirliood of a particnlai' point, are dtie to Lebcsgiie (loe. cit.). 


APmOAnOHS OF TKE TUEORy 


300. Ag a first applicaUon of tho preceding theory, let 


Ji* (*'.*.«) = 




when 0 S a' g 1 , and the sot Q consists <A tho points of tho interval (0, 1 ). 

To show that tho oonditioos of Theorem IT arc satisfied, wo see that 

if I - a I a 

n-u-)" \Ai~trdi , 

F (*•, H) s J tl - . ^ 


sj (1 2,ip(l-(0)''i 




thus the condition (l)is satisfied; we can take .S',, • 


2f 




it has hero been assnmodthatjrfflnot interior to tho interval — + /■>)■ 




whore 1 -p A — ; — — Honco tho condition (2) of Theorem II is satisfied. 
1 - 

Again, we have 


and writing tho inlogral in the form 1 


["(1 -<*)"* 

[ < 1 ; 

0 ‘ 


limit of the integral is *. 


2|‘(1 
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It now follows from the theorems in §| 292—204, that 

limt5 — = i{/(a^ + 0) +/(t-0)}, 

2 (l-{*)»df 

at any point a interior to (0, 1), at which f (*) is ordiiiarHy discontinuous. ■ 
It follows also that, in any interval in which / {») is continuous, the con- 
tinuity at the end-points being on both sides, the convergence to / (*) is 
uniform. The function f (x) is in general subject only to the condition 
that it is summable in (0, 1). 

The asymptotic value of j — hence the limit 

lim J*[l - (*' - *)*]" rf*’ 

has the same values as the above limit. 

This singular integral was studied by Landau*, in the oaso in wliicL 
/ (a) is a conlinuous function, wlto applied it to obtain a proof of Wcio^ 
stress’ theorem (§ 160) that a function thatiscontiuuous in a given interval 
can be uniformly approximated to by a scqucnco of finite polynomials. 
Since J [1 •- (*' - xyy dx' is a polynomial of degree 2» in as, if / (®) is 
continuous in the interval (0, 1), then in any interval (a, 6), interior to 
(0, 1). the sequence of polynomials obtained by giving n the voluos 

1, 3, 3, ... in the expression / (*') [1 — (*' — *)*]"{£*' converges uni- 
formly in (a, 6) to the value of the continuous function / (s). 

The theorem of § 296 may be applied to the function 

P (t. n) “ (1 - f*)"- 

We have [iP (t, »)] = y/- (I - {1 - (2n -4- 1) 

and thus iP (i. n) increases steadily from ( =s 0 to < = and then 

steadily diminishes. The total variation of tF (t, n) in the interval (0, ;i) 
is therefore 

^ [) “ Vj ' 

* renJ.dietre.mnt. di Pa!/rno, toL XtV (1908), p.337. Iho aberee tlicaiy for any !Oinniftbl(^ 
fancUon was given by Hobson, Free. Imd. MaO. Soe. (2), vob vi (1908), p- 301. 
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and this is less than i^/^, whafceTBr value n may have. Thus the conditions 
of tho theorem of ^ 295, being satined, it foUojva that 

converges to/ (*) at every point at irliich 

has a differential caeffifaent at t =- 0, frf tho valuo zero, and this condition 
is satisfied at almost ail pmnts of tlie interval (0, 1). 

It has thus been shewn tf>ot: 

// f (a;) 6e sumnatiU in tile intemcl (0, 1 ), fhc limit, as n-’os, oj tin 
seauenee of polynomials | / (»') [i _ _ j!)8]i> dx' is f (*), at any 

inUrioT point of lltt inttroal at wkicJt 

['{/(« + !)+/(»-<)- 2/(»)l dl.o ((); 

and wMcA is <Ae case afmosi everywhae. The convergence tof (*) is uniform 
in any interval of oonlinttily of the function, the eoniinuify on both sides at 
the ends qf the interval being presupposed. 

301. The limit /(ar')e*“'<*'**>'da;' 

was considered by Wojerstrass, and wjie employed by him to prove his 
fundamental theorem relating to continwoua functions. It will here be 
assnmed that f {x) is summablo in every finite interval, and that, outside 
a certain finite interval (— A, A), it ie bounded. 


I have, if t fc /i, (t, ro) S - 


and since — r?. has the siudo maximura — 7= c 

Vtt ^ #‘VSjr 


}, when X is not In the interval (a' — /t, p' — pt), we have 


and this converges to zero, as « ~ «o , nniformly for all values of ar in 
finite interval (a, P). 


any 
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We have 


+ Vi i/'r ^vjz> 

and the first part of the cxprcaaon is less than a fixed multiple of 


For all points a: in a fixed interval interior to (— yl, ^), this converges 
uiiifonnly to xero, as n ~ . 

The second part of the above expression converges uniform!}' to roro, 
since tlie conditions of Theorem 1 are satisfied. Further, wo have 


Jts Vir VnJo VnJo 

and the limit, as n ~ 09, is Similarly the limit of J ~ 
is 

Wo have now established the following theorem; 

if S {*’) M summablc in ewryjJjjt/e interval, and is bounded outside some 

fixed fimle tnferyai, ihm-fL f /(x') ■**'<&' converges to 

v-w J -• 


i{/(* + 0)+/(*-0)) 

at any jioini at which f (x) has an ordinary dinoonlinuily, or is conlinuoHJ. 
Moreover, in any interval in which f(x) is continuous, the continuity being, 
at the ends of the interval, on both sides, tie convergence is uniform. 

Since [fc-"’'”] = e’"’'’ (1 — 2n*f*), we soe that tg-"**' increases steadily 

up to !i niaximum at t — — ^ , and then steadily decreases. Tlie total 
V2 b 

variation of ~ in the interval (0, ft) is accordingly 

whicli is less than .y/- s~K Hence, in accordance with the theorem of 
§ 295, we have tlia theorem that: 

^ f / i^') <f*' converges lof (x) at any point at which 

f {fix + 1) H-/ (X - 0 - 2/ (*)1 dt 
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Ima a difjerentiol coefficient all^O, 7idiioh kaa the value zero: and this is the 
case at almost every j)oint of any finite intenial. 

If / (a:') have an //L-intcgral in (~ A, B), and is bounded outside that 
interval, since the total variatira of fe"“^ in an inliorval (^, a) is 
— c-r'’’’), for all sufficiently loige values of n. and tliis Is less than 

— ;rr c'h wliioh is independent of «, it ie seen that the condition of the 
/‘V2 

thenrejn of § 28G is Baliefied; tlieaofore: 


/(a;') rfa;' cowrerges to i{/(ie + 0) +/{r -l-O)) at any 

ordinary yoint of disoonlinvity, where f(x‘) has an HL-integralin {— A, B) 
and is hounded uvlMde that interval. The convergence to f {z) takes place ai 
all those points of the inlcrvoh comjHemcnlary to the set' of points of turn- 
simmabilitij of f («) ai ndikh j {f (x + 1) + f(x ~ t) - 2f (*)} di lion, for 
i = 0, the differential eo^ewuf zero'. 

The eondiitoii in tho above theopernfi, ehiU/(x') should be bounded, 
oulsido some inforval. may be replaced bynlese stringent condition. 
7t can in foci, bo shewn that it is siiffident that for | »i| > ^,’tho oonclition 
l/<») I < «**' should bo satisfied, where A,g an fixed positive numbers. 
Wo have only to oondder tho port 

of y- 1 /(*') This is leas than h fixed multiple of 

I e"' rff + l 

Forn > Vg, this has a definite meaning, and it converges to aero, uniformly 
for all points .x in an interval interior to (— A, A), as u. ~ » 

Other examples of singular integrals, the convOTgenco of which may be 
investigated in accordance witli tho methods liere given, ate 

/V (»■) [«■> I - I]' 

The first of those has been investigated by de la Vallde Poussin*. Other 
applications of the theory ^voa in the present chapter vdll be given in 
later chaptor.s, in connection ndtii tiie theory of Fourier’s series and 
integrals. 

* .DtiU. cte rocaii. roy. <1908), p. lOS. 
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Tho interval (a, {>) may in tins case also be replaced by a celt of auy 
number of dimensions: 

If ■n'c employ the results obtained in § 212, we obtain the follo^ring 
theorem : 

JJ s„ (a:) converges ahnosi everywhere in (a, 6) to s {x), oxd the cotidiliot) 
is satisfied that j | s„ (a:) I* da: < K, where K is indepcjidcnt of ti, for some 
valu&ofp> l,lkeiij f {x) {se) dx converges to j f{x)s{x)ilx, tvheref{x) 
is any function such that \f {x) issumnableiti {a, b). 

304. Wc find also tiio following results, by employing tlio Ihcororas 
in §§ 283-285; 

It is sufiiciml, in order that j / (»') s„ (x', x) da’ should converge to 

fb * 

I / (ai') « (a:', *) da', imifortnltf, or honndcdly, for all values of x in G, for all 
hounded and sum^mbh funetions f (x'), that 

(li»} j I s (»', a:) — (a:*, ») I dr' does not exceed a fixed tmmbcr K, 

independent of n and x, and that, for every ^neasurahlr. set e contained in 

(o, b) I {s (»’, x) — s„ (**, *)) dx' should converge to zero, as n ~ , mii- 

Jte) 

formly, or howidedly, for all values of x in 0. 

1 1 is aufiloient, t» order that j f (*‘) s„ (*', *) dx' «7iouW converge to 
j / (s') s (s', s) dx', uniformly, or bouiukdly, for all values of X in Q, for every 
function f (s') which has only ordinary diseonUnuities, that 
rb 

(1 o) I I 6 (s', s) — s„ (s', s) I dx should not exceed a number K, inde- 
pendent of n and x, and, further that the condition (2) or {2*), of § 279, Jie 
satisfied, as the case may be. 

It is here assumed that («, 6) is essentially a linear interval. 

It is stifiicient, in order that j f (s') «„ (s', ») dx' should converge, to 
J f (*’) '5 (*”> dx', uniformly, or bowndedly, for all values of x in G, for all 
functions f (s') of bounded variation in lie linear interval (a, h), that 

(1 d) j (s', s) — s„ (s', s)} dal j does no! ssceed a fixed number M, 
independent of a, /5, n, and x, u^en aS <eS fis b; and further that the 
condition (2) or (2*) be sati^ied. 

It will be observed that, in case s„ (s', s) converges to s (s', s) uniformly 
for all the values of s' and x, both conditions of the theorem are satisfied. 
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305. Taking the function ^ (*', *, «) of Theorem I, let it now be as- 
sumed that the set G consists of the points of tha interval (o, b), for which 
j 0 (r', a, n) f (*') dx’ is conadered. Let ^ {x', x, n) be deQued bv 
0 {x', a, 7t) “ « (a') — s„ (s'), for s' S s, and d> (s', x, 7i) = 0, for x' > x) 
and lot the Theorem I be applied to thi.-; function; there may be a set of 
points s', of measure zero at which the defiaition of <!' (»', x, n) does not 
apply. 

The function O (*'. *, m) is laien to satisfy the conditions 

I a (*•)-«„(*')!< if, 

for all values of n, and aU (or almost afl) values of x' in (a, i) ; and further 
that j {s (*') — a„ (s')) tte' converges to zero as » ->• ® , uniformly (or 
more generally boundedly) for all values of s in (a, l>). 

We obtain thus the following theorotn: 

1/ f (®) Is suT/tmable in (o, b), and | s (») — (x) \ is bounded for aU the 

values of n and- x {a set of jsnnls of measure zero being jtossibly exeeptei), 
and if j s„ {z')dx' eonvergesvniformly,ori>oundcdltf,m{a, 6) (o j s(x')ds', 
then j f (s') «„ (s') dx converges uniformly, or boundedly, as the case may be, 
inia,b},toj /(s')a(s’)efs'. If the intervolis (a, a>)l/ieC/ieorem holds provided 
f (s) M absohitely svminahU in [n , « ), the eontiergence of j f (s) 3„ (s) dx 
j /(®) s (») being then uniform, or bounded, in any finite interval. 

In case s„ (s) converges to s (x) almost everywhere, and so that, at tlie 
points of convergence, either (1), j s (s) — (s) | < IT. at all the points of 

convergence, or (2), j s„ (s) { is bounded, it is known (see § 204] that 
j (s) dx converges uniformly in any finite interval to J s (s) dx. We 
thus obtain the following theorem; 

If e„ (s) converges boundedly to s (*) (with the possible exception of points 
of a set of measure zero vdnch may be disregarded), and f (s) be absolutely 
summable in a finite or infinite interved, Oten J / (») (s) dx converges 

uniformly to j f (s) s [x)dx in any finite interval. The same result holds if 
s„ [x) converges to s (s) so that | « (*) — ^ (s) [ is bounded for all values of n, 
and almost all values of x; provided f (s) s (s) i# absolutely summable. If, 
in either case, s {x) — s„ (*) £ 0 , for all values of n and x, it is sufficient that 
f [x] should be summable in every finite mtervel, and bounded outside some 
finite interval [a. A). 
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306. By apphing the modification of Theorem i, giren in ^ 2S4. we 
obtain the folJowing theorem: 

Iff [x) havt only ordinary dieemtinvilies, and fce ahsoluldy suvmahk in 
the finite or infinite inlarcal (a, b), and if j | a (*) — »„ (x) j dx is tmini'A 

as n i-aries, and j «, (x) dx wnterges to j s (z) dx uniformly in (a, //), or 
in ease 6 = cr. , in each finite interval (o. A), then J f (*) (x) dx vjrmryu 

uniformly to \ f {x]K{z)dx, in {a,b), or tehen b = x: , in a finite inierrol 
{a. A) ; it heiny assumed that/ (x) $ (x) ie eummabU in (a, b). 

SinoeJ ( s (z) ~s„(z}j dzS j \s(z)iJz~j ( «„ (x) [ <ir it foUorrs th»t, 
rh ” a e 

if I I (x) j iz h; bounded in (a, 6), and ( « (x) j is susmisbJe, then 

j i«(x) -«„(x)|<£i: 

is bounded. We have therefore the following theorem: 

Iff (*) ftateonfy orrff»t<jry<i»-scontinKiff« in (rt, b), and if six), f [s)s{i), 
f [x) s„ (z) be absoluidy summabJe in the finite or infinite interval, then if 
I I s„ (x) ] dx is bounded and f e„ {x) dx converges either uniformly, or not, to 
j e (x) dx, in eaoh finite interval (a. A), | f lx)8„{x)dxeom>ergeiS uniformly, 
or boundedhj, as the case may tje, to j /(*)« (*)dsr many finite interval (a. A) 
contained in {a, b). 

A very similar theorem has hcen girea by W'. H. Young (foe. eft.) ifl 
ti’hicb f {x) is taken to be bounded as well as to have only ordinary dL'- 
continuitief. 

307. Next, let the Theorem I (a) of § 282 be employed, in the ca.=e in 
which the .set G consists of the points of the finite, or infinite, inten'al 
(a, b). Let "I* ix', X, n) hare the valae s (*') — a„ lx'), when z' £ x, and let 
it have the value 0, when 3f->x. It then follows that, [/ (x)[', for some 
value of 5 > 1, being summable, j f (ad) {z') did converges uniformly 

in any finite inten'al (a. A) to ^ S{xd)s{x')dxl, provided the condi- 
tions are satisfied that j Is (z') — S„ (x']\^~* dx' exists and is I«ss than 
a fixed number independent of n, and further provided that j s„ (z') dx 



30!t-308] Convergence of IntegraXs of Producfit of F^i’iictions 409 

coiivorgcs iiiiifoi'mly lo j s (*’) dx' in {®, 6), or in case b is infinite, in each 
finite interval (a, A). 

It lias been shewn in § 212 that tlus last condition is satisfied if either 
(1), {»)]*'^ is siimmable iu (a,b) and j |s (**) — *„ {2;')|v-‘ tix exietB, and 

is bounded; where (*') converges almost everywhere to s (*'); or (2), if 
j {«„ (-r')}’'* e/x exists and is bounded as n varios, »„ (x') converging almost 
everywhere to a {a:'). On chan^ng x' into ic, we obtain the following 
theorem; 

J/ (®) converffcs almost eMrjpvkere ia the inierval (a, b), where b may 
tc M , <0 s (a:), iAen, if f(x) bt any fnneiion gucAlhal If [x) |», where q> i, 
!fi »v.mmahlt in (a,fc), J /(*) (») dx convergoa fo j" / {*) s (x)dr., uniformly 

in (a , b),orifh ia infinite, in any internal (a, A), provided either (1), 
ia aunif/iable in (a, b), and ^ (« (») — a„ (x)f~^ dx cxisu, and ia bounded 
aa n variea,or (2),i/ j {a^fx))^ dxoxiaU.andisbbitndad. 

The iheorem Jiolda alao when it ia not aa«u>n«d that a, {x) oonverges lo a (s), 
pro!)M«d!i/(*)j», [s<x)|«^, ]*» (*)!*■' ore snnmaHe, j |«{«) ia 

bounded aa n variea, and that J a„ (x) dr, convergea lo J e(x) dx, uniformly 
in (n, ii)i Of b = ca, in oaeA finite inierual (a. A). 

The first part of this theorem was given in different forms by Lebosgue* 
and H. Yoiing-f, for the cnee g 2. 

308. In the tlieoruni of 5 285, let (»', *, n) denote a (*’) — s„ (*'), or 
7.cro, aouording ns x S o', or ® > s', when the eot G, the field of x, consists 
of the interval (a, b). The function / (r') being of boimded varintion in 
(a, 6), the conditions to be satisfied ate that j j [s (x') — «„ (x')i rfx' j is 
bounded for all values of x in (o, b), and for ail values of n, and that for 
each value of x it converges to zero uniformly, or houndedly.. These 
conditions will be salisBed if j e„ (*') dad converge.^ boundedly, or uni- 
forml.v, toj e{3f)dx'. Wc have thus the follos^ng theorem: 

If j e„ (x) ffx converges uniformly, or boundedly, to j a (a:) dx in the 

* Annaln it Tntauit (3). ral. 1 (1009). p. SO. 

+ Pros. r^Oibf. jraA.£oe.(2).TnLTZ(l9II|, p. 4C9. 
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inltTval (a, 6), and f (a:) be any funeHon of bounded variation in (a, i), then 
I converges rni^orndy, or boundedly, to j s (x)f (z)dr,, in 

the interval (a, 6). 

In the case of an infinite interval [a , « ), it must be assumed that the 
total variation of / (*) in (o, A) has a fhiite upper liniit, aa ^ is increased 
indefinitely. 

We have 

I (s (*} - {x})f {a) dx-f(A)jjs ix) - s„ (*)} dx\<M. rj'/(a.), 

where AI denotes tlie upper boundary <rf jj (« {®) — s„ (a;)} Jar j for all 

intervals (o. in [A, A’). By cboomng A large enough T’^ f(x)<t, 
for allvlanesot.4'; andif/(a)uonvergestoiero, osa;~w ,.4niay boclio.wn 
60 small that | / (a4) [ < «. In this case | j"^ {s {x) - (a:)}/ (*) dx | is leas 

than a fixed multiple of «; it being assumed that || {s (s') — {x'))dx' j 

is bounded witli respect to (n, x) in tho whole interval (a, m ), Since t is 
arbitrary, the theorem holds lor the case of the infinite interval. 

If instead of the condition that / (z) converges to koto, as x , it 
be assumed that J”s(x)dx exists, and that tbs convergence of s„ (s) dx 
to j s (z) dx is uniions in (a, »), the result will also follow. Thus: 

Tf/e above theorem heids for an infinite interval (o, » ) provided cither 
(!}■ f (®) converges to zero as x ^ os ,or (2), j «„ fz) dx converges uniformly 
<0 I « (z) dx, in (o, »). The convergence of j »„ (*)/ (z) dx, in (a, m ), to 
j ^ (®)/ (®) '1^ bounded, and is vniform in each finite interval, in case 
j s„ (z) dx converges uniformly f« each finite fateruol to J^s (x) dx. 

S09. Let (1 cleiiote a parametra: which is confined to have values in 
some set G, of points in one or more dimensions. Let s„ (z, it) be positive 
and steadily diminishing, as z increases in (a, co), for each value of a and 
each value of n, and let | «„ («,o) | be less than a fixed number A, inde- 
pendent of n and <i. Let A„ be a divergent sequence of positive numbers, 
and let/ (z) be summable in the infinite interval (a, co). Further, let it 
be assumed that, in any fixed finite interval, s„ (x, a) converges to s (z, a) 
for each value of z in the interval, nniformly with respect to u. 
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Taking thn theoTEm jn § 279, lot ® (a, a, *) have the value 
(a, a) -«(*,«), 

when a S a ^ A„ , and let it have the value zero when A,, < x. 

In accordance -with the hypoUiescs 5i)| is bounded with 

respect to (a, a, n), and thus the conditdon (!) of the general theorem in 
§ 279 is satisfied. Again | {«„ (*, a) — a («, a)} dx, for each pair of values 
of di and 6, in [a, «), converges to zero, as n co, uniformly for all the 
values of a; ance | «„ (a;,o) J < J (d, o) | < Af (see § 203), tlius the con- 
dition (2) is satisfied in any finite int^al. 

The total variation of O (tr, a, ») in the interval {a, ao ) is 

«„(o, «)-<(*,«), 

which is l^E tlian a fixed number independent of n and a. It thus appears 
that all the conditions of the last,,theorcm in § 281 aro satisfied. 

' The follotving tJjcorem hiui been cstabliBhed: 

If (1), s„ (*, a) is positive for alt valves of n, x, a, and steadily rfewiasM 
as a inerease/i in the interval (a, <e], for encA value ofn, and eaah value of 
(lie parameter a in some set of points of one or more dimensions, and (2), if 
j f (aj) rf.'c is convergent, mul (8), s„ (*, or) converges to s (rs, a) for eoo7» vakie 
of X, uniformly for all the values of the parameter, and if {A„} be a divergent 
seguenoe of positive numbers, then j f (x) s„ (x, a) dx converges to 

/(x}fi(!B,a)«te, 

as n ~ ee, uniformly with respect to a. 

In case there is no parameter, which is equivalent to taking Uie set 
of points to which a belongs to be a single point, we have* the following 
tlieorcin ; 

// 3„ (x) is positive in (a, co), far dU values of n, artd decreases steadily 
as X increases, for each fixed vfdne of n,a»id if ^ fix'idx exists, (hen 
Urn J f{x)s„[x)dx = j^fix)s[x)dx, 

where s„ (x) converges to s (x) for each value of x, and s„ [a) is less than a 
■fixed number independent of n, and {A„} is a divergent sequence. 

’ See Erommeh’a Theory of Infinite Seriee. p. 443. In Bromwieb'E Bta.lciaciit it is postulated 
that tbo convorgenrA of <*„ (z] to .«(z} is uniforzn in <a^ fixed jaWrval. This assumption is un. 
ucceasarUy ri'Otrjcted. since ia moDOtinu for each value nf c. 
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EXAMPLE 

( 1 ) Consider^ *>’(1 + z)-®kg*ife, wherep + 1> 0. If 0 < >•,< 1, the Rcrira 

" 1 - 2Z + 3**- ... 

converges uniformly to (I abo z'logz is bounded in (ho inlerval (0, c). Tims 

j i'’(l + *)-'logJ:d»; may be obtained by salutitutiug Hie expansion and inli'gratiDg 
term by term. 

Kext ennrider j *"(1 + *)--)Qg®& = J' (1 - x'lffa - r')'51og(l - i') t/i'. 

(2) Cousidor y* (1 + 

310. In the theorem of § 286, let 4' (x', x, n) » s (*') — b„ (*'), for 
*' S X, and ffi (a:', x, n) = 0, for ar' > x, where the set 0, the fieid of x, is 
taken to be the interval (o, 6). in accordance with th(j condition (2) or 
(2*), J (a:') dx' converges uniformly, or boundedly, to J s (x') dx’; also 
in accordance with condition (1 ), | # (a:') - tf, (x') | is bounded for all values 
of Ji and *' {in the interval (a. 6)). If it be assumed that s„ (as') converges 
everywhere to s (a*'), and that Fo Sg (x') is finite, and bounded for all values 
of n, then it can easil3' he shewn that # (*') is finite, and oonsoquonfly 
Fo {fl (a') — (*')} is bounded for all values of «. ^Vo have nccordiugly 

the f(j]lowing theorem; 

[f in a finite interval (a, b), a sajvewe (se)} converges to s (ar), and 
I e (*) - (*) I is bounded for alln andx, and consequentli/ [ s„ {x)dxcon- 

verges uniformly to j s{x) dx, and if F^s, (*) is finite, and bounded for all 
values of n, then iff (x) be any function wjftfcft has on IIL-inlegral in (a, b), 
j" f (k) s„ (ar) dx converges uniformly to J f (x)e (a:) dx. 

In particular, if the functions (x) ate all monotone (increasing or 
diminishing) in the interval (o, 6), s„ (a), ^ (6) «ro bounded, | s„ (x) ] i-i 
then bounded for all values of » and x, and it then follows that J s„ [x] dx 
converges uniformly to j s (x) dx. 

We therefore have the following theorem: 

// in any finite interval (ft, b), s„ (») is monotone in the interval (a, b) 

tincreasing or diminishing) for all values ^n,ands„ («),#« {b)aremiTnerica!ly 

less than fixed numbers independent of n, and s„ (x) converges everyirhere lo 
s(,x), then, if f (x) be any function uAiek has an IIL-inlegral in {a,b). 
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f converge vnijwmly to j f{x)e{x)dx. The. theorem also 

holds for an infiniloivterval (o, <0 ),iJ6et»iirffasttf»«itWlim s„ (si) isbomideii 
for all mines of n. 

Tiie extension to the case of aninfinitc interval is made by an applica- 
tion of the mean value theorem. 

If we apply the theorem of § 287, to ttiO case in wliioh 0 consists of the 
points of the interval (o. 6), and O {3f,x,n) «= s (*') - (s'), for x' S. x, 

and ih (*', *, n) = 0 when *' > x, wo obtain the following theorem: 

Ze/f (x') have a D-intcgral i» thefinite intercal (a, b), and lei il be assumed 
that Sn (x') cojiverges to s (ar') eetrya^erc iu (a, h), and lhal 

exists and is less than some number K, «»n/«]uenden< 0 / a.onti ihats^ (a'), « (*’) 
are, for each value of «, of bounded varialhn in (a, b), then j f [x') s„ (z') dx' 
converges, vnifarmly hi {o, b), to J/ (*') « (x’)d*'. 

311, Inst«ndof Theorem 1, of §270, the foUtnring theorem is sometimes 
useful for appliontio'n.- 

// <!' (ic', fT, n),f {x') ure mich. that J (x') <l> (x', x, m) is siimwiaWe for each 
value qfn, and for each valneofx,inG,andif,[l),^j /(x’l'l’fx’, B,«)(fx'j<c, 
tvhen < is arbilrarily chosen, provided m (B) <gt, n> Nr, where ge con- 
vergesioserowithe,tcJiatevervabiexmatfhttve,inO,anilif,{'i),j (l>{x',x,n)dx' 
converges to zero, as n — v> ,Miiformliffor<dlwiluesof.x,inG, whatever values 
n, p mag have, .niGh that a S a< P S b, and if, (3), jj (I> (x',x, n) dx' j < e, 
provided n > N/ and m {B) < »>«',■ <Aeji j f (x’) 4' (x*, x, n) dx' converges 
to zero, as 11 ~ 00 , uniformly for all vdluu of x in G. Further the integral 
may be falcen over any measurable set H, in (a, 6). instead of aver the whole 
interval. 

Let bo a fixed positive number, and let /(x*) //j (x') -f 

where /v (x') (x') = 0, when [/(x')| S N, and ^A-fx') = / (x'>, 

/jv (x') - 0, when [ / (x') j > iV. A function (*') having only a finite set 
of values, all in the interval (— N, N), can bo 80 defined that 
O^ftr (x') — (X') < y, 

and ij/y (x') = 0, wlion fy (xl) = 0; where j) is an arbitrarily chosen positive 
number. ' , 
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^Ve have now 

j f (*') O {x', X, n) fix' s= (tv {ar') O (»', x, ») dx' 

+ [ {/a- (»') - M) (*'. *. «) + j* ^ {x’) (i', a:, ji) dx'. 

where is the set of points at which (*’) ^ 0. The number N niav he 
so chosen that the absolute value of the third integral on the right-hand side 
is < I, for n > n^, and for all values of a; in 

We have j («') ^ (*', *, «•) “ Sc ^ iji (x', x , ») dx', 

whore the numbers c are the values, finite in number, of <p,v (a/), and c, is 
the set of points at which ijiN {*') = c. Each set can be enclosed in a set 
of intervals of which tlje total raessure is < fc,) + 17/. and a finite set 
of these intervals can be so chosen that the measure of the remainder of 
them is arbitrarily small. Tlie set c, consists of a set eontnined in di^, 
and of a sot in the romaining intervals; also m (d — e,) < 

Thus f h (z',x,n)dx' =\\ -[ rf \<]> (z',z,‘n)dx'. 

Since J [os'-, x, n)dz’ converges to 0, u« » ~ os , unifonnly for all 
X in O, and since m (d^ — 4*’), m (4*’) are arbitrarily small, it follows that 
jj ^(l> (*', s, 7t)da' j< providctl n is greater than some number «j, 
where r denotes the iuiml>er of values of (*'). 

Since this holds for each value of c, we liave 

provided n is greater than n. the greatest of all tlie numbers n,. \l'c have 
further 

\jjh (»■) - #.v Ml it' I < i/j ® («', », t) I it'. 

It will be shewn tiiat it follows from the conditions (2), (3), of the 
theorem that [ [ di {x", x, n) \ dx' is less than a fixed finite number A, for 
all values of * and n. 

Since If '!> (x', x, n) rfx'|< e, for all sets £ .such that m (E) < ij< , 


jl di+(i',x,«)rfx'|=U <tt-^ {x',x,n)dx'\^< f. 

for n > Ne, where d’+ fx', x, n) is the function which i.s equal to d> {x , x, n) 
when this latter function, is S 0, and is othenviso zero; Ei dcnote.5 that 
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port of ^ in wMoh tp-*- [af,x,n)daf> 0 ; this set depends on * but its 
measure cannot esceed rje*. 

Now divide tho interval (a, b) into 8 parts, eacJi of length < 77 / ; we see 
rt 

that 0+ {a;', x, n) dx' < re, pwmded n > E/, and for all values of x 
in G. Tlierefore j fp *- (*', *, ») is, for dl values of » and x, less than 
some fixed number, when, if necessary, afinito set of values of n is rejected. 
The similar property can be shewn to hold for the corresponding functioiv 

■b' (*', *, w). Therefore I I < 1 > (*',»,«) I daf cannot exceed a fixed number 
J n 

A, and bonce 

j {/v (*') - ’/•K (atO} ^ (<»'> *t ») ^' I < Av- 
Lastly, wo have j I ^ | < €,<i,forallBufficisntly!arge 

values of », whatevei' value * has, in The same holds for (A-ei”)- ' 

It has now been shewn that; j / (*') <(> {*', x,n)tf.v' is in absolute vnluo 
leas than an arbitrarily chosen number, provided n exceeds some value 
dependent on that number, whatever value x may have, in G. 

Lot <P (*', «,n) — s (*',*)— s, (a:', i); we have then tlie following' 
theorem; 

Iff {x') s {*', re) and f (id) s„ (z', x) are summabU in (a, h), for aJl wines 
0 / n, and for all iialii4is of the jxtrameler x, in 0, and if j (*’, «) dx' con- 
verges (o j s (x', x) dx', for eacdi jxtir of values of (a, jS) in (a, 1), uniformly 
for all-poinU X inQ,andif 

lim /(*!) {f, (*',«) — fi (*',*)} rf*’ -= 0, . 

lim ,f {e. (s', ar) — s (sk', »)} rf*’ »■ 0, 

it-.o /(B) 

rnm-O 

uniformly for all X in G ; then 

lim J / (*') s„ (id, x) rf** = J* / (d) s (»', .v) dx’, 

and the iViicrval (a, 6) mag be replaced bg any measurable ,set of pomts in 
{a, b). 

The particular case of thie theormn when G connists of a single point, 
so that the porameler ar may bo omitted, was estabJished otherwise by 
W. H. Young. In that case flic conditions are simplified, because 
lira I fix') s (x')clx' and lim s(*')tfe;' are both zero. . 
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TRIGOSOMETRICAL SERIES 

312. The theory of the represcotataoB of functions of areal rariahlo by 
means of series of cosines and mnes of mnltipl&s of the variable is of the 
highest importanccj not only on account of the fact that sucii mode of 
representation is at present an indispensable tool in the x’arioiis branches 
of Jlathematieal Physics, hut also because this theory has cserctsed the 
most far-reaching influence upon the development of modern Malbeniatical 
Analj'sis. Historically, the questions 'which have arisen in connection iWth 
this theory have influenced the development of the theory of functions of n 
real variable to an extent which is comparable with the degree in vhich 
the theory of functions in general has been affected by the theory of 
power series. The theory of sets of points, wliich led later to the abslracl 
theory of aggregates, arose directly from questions connected «itb trigone* 
metrical series. The precise formuiatioD by Riemaim of the conception of 
the definite integral, and the gradual development of the modem notion of a 
function as existent independently of any special mode of represcntaMoii 
by an anal 3 riioal expresrion, arc further examples of tlic results of the 
study of the properties of these scries upon Mathematical Analysis. 

It is a significant fact tliat the theory of liiis mode of representation 
of a function had its origin in the attempt to investigate the form of a 
stretolied string in a state of vibration. The problem of the expansion of 
the reciprocal of the di.«tanee between two planets in a series of cosines of 
multiples of the angle between their radii veclores led to an independent 
development* of the thetwy of trigonometrical serie.s. The discussions 
which aro.se in connection with the first of these problems were, ho«*evcr, 
of much greater importance in the hietoiy of the development of the tlicory 
of functions; they form the first stage in the development of what is known 
a.s tlie theoty of Foimeris series, in intimate connection with whicii tiic 
modem theoiy of functions of real variables had its origin. 

THE PROBLEM OF \TBBATING STRINGS 

d'li 

313. The first general .solution of the differential equation ^ ^ 

which determine.s the form of a string vibrating trans\’ersely, was given h)' 
d’Alembertt in the form y = /{* -p al) -b ^ (® — ot). He further shewed 

* Tlic importance of this tact ba* been empliuized H. BufkharJt in Lii work "Entteickp- 
iDDjcn nacli osciilircndcn Fundionen,” poblMied as s JaheiMM rfer (feulftton MatUmaJiirr- 
Feremiyunj.vol. x (190l),and Inter. 

+ Jlrnimrt of the Btrlirt Aeadany, 1747, p. 214. 
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that, if a: = 0, a; = I, represent the fixed ends erf ths string, the form of the 
string at any time t is representable by y = / (at + *) — / (trt — s), ■where 
the function / (z) is subject to titeoonifition / (s) = /(2f + z). D’Alembert 
■was thus led to the search for analytical expressions which remain unaltered 
when 21 is added to the aegument. In a second memoir, d’Alembert ob- 
served that the motion is determinate if the volues of y and ^ be assigned 
at some fixed time. Thus, in modem notation, if y =/, (a;), ^ “/i {*)• 
for t = 0, then, for all values of x between 0 and I, 

/(*)-/(-*)“/%(*). 

/<*)+/(-*)- jJ/* («) 

it follows that/ {*) is determined for all values of * between I and — I, and 
thence, by means of the condition + z), for all values of z, 

The troatment of the same problem which was shortly afterwards given 
by Euler* tvas in form of a similar character to that of d’ Alembert, but 
the difiereiioa of raeauing aatigoed by these writers to the word “ function ” 
was of fundamental importance in the controversy which aftenvards arose 
between the two matiiematicians in relation to lius problem. D'Alembert 
nndoratood by a function y •= / (a;), a single aoolytical expression, wherens 
Euler employed the same expression and notation to denote an arbitrarily 
given graph. Both, however, hold the view Uiat two analytical, expressions 
which are equal for values of the variable in a given interval. must also bo 
equal for values of the variable outside that interval. D’Alembert ugued 
that Euler's mode of determination of the function in the solution of the 
problem presupposes tliat y can be expressed in terms of x and i by meaiis 
of a single imolytiool expression, and that thus on und\}c restriction is 
imposed upon the modes of ■vibration of the string. For example, in the 
case in which tlie initial figure d the string is polygonal, d’Alembert 
regarded the solution of the problem os impassible. The general effect of 
the controversy is to exhibit on the one hand tiic narrowness of the restric- 
tion of tile conception of a function as held by d’Alemboct, to functions 
possessing at every point differential coefficients of all orders, and on the 
other hand the looseness of the eonc^tion of Euler that the ordinai-y 
methods of the Calculus are appScable without restriction to quite arbitrary 
functions. 

314. The formal solution of the problem by meanB of trigonometrical 
series was given by Daniel BemoMDit n* » ™®®oir in which Jie shewed that 
the differential equation and also the bormdaiy conditions of tlio problem 
* ZTcmo{rgc^AtBtTiiaA€adtmf, n49, p. CO. 

t rf'li. n«i 
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of the vibrating siring, for the case in 'which tliere arc no initial velocities 
are formally satisfied by assnming 



He asserted that this represents tiie most general solution of the problem, 
and tliat the solutions of d’Alembert and Euler must fliereforc he contained 
in it. In a lator memoir, he considered the ease of a massless string loaded 
•\vith7! masses vibrating transverBoly, and indicated an indefinite increaso in 
tlie numbern. A critieism of Bemoulli’E theory was published immediately 
aftenvards by Euler, who pointed out Uiat a consequence of Bernoulli's 
formula ^vas that every arbitrarily assigned function of a variablo a; cotild be 
repi'esentcd by a series of sines a, »nx 4- «*8iii2x + c, sin 3* + .... This 
appeared to Euler to be a redwclw ai abewdum, since such a series could 
represent only a function 'which is odd and periodic; the notion (hnt a 
function could be capable of representation by a certain analydcol expros- 
Bion only in a limited interval being contrary to establislied opinion at 
that time. Bernoulli's solution was consequently regarded by Euler us 
lacking in generality. A considerable controversy'*' took place on tliu 
subject botwooii BoriiouUi and d'Alembert. 

This problem, together with the related problem of the propagation nf 
plane waves in air, wae next talcon tip by Lagranget, wlio obtained Euler's 
results by the method of starting with a finite number of masses fixed at 
intervals on a massless siring, and then proceeding to the limit 'when the 
number of mosses becomes indcfittituly great. In the course of his analysis 
Lagrange came near to the dctorininatioii of the form of the coefficients 
in tho expansion of a function in a series of sines of multiples of the 
argument. The defect of Lagrange’s method lies in the Jack of tmy in- 
vestigation of the validity of the process of passing to the limit; no restric- 
tions upon the nature of tho arbitrary functions ^yero recognized by luiii as 
necessary. The remarks made by Euler, d’ Alembert, and Bernoulli in the 
course of the discus.sion of Lagrange’s work failed to elucidate the diffioiiltie'5 
connected with this point, ond no generally accepted theoretical views 
emerged from the lengthy controvermes, tho general course of wliioh has 
been indicated. 

The diffieiilties felt by the mathematicians of this period in regard to 

* Fern detailed IJatery o( IlieAecontroTcrnefltSce.UurkhaTdt's IStrkhlt rol- 1. Ttia early liialory 
of (ho theoiy of trigoromclrico) series is gisea by Bicmanain his rrn-raoir, “licbor die h.arsloll- 
burheit. eincr Fiuiution durch cino irignnomotnBdie Bcibo," J/a(A. irtrt-s, p. 227- For llm goiisrol 
history of tho theory of iheso series see Seeks, *“VeiBa^ eincr Oeschichfn dor DarstoIIong will- 
kfirlichor Fnnotionen eincr VAriabeln durch trigoBOmetriechc Itcihcn," SchlCmiUh' a 
-coL XXV. supplement (ISBO). p. 231, and ifcs (2), vol. rv. 1280; obo Gibwn, “On 

the History of the Fourier Series,” /‘roceediiiffs o/ tie Math. Sx. vol. vi, p. JS7. 
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the generality of the represeniation ol a function by a trigonometrinal 
series arose ir» largo measure from their restricted conception of the nature 
of a function. To them it was conceivable that a function given by a 
conliniiouH curve might be so representable, but since tiiey regarded a 
function obtained by piecing two or more snch ettrves together, not as one 
function, but as Ror’crai diiTcrent fonction-s, it Bccmod to them impossible 
that siicii a broken ctirve could be represented by one trigonometrical 
series; a separate series seemed to be required for each separate portion of 
tlie given comporito curve. Moreover, the idea was unfamiliar that' a 
particular mode of representnllon of a fiinetlon nee<l only bo valid for 
some restricted range of values of the abscissa; and thus a portion of a 
nojr-periodio ourvo w,as regained as incapable of being represented by 
moans of a periodic .“oiios. 


tlPKClIAJ, CASES OF TRIOON'OMETBTCAL SERIES 
316. Independently of tbc disenssione of the problem of vibrating 
Ktriiigs and of other physical problems, a number of trigonomotrioal sories 
representing special funcUoiw of ariroplc character were obtained by Euler, 
d’Alombort and BomotilU. The mctbotls employed by these writors for this 
purpose are of a cheraetcr which ftuls to satisfy the requiromontij now 
I'Ogarcled as necessary for the establishment of such results; moreover, In 
many cases tlio ranges of values of tlic variable for whioli the repre-sentations 
of till) functions by the scriM are valid were not assigned, 
irof example, the series 

sin a — J sin 2ar -l- i sin Sx — J sin ^r -}- ..., 
cos x — J cos + J cos 3® — cos 4x — .... 
were obtained by liliiler*, ns rcpccscnfing ix, yiv* — 4** lespectir'cly; the 
range of values of x (— w, w) for which these representations .are valid was 
however not given by Euler, who appeared to regard f iiom as valid for all 
values of X. I’lic.sc .'erics were obtained by mfcgralion of the sorie.s 
cos X T- cos Zx -t- co.s 3s + the fliim of whicli was maintaincel by Euler 
to be — t. 

EyB.UernoulUi' the series S - rin riswasoblaincd as a representation 
of J (:r — x). nnri the range of values of * (0, 2v) for which thi.s represonta- 
lion is v.alid w.as assigned. Tt was also ob.'crvcd that the sum of the nerics 
is diseontinuous for x =- 0, 2it, 4-s, .... The following scric-s were also 

' Prirop. -V. Oann. 1761-53, aarf IVnyp. .V. Azia, ITSO, 
t Pzlrop. X. Comm. 1772. 
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obtained by Bernoulli, and the ranges of the validity o{ the equations were 




Tlie follomng results among others •’y Euler may liore be 

mentioned: 


1 • / ,w«'s(2r + 1)2: 

4”“ “2rTl~’ 


]«;= S^(- 


n(2r_^)* 
(2? + l)* ’ 


- I/- lY 


cos (2r + l)s 
■(2r+I> ■ 


The true range of validity of these equations v-ill appear later. 


WTEB HISTORY OF TOE THEORY 

316. No further advance was made in the subject until 1807, when 
Eourier, in a memoir on the Theory of Heat, presented* to the Frensli 
Academy, laid down the prt^sition that an arbitrary function given 
graplucally by mejins of a eiirve, which may be broken by (oirlinarj') dis- 
continuities, is capable of representation by means of a single trigono- 
metrical series. This theorem is said to liave been received by Lagrange 
with asfonisliment and incredulity. 

Fourier shewed, in a variety of qweial coses, that a function / (r) is 
representable for values of ar between — w and v, by tlic series 

-f- (a, cos a: + 6 , sin a;) + (a^cos 2* sin %t,) -f .... 
where a„ = ^j f (x) coanxdx, = f (r.) Bio Tixdx, 

<h = ^j 

Foiirier’s results in connection with this subject arc best studied in the 
collected form in which they appear in his Theorie de la Chahur, published 

* Bullffin dn Ktwta Seiarce. vol. z, p. 122. 
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in 1822. Trigonometrioal series erf the above fouu, in whiclj the coefficients 
ai'e determined as above, are known as Jkmrier’a series. It should, liowover, 
be remarked that Fourier also studied other trigonomotrical series, in 
wliioh the cosines and sines do not proceed by integral multiples of the 
argument. 

Although Fourier attained to correct views as to the nature of the 
convergence of the infinite series be employed, he did not give any complete 
general proof that the series in tie general case actually convesrges to the 
value of the function; ho indicates* however a process of verification of 
such convergence which was not actually carried out until Dirichlet took 
up tile subject. 

317. An attempt to prove Fourier’s theorem was made by Poisson, who 
started irith the formula'}' 

j_y («’) -i- 

« ^ J/" /'y 

which holds provided — 1 < A < I. 

Poissoii proceeded to shew that, us k approaolies the limit 1, the integral 
on the left-hand side of the equation appi-oache.s tlie limit / (.r), and 
argued that / (a?) is represented by the series obtained by putting A — 1, 
on the right-hand side. Apart from the questions conueoted with the 
limit of tlie integral on the left-hand side, rite conclusion is invalid unless 
it is shown that the series obtained by puttiug h I is convergent. In 
aocordance with a known theorem, given by Abel, for power aeries (sec 
§ 126), in case the power series is convergent for h » l, it converts to the 
limit of the sum of the scries fc* values of h which are < 1, os A approaches 
the value 1 : but no conclusion can be made immediately as to wlietlser the 
series is really convergent, or not, when A = 1. A direct investigation of 
its convergence would be required to tnake (Iks proof a valid one. It wiU 
however be shewn later Uiat, by the employment of a tlicorem due to 
Littlowood, Poisson’s proof may be made complete in the case when / (r) 
is of bounded variation in the interval (— w, w). 

Two proofs of the validity of the representarion were given by Cauchy; 
one at least of these is certainly invalid in its original form. Both of them 
depend upon the theory of fnnerions erf a complex variable, and will conse- 
quently not be discussed here. An example of an invalid proof of a similar 
character to one of Cauchy’s; and dso to Poisson's, is the proof given in 
Thomson and Tait’s AatKralPWfcMoplijr. 

'' See the 'fh'orie (U la cMi.ur, chmp. ix, capedaQy aeot. 4SS. 

t Journ. dc r&ole poI;rf. eaJi, 13; 1823, p. 404. See elm his TArfon'e nnoi^jli^Kc dc la eialr.ur. 
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In 1829, DiricUet* gave a proof that, in on extensive oJass of cases, 
Fourier’s series actually converges to Ae value of the function. His proof, 
the first rigorous one, was based upon a recognition of tlic distinction 
between absolutely convergent and conditionally convergent series. 
Since a Fourier’s scries, wlien coavcigent, is not necessarily absolutely 
convergent, it is impossible to obtain a proof of tbe convergence from the 
law according to which the terms diminish, as Cauchy had attempted to do. 
As Diriclilet’s proof, apart from its historical interest, still repays a careful 
study, on account of the light it throws upon the mode of convergence of 
the scries, it will ho given below, with Bomo modifications and extensions 
which arise from later advances in the Theory of Functions. 


'litR FORUM. EXPRESSION OF FOURIER’S SERIES 


318. Let J (x) denote a bounded fuootiou, defined for the interval (0, 1) 
of the variable x. A fioite trig<momotrioal series of the form 

2wa: , . . stix . , . (n — llwx 

' ' ■ -n-j- - 1 - ... H- a„_j sin' -i — 


<1} sin ^ + (12 sin + ... + < 


can be so detensined tbstite value is equal to Ibnt of the function/ (x) at 

each of the points x , ... It must be shewn that tlio 

B « » n 

coefficients Qi, a,, ... a,,., can be determined by means of the linear 
equations 

./I\ ■ , ■ 2it . . (a — 1) TT 

/ 1 - j — Oi sm - + Oj sm — h ... + o,_| sm ^ 

.(2i\ . 2=7 , . 2.2v . , . 2(n- l)ir 


. fTl\ -rn . Znr , , .r(n—I)?r 

/(-J = 02 8in - + «2Sm_ + ... 


/f — - 1 —aism ' — ^ + ... +«B-j8>n- - • -y ' ' ■ 

Multiply the expressions on tho two sides of tliese equations by 
. Str . 2S7r . (n — 1) Sv 


* CreVe'a Journal, voL rv (1829). p. 167, “Sur la coavoiBuiico a«ri« trigonom^lriqura. 
Tjui gerveut t repr^ontor une ioacUaa arlntnuro catro dca Eniitfts donnies.” See also hts memoir 
in OoTciind Monor’s EspsrIonum/firPiyml:, vd. 1, 1837. Momoirs by DitcUgea. Cretts’s ./oi'nioJ, 
g-ol. IV (1829), p. 170, and by Bessel, Attnut, Srac&WoUM, wl. XVI (1339), No. 301, am on similar 
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respoctiveiy, and add the expresaiooB on each side together. It can eassily 
be verified that 

sin — sin 4. sin — ^ + gin = 0, 


provided r and a are 
can be sliewn that 



iqnai int^eis not greater than ji — 1 ; and also it 


Using these tiivo identities, we have at once 


and tlius the coefficiente in the series have been determined so that the 
series eatleltcs the prescribed condition. Lot us noiv assume that the 
function/ (a) is integiabie in accordance with Kiemann’s definition, and let 
the nuinher 71. bo indofinitely increased. Tiic timil; of tlio expression for a, is 
then seen to be || / {*') sin dx'. This process suggests the possibility 
that the function / (or) may be represented by the infinite series 

wx . ftnx , awz 

«i sin -j- + Oj sin — + ... + a<8in 

where the coefficients a, ate given by 



for points x within the interval (0, 1). It will be observed that the scries 
' cannot possibly represent tiie function at tho point « 0, unless / (0) = 0 ; 
not at the point x = I, unless/ (Z) 0. This limiting procesR is entirely 
insufficient to stiew either that tho infinite aeries converge.^ at ail, or that, 
when it does converge, Ite limiting aum is at any point equal to the value 
of the function / {*) at that pennt. 


It win later be shewn by various methods that, for extensive classes of 
fiincfions, the series 

,1, 

actually converges to Ibe valne/fic), for values of x within tlie interval 
(0, 1), nt wliioii / {*) is continuous. This series is known as Foutkt’s aim 
jrrjas. 

Let us now assume that tiie fnneiimi / (*) rfii ^ is represented within 
the interval (0, 1) by the Fourim-’B eine Ecrics. 
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This series is, in the present case, of the form 



wliicb is Dqnivaiont, to 

or to 

1“T + I j. I”" 1/M^ 

and tiiis by hypothesis represents the function / (*) sin 

It thws appears that, on the asmmiptious made, tlio function / (.r) is 
represented by the series 

+ 1^2 goB^^|^/{a:')oos-^ dx' (2). 

This scries (2) is of the form 

n . n >>*0 2«; « STTX 

^0 + ;0jCOS-^ + j8|C0S— P ... +^,C08 -j- + .... 

and is knotvn as Foarier'a cositK series. 

Tile cosine series, onlike the sine scries, may possibly converge to the 
values / (0), / (1), for * = 0, f respeotively, when these iunofional values 
are not necessarily sero. 

319. Assuming for the present that the fnnoWon /(*) may be repre- 
sented for the points of the interval (0, 2) by cither of tliese series (1) and (2), 
we proceed to consider some obvious properties of the series themselves. 
The sum of tfio sine series (1 ) has. for the point — *, the same value, with 
tlto opposite sign, iis for the point x. If then we suppose that tlie function 
/ (z) is defined not only for the interval (0, 1], but for the interval {— 1, 1), 
it appears that the series can represent the function for the whole interval 
(— 1, 1). only in caac/(— a:) = —f(x); that is, incase tJie function /(z) be 
odd. Further, the series (1) is unaltered by adding to x any multiple of 2(, 
and thus the series, considered as existent for all values of z, defines a 
periodic function, of period 21. If / (x) be defined for all values of x, it cau 
only be represented by the series, for alt such values of x, provided / {x) 
is periodic and of period 22, and also /(a:) = — /(— ®); othenrise the 
representation of the function by the series is valid only for the interval 
{0. 1). 

Tlie cosine series (2) is imaltered by changing x into — z; therefore the 
series represents the binofion / (a:) for the interval (—2,2), only when 
/(_ x) “/(z), i.e. when/{*) is an even function. The cosine series, like 



485 


318-320] The Formal Expression of Fourier’s Series 

the sino series, considered as existent aJI values of x, is periodic, and of 
period 21; tlierefore the series can c^rescnt a function/ (a), defined Eoi' all 
values of X, only when / (a) is periodic iwllj period 21, and also 
/{*)=/(- *)• 

It is thus seen that, if the fnnctjon / (*) he defined for the interval 
(~ 1, 2), it is in general not represented by either the sine or the cosine 
series for the whole of that interval, althongfi it may he represented by hoth 
the series for the interval (0,Z). For the part of the function / (a:) in the 
interval (— t, 0) is in general independent of the pert in the interval (0, 1); 
neither of the relations /(—*)■“—/ (®), / (— *) =•/ (*) being in general 
satisfied. In fact there is in general no rciation between the values of a 
function, defined for Ae interval (— 1, 1), at the two points — x, x. 

It is however possible tr> obtain, from the series ( 1 ) and (2), a series 
containing both sines and codnes, sucb as to r^resent the function / [«) 
for tie ^yhole interval (— 1, 1). The fuocrion \(f{x) +/(—»)} is an even 
function, defined for t}iewh<Je interval (- 1, f), and in accordance with the 
assumptions, representable for that interval by the series 

I'j/' f/ (»')+/(- >^)) -I- j om (- =:■)] 008 

Again, the function J {/(*)-/( - a)} is an odd function, defined for 
tho whole interval (— 1, 1), nnd is accordingly rcprc-sentAblo by 

8(0 £[/ M -/(-*■))*. 

By addition of tbs two series, we find the series 

a \‘j <*'* + 'Ll, /1 0“ T “ *’>•''<*'> *' <“)■ 

winch Is of the form 

4- (n,cos^ + j5,am^ + (a* cos ^ + jBj sin 

as representing the function / (*) for the interval (— I, I), This series (3) is 
known as Fourier’s series, the sine and cosine aeries being regarded as the 
particular cases of it which arise when/ (— i) =• — / (a:). or/ (— ar) — f [x) 
respectively. 

320, With certain assumptions, the form of the series (3) may be 
obtained directly. Let it- be assumed tiat a function / (*), defined for the 
interval (— 1, 1), can be represented by the series 

Jo. + (», “8 X + t) + - ■ 

in the sense that, for each point x in the interval, the scries converges uni- 
formly to the vnlim/ {x] of the function at the point i. It then follows that 
f{x) is continuous in the interval (— 1, Z), and that/(Z) — /(— Z). 
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Tlie fundfimental property of fie fnnctioDs 



is that the inlcgraj of (.he product of any pair of them talceii orer tlia 
inferval (— 1, 1) has the value zero. On acooimt of this property, tiie set 
of functions is said to be funelionsforUieinteri/al (— 1, 1 ). 

On account of tiie uniform convei^occ of tJio series to the value /(.r) 
through the interval (— w, ®), it is legiiamate to submit the scries to term 
by term integration, oven when it is multiplied by cos or by sin 

Observing that J dx = 2f, J cos® « j dx ■« I, and em- 

ploying the property of orthogonality, we obtaiin in this manner, 
jj / (*') oos^^Ak' — o„, for« = 0 , 1, 2, a, ; 
and \j " " 

Therefore we have, for the interval (—1,1), as Mie series representing /(z), 
i /' y (*■) ,h' + {■ 00, f j (.■) CO. *■ ■ 

-f J (z') sin 

or IJ' ,/(*')■'»' +.5 J fj M T '*■ - 

Tf wo roplnoe ^ by *, no essential change will be made in tlie formnln; 
thus there is no loss of generality in taking (— *. w) to bo the iihcrva! in 
which / (x) is defined, and for which it is repr&sentcd by 

f(;^)cosn(x' -x)dx’ (4), 

Tliis expression (4) will fee taken to the atmidai'd form of Fourier’s series. 

321. In the above process, by which the form of tiie series lias been 
obtained, it would' liave been sndicient to have assumed tliat tlic con- 
vergonoe of the .series to the value of the hmetion is -simply uniform 
in tiiR interval (— w. n). lu that case the convergence becomes uniform 
if a suitable system of brackeling the terms of the scries is carried out 
[see § 67). More generally, it is sufficient to assume tiint, whether the 
series is convergent or not, when a suitable system of brackets is intro- 
duced, the new seiies, in which tlie terms of the original series that are in 
a single bracket are regarded as a single term, converges unifoniil.v in flic 
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interval (— w, tt). The nnifcmnly conve^oit series would tlien take the 
form 

+ 2 ((?.„ cog B.r + b„ sin »») j + 2* (<», cos nz -t sin tub) 

+ 2 ^(o*ooBM* -I- 6„am7sa:) + 

wliicli is nasumed to converge nnifonnfy in (— jt, tt). The original nn- 
bracketed series does not nccessanly converge for the values of x in the 
interval. We find, as before, that 

J' /( 2 i') coswii:' tif' = j cosmm;’. ?*’ (<i„cos »i; - f sin «») rfr 


where »« is one of the numbere + !,»,+ 2, In a similar manner 

ws find that j f fas') aJn »»*' dx' — itb„ ; hence the form of tlio series has 
beon obtained. 


THE GENERAL DEFINITION OP A FODEIER’S SBIUB8 
382. Wo now take lEio series 

^ !./ V f.y «»»(»>'- ®) rf®' 

ns tlis starting point, fndopondonUy of ony assumption as to its eon- 
vorgcnco. In ordertKat the series may be said to exist, whether it converge 
anyu'hero, or not, it is iieoessary that the noeinoients 

6^1 / {*') oos »»' d*', ^ j" /(x') Bin nx' d.v' 

.should linvQ definite meaning whatever value « may have. 

Until tlie last few decades it has been assumed that/(*) is either 
bounded in the interval (— n, v), and jntcgrable (B) in that interval, or 
else that/ (») is unboiinded in that interval, but possesses in it an integral 
in acuoidanco -with one of the emdier definitions which were employed to 
meet such cases. The recent oxtonedon of tho definition of integration, due 
to Lebesgue, to the case of functions which, wiwther bounded or not, are 
not integrable {J?l, has led to a cotrespemding extension of the range of 
Fourier’s series. It has been proposed by licbcsguo’' to assign to the series 
(4) tho name Fotirier’s series, in every ease in which / (a) is summable, and 
consequently also / (*) cos nx, f (*) an nse ace summable, in the inleival 
* Lobesgue'e tiVii.iniGnlofiLei«rM.-bkac«niUiiaediiiaiBOinoir.**SQrlDBBL^ricBtrigonom<5tii{iuC4J,” 
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(— JT, -tt); whether the function be bounded or not. This torminologj- will 
be lierc adopted. The two scries 

i j / (x') dar* + £ ^ cos nx j / (x') cos nr' rlx', 

X -.<dnna;| /(*') ran fix' rfr', 

ill which/ (x) is talten to be aninmabloin the interval (0, tt), will be temiDd 
Fourier’s cosine series, and ^’oierier's sine series respectively. The first of 
these series is the Fourier’s series correaponding to/(r), pro%'idocl/(x) is 
an even function of x, so that it exists in the interval (— tt, it), and the 
coefficients 

~ I / (*’) S'** dx' 

then all exist, and have the value zero. The Fourier's sine series is tlio 
Fourier’s series corresponding to / (»), In case / {x) is an odd fimotion, 
defined for the interval (— », v), in which caso the eoefficicntB 
i j'y(*')d*'. i j‘’y(*')co8tw'(fx' 
all exist, and have the value zero. 

Eacli extension of the definition of an integral, beyond that of Lohesguo, 
leads to an extension of tlic scope of the series. Tiius cases may ho con- 
sidered in which the coefficients exist as //Wntcgrals, os D-Intcgrnls, as 
£liry •integrals, or na F-integrals, or as integrals existing in aooordaiico 
with otlier definitions which have been suggested. All series of these kinds 
mciy bo termed gemralked Fourier's series, but the only kind which will 
he considered in this work will be those in which / (*) and consequently 
/ (a) cosTia:, / (x) sin nx. have D-integrals, orinpattioular, 7iL-intugtftls, in 
the interval (- rr, rt). Such series will be termed FoKrtcr’e D-seri'a? or 
Fourier's (HL) aeries. TJicrc may exist also Foiirior'K .D-ecjainc-serias, 
and Fourier’s i>-sine-series, w'liich as explained above are Fourier's 75- 
series in case the absent coefficients exist and have tlio value zero. 

EXAMPLE 

Let US consider the function /(*) = wliew ■^(*) is Bummrililti in llio iiilcrvftl 

(- n. tt). thenthcoocfficicnt.si|'' I j’ will not in goiicrsl exist, 

cither na L-intcgrsIe or as iJ-iutcgrals. Thus the function will, in accordance with tlia 
dofinition given above, have no Fonrior’s scries. orFourior'B /?-eoriee, corresponding to i(, 
although the coefficients - j" sin «r <I» will exist as L-inlcgnils. The series 
^ S «n <“* dz' 

Tvill, hotvoycr, oxiat, but it is not a Fourier’s sine-series, because is not aiinimnUe in 
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(0. rr). For oxainplo*, lot = ^Tcot js, ^(0) s 1, io tlio inton-al (0, ir). It is oaaily 
found Hint J oot jEuiu njutc = 1, but i J cot J*cosn*ifc does not oxiaU It follows 
that sin z ■)■ sin + sin 3x t- ... is a gonaa&eQ Foorior'a sino-aoiics cotrcspvnding to 
tho function ^cot Jx, non.euniinf>bloiQ (baiiitorral{0,ff^ but it ia not oFourier'a D-scrios. 
Discuscrioiis of such stu'iua iinve ben> given by TitoiunusUt end by Ferront, 

It sliould 1)6 observed tliat all eummable functions which are equivalent 
to one another correspond to one and the Bame Fourier’s series. Conditions 
have been investigated by Caratl>iodory§ that, among tlie functions that 
are equivalent to a funeOon /(*) to which correspond the Former’s co- 
efficienta O5, a,, 6,, «j, 6, .... there should exist one which is intograblc IR), 
so that the Fourier’s series defined by moans of these eoeificionts should 
be a Fourier’s /?-.s6Tica. 

A series of the form J Og + 2 (a, cos ni; 4- 6. sin vx) is not necessarily 
a Fourier’s series, even fl.ssiiming that «, => o (1), o (1 ). An example 
is the scries Z ■ 

TH12 t'AR'i'IAli SUtl.S OF A FOOniBR’S SIfRIES 


3B3. It boing assumed tlral/ (»), as defined for the interval (— w, it), is 
such that the cooUloients in the series (4) exist, cither ns Tc-integrals or os 
75-Jn_tegrals. We denote by (*) the finite sum 

^ J y f**) tfa' 4- s’Ji cav rar (*•) cos r,r’ rte’ 

+ ~ sin r* I f (»') sin ra' [7«'|' , 

■or ^ J / (a’) [I + ens (x‘ - *) + cos 2 (*' - *) + ... + cos n (z' - *)] c!x. 

i + cos (x' -x) + cos Six’ ~a)+ ... + coswfj’ - a;) = , 

Zsin-j^. . 

1 r' sits (2n + 1) 
weiiave = 2? 

sm 2 


If we change the variable by taking *' = * + 2z, arid write 2n. + 1 =.- nt, 
tho expression takes the form, 

s„(i;) = ip ** + t/g, 

where m = 2n -i- 1. 


• S«I W. H. Yming,iVoe.i;<niA Jtf«j4.Si>«.(S),vrf.rx(101U, p. 
t Pne-Lond. MclKSte. (2), voL xxm <1921). RKordi, p, xii, 
t Math. Annahn, vv). f.3CXXTtx (1922). p. 84. 

I Math. ZtMr. roL i (1918), p. 309. 
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It is conTcnient to extend the definition of / (e) so that it may appU- 
to all values of x outside the interval (— tt, t). We assume that / (a:) is 
so defined as to be periodic, of period 27r; t)nis/(x) =/(ri. 2j^), for all 
integral values of r. In ease, in the origiiial definition of /(.r) for the interval 
(— IT, 7 t). the values of / (w) and / (— jt) ate unequal, it Mill be necessary 
to alter the value of the function at one of the points tt, — n-, in order that 
the function, in accordanoe with the extended definition, may be periodic. 
This con be done without affecting the values of tlic coeOicioiits of tiie 
series, or the value of (x). Taking the function / (x) then to be periodic, 
80 that it is defined for all real values of x, it is clear that in the espression 
for s„ (x) the limits of tlie definite integrai may be altered to any two values 
which differ from one another by it, without altering the value of the into* 
grab We have thus 

- i J*V(* + +/<* - 2s)} *• 

The integral of the form | * f (*) is known as VirichleCs 

hieffral, tiie term being, however, generally applied to the more general 
form j F (s) | ^ (*) dz, n’hore « is such that. 

0<«SllT. 

If we take J + cos (x' — x) + cos 2(x' — x) -t- ... + J nosn (.r’ - x) 

«n(2..+ l)*^ 
which is equal to . "y 

we see that 

(*] “ 2^ f cos » (x' - a 


, , . , 1 sin w (x' - *) 

- ioosnfx 


Thus 


(.r) has its v.alue*’ dependent upon an integral 




of a form very similar to that of Dnichlet. 


* Sec Neticr, jVatJi. Annahn, voL i.tvtt v (19X1), p. 120, aliwJt rs pointed out tTjfll iti? Torm. 
for (7) can eotnetime^ be conveniently employed. 
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THB CONVEROBNCB OF FODBCBB’s SEBIES 

324. If the function / (*) bo saminahlc in the interval {— tt, w), the 
codffiedents in the Fourier's scries corresponding to/ (*) all exist, and are 
given by 

On™ /(*)co6«*<fe, f(x)?mnzdx-, 

and tins indopeudently of any assuinptioa as to the convergence or non- 
convergence of the series at points of the interval. Thus, corresponding to 
any Euramablo funotion / (a:), these exist the numbers a^, Oj, Oj, 65 , 
which may be termed the Fourier’s coeF'CienU, or Fourier’s conalanU, for 
the suminable function/ (i). The relation of the constants to the function 
may bo expressed by* 

/ (*) Joj -v {»! cos* + hj sin*) f {fftCOsEa: + Jijsin2*) 4- ... 
which does not involve any implication as regards tho convorgcnco of the 
series. It will bo seon that all equivalent funotious lisve tbs same set of 
Fourier’s constants. 

A similai' definition will apply to the Fourier's (23) constants corre- 
sponding to a function/{*) which has a jD-lntegral in the interval (— w, w). 

It will be seen lator that the Fourier’s constants of sumraable functions, 
ai^ of particular classes of such functions, possess important properties 
wijioh do not depend upon tlie conveigence of the Fourier’s scries. 

The question as to the convergence of the series in the whole, or in a 
part of the interval (— w, w), or at assigned points of that interval lioa 
been fundamental in the history of the subject, and the earlier investiga- 
tions, from the time of DMcblct’s investigations onwiirtls, \7erB almost 
exclusively concerned with this question. Inconsidering this question, two 
lines of investigation may be pursued, according as the function itself, 
or the series as defined by its coeflScients, is taken as the starting point. 
In the first of these lines of invostigation, tho question takes the form — 
what properties must the function, have, in order that tho Pourier’e series 
may converge at a particular point, or in the whole or a part of tho interv.al ? 
In the second of these modes tA approach it is not usually assumed that 
the series is a Fourier’s scries, and tfan question takes the form — wliat 
can be inferred as to the convergence of the series from the existence 
of special restrictive properties of the coediclcnts? An account ivill be 
pven of investigations of both these dasees; in the earlier investigations 
the first of these modes of investigntton was alone employed. In the first 
instance an account will be given of the investigations, by various witersj 
wliieh have as their object the determination of sufficient conditions to he 
satisfied by the summable function /(*) in order that the serie.s may con- 
• See Hurwit?, JUoA. Annalai, voL tvii (I9?3), p. 427, 
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verge either through a whole interval, or at particular points of the interval 
(— ff, w), It will appear that, forasnnunahlc function/ (a;), the convergence 
or non-convergenco of the Beries, at a particular point, depends only upon 
the nature of the function in an arbitrarily small neighbourhood of that 
point; and is independent erf the general character of the function through- 
out the interval (— 57, w); this ^neral character Iwing limited onl3’ by the 
necessity that the function shall besummable in the whole inf orval. These 
investigations have resulted in the discovery of sufficient conditions, of 
considerable width, which snfiice to ensure the convergence of the series 
at particular points, or generally through the whole or a part of the interval 
for which the function is defined. The necessary and sufficient conditions 
for the convergenue of Uie series at a point of the interval, or throughout 
any particular portion of the interval, have not been obtained. This is 
not surprising, in view of the very general character of the problem; 
and indeed it may bo the ease that no such necessary and sufficient con- 
ditions may bo obtainable. It ie possible that the mere fact of tho conver- 
gence of the series at a parUoular point characterizes the nature of tlio 
function in the neighbourhood of that point in a manner incapable of 
reduction to any simpler form; so that, although tho characteristics of 
variou.s gub-olasses of the functions which satisfy this condition may bo 
obtained, as has in fact been done. ycl. the whole class of such functions 
has no property capable of being stated iu any form essentially dilTeronl 
from, or simpler than, the mere statement of the fact of tho convergence 
of tho series at the point. It will appear that there OKist functions, and 
oven continuous functions, for which the scries fails to converge at ovpr.v 
point belonging to an overywhere-dcnscsctof points. The question wliotlier 
R Foiiiicc's aeries, corresponding tu a continuous function, can be sc 
determined that it fails to converge at all points of a set of measure greater 
than zero, or in particular almost cverj'wherc, has not j’ot l)ecn answered. 

In order that tlic Fourier’s series, corresponding to a siimmable func- 
tion / (x), may converge at .a point *, it is necessary that (is), or 

should converge to a definite limit, as the odd integer m is indefinitely 
increased. 

It wUI appear (§ 434) that — | / (»') cos n {x' — x) (lx' converges to 
zero, as re ~ cc , cotLscquently it is accessary, for the convergence of the 
series at the point x, that the mt(^raJ 

1 1 1' , , „ , sin 2a? , 

should converge to a definite limit, as » ~ . Either of these expreasiouB 
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may be used in the iDVOsUgations, but Dlriclilet'B tonn will be here 
employed. 

It was first shewn by INrichlet that, for an important class of fanotions 
f{x), (k) ooiivei-gos to U»e value /(ar) at ©very point x interior to the 

interval (— v, w), at which /(as) is continuous; that, at a point of ordinary 
discontinuity of / (*), the series conveiges to the value 
i{/(as+0)+/(a:-0)), 

which is, of cotirse, not necfasarily equal to / (as); and that at the points 
7T and — w, the series converges to the value 5 {/ (v — 0) 4- / (— m + 0)}. 
AHhongh Uirichlet’s investigation has now been superseded by the cm- 
ployrnent of methods apjdicsblc to a wider class of cases than was con- 
sidered by liun, liis invoBtigation has still au interest not exclusively 
historical. It will therefore be given in 8 328, in a form in wliicli certain 
modifications and rimphfications \rill be emplc^ed. 

More resent investigations, on account of which will be given, shew 
that the Fourier’s ooratrmte have important properties which are related 
to the functional values, independently of wlietlier the series oouvergoe 
or not. It will appear that, in important classes of oases, Fourier’s series 
may be employed, indopondcjitly of whether tiioy are known to converge, 
for the representation of functions, and that such series may be validly 
subjeuted to many of the ordinary processav of Analysis, suoh ns substitu- 
tion for the function in a definite integral and subsequent term by term 
intogiation. Much of the recent progress in the Theory of Fourier’s series 
is due to the employment of tlic convenUoniil eums of the scries, especially 
those of Kiemann, Cesiro, and Poisson. By this moons a representation 
of a function by meansof a convergent sequence can bo obtained when the 
Fourier’s series corresponding to the function is not convergent, or is not 
Imown to bo convergont. 

PAKTICU1.AB- CASES OF FOOIUBr’S SBBTES 

325. Before proceeding to the tiieoretical investigations relating to 
tho convergence and the proporUos of Fourier's scries, it will be instructive 
to consider some simple cases of the use of tlio serioB. It will be asBuined 
tJiat, for the functions empli^Bd, the series corresponding to a function 
/ (*) converges at every point to the value i {f {x + 0) + f.{x — 0)}. 

If we employ the sine series to represent tiie function defined, for the 
interval (0, v), by y -= J (a- — *), we find on evaluation that 

~j'Hn-x)wnxdx = ^; 
and thus the series is of tile form 

sin r -}- J sin 2* -h | tin 3* -f ... -b ~ sin na -b — 
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Tlic fimction defined for all values of x b 3 ' 



is represented graphically in the figure. Tiic function is discontinuous at 
the points 0, Stt, iw, ... — 2n, — 4sr, the functional value being zero 
at all those points. Itisseenthatidiesoriesreprescnts the fimction A (jt — x). 
not only for the intcrv.il (0, w), but for the interval (0, 2!r), except at the 
points a: = 0, a; = 237, wliere the sum of the series is zero. For the intarvai 
(— 0) the function represented fay the scries i.s — 4 (tt 4- a,-), except at 

the ends of the interval. 



This series may bo employed to illustrate some important points con- 
nected 'with the convergence of the series in the neighbourhood of tho point 
« R 0, at which the function represented by the scries is discontinuous. To 
this end we shall examine the series by a method employed by rourier*, 
and further developed by Kneserf- 


Denoting sin « + J sin 2ar + ... + - sin «a:, by s. (*). '‘‘'u have 
(®) , « . sin (n- + 4) * , . 

therefore 

psinjn + Dai 


(^) » 


dx — lx+ I 


n(n4-J).t 




On integrating by parts, we find that 

r-26in4xoos(n + i)2: f-cos(« + 4)* 
2x8injx ^io « + J ■ 


• Thiorie de la c^uileur, chap. Hi. scot. 3. 

t Sil^ngsUr. o/ (Ae HerHn italA. Son. (1904). p. 28. See aho BnohsT’e “Introiiuclron tn tljf 
theory of Fourier’e series," AnnaU of tlalhmatia (2). toI vn {lOOC). p. 81, wlicro riimerics 
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,,,, X — 2innia: 4 »in* ix - dos lx , ,, , 

ihe expresflions • ^ '>ccwno 

jDAnitely groat, as x incioaaoB up to2n; bntif xl>o conlinod to tlio iri(orval 
(0, 6), whoro 0 < fc < Zjr, fclioy are both bounded functioiiii, 3t, follows, sinco 
I coa {« + lx) I rt I , 

that a posiltvc number A can be detennined, inclcpoiidont of n and x, siicli 
tliat I ^ (a:) I < .4/(71 + 1), provided * is in the interval (0, 6). Jlcnco it 
appoHi'S that 2 (x) lina the limit zero, when n is inclefinitoly inoroasncl, 
wliothcr X varies with n or not; in fnot \ 1 (x)\ is iirbitmrily snmll for 
sulTteioiitly great values of «. 

We have noiv 

/ . , . Kin s , , , OA 

■Sn (■’-■) — ^ (*) ^ j g rfa — l;r 4- , 

proviclocl 0 5? X S 6; whoro 9 is tliot — \ < 0 < i. 

Also (8, {X) - » fx)) ^ — SnTx '' - ® i 

and thoroforo s, {x) -8(») has maxima and minima at the points® "» 
where A »" 1, 2, ii, . 


It oivn now be 8Uo^vn that, for Kuflicicnlly largo valucsi of n, at least, 
/■ 2ff \ 277 \ (jtw \ ■f.n_\ / Orr N /flrr \ 


iLto nltcrnatoly pnaitivo and ncg7ilivt<, tlio fiiut of those difTcrcnecs being 
poHltivo. 

Wo have 


« u, - u, + ih - ... H- (- 

wiiore 7(,, K,, ... 17* live all positive, and «, > w. > «a ... > ti,. AI.w 

^ (A -’i).. iX--Trn. 

hoiiee lim ii* >•- 0. 

Fiii'llior, it is well known tJial Um | wliioh is the improper 


integral J ffi,iB£iciual lolw; itfa)]owsithatW|,«, — «, — ic, H. , 

ul less than lir. Since 

2n + 

ics of n, it thus nppeoni lhi 
/ SAir ^ ^ /2X~liTi7\ 


ar<‘ altcmalely greater and less than iir. Since ^ is arbitnirily small, 
for siifRciently gi'oal values of n, it thus nppeoni IhiiL the diilcreucos 
/2XTTi7\ 
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are alternately positive and negative for A " 1, 2, 3, ; and that for A — I 
the difference is positive. 

It thus appears that, for large values of a, theform of thaoiirve y = (x) 
in the neighbouriiood of the origin is as in the figure ; consisting of a ■n-ave- 
form passing above and below the straight lines which represent */ = « (r), 
The first maximum on the right of the point a: « 0 has as its abscissa 
X — i ’ height above the point whose coordinates are 

which is independent of the value 
of n. The first minimum on the right of the point * «. 0 lias for its 
abscissa x = »s at a depth approximately Jtt — j" 512.5 jf; 

below the conesponding point of the looas j/ ■= « (x). 



As 71 is continually increased, the abscissae of the maxima and minima 
of Sn (^) — s (x) become indefinitely small, the m^nitudes of these maxima 
aud minims remsining however nearly unaltered. If a particular value of 
X can be chosen, 7i can be so deteimined that | Sn (s) — s («] | is arbitrarily 
small, for such value of n, aj»d for all greater values; but if a partieulor 
value of n be chosen, there k always a value of *, via. which 

^r, (®) — ^ (*) is nearly equal to [ 

The graplis y ^ s„ (x), as n becomes indefiiiitely gi'eat, lend to the fomi 
given in tlie figure, which consists of the continuous curve formed i)y tiie 
straight lines of length 2 | dz (> w), through tlie points x — 0, 2?:, 

— 2n- and of the series of obliqne straight lines which belong to the 

curve y — s (a;). Tlie graph of the curve y = s (i) = lim (i) lias been 
already given. The limit of the ^aphs of the curves y = «„ {x), and the 
gi'aph of the limit of s„ (x) differ in the respect that, for the absoifsae 
a: = 0, 2v, — 27r the fonnmr contmns the continuous straight lines of 

lengths j whereas the latt4a: contains only the single points on the 
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a-axis, Corresponding to any point P on the straight line LM through the 
origin, it is possible to deLenniiie an indofinito number of pairs of values of 
X and 11, such tJiat the distanoe of P from the point whose coordinates are 
X, s„ (»), is less than an arbitrarily prescribed positive rumbnr e. Thus the 
double limit lim 4„ (ar) is indetenamato between (he limits of inde- 
terminacy ds, — J 



By letting n increase indefinitely, and x.at the sanio time diminish to 
zero, in such a manner thatRZ has a as its limit, where a is any fixed positive 
uuinbor not exceeding r, we liave ns the partiotJar value oi lim Sn (s)), 
or lim the number d*. It will be observed that tlie repeated 
limit Urn lim «« .(*) has the value or — |ir, according ns a: approaolies its 
limit from the positive, or from the ne^tivo ride. The repeated limit 
lim lim s„ (*) has the value zero. 

The distinctioE between the graph y = « (x), whicli represents the 
series, and the limit to which the grsphe y ■= e„ (*) tend, is clear, if it be 
borne in mind that the limit y = « (*) is'obtained by the apeoiai mode of 
first fixing a value of x, and then letting » increase indofinitoly; thus, for 
oxamplo, a (0) »= lira a„ (0) = 0; wbrnos, as wo Lave seen, lim s„ (x) 
Ib indeterminate between limits which have been found above. Tho 
difficulty which has been frcqnmitly felt in understanding how a series, 
of which the terms aro continuous, snch os tire series lieie considered, can 
represent a function wliich is not cootinuons, will be removed if the point 
just explained be fully grasped*, that the «»» of the series at a point x 

discontiBiiity, inodo by Soblafii, CreBSt ■fcwriMf, roL ((1870) p. 284), nsd by fin fiois- 

fi«yuand, Math. Annatca, vo!.\-n((1874)p. £t4).whsn)i4M mnutaiiKnl that iho sum ot Clio sorics 
is indotsraunatc, aro duo to n [nclc of ^nooiatioB of tldB point. 
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means the limit oblained by first fixing the abscissa x, and then afkrnm-ds 
making the number of terms increase indefinitdy. 

It has already been shewn, in § 82, that the points x = 0, 2jr, - iv, ... , 
must be points of non-nmform oontanuity of the series; moreover, otlicr 
examples liave been already given, in wMcL the peaks of the approximation 
enrves y = »„ (ar) remain of finite height above tlie curve ij ^ s {x), liowever 
great n may be. That the portions of the limit of the graphs 1/ = [x), i]i 

the present cose, have a length greater than v, the measure of discontimiity 
of the function, was pointed out by Willard Gibbs*. 

Tn tliia and all similar cases, the non-coincidence of the upper and lower 
double limits of 5, (*). at a point with the upper and lower limits oi s{x] 
as is spoken of aa Gibbs’ phonomcnon. The phenomenon, howov(!r, had 

been discovered earlier, in the case of the series cosx — J cos Sx-i-^cos/lx—..,, 
by H. Wilbraliamf, at the point *= Jir. The phenoirienon has been fully 
discussed by Gronwalt};, Dunham Jackson §, and I}6ciicr{|. 

Tlie expression | — ilz — , ^vhich has been found 

above, for (x) - s (x), provided 0 < x £ h < 2rr, may be employed to 
shew that the series converges uniformly in any interval (n, b), such tliat 
0<a<6<2Tr. For, by choosing* so great that [* ?^d8,forxSfl, 
differs from ^ by less than a prescribed number which is possible on 
account of the convergence of the integral, and further choosing n so groat 
is seen that n can be chosen so great that, for ths 
chosen value of n, and for all greater values, | (x) — a (x) | < c, for all 

values of X in the interval (a, 6). This expresses the fact that the series 
converges uniformly in the interval (a, 6). It Is clear that the smaller a is 
taken, the greater must be the value of n, so that; (n -f i) o may be sufii- 
ciently large to satisfy the requirement that j j — ds — Att j < If, 
and that this value of n increases indefinitely as a is indefinitely (liininisliod. 
This is a verification of the fact that tlie convergence of the scries is noii- 
uniform at the point x == 0. 

326. Let/ (x) be defined for the interval (0, w), by the epecifications 
/ (x) = c, for 0 S X < Jir; / (x) = — c, for S x £ w. 

• See on interesting dOenBsivn cm this subject ia -Vstsrs, vol. LV/ix (1B08), pp. 014, 509; 
vol. Lix (1399), pp. 200. 271, 31», 900; ToLl,x,pp.a% 100. in wliici. Cibts, Mk!irl>on, Jx>w, linker 
and PoinBiro look part. 

t Camfj. and I>aliJin Malh. Jeum. new eertiee, voL in; old ecjiM, vo). ^'U (1843), pp. 193-200, 

J Malli. AnmUn, vol LXxn {1012). p. 228. 

f Jientl di Palmno, vo!. zxxn{1911), p. 257. 

!1 OrrKe’a Joiiraol. vo!. €XUV(19Utl>.4I. See »I »0 Pej^r, Crel(«’« ./oio-nar, vo!. CXPII (1912), 
p. 1C5, whero mrlhodn are given Jor detennining tbe enltvB, and the iunettnna! )Jmit«, at a 
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To find t.Iio sine series fur this function, we have 

I /{a) sin ttrde c J sin na;<fa: — c | sinnrtJi 
= - (cos air — 2 cos Jwtt + 1 ). 

This integral vanishes if n is odd, and also if » is a multiple of 4, but if 
n = 4w. + 2, it has the value ^n. The series is therefore 

— (J Bin 2a; + J sin ftc + -^sin 10® 

For unreatrictfif] values of x, this series represents the ordinates of the 
series of straight lines in the ncart figure, except that it vanishes at the 



points 0, Jff, «, — — «, ... . It will be oheerved that, if the moaning 

of f[x) he altered, so that it denotes Uio sum of the sine series for every 
value of X for' which that sum is continuous, then at the point it, for example, 
/(« + 0)-c,/(ii-0)--c. 

and the scries represents at the point it the arithmetic mean of these two 
vaiues. 
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In a similar mannei', we find that the function defined for the interval 
(0, 7r) os before, is represented, for the interval (0, tt), by the cosine series 

^ (eos a: — J cos 3* -i- cos 6x — 

For unrestricted values of *, the series tepreBcnts the ordinates of the 
straight linos in the figure, except that its sum vanishes at the points 

— 4ir, fir, .... 

327. Let / (*) = X, for O&xS f jr, 

and f(x)’^'n — x, for IvSx&tt. 

In this case wc find that 

I /(*) wn «»»?*'-• I xeianxdx + j (ir — *) sin n.rrf* 

2 - . 

«■ — j Sin *n». 

Hence the sine series is 



For general values of x, the series represents the ordinates of the Jins in 
the figure, The broken line in the interval (— ir, tt) is repeated indefinitely 
in both directions. 
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Tilt! cosine series, wliitsli represente the same function for the interval 
(0, tt), will be found to be 

This Reriesreprcscnta.forgeneral values of®, the ordinates of the line in 
(.he second figure. As before, the broken line In the interval (— tt, tt) is 
to be repeated indefinitely in both directions. 


(I^rorc liial f 

cprvscnta, h 
Sot ony ' 
r{s a poKith 
em el tiia si 


sla4i; 4- ... 

tcprvscnta, fur tbo interior of the ioterval (- v, ir), tbo fuactlon In. 

l?oc ony volvie of z vhlobit not omoltipleol n, Ibo scries tepcescaU Hz~Zl:w), where 


0 thnt the series 

)«x-Jc05 2r*»eti«3T-i’4C0«4t + ;_ 
roprescnls the lunetlon - jz*. for (ho InIcrrA) (- », -r). 

(S^nvD (hst 

}n-e ainz * .r i rinCr .A for0<z<tri 

jr«=e08z-Jcos3r* Jeesfiz - ..., for - {tf < c< Jn. 
(#) :^ro(h»t. 

^ }rz«Blnr- ^si£i3i + psin3r- .... lor - Jr a* £ Jtr. 
(C) Proro (list 

j(I - <*»cos*«r)«ian*, fotO<z<w, 


rn-lfe’ + 

_ o'* - 1 , 21- " r*' 


£ ri — COS nz, for 0 £ 


(0) Proro list 

o/ g sin fa ii£X _2sin2r 3sio3z 
2 ainfa“l*’- 2=- L-^S' -e 


where 0 £ z < r. 


k not bcioi; inlegraL 
(7) Prors that 

irfiinhfa_ sine 2 B;n 2 r SrinSz 
2 sinJTfa - )= + !•= + 


+ 2= •!- *= 3? + t* 


where 0 £ ; 
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DIRIOKLET’S INVBSTIOAITOH OF POTOIEE’S SEBTES 


328. As a preliminary to the conaderation of DiricMet’s integral, some 
properties of the integral 


re required. 
We have 




j ^ain^^ dz » I [1 + 2 co3 2s + 2cos4« + ... + 2 cos 2n2]d2 => |. 

If we divide the interval ^0, ^ of integration into the portions 

M'6 see that, in these portions, the integrand has alternately positive 
and negative signs; thus if we write 




we have 


'O - Fl +/>*+••• + (- !)'■■* Pf-l + ••• + (- l^pn. 


where all the p’n are positive. 

In sin j/iS is always of the same agn, and - 
z increases, benue 


decreases 

< (- 1)-* 


rfT.'L 




and similarly 


Pr-l > — cosec — . 
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It follows thfil, if 2p < n, 

o < Po - Pt + Pa - — + Pic’ 


and 


5 > p* - Pi + p* - 


I/Cl iiK BUj)po.se that the fuuclion F (z) lias ft finite upper boundary, 
for Iho values of s such that O&zS |ir, and further, that it ia in the whole 
interval posifivc and monotone nou-inercaang; it is consequently an 
integrable fiinotion. 


In Die inlognil 


I 


^dz. 


'vhcre a S Irr, we proceed fb divide the inten'a! of integration as in the 
oaso of 

)e sinz 

into nlfcmately positive and negative portione; thus if 




where 7 is a positive integer snch that 


(V(z) 




. + (- ir 


• + (- I)'",. 


sins 

wliero Sj. s, are all pusitivc. On account, of the supposition mode 

ns regnids F (r>, we hovn 

l^oni these inequalities it followu that - 

nnd (his holds for all values of r from 1 to q. 

Wo linvc consequently the result, that 
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is less than an — Sj + «( — ... — 

and greater than Aj — s, + — ... — «*,-!> where 2j) £ q. 

From these inequalities, with the help of those obtained above, wo have 

f/ >(P„ - p,) F £) +{p^-p^F g) + ... + F 

> F {pri~ Pi + Pt~ Pi + — +Ps»-s “ Pti.-i); 

also V < (+ 0) - F (p, - p* + P3 - — - Pip). 

On using the theorems which have been proved relating to the p’s, 
wc obtain 

''>-( 5 ) 6 --) 

.ncl Cf < P. li’ (+ 0) - f (^)J + (I + P„) F (?ar) ; 

where, in accordance with the eupposition made, •p is on^ integer such that 
2pag<^. 

Now let m and p both inereaso indefinitely, but In such a way that 
^ has the limit aero. Since 

2jKr 

2 _l "m’ 

. 2p»r pit . 2ptr’ 
m 61D ' Sin 

wc see that p;, has zero for its limit; and hence 

has ^ F (+ 0) for its limit. Again 
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It has been proTed that U lies between two nmnbets. eaoh of which 
has ^ 0) for limit, when m and p are indefinitelv increased in such a 

way that ^ has the limit zero; hence the limit of 
U.f;F(z)"dz 
is |j’(+0), 

where a is such that 0<a & 

It follows, as a corollary from this theorem, that 



has the limit zero, when m is indefinitely Increased; where a, ^ are two 
fixed nnnibers, such that f><fi<aShi. 


3E9. We have now seen that, if F(t) be a bounded aud positive 
function which novet Increases as z increases from 0 to Jw, the integral 

converges to the value ? P (-f 0), as m is increased indefinitely. The func- 
^n F (s) may be freed from the condition that it must ha positive in the 
whole interval. For if F is negative, we may apply the theorem to 
tlie (onutioQ 0 + F (s), where the constaob C is chosen so’ that 


i.s positive; thus 
converges to the limit 
Now 


|{C + J'(+0)}. 

cf^^dz 

Jo amz 


converges to the limit ^ C; hence J P dr converges to ^ F (4- 0), 

where F ( 2 ) is not restricted to he poative. 

Again, the llicorem holds for a function F ( 2 ) which is monotone and 
never diminishes; for we can apply the theorem to the monotone function 
— F ( 2 ) which never increases. 
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The tlieorem iiaa now been- established, tliot if F (s) be any bomidc.3, 
mmotone function, defined for (he interval (0, |ii), (hen 



converges, as the odd integer mis increased indefinileiy, to the wiZue^ ii’( 1 - 0). 

The theorem also htdds if the upper limit of the intcgra] be any fixed 
number a, surdit that 0 < a £ 

It haa been shewn, iji i, § 244, that any function mth bounded variation 
is expressible as the difference of two monotone functions. Hcnco tlse 
results which have been established can be immediately extended to 
tunotionfi of this class. We have, therefore, tive theorem that, (fF(z)l>e 
a /unction, d^ned for the interval (0, ^w), and with 6oiu!cted wirfntion, then 
(ho integrals 

where 0<«sjw, 0<o</?4^*r, 

conrerje, as the odd integer m is increased indi^nitely, to the valves j i' (+ 0), 0 

respsotively. 

Tf wo apply this result to the two integrals contairicd in tlie osprossion 
for5„(«),thesumof the first 2n + 1 terms in Fourier’s series, we obtain the 
theorem that, if f [x) be a function tvUh bounded variation, defined for (he 
tnteriaZ (— w, n), the sum cf 2n + I terms of the scries 

f(x')dx'+ S |jno8«a:J /(a;*) cos ns’Ac’ 

converges, as n is indefinitely increased, to the value 

i{/(x + 0)+/(ar~0)). 

Tt will be remembered that a fuuction with bounded variation is 
integrable, in accordance with Riemann’s definition; and tliat it enn 
have discontinuities of the first hand only, so that at every point the 
functional limits/ {x + 0),/ {* — 0) exist. 

In the casex = ± -n, the limit to which the sum of the series converges is 

i{/(w-0)+/(-7r + 0)}. 

At a point x of continuity of the fnnetian / (®), the limiting sum of t ho 
series is / (x) ; at a point of disconfintiity of / (*), the limiting sum of the 
series agrees with the value rrf tho functiorr at the point only if 



329 - 331 ] Dirichlet's Jnve$l%gaUm of Fourier's Senes 507 , 
At the points w, — tt, the limiting sum of tho series agrees with the value of 
the function only if / (w), or / (— w), is equal to 

330. It is now clear in what ecme the given funetion/ (x) is represented 
by the corresponding Fourier’s series. The representation is necessarily 
complete for all points at which the function is contimious, with the possible 
exception of the end-points ± v, whioh cannot both be points of continuity 
of the oxt/Caded function, ttn]ce&/(w) =/(— w). At apoint of discontinuity,- 
or at an end-point ± y, the seii&s representa the function only if the 
functional value is properly chosen in relation to the functional limits at 
the point; in the case of the end-points theso functional limits nro those 
of the periodic function obtained by extension of the given function beyond 
the domain for whieh it was nt first defined, this extension being such that 
/(»;]=/(« + Stt), as explained in § 323. 

The functions with bounded variation include, os a particular case, 
functions which satisfy ttkc following conditions: 

(1) Tlie function is eontinnoiis in its domain at every point, with the 
exoeption of a finite number of points at which it may have ordinary 
discontinuities, (2), the. domain may be divided into a finite number of 
parts, such that in any one of them the function is mono.tonc ; or in accord- ' 
auoo with the more usual expreasion, the function has only a finite mimiisr 
of maxima and minima in its dommn. 

Those conditions ate known as Dirichkl'e conditions, and his pioof» in 
its. original form, applied to the, case only of functions which satisfy those 
conditions. 

331. Dlrichlet extended his results to the case in whioh there are n 
finite number of points in the domain f — it, ir) in the neighbourhood of 
whioh 1/ (i;) j has no upper boundary. In this case the Fourier’s series must 
be 90 interpreted that tl»e int^xals in the coefficients are the improper 
integrals 

J f(x)dx, j ■'^nxf(x)dx, 

the function being such that these improper integrals exist. From our 
somewhat more general point of view, we shall suppose that the function 
/ (a:) is such that, when arbitrarily small udghbourhoods of these infinite 
singularities are excluded from the interval {— w, n), in the remaining 
part of the interval / (*) is of bounded variation; and further it will be 
assumed that the improper integral 
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■existE, and is absolutely conveigent. Under these conditions, it can be 
shewn that the theorems stall hold, that the integrals 

jl dz, for 0 < o < ^ a irr, 

and I F (z) rfz, for 0 < tt S Jw, 

converge to zero, and to ^ f (+ 0), respectively, as m is increased in- 
definitely. 

If, between a and there is a point o in whose neighbourhood | J" (z) | 
has no upper bonndaiy, 

ie interpreted by Dirichlet as the Ifanit of 

f P{z)^^^dz, 

], ' ' sins Jc+, ' ' sinz 

where S, « have, indopendeobly of one another, the limit zero; assuming tlmt 
such limit exists. 

Let S' < S, then 

l[f.' * ~\l 

where the expression on the right-hand «de is arbitrarily small, oa account 
of the absolute convergence of the integral of (z), and is iadepondent 
of the value of m. 

Now, if Jif (z) dz oonverges absolutely at the point c, we can clioose 8 so 
small that, for every 8' < S, 

coseotcj |Ji'(*)|6fz 
is arbitrarily small; hence the integral 

j‘ * F (2) *■ 

for a fixed m, converges to a definite value, as S converges to zero. Similarly 
it can be shewn that 



converges to a definite value, as c converges to zero. It has thus been 
shewn that 

r ^ w "sTT * - s r* w ^ * 

-t- lim F (a) dz = (m) -1- (m) ; 
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and we have now to shew that (»), (m) converge to zero as w is 

increa'ied indefinitely, ll has been (dready seen that S may be so chosen 
that, for all value.'? of m, 

where rj is a fixed arbitrarily small poattvc number. Now, for a fixed value 
of 5, m, may be chosen so great that, i£ m S «i, , 



where ^ is arbitrarily .sra^; hence, if »»£ «t,, 

I (m) i < ij + 

and therefore (>n) converges to the limit zero; similarly (nt) converges 

to the lirnit zero. 

If, between a and fi, there ore any finite number of points such as c, we 
may divide the domain (a, fi) into a finite number of parts, such that each 
part contains only one such point as c, and apply the above result to each 
of the integrals wltioh ore talcen through one such part. 

The integral j F (z) divided into two parts 

where is so chosen that all the paints of infinite discontinuity of F (s) are 
in (bi , o) i we thus sec that [ F (?) ^ converges to g J* (+ 0), when 

m is indefinitely increased. 

It has now been shewn that; if f{x) be auek that, when the arbitrarily 
small neighbourhoods of a finite number of points in whose neighbourhood 
) / (a:) I has no upper boundary have been excluded, / (*) becomes a function 
urilh bounded variatioii, then the Fourier’s series 

i J'_/ M d:^ + S i /[/M oo»» (I - I-) &■ 

converges to the value |(/(* + 0) +/(x — 0)}, tU every point in (— tt, n), 
except at the points of infinite diseonTintciCjr of the function, provided the 
improper integral j f (x)dx exists, and is absolutely convergent. 

APPLICATIOK OF THE 8ECX>KD UEAK VALUE THEOREM 

332, An alternative method of investigation of the limit to which the 
partial sum of Pourier's series, corresponding to a function of bounded 
variation in the iiiterv2il (~w,w), convoiges, is obtained by the employ- 
ment of the eecond mean value theorem (i, § 422). Tliis method was first 
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employed by Bonnet, who need Us form of the menu value theorem*. 
The Tnetliofl wa.s also used in his treatise by C. Neumann!, and by JordnnJ 
wlio applied it to the case of fooctions of bounded variation. The mothn<l 
is also employed, and discussed in great detail, in Dini’s freatiseg. 

We have need of the following lemmas: 

(1) [ dz ^,itibeiv^ an odj integer. This has already been 

pi'oved in § 328. 

(2) IJ 0< a< {Tt, j dz = o (1), avd ih = 0 {1). 

To prove this, we have, by the second mean value theorem, 

I (iz .-i— siamtdz + —v, f^ein mzdz, 

J, flin s sin aj, R'n ^ 

whore y is in the interval («, j8); and therefore 

li S J®) < ^ cosec a, 

from which the result follows. The second part of tho theorem is proved 
in a sinulor manner. 

(3) 7/ 0 S « < ^, flicn 

By the moan value theorem, if <><«<&, jj” “P- <ffl| < ? h- and 
therefore j J dfi j 3 and if a S". we have | j j 3 ^<'^- 

It is clear that, as a increases from 0 to ir, j dS diminishes, since 
j dS does so. Therefore, ance | - fs-, wc have 



if a < TT, and it has been shewn to be < Jw, if a a w; Jience 


for 0 £ ff . It now follows that | j dd j 3 w, where 0 3 a < ^. 

After having established these lemmas, we proceed to consider 
J* F ( 2 ) — dz, where F (*) is monotone, and non-dimini.shing, in the 
interval (0, Jw). 

* JJ6irunreg SaianU ilrangtra of the Belgian Academy, eoL xxm. 

t Ucier die -neei £reis- Kvgtl- nnd cyiiider-/««Kmte»/>rtae/irfr7c)ideii .BfAcTi, Lcipvc, ISSI- 

J Cmred'ArulhJsc,•7o^,^. § &!pm is Serie di J’ourifr, I’ies (1880J. 
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If ft bn a fixed posifixe aumbH', we have 

-J [F (.| ~ r + r<^ I') - ^ 

Oiiiipplying the second mean value theorem, we haw 

I ' V <,] ?£”' * - (+ 0) . J V (,) 55;“ * 

+ {i? M - J’ (+ u» I '■ * + (" (W - »» f‘' ‘ffifr *• 

where is some nomber in the interval (ji, ^ir), and G (?) denotes the 
monotone, non-diminishing, function {F (?) — P (-f 0)} -j—' 

Again, 

!'■ e _ o wj' S5i; * . e W J”' j,, 

wiiere f is in the interval (0, /t). 

The number ^ depends on m. and on the function G (?); it maj happen 
tlmt, as in is iudeilnitcl}' tncreascd. f diminishes indciinitelj is such a 
manner that f>i4 lias a &ite limit. M'hethor this happens dr not, wo see 
from (8) that jj^ ff {?)2i^f ds j does not exceed »| aod h- ^*^7 

be so clioscn that this is less than the arbitrarily chosen po.dtive number t, 
Since 

1/ 

it is seen tliat both integrals conveige to zero, as »n ~ , notwithstanding 

the fact that 5i is dependent npon m. It now follows that fi and can 
be so chosen that, for nt 5 Wj , 

I J ’ ' P (?) d? - i*P (+ 0) I < 2c, 

•Since c is arbitrary, it follows that ' 

lim j*^P (2) (■' 0). 

Since any function that is of bonnded variation in the interval {0, 
is expressible as the difference of two monotone non-diminishing functions, 
it follows that this result holds lor any function P (?) ■'^•hioh is of bounded 
variation in the interval (0, ^jt). "Writing/ (a: t-2s) -t/(a: — 2?) for P(2), 
we see that 

lim (‘' (/ (« + !!»)+/ (it - &)) * _ (..{/(it + 0) +/{* - 0)}. 
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Thus the convergence of the Fourier’s series at any point x of the interval 
(— 7T,n) has been estabtishcd. The following theorem has been established: 

If f (a:) have bounded •uariation in (he interval (— jt, v), the Fourier’s 
series correspondinff to f (a) conoej^ to the value f (a) al any point within 
the interval, at which, the funetion is continuous; it converges to the value 
i f/ (* + 0) + / (a — 0)) at any sveh point at which the function ie discon- 
tinuous. At the points rr, — ir it converges to the value 
Jt/-(-w + 0)+/{,r-0)}. 

333. It is Imown that a conveigeat series of continuou.s functions 
is non-uniformJy convergent in the neighbourhood of a point of dis- 
continuity of the sum-lunctioD, but tliat the series is not ncccs.sariij’ 
unifonedy convergent in sn interval in which it is continuous. In the 
case of the Fourier’s series corresponding to a function /(a) which is cf 
hounded variation in the jnterval (— w, w), it can bo shewn that the 
series oonvergos uniformly in the whole interval (— ir, w), provided the 
function obtained by cstending / (a) beyond tbe intervol, as a periodic 
function, is conUnuoits in the closed interval (— w, w). This requires 
the condition /(ff - 0) «■/(- w + 0) to hold, in which case the complete 
continuity holds If the values of / (w) and / (— n) are the same as those 
of / (tt — 0) and / (— w + 0). The function then converges uniformly to 
f (a) in the whole interval (— n, n). 

It can further be shewn that, provided /(*) is of bounded variation in 
(~ 7T, n), the series converges uniformly to /(*) in any interval [a, b) In 
which the function is conrinuous, the continuity at tire points o, b being 
on both sides. 

It has been shewn in § 332 that 

where F (a) is monotone non-dinrinisiung. Uring tliis inequality, and tho 
correspoodiug one for — F [— z), and writing f{x-¥ 2s) +/ (s — 22) for 
F (z)-¥ F (— 2), we have 

I ««« M - i {/ (»: + 0) +/ (I - 0)) 1 < I o (rt I + 1 0. W I 

+ ( I / (* + 2ri - / (1 + 0) I + I / (» + -) - / (I + “> I 

+ |/(.i-2rt -/(*-») I II 

< I (? {/.) [ + I (3i (/.) I + ^coseo,.: 
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where A in a fixed number dependent on tiic upper boundary of / (a) in 
the whole interval (- rr, w), ami 

G (p) = {/(*+ 2 m) - / (* + 0)1 p cosec p, 

Gi (p) ={/(*- 2p) - / (* - 0)} p ooseu p. 

If now/ (*) is continuons and monotone in the interval [a, b), and is 
continuous at a and b on both aides, on account of the uniform continuity 
of thefunotion, pjcan be go determined, that, for all points s: in theintcn'^al 
(a, 6), \f{x + iii)—J (x)l and J/{»— 2p) —J(x)\ arc both less than 
provided pSpj. Also pco3ccp<lir, thus |(?(p)j and | <?i (p) ( arc 
both less than ^e, provided p £ p,, for ail values of x in (a, 6). Therefore 
I (®) ~ / (®) I < « + — ooseo p,, for all values of z. The number /t, 
having been fixed, an integer m, can be so determined that — coseo pi < t, 
for til a mi, and therefore — /(*) I <2«, for mam,, and for all 

points X in (a, 6). Since c is arbitrary, this establishes the uniform con- 
vergence of ein.,.1 (a;) to / (»} in the interval (a, 6). The function / (x) hae 
been taken to be monotooc, but a fuiKtioQ of bounded variation may 
bo expressed as the difference of two monotono functions, each of whiob 
is continuous in (a, b) when / (x) is so. Therefore the theorem holds for 
any function of hounded variation in (— », w). 

It lias thus been shewn that: 

Iff (x) be of hm-nded variation in (— w, w), the I'cnmer’e series oonverga 
to / (x), uniformly in any interval («, 6) tn vAtioh. f (x) ie coniinuoue, the 
oontinuity ataandb bein^ onbolhsidee. 

Returning to the general case in which the £unotioQ/{x), of bounded 
variation In (— rr, n], may have discontinuities in an enumerable set 
of points of the interval, wo see that, if p bo a fixed number, 0 (p) and 
(?i.(p) are bounded for all values of z in the interval (— w.w), aince/(,x> is 
a bounded function. Wc find that 

i 'fia+i (®) I < ^ ^ ooseo p, 

where K depends only on the fixed nomboc p, and on the upper boundary 
of the functions I / (x) | in the interval When/ (x) is not monotone, 

the result can be, os before, immediately extended to any function of 
bounded variation. Since | a2s4.i (x) | < X + A coseo p, it is seen that 
I (®) i bounded for all values of «, 

We have accordingly estalfiisbed the theorem* that: 

If f (x) be any function of bmaided variation, in the interval (— n, ir), 
the Fourier’s series converges bottndedly to the value J {/ {* -i- 0) +■ / (x — 0)} 
tlaoughout the interval (— tr, jr). 

• 6w W. H. Young. iVoe. LoaJ. ifaih. Soc. (2), toI. IX, p. 433. 
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THE LIMITING VALUES OF FOUEIEE’s OOEPnOIENTS 

334. The following general property of the Fourier coefficients of ji 
aumiuahle fimctiou was first estaUished by Lcbesgiic* ; 

If a„, b„ denote the Fourier's coefficients corresponding lo any enimnnbk 
function f (s), then a„ = o (1), »= o (I). 

This theorem ie a generalization of the theorem due to ItioTnaiinf in 
which the function is rcsljictcd to bo integrable (R). It is consequently 
frequently Iinown as the RiomMui'Lebcsguc theorem. The case when the 
function is oontinuousj was treated by St&ckcL 

Lebesgue’s theorem can be obtained as a special ease of tlio 
general convergence Theorem I, of § 279. Consider tho interval {a, J), 
and let {as', a;, n) •» ^ consisting in this case of a single 

point, so that x does not occur. The conditions (I) and. (3) of the theorem 

are satisfied, since S 1, lim j lir' — 0; from which it 

1 003 1 B.sf.COS 

follows, in accordance with the theorem, that lim / (x’)eo87ias'(fx' = 0, 
n*« la 

and lim [ / (*') sin ti*' cie' = 0. It will be observed that n inoy diverge 
as any sequence of positive numbers, not nccessanly integral. 

It has been shown by Lcbesguc§ that this theorem cannot bo mode 
more precise; that, in fact, if «(«) be any function which convotgea 
monotonely to zero, as a continuous function /(*), such that 

I / (*1 I a 1 , can l>o cocstnictod, for which the oocfficienta arc not of order 
superior to that of u (n). 

Tho following more general theorem may bo gfvon: 

U f (*) summable in ihe finite interval (a, 6), then j f (x) 
converges to zero, os n — w , uniformly for all intervals («, jS) contained in 
(a, b). 

To deduce the theorem ftom Theorem I, of § 279, let the set be a 
two-dimensional sot consisting of aH points (a, such tliat a S P, 
aSaSb, Lot 0 (»',», ft), when a:=(n,^), be defined hy 

0 {x', a;, n) = 7ix', for all values ol *' in the interval (n, f), sod 

0 (*', X, n) ^ 0, when *' is not in that interval. 

* Annates sc, dc I'&fde normata sap, (3). vtd. u (ISOSt U. 

t Gm- Wcrl:e, Znd od. vd. i, p. 254. 

t Lcipt. Brr. to!, lth (1801), P- 147; abo Noan^u Annala (4>. vol. n (1002), p. 07. 

§ Bulletin de Jo see. mai. de tianee, voL (1810), p. 184. 
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Since 1 O (x', a, n) i S I, for all jMmtB x', x, and for all values of n, 

/ s' 2 

<t> (a', X, n) ix' £ - ,whidi converges to zero, uniformly for all 
points X, the conditions of the theorein are safefied. Therefore 

J'/M 

converges to zero uniformly for all pairs of values of a, ^ in the interval 
(a, d). 

Jfeis of interest to have a direct proof of the theorem. FiratletO < o< i>; 
we then prove the theorem for the paiticalar function / (*) = i'. 

Since j j —jS'j J 

where y is in the interval (a, /J), the theorem is established for this case. 
Nest let / (a) "■ P (*). where P (x) is a finite polynomial ; the integral is 
. then the sum of a finite number of integral^ each of which oonvetgea 
unifonnly to zero, ns n ~ ce . It is clear that the condition that a and & 
should be positive can be at once removed by changing the varfablo x 
into a new variable f = x + b; P (*) then becoming a polynomial P (f). 
Thus the oomplete theorem holdsfor a fanolion which is a polynomial P (x). 
Nest, if / (x) be any functioQ, aumiuable in {a, 6), a finite polynomial P [x] 
can he so determined that j |/(x)— P(x)|dx<e(see r,§4S0). IVa have 
then 

/'/ W "I <i« - /' p W “ + 1' tf W - .P Ml “ & 

The second integral on the right-hand ride ia numerically less than c, 
whatever values a, it may have. The numerical value of the first 
integral on the right-hand ride is also < e, provided n 5» for all values 
of a and Therefore 

j J J *^1 < if n > 7i,, 

for all the values of a, fi, in the interval (o, 6). Since e is arbitrary, the 
theorem has been established. It may be observed that the theorem holds 
good if 72 be auontinuous variable which increases indefinitely. 

It may be observed that the extension of Theorem I, in § 2S0, to the 
case in which the interval (o-, 6)i8indcfiiutBlygroat, when/ (x) is absolutely 
summablc in the indefinite interval, furnishes a proof of the following 
theorem : 

If f (x) is absoltUdy stimmtdAe in one of the iiiiervala (0, » ), (— m , co ) 
(s) n* = o (1), (*) ^ = 0 (!}• 
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335. In case the function/ {x) is boonded and monotone in the intorvni 
(— TT, 5f), we have, 


'l/'/w." 


../(-■„ + &,+/(„- 0)J'' 




a; (fa: j < — , whme A ie a. (ixed number depending only 
upon the upper boundary <rf /(«) in (— ir, w). Sinco any function of 
bounded variation in (— «, w) can bo expressed as the diffsrenco of two 
monotone functions, we have clearly 


I/- 






where i£ is a fixed number. It has now been proved that: 

Iff (a:) ^ave bounded varialioH in Ott xnlmxd (— ir, tt), then a„ * 0 («.->), 
6, =■ 0 (n-*). 

It is clear that, if / (») be of bounded variation in the interval (a, b), 
then j [ / (s) ^ nad* I < ^, where .K is a fixed number, independent of 
n. The number n may be taken to be any poritive number, not nocessarily 
intcgi'al, 

BXAMfLBS 

(1) L«t/(zl=-s4 Um 4 ooez)(t + c»94z)... (1 4 cos4”**‘c]dzi then /(z) in 
a eoctinuoiu periodle functiea, of period and it ia of bounded earintion In tlio iniomi 

(- V, v). 

It oiin 1)0 siiewn tbnt tbe Fourier’s coeIBcicotii of this funstion nre y))ci) tiinl nb„ = 1, 
when n is a power of 4. This ssainplo wss pvon by F. Rices* to illusLrato the fnet tlist, 
for a condnuoTis function of bounded vaiforion. the condition Cn s o ba^o nro 
not necessuily sstieQod, 

(2) If/(*) is of bounded vsrialion iR lli« infinite iutorvsl (a, »), and converges to rero 
as z eo , the intogisla j / (®) ^ nsdz exisl, sud are O . 

Wo h&voj [x)’sP (z) -N {x\ wbero P(»), AT (*) ors monotono non-inBroMiiig, and con- 
verge to zero, 08 * - oo . 

If ri'>-4 > 0 , we hove [ j* F (z) “ nxdt [ =P{A)^j'‘ ^ Tixdx | < ? F (-f). 

SjJice F{.4) is aebitjariiy email, if .4 be sufihaently la^u, the integral on tlie left-hand 
aide is <», for nil values of A', when ^4 is pn^ieriy chosen. Therefore^ P (x) 
oiifits. Aim J P (x) nxdx —O md anee J F(*)^nzc£r = 0 we have 

A similar result Imlils for iVfz); tlierefore wrifc =0 

• ifelA Mnir. voL n {19IB). p. .*il2. 
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(3*) If the erea funotioa ia continiioiis, and a of hounded variation, and ie an 
inte^al in any interval tThleh docs not centm tlia point sr=0, then a„=o 

Since/ (x) is an integral in tlieinlOTal (f, ir), it hoa a suminalle dilTereutial cocScicnt 
/'M.thue 

j /(*)coaiU!*:=i -/(i})?^S_i^ /''(s!)(iintixdx. 

Since / (X) ie continnoua and of botmded varbtion in (0, 17), tvs har^ expressing / (x) 
as the difference of two monotone fnnetions/, 

y V, (X) eos«:&=/,(0}^^'+/,(,) , 

|J/,(*)eoaaxdx=A(0)*‘|€*4w(“J!i?---«^^ 
where e', ij" ate in the interval (0. I). Wc now find lAat 
tij" /fsleoerusdxw - j" /'<*)^"*<b+[/,(0)-/,(<j)3*tnji5'+(/5(0) -/,(ii)]Binnn", 
hence Uie expression on the loitphond aide is len ibut 3<, prevjiiod t be obosen auillriently 
small, andn sulEciciitly large. It has tlius been shewn (bat Onsp 


(4) If /(a) Is sucimabls in ovciy ftoitc ioierro), and /(a) is of bounded raristloa in 
(a, b). then j'^/(B+B)p(i!)^n>idtt<onvciBe«t«s’ow,ian~»,tinlfonalyfor oil values 
of a in uny finite Intorval. 

It Is sufficient to assume that 9 («) is moAOtone, then 
y*'/<a+«)g{ir)^nKifK*p(o) /(*+a)^«aifu*ff(b) J^/(a+u)^^nu<i«, 

when if la in the Interval (n, b), and depends on h and a. It is sufficient to show that the 
losnit holds for aaoh of the Intograbou the rfght-hand aide. Let a-i ti wo, then it la easily 
seen to beaoffioicntthut IhBiiitcpafci^^ /{ol^nvAroouveigo Waoro, asn — «e, uniformly 
for all values of a and |3 in a IbuUi iniorval, 'ITiia has faeca ahews (n § 334 to bo tlio case. 


336. Let the function / (a) be assumed to have, in the whole interval 
(— w, cr), a difierential coefficient /W (*) of order r, which is continuous in 
the interval, or more generally a diSocnUal cootBcient /!'■“*> (k) wliioh is 
an indefinite integral. 

The integral j /{i) ^ wed* may tiien be erpressod by r successive 
integrations by parts, and its vatne defends upon that of 


Sec W. H. Yeung, Pne. load. Ifotb. Sot. (3), vsL x (ISII], p. 25G. 
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which exists, since /I'i (x) exists almost everywliere in the interval, and is 
summable. As the integral coaveiges to zero, wo have the follovring theorem : 

J// {x) have a centinaans differaUial eoeffieientf^’* (®), of order r, or more 
generally, if /('-■' (*) exists and is an ind^nite integral, then a„ o (re-'), 
■b„ - 0 (re-'). 


337. Let UR consider the function /(«] = | (*), where 0 < v < 1, 

and ^ (ar) is oi bounded 'vaTiataon in (— re, re). 

We have 

/- 

where fi (*) s-s intervale (— re, — ft), (ji, re) ant! has tlus value ( 

in tlio interval (— y., /»)- The function (*) is of bounded variation in tlu 
interval (-re, re), and therefore j tfi (x)^nxdx, - 0 (n-^). Wc nov 

ooneider the integral T ein iw dx, where x (*) denotes 4>(x)+(fi (- *) 
jfl * 

Dividing tho interval (0, n) into the two parts ^0, and wf 

have 

^ £^iginreKdz = J sin nrdz — sinnsdr, 

7» v”* ^ 

where V (is), Q («) are two uou-iucrcosing monotone functions. The ox 
prosaion on tho right-hand side is, ajiplying Bonnet’s form of the seoonc 
mean theorem, numerically less than a fixed multiple of or 
Also 

where i is in the interval fo, ; also a atiuilar rosult holds for Q (x). Wo 
thus find that 

where A and B arc fixed numbers, independent of n; we now have 
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It is known that 


Jo “* ”Sein4Mr.r{v)‘ 

and if the indefinite interval of integration be divided into parts (0, ir), 
(tt, Ztt), , the intc^al is represented by a scries 1^ — Z. + I, — , 

when I„ denotes 

(— ])"+! f — ; thus /,>/.> /j ... 

' ' lofa - « - = 


o(x + n 


-lir)' 


It now easily follows that j ® numerically le.« than a fixed 

number, independent of a and It is thus seen that 

ia less than a fixed number, independent of »t, and ft then follows that 

I /o ^ n* *e| - O (n‘-‘) + 0 («-«) = 0 («’*»). 

Wo have now 

I ain nxifx‘^0 («*•) + 0 («'■*) = 0 {»’'•). 

A oorrfiaponding result can bo obtained when oos nx takes the place 
of ain nz. There is no loss of generality in taking any point ^ of the Inten'al 
ns the singular point instead of the point O, because the interval (— w, rr) 
can be replaced by the interval (fi — ‘tr, fi + w), the function / (x) being 
taken to be periodic. Tite following theorem baa no^7 been established: 

If / (*) he driver} as where is any point interior to {— rr, w), 

V is any positive number less than vniiy, and ^ (as) t« of bounded uartalion in 
the irUerval (— w, ir), the Fmiri^s eacfficienls of f{z) have the property 
{«"»), b„-0 


338. The following tiieorem is of use in .some parte of the Iheorj': 
If f (x) he summable in [a, b), then 

limj /(*) j sin-nar j dar^ Jii^ /{*} I oo3Ma:|<fa: = f (x)dx, 
where n is unreslrided. 

Let the finite polynotninJ P (*) be so determined that 
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If P (k) = ii AfX^, 

■we have j P (a:) j sin war | <f* = A, j ar* | sin ni j 
Dividing (a, 6) into intervals {a, p) in each of wijich sin nx is of fixed sign, 
j P (a;) I sin Rxjtfx^SXijz j a:*| sin war [ rf*| 

where is equal to 2, for all the intervals (a,^) except possibly the two 
extreme intervals, in which it may be < 2; and is some number in 
fclic interval («, /S). It now follows that 

lim I P (®) I sin n* } ii» ? S d, || x’dx^ “ f f ^ 
fV rb 

Since / (») 1 sin w* j <te, P {*) | sin n* ] dar differ from one another 
by less tbanrj; and since J f{x)<}x, j P (x)<£r also differ from one another 
by loss than -q, it follows, ^ce q is aibitrary, that 

lim I /(*) I sinR*! <£e » ^ J f(a:)dx. 

Tlie case in -which cosnx takes the place of sin nx can be treated in tlio 
same manner. 

339. If / (x) have a D-integral In the interval (a, 4), lot (f> {») denote 
tho continuous function j / (x) da;. Employing the method of integration 
by parts (l, § 474) wo have 

jj (x) cos7ix(fe= 1^^ (xJcoBmrj +n (x) sinwx dx. 

Now ^ (x) is summable jo (a, 6), and j^^{x)cQS«xJ is bounded; we thus 
see that /{x)cosrixdx converges to zero, n~“. Similarly 
~ I / (x) sin nx dx can be shewn to converge to zero. We thus obtain as 
the analogue of Lebeggue’s theorem of § 334, the proposition : 

7// (x) havi a D-inUgred in (- w, w), ihe Fourier's (D) coejjichnls a,, 4„ 
7iave the property a„ — o {»), b„ — o {«). 
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The statement in this theorem cannot fee improved. It has in fact 
been shewn* by Titcbmarsh that, if A («) be a positive monotone de- 
creasing fnnetion of n which converts to zero, as n — w, then, however 
slowly !/A (n) tends to a fonotion 'n'Mch has a single point of non- 
summability, end wiiich has a non-absolntely convergent integral, eaists 
for which a.^o{nX (n)}, b„^o{j2A(»)}. 


coJn>mo^■s < 


F COSTEEGESCE AT A POIST OB CT AS ISTEETAI, 


340. It has been shewn in § 323 that the partial sum of the Fourier’s 
series coirespoading to a fnnetion / (a), snmmable in the interval (— w, w), 
is given by 

, fcln(2a4-l)~? 


In order to consider the bebirriour of the Fooricr's series at any point 
interior to (— w, w), let p be a fixed podtive ntunber. so email that the 
interval (*1— p, »i+ p) is inferior to (— w, w), and let the foactioa/, (*) 
be defined to be equal to / (z) in the interral (zj — p, Zt -f p), and to be 
zero in the rest of the interval {— w.w). I/st/j<z) be eiich that 
/i(*) ^ /s W - /<*);• 

80 that ft {s) has the raloe zero in the interval (z^ — p, Zj -3- p], and has 
the value/ (z) in thereslrf the interral (— it, it). 

In the general convergence Theorem I, of f STS, let Q consist of the 
single point z,, and let O (z', z,,7t) be defined to be zero in the interval 


(zj — p. Zj + p), and fo have the value - 


n(2n-r.l)5 


- vritinn the 


two intervals {— w, z — p), (z + p, it). 

"We have then j O (z”, Zj,«l j € «Bec^, for all values of z' and n; 
and ^ (z’, Zi, n) dx' converge to zero, as a ~ -z , Binoe cosec ^ ^ ^ is 

summable in the intervals in which <b (z', z;, n] is not zero, and thus the 
theorem of § 273 is applicable fo the funotion /. (z). It follows that, since 
the conditions of Theorem I arc satisfied. 


■ Free. I/Tnd. Mcih. Enc. (2), rc4. mi {1224), £eeont<, p. ^ 
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converges to zero. Since/ (a;') ==/, (*') +/* (s') it follows that Urn Sj„, (r,) 
2 j-- sin (2» + 1 ) 

depends only on lini g- j /, (s') , dx ' ; or on 

i'™ S j, J ' Hf-x ’ 

sm — ^ 

and this is independent of tlic values of / (*') outside the interval 

(*, - 2 *, *i + /x). 

We have accordingly established Uie following theorem which, in the case 
of functions that are intcgrable (if), was given by Riemann* : 

The btJiaviouT of the Fourier's scries corresponding to the snmmabk 
/ (*), Its regards convergence, divergence, oroscillalion, at a jxtrtieular 
point, depends only on the mines of the. ftaielio^i f (a) in an oWitfran'ij/ miail 
neiglibojirhood of the point. 

It will bo scon that this theorem is an immediate eonsoquonoo of tbo 
Biomann>Lobesguo theorem (| 334) os applied to the function 

/, (a;) coBcc * ^ ^ . 

It has been assumed in tbo proof that Xi is on interior point of (— n’, n), 
This does not involve any real limitMion, boeausc, when /(a;) Is defined to 
have the period ihr, we may take for the interval any interval of length 
2v, instead of (— it, ir); and such interval can he chosen so that ciUior of 
the points ff, — 7T is interior to it. 

If the function/ (*) is of bounded variation in the interval 

(*i -/*.*! + /*). 

the function /j [x) is of bounded variation in tlie interval (— v, rr). Applying 
the results of § 3.12, to/, (x), we nbbun the following theorem: 

If, for a siimmable function / (*), a neighbonrjcood of thb point x, can be 
determined so that f (*) is of bounded variation in it, the Courier’s series 
converges at the point x, to the valve i {/ (*i + 0) + / (x, — 0)), which is equal 
(of (xj) in case the function is eontinumis at xj. 

This sufficient condition of convergence was given by Jordnnf, and is 
known as Jordan’s condition. 

341. Next, let an interval (a, fi) be taken, interior to (- n, n); and lot 
24 be a positive number such that (a — /t, 6 + /i) is interior to (- rr, v). 
• Sffo his rooTnoif, “Uober dte DAnaellbufcfttt.'’ Wsrix, p. £27. 
t Cours d^Jnalf/n, rot n, 2o4 cd., p. 237. 
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Let/j (a:) =/{») in the interval (« — ft, 6 + ft), and let it have the value 
zero in the rest of the intorval (— w). Let /, <*) be given by 

ao that (s) has the valne zero in the interval (a — ft, 6 -}- p), and the 
value / (*) in the intervals (— ir, o — ft), (6 + /i, w). 

Tf in the Theorem I of § 279, we take O to consist of all the points x, 
of the interval (a, 6), and 0> i*', *, ») to be defined as 

sin{2n+l)l^ 

■ xf-x 


mthin the two intervals (— w, a — ft), (b + ft, it), and to have the value 
zero in the interval (o ~ h + ft), it can be shewn that this function 
satisfies the conditions of the theorem. For j (»', x,n)\s ooseo Jft, for 
all values of », and fnr fdl the values of x-, thus condition (1) is satisfied. 
Again, if (a, be any interval contained in <6 + f^ it), 

•J il) (»,»,«) d* » 2 j ^ ^ — euTz — 

and by tbesecond theorem of $324, since coseczissummable in the interval 
(ifi, Jrr — Ja) which contains the interval (a — x), J — x)}, it follows 
that this integral converges to zero, as n ~ , uniformly for all values of 

X in {a, b). The corresponding result .can be shewn to hold if (a, is con- 
tainBdin(— ir,a — /i). Takingt.be sunimablefunction/j {»), it follows from 
the result of Theorem I, that 

, sin (2» + 1) 

em— |— 

converges to zero, unifomily in the interval (a, 6), of x. 

Therefore, in the interval (o, 6), lim s^j., (*) depends only on 

an (2» + 1) 5-.^ 

^ lim J /, (*') , dx' 

sin^.^ 


We thus have obtained (lie following theorem’'': 

Iff (k) 6e Bummable in (— w, Tr],a*id (o, b) be any finite interval contained 

• Sm Hohwn, Pmc. lead. Wmk. Set. (S), vnl. v (1007), p, 282. 
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within {— 7T, it), iJiB behaviotir of the Povrier’s series corresiwriding to J (i) in 
iha interval (a, b) as regards convagence, divergence, and oscillation, dcjmds 
only on the 7>ahtes of the fwnelion f (*) in the interval [a ~ fi,b -i- fi), where /i 
is an arbitrarily stnall positive nnmiier. 

In case / (x) is of bounded variotioa in interval (o —^, 64 - ft), 
/j (*) is of hounded voiintion in (— w,w), and consequently the tesuUa of 
§§ 332, 333 can be applied to the {unetion /, (*). We obtain accordingly 
the following theorem: 

If f (*) is summaile in (— w, n), and (a, b) be an interval which is con- 
tained in another interval (o', b'), in which/ (x) is of bounded wriaffon, the 
Fourier’s series converges vn^onidy to the value / (x) »« the interval (a, 6), 
in ease f (*) be conlintums in (o, i), the continuity at a and b being <jit both 
sides. If f (x) is not wnUnnuus m {a, b), the series converges &ount?«?fi/ 
in tfte tntanaZ (a, 6) to the value ^ {f(x + 0) +f(£ — 0)}. 

S4S. It 1(03 uow been sbewn (hat, In all coses, the question of tJio 
oonvorgence of the Fonrior's eeries aX- a point x depends upon the oon- 
vergenoe of ^ j {/ (k + 2c) + / (* - 22 )) ~ wbore « is an 

arbitraiUy small positive number. In fact, it has been slicwn that 

11" J /." t 

Since I" dz = hr, for all values of n, and 

Jo stns 

ft* sin (2w 4 - 1)3 . r, 
lim j — — t— <fe == 0, 

wc see that lim | ^ ’*° i”' 

Thus the condition tliat the Fourier’s series may converge at tJie point x 
to the value lim I {f {x + t) + f{x ~ t)} is that 

lim [/ (® + 2z) + / (a: - 2z) - ^ {/ (* + t) 4- / (a: - 0)1 

At a point of continuity of / (*) this reduces to the condition 

lim {/ (® + 2 z) 4 -/ {* - 2 z) - 2 / (*)} " °- 

sin THz 1 J I sin z 

It can be shewn that, in this integral, — can be replaced by — • • 
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Por the fuBction 

lf{,x + 2s) 4-/(x-2s) -lim {/(* + #)+/ (a:- 
is sumniahlc in the interval (0, e); and tbarefotB, by Lebesgtie’s theorem, 
)im I [/{x+2s)+/(x~22)-Uin{/(*+t)+/(»-t)}]^^?^-^^^*^rfz=0. 
Thus the condition of oonveigence to \ lim {/(* + ()+/(* — 0} is 
lira j^[/(x + 2s) +/(* - 2s) - hm {/(* + !)+/(* - <)}] dz = 0. 

Writing for convenience ^ = !,/{*+{)+/(* — i) = ^ (t). the condition 
of convergence is 

Mm dn jmldl = 0. 

This condition, ie certainly satisfied in case the function — A l— , 2) ig 

Bummabio in the interval (0, «), on account of Lebesgue's theorem (§ 334) ; 
and the condition of summability is satisfied in particular if ^ W (+ 0) 
U bounded in (0, e), or if } ^ (() - ^ (+ 0) | £ Atf-^, where a < 1, and A 
is a fixed number, in the interval (0, <). 

In case / (» + 0), / (x — 0) both exist, it will be a sufficient condition 
of couvorgenoe of the series to the value { {/ (*,+ 0) +/ (* — 0)}, that both 
/jXj:M)_^/Jx_+0) /^ x - 0 - / (X — 0 ) atimmebla in tho 

interval (0, c). 

We thus obtain the following sufficient conditions of convergence of 
the Fourier's scries at the pdnt z. 

(а) If t can be eo chosen that S , ^ —- . 21 i» summabU in the inlerval 
(0, e), where <fi (t) dcnolee / (x + t) +/(x — 1)', then the Fourier’s series is 
convergent at the point x. Tins condition ia satisfied v/kenf {x -J- 0),/ (x — 0) 

bom fa« Jefonil, «.!««. a.d l 'S . ±!L-JJe +3_ ^ ^ »1 

ere both summable in (0, e); or rise toAen/fx + 0),/(x — 0) are not definite 
hut ft (+ 0) IS so, and {g summable in (0, t). 7n either case 

the scries converges to J]im{/(x + <) +/<x — t)}. 

(б) If X be a point of C07itmtc(ljr<i^/(x), tile series converges at the point x 

to the value f (x) if ^^^ ^ is summable in the inferi«i 
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(0, t); and in parttoti/oi' 
triable in that interval. 


Tliis condition, whieti is known as Dini’s condition, is KaUsDcd, in 
particular, in cnae the four dertTotivea of / (*) at the point x are all finilc, 
and in partioular if /(*) have a finite differential coefficient. Wo tbusliave: 

(c) At a •point of eontiimiit/ of the function f (*) the Fourier’s scries 
converges at the point x to the valtie f (tf) if f (*) have a finite differential 
coefficient at the point, or if ull the four derivalivea D*f {z), D+f (*), D-f (i). 
D_f(x) arc finite. 

Further wc liave the foHotving eondiUou: 

(d) The Fourier's series converges at a point to 4>{+ 0), if, for all values 
of t not greater than some fixed posititx number <, | ^ ({) — i/, (+ 0) | s At*, 
where A and k are fixed positive numbers. 

At a point of conJtiMtify off (*), the series converges if 

|/(* + «-/(*) I 

where h, A are positive numbers, provided Its nnmerioall}/ less than some fixed 
positive number c. At a point of ordinary discontinuity it is sufficient that 
both I / (a: H- 0 - / {* + f>) I and | / (* - 0 - / (* - 0) | should satiny this 
condition. 


Tills condition was given by Lipschite*, and was also given by ])lni, 
A more general sulHdcnt condition of summability of ^ 
in tlio neighbourhood of f = 0, is that, in a sufficiently small interval (0, c), 

j J-Jl 

log J log log J ... log Jog ... - 

where A and o arc podtivc nuntbers; wo tiwrefore obtain the following 
sufficient condition of convergence: 

(e) The Fourier's series converges, at a point x, to the value 
i Um {f {x + 1) +/ (® - t)}, 

if, for all jKMsiiue ixiiues of ( mot exceedtng some^cd number «, the conditwi! 

l5l(l)^.l(+0)|S ; f-T 

logyloglog j... nog log ...-I 

be. satisfied; where A and a are fixed posUim numbers. In particular it is 
SK^cient that both | /(* + t) ~/(* + 0) [ and \f {x — 1) — f {s: — b)\ 
should satisfy this condition. 

• emtet JmrruH, tdL loia (1664), p. 20C. 
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Covvcrge.ucc al a. Point or in an Piferval 
It miiy !ic observed that, of the two tests of conrorgenen of Dirichlct’R 
iritcgr/il, nl a point, that of Jordan and that of Dini, neitlier includes the 
otiier. 

For, oonstdering the function /(i) = satisfy 

JJitii’s condition that ** siunmabJe in the neighbourhood of titc 

point z 0; but it satisBcs Jordan's condition tliat it is of bounded vnria- 
tion. 

Again the function/ (z) ^ ) a: fr sin where Q<pi:i I, Katisfics Dint's 
cimdition, but not Jordan’s. 

343. Tiio condition lim f sin iml iff =» 0 may be trnns- 

formed soils to yield a suflidcofr condition of convergence of every general 
olmraeter. 

Wo have sin imt 1^, X (') 

<!» 

where denotes . ntid 4 -f- IJ ~ > c S . 

The last ititegral is numcricnHy less then tfio integral cf | ;< (t) | over the 
interval therefore ft convctiges to zero, as m ~ . The 

first integr.al is numerically less than n timOR tlie upper boundary of 
1 (f) — <^ (-i- 0) I in the Interval ^0, of I, and tiii.s nl.=o converges to 

Ti)c remaining expression is numerically less than 

and thus (lie series eonvoiges if 

Ita + 0, 
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We bave thus obtained the suffi<ueiit condition of convergence in the 
following form : 

At any point as ai wkick lim {/ (* + I) + / (* — t)) exists, the Fourier's 
series converges to the valve J Jim (f (as + 1) + f (x — /)}, if 

where x (t) derujles 

5[/(« + ~ - 5™ (/(* + 0 +/(“’ - m 

In particular, at a paint of continuity of f (x) the series vnll converge to 

/(s)i/Umj ]xi{0-Xi(‘ + 8)|*-‘0,aiKfUm[ | x* W - Xs (< + 8)| » 0, 

This condition, 'which contains the preceding conditions, was given by 
Lebesgne*. 

The condition may bo stated in the equivalent form that 

where F (t) denotes <f> (i) — 4> (-i- 0), or 

/(* + 0 - liml/lw + t) +/(*-<)). 

For, if 81 denotes a number such ^at & < 5, < e, the difference between tlie 
two integcals decs not exceed 

£ [jiM-y g+JU jj + jj 8) 1 * 

the first integral is less than i J | ^' (<) — (t + 8) ( tJierefnro the 
two integrals converge to zero, as 8 ~ 0, since F (t), x (t) summable in 
the interval (S, , «) (see i, § 431). Uie number 8, can be fixed so that 

in the interval (8, Sj) ; thus the (bird int^ral is less than e log 2. Thus, since 
the difference between the two integrals is less ti»an an arbitrarily chosen 
number, when S is taken suffimcntly email, ttio equivalence has been 
established. 

At a point at which <f> (+ 0) does not exist, the preceding investigation 

■ Math. AnnaUn, vol, LSI (J905], p. 261. lit ilni memoir there is contiined o deUiled sc- 
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can be applied lo Ibe funoUon/ (* + ()+/ (a: — t) — 2/ (w). In this 
we liave x (0 = / (« j- 0 + / (^ — *) — jjjg Integra! 

j X (0 ™ imi <tt 

is numerically less than |m | ] / (a + <) -1-/ (* — t) — 2/ {x) [ dt. Tliis will 
liavc the limit zero if the condition is satisfied that 

has as differential ooeffleient, at the point < » 0, the number zero. We have 
thus the foEowing thoorem, •which includes the preceding thoorom : 

At any ‘poinlzthe PQierier’9 ««ri$i converges la f (z) if 

|]/(* + 1) +/(» - 0 - 2/Wl * 

has, at the point t = 0, a dif/ertnlial coefficient of which the valve is zero, a«id 
^ aZ«o lim J | x (0 ~ X fi d- S) ) dt • 0, where x (t) denotes 

t 

344. Ketuming to the expi'cseion 

1^ - 1 (‘ + s)} 

this expression is equivalent to 

L I- 1 i‘ ''' - X (* + ~)| 8'^ i"‘E dt 

l+[4p-2)ir t + 4p>r J 
where F (t) denotes ^ (i) — <jt (+ 0). This is loss niiraorically than 
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The second integral is less than flie maximum of j F j 

all the values 1 , 2 , ... of p, or of the maximum of | F (<) ( in the interval 
(0, e). The first integral is less than (j + § + — + multiplied by 

the upper houndaiy of j F ^ ^ — ~) ~ ^ j 

of I in the interval (0, in) and all the numbers I, 2, 3, ... 5 . No'v 


is equal to (C, + log 2q), when C, tends, as q increases indefinitely, to a 
fixed number, Masclieroni’e constant. 

Writing 8 « — , the upper boundary of 

I f JtiSEl”) ^>5) j 

is that of I J* (f) - (f + 5) I in the interval ( 0 , «). Thus the first integral 
converges to aero, os m . if the maximum of j {F (1) - F (f + 8)} log 8 j 
for all values of t such that f 4 - 8 is in the interval {0, «} oonverges to r.ero, 
as 8 ~ 0. 

The second integral may he taken to he arbitrarily small, by choosing 
e suiiiolently small. 

W© have now established the following aufilctcni condition of conver- 
genoo at a. point x, of the Fonrier’a scries: 

At u point al whkh / {* + t) 4- / (x — t) has a definife limit, o« t 0, 
t}i(. Fovner’a aeriea cojiverges to | Bm {/(x -h t) +/ (x - <)). (f 0^ interval 
i-o 

(0, <) can be determined snch, that 

I {/ (^ + i) 4- / (X - 0 -/ (X 4- f 4- 8) - /<X - t - 8)} log 8 1 
converqea to zero, <m 8 — 0, uniformly for all valves of t in the interivl (0, c). 
This condition mil be aaliafiM in particvlar if bath 

i {/(*-!• «) -/(x + « + 8))log8i and |{/(x-<) -/ (x - f 4- 6)f Jog 8 1 
converge to zero, uniformly for aU values of I, in the interval (0, e) of I. 

This condition was ^ven by Dini*. 

In this condition a condition pvenf by Lipschitz is included. Thus it 
is sufficient for convergence at the point x that 

i/(x + <)+/(x-^)-/(x + ^.^8)-/(x-^-8)l<^78^ 
in the interval (0, e), of I, where O and k are fixed positive numbers. 

• Serhdi i'ctin'er, p. 49, t CreU^» Jesrnel. rol i.ira p. 305- 
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345, In iiocordarce wifcL the theorem proved in § 297, if, in an interval 
(0, /i), jj {f{a + t)-rf{x — t)~ or xi(0. has bounded variation 

in (9, fi), tlioii provided | tF {ft, n) | is boonded for nil values and n and t 
in (0, ft), we have 

lim + 0 +/<* - 0} -F («, n) A X (+ 0) ^ 

where F (t, n) satisfies the conditionR of 13ieorem I, of § 270, in every 
interval tjt', ft) of t, where 0</t'<^. 

In the present case F (t,») — and thus iF ((, »i) is bounded. 

Tlic following sufficient condili<m of conve^ence, first given by do la 
Valles Poussin*, has tlius been obtained: 

The FouTier'.i series eorreitjioHding to / (*) U convergent at any point x 
for which i I {/(* + <)+/(*- 0)<ft/i«s6oaiKfcdt>oriat!Wiln5pn«intert-af 
(0, ft) of t. 

This criterion includes tho case in which / (x) lias bounded variation 
in the neighbourhood of the point x. 'Co see this we need only consider tiro 
cose of a monotone function ; the functions f {x ^ t) f (F — 0 

ate tiien also monotone, because the mean value of an increasing funetien 
InoroMOS when the function Hierenses. Thcroforo 

has bounded variation when / {*) hiw bouudwl variatioti in the interval 
{* - II, x + ft). 

Again, it will bc shewn that if i;i^i rft exists in a neighbourhood of 
t »= 0, where <!> (1) — f {x + t) +f {x ~ t) ~ 2f (x), then also | 
exists in that neighbourhood ; and thus xi W in nn indefinite integral, arid 
accordingly of bounded variation in the neigliboiurhood. 

We have 

»' ( 1 ) + ^ („ + ,j „ ,, ^ z/M) *, 

it being assumed tliat/ (x) is conrinuons at x, or cUe that 
lim {/(* + <)+/{*- <)} 

• llendiconli <Ii Palermo, yuj. XCU{lBLl).p. 2M. Another proof o/ tlio thcoroia wos given iy 
W. H- Touog, Pfoe. Zond. Math. 5oc. <3), tOL X (1911), p. 2<W. 
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. exists and is taken to be the value of {*). Tims 

and thus [j Xi' (0!*?'^ LI ’’’ L ^ In ^ ^ ' 

The integrand in the repeated integral beit^ positive, we may change tfac 
order of integration, after changing %' into vl\ the second integral on tlic 
right-liarid side theJi becomes 

f fj ^ («<) I or duj^ I 4 , {vt) ] - (H. 

01' du I ^ (0 1 which is less than j | dt. It follows lliat 
I Xi' (0 1 exists when j | dt does so. Therefore dc ]n Vnllio 
Poussin’s oriteiion inciudes Dini’s criterion (6) of § 342; and it Iins been 
shewn to include that of Jordan. 

846. The following test of convergence has been given* by H. 
Young; 

If, at Iht point «,/(* + <)+/(* — 0> or ^ (<), coriverges to a witjiic 
imit ^ (+ 0), cwf ~0, ^issMjJto'eat for ^te convergence of UteFovritr'siitrlu 
at tlie point ai, to the value (+ neighbourhood of the point, 

If 4 (^] he & function of bounded vacuilion iti an interval ( 0 , b), the tolnl 
variation may be denoted by | [ (*) |, which represents, ua in the 

definition of the Jf^integral, the limit of the sum of the absolute differences 
of <fi (;e) at the ends of a mesh of a not D„, belon^g to a system of nets, 
as n ~ CO. In order that the notation may be justified, it is necessary, in 
order that the total variation so defined may be independent of the par- 
ticular system of nets employed (seei, §246), that 4 , (k) ehould have no 
external saltue at any of its points of discontinuity; and we may aasume 
that this is the case, since the set of points of discontinuity is eninnerahle, 
and thus a change of the values of tiie function at points of this enumerable 
set is sufficient for the removal of any external saltus whicli may originally 
exist. Thus, it is assumed in the above tost that the function t4> (0 has 
bounded variation in some neighbourhood of the point < = 0. 

In order to prove the validity of the test, it will be siiffinierit to show 
that, when it is satisfied, Lebesgue’s teet, given in § 343, is satisfied. That 

• Compla JZcrirfus, vol. OLxm (1910), pp. 187. 875; aloo Pnc. fMfi. Mnih. Soc. (2). TOl. .tvil 

(1010), p. 200. 
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this is the case has been proved* by Hardy, in ooniiootion with a genera! 
discuBsion of the rolations between the tests given by Dini, Jordan, de In 
Valine Poussin, Young, and Lebesgae. 

Let it then be nasumed tliat, in some neighbourhood of the point f = 0, 
tip (f) is of bounded variation, thus that t P) — ^ (+ 0)} = pj (/) — 
when p, (f), P2 (t] are both jnonotnne non-diminishing functions, and that 
the total variation of tifi (t) in (0, (), when divided by (, is bounded in a 
neighbourhood of Ihe point t ^ 0. 

We Iiave, denoting ^ (I) — ^ (+ 0) by P (t), 

,, fri«+8)|d< f g,{( +8) Id; 

+LI~7 — r+“S"i7+Lr< ~iTr\j’ 

^vhol'0 1 < m, and mZ < *. 

The first integral A on the light-hond side does not esoecd 

and is tltoroforo not greater than V where g Is the upper boundary 
of F (0 in the interval (0,»»+ 18). 

Tiio second integral I, docs notcNcccd 

Of these parts, the second integral is leas than tj or 

,f ir, 

- is bounded in ii neigii- 


bhan ilog ^ , where k is tlie upper boundary' of in the interval 
(0, e -I- 8), and l8 a finite number, since is 

bourhood of t = 0, and the nmnbers S, « oon be so choson that S 4- e 
that neighbourhood. The first part oC Jj can be expressed as 


f'* giW r gi(o 

(f — S) Jaiif (t • 


i.B less than 


giW _ p 


Jt+zsl-"’ -giW r giW 


dt 


t(« + 8) . 

^n^cr of Jfatk. ToL zi,iz{IOID). (>, 
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This is less numerically thwi ^ mT~I’ 

li is less than k ^log + log + log “^) • 

rirst m. may he so chosen fh^ k + jn’^Tj) 

arbitrarily chosen positive nnraber ij, then S may he so chosen tlmt 
k log ^ < Tj ; tliua Jj < 2 j). Smilaily by proper choice of wi and S wo 

have /s < 27). 

Also S may be so chosen that 2fi.logm< r), since (<) converges to 

It has rov' been shevn that J 1 .— ^ rf{ < Qtj, provided S 
is sufficiently small, and therefore Lebesgiie’s tost is satisfied. 

Thus Young’s test of convergence at a point is incliidotl in Ivoltcsgiio’s 
test. 

Young’s test includes that of Jordan, for assuming that Jordan's tost 
is satisfied, vfe have 

j' I d (tf ») I £ I' I J (1) I * + £< I iJ’ (!) I 
- 0 «). 

That Young’s test does not include that of Dird is seen by considering 
the function | s [» sin , where j> > 0 in the neighbourhood of a; «• 0, 
We have 

i (!i' (!)) - 2 J(y + I| «i„ i - !--■ m jj il, 

and the condition I | otw y j dt = O (t) is only satisfied if p £ 1, whereas 
Dini’s test is satisfied when j? > 0. Since de la Val]4e Poussin's test in- 
cludes that of Dini (§ 346) it foDowe that Young’e te.st does not include 
that of de la Vall4e Poussin. Conveesely, it has been alie^vn by Hardy 
(loc. cU.) that de la Vall4e PoDs^n’s test docs not include tlmt of Young. 
He has shewn that, if ^'(f) = sin ^log i^^log j, then Young’s test is 
satisfied, but de la Valldo Pous^’a tisst ia not satisfied. A proof l)fls been 
given by Hardy that Lebesguo’a teat includes Wiat of de la Valldc Pou.ssin. 
It thus appears that Lebeagoe’s teat includes all the other four. 
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347, If wc employ the general convergence theorem of § 279 in a 

modified form, since t obtain the following 

Bin I 

llieorem; 

■V/i (®)-/2 (^) ” summable in tAs iniervat (— w, ■n) md, in some iieAqli- 
bourhood of a point x, /j (a:) t« of botmded variation; and further if /a (x + 0), 

_„ifc i, 

some interval (0, fi) of t, then the Fourier’s scries corresponding lofi (x) ./j (z) 
is convergent of. the point x. 

STOBICIENT COHDITIONa OF TOnPORil COHVEBaEHCS OB JOURUfitt'S SBRIES 

348. Sufficient conditions ■will now be investigated that the Fourier's 

series, corresponding to a given simimAble fctnofdon /(*), may bo uniformly 
convergent in an interval (o,6), contained in It has already been ■ 

seen that Ihis will also cover case in which (a, 6} contains one of the 
points w, — w as an end-point or an interior point, because any interval of 
length 2c may be subsritnted for (— v, it) witbout essential change, tho 
fiiriotioii/(®) being tnhon tobo periodic. 

It is convenient to employ the following theorem* vvluoli may be 
deduced from tho general Theorem I, of $ 279. 

The funoUon f{x) being maumabh in the interval (— », o), each of the 
few integrals j / (® ± 2z) ^ ma dr, taken through any interval (a, 0), 

flirch that 0 £ a < 0 £ {c, cemverges to the itnitt zero, as tfce positive number m 
is ind^inilely increased, uniformly for aU values gf xin ike interval (~ w, fr);- 
the function x {*) being any function that is bounded m the interval (a, 0). 
The function f (x) is assumed to be such that f (x ± 2tr) =/(*}. 

Tlioic is no restriction on (.he number m. 

It will be sufficient to consider J /(*-(• 2z) x (z) sin «« efe; the cases 
of the other three integrals can be treated in exactly the same manner. 

Taldng (— 27r, 2Tr) as the intorvalfor wldoh/(»') is defined, let the set (?, 
in § 279, consist of the pconts i of the interval (— ir, jt). Let <I> {*', x,n) 
denote x * g'* a!-h2aS3:'^a:-p 20, and let 

4> (*'. *, «) = 0 

in the remainder of the interval (— 2Tr, 2ir}. Snee j y ^ - ysinw ^ 2 ^ \ 
is less than a fixed positive number, for aQ values of x, and «, the 
condition (1) is satisfied. 

* Sea Hotson, Proc. Lend. Math. Sac. (2), vml. v p907), ii. S77. The restriction Uicrs msilo, 
ond Also in tiro Slat orlition of this wmfe,|SS8. that x (s) is of too/iclod rariAtion, ie onnocetsAry. 
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and since (J {A — a), ^ (JS — ®)), is contained in the interval 

a (A - ^), i(B + a)), 

whatever value * may have, it follows from the theorem in § 334, that the 
integral converges to zero, as ja ~ oo , uniformly for all values of z in the 
interval (— jr, tt); thus condition (Z) is satisfied. Therefore 

I7jj ^ 

or I /(a:+Zz)x( 2 )sinm 2 dz 

converges to zero, ae w ~ , uniformly for all vahies of x in (— w, rr). 

349. Let it be supposed that, in on interval {a, A), the fimotion /(e) 
ie continuous, the continuity at the points a and t being cm both sides; 
and let / (» + 2s) + / (r - Zz) - 2/ (*) be denoted by J?’ (s) , In accordance 
with the theorera of § 348. J* sin ms dz converges to zero, as m ~ , 
uniformly for all values of x in (— w, w), eiivce ^ is bounded in the interval 
{(i, Jjt). In order that the series may convey uniformly, for all values of 

/ (*} in the interval (a, h), it is necessary that ['' sin ms rfs should 
.'0 * 

converge uniformly to zero in the interval {a, 6), of *. Since 



it will be sufficient that, for all values of x in (a, h), ^ | 1 rfs should 

exist and he less than a number «,,, independent of z, which is siicli that 
liin €„ 0. For, in that ease, /t can be chosen so amali that and 

tli\i9 I j sin mz dz j < Zij, for fdl values of x in (n, 6), provided m is 

not less than some fixed number »»,. As is arbitrary, the condirion of 
uniform convergence is then satisfied. We have thus obtained the following 
theorem: 

It is a su^ieTit condition for ihe uniform convergence of the Fourier's 
series in an interval {a, h) in ttihich f {x) is eontinwotts, tire continuily at the 
pohifs a, b being on both sides, that 

r j/{g + fe) +/(a: - fe) - 2/W I 
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should exist for all values of xin(q, b), and shatdd converge to zero, as n 0, 
uniformly for all values of x in [a, 6). The condition is satisfied in articular, 
if both the integrals 

exist, andconveryeto zero, a& y. = ii,umifwaiiyfoT allwdues of x in (a, b). 

From Uiis theorem we obtma at once the following sufficient oonditiona 
as special cases: 

//, in the interval (a, 6), f» wAscA/fr) is continuous, being continuous at 
a and bon both sides,oneof the font derieatitres (and therefore each of the other 
three) off (a) is bounded, Ute series converges unifomtly tof (x), in the interval 
la,b]. 

If, in lAo internal {a, b), in which f (») « continuous, being continuous at 
aandbmbatIt.siies,theeo^iiionis6alitfiedih(tt\f(x + i) -/(«)[ S ^ | < 1*, 
for all values of X in (ayb), andforaUvalucsof I not numerically greater than 
Bomeflxed jiositive number, wht^ A, k are ‘positive nwnbers independent of X, 
then the series converges 'uniformly in (a, A) to the value / (*). 

The condition may be replaced by 

!/(» + »-/(*) I -s-i 1 nni' 

where A, k are positive numbers tndependetU of x. 

Corresponding to the theorem given in § 343, relating to the convergence 
of the series at a single point, the following UiooKm be obtained: 

In the interval {a, 6), in tchiek f (x) is conUntioue, the eorUin'uity at a, b 
being on both sides, the series wttt converge uniformlj/ to f (x) in (a, &), if 
j I X (0 " X 'h 8) 1 converges to xero, oe 8 ~ 0, uniformly for all values 
ofx in (a, b), where x (0 denotes^- V . , 

A slight moffification of the proerf of the theorem in § 348 is sufficient 
to prove this result. That the first and third int^als converge os m ~ , 

uniformly for all values of x in (a, b), Mlowe from the fact that, e being 
sufficiently small, \fix + t) +/<x — 0 — 2/(x) | is bounded in the interval 
(0, c) of t, for all values of x in (a, 6). 

The proof of the theorem in § 344 snffioes to ealablisli the fnUowing test: 

If f (x) he continiunis in the eontinuity at a and b being on both 

sides, it is sufficient in order that the series may converge uniformly in (a, b) 
to the value f (x), that an interval (a — e,b + e) enclosing (a, 6) can. i>e deter- 
mined such that 

\f(^ + 1) +f{x-t) -f(x + i + 8) ~f(x~i - 8) [ log 1/5 
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converges to zero, os 8 ~ 0, umformlyfor att pairs of points (:>: + t, x -r I +S) 
or (x ~ t, X — t — h) in the interval to — €, 6 + r). This coiidilion is satisfied 
if [ / (^) - / (it + S) I . I /(»)-/(*- S) I both converge to zero, i(7iiyorni;t( 
far points in the interval (a — e, b + e), aeS '-O. 

350. Let it be assumed that the fnnetion / («) CTetyivhcro satisfios tlio 
Lipschitz condition )/(as + <)—/(*) | ^ .A | i |*, where A is a positive 
constant, and 0 < fc < 1. The Eouner’s series then converges imiformly to 
the continuous function / {*}. In order to determine the order of tho 
coeffioients a„, b„, we have 

- i j.' L ’ W” “ S + a)] 

by means of the Lipsebiiz condition, we liavo then 
I'sinwasdi!. 

From this it follows that a„ » 0 A, — 0 : thus the following 

theorem has been* established: 

Iff {*) satisfies the Lipschitz condition \ f {z + t) “/ (*) i - I 

In case i = 1, [/(*+«)-/(*) I “ 1 < |. sliemi that /(ar) 

is an indefinite integraJ of a samniable function. For, il we consider, in 
the interval f— tt, v), a set of intervale, finite or infinite, of which tho 
measure is < t, we see that the sum of the absolute vaiiatioiis of / (z) over 
the intervals of the set is < Ac, and tbereloro the function/ {*) is an indefinite 
L-integral. It follows that the Fourier’s aeries converges uniformly in 
(— rr, ir) to C H- [ f'{x)dx, where f7 is a constant. It will be shewn in 
§ 360 that the summablc function/' (*) has, for its Fourier’s series, the 
series 

laf t 2 {-na„sin«» i-fliBCOsna:), 


• Seo Lebftsguo, Bnttoin rfe t 


tal. ie fraset, vol. sx: 


II (1010), i> 



539 


34»-3oi] Uniform Convergence of Fourier's Series 

where <7o' 16 a conetant. Applying the Biememn-Lebesgiic theorem, it 
foUowe that na„ = o (1), »i6„ = o (1). Thus we have the theorem* that: 

Iff (i) salifics the condition |/{a: + t) — /(*) | S ^ \t |, where A ia a 
positive number, then (i, = 0 = o 

It has been ehe'vn by Lcb^ne (foe. dt.) that the difference between 
f{x) and the aum of the first 2»+ 1 terms of the Fourier’s scries is 
< 3^fflog«. ^ Other investigations relating to Dirichlet's integral have 
been made by Kroneckcrt, Holder, and Brod^nJ. At the present time ' 
those have only historical interest. 

rOrNTS OF NON-CONVEHOEKCE OF FOUBIEB’S SERIES FOR A OONTINUOCrS 
FOWenON 

3S1. The continuity of a summable function at a particular point is 
neither neeessoiy nor sulBcicnt for the convergence, at.tliat point, of the 
corresponding Fourier’s series. The first example of a continuous function, 
for which the Fourier’s series fails to oonvorge at a particular point, was 
given by !Du Bois*Iloymond§, who also constructed a continuous function 
for which tho Fourier’s series fails to converge nt the points ot sn evety- 
whoro'dense sst. It is the most important outstandiog question in the 
Theory ol Fourier's series whether a continuous function can exist for 
which the Fourier'H series fails to converge at all points of a set of positive 
measure, or at tlie points'of a set of measure equal to that of the whole 
Interval, or nt every point of the interval. A function has been con* 
Structod II by KolmogaroS for which the Fourier’s series foils to converge 
at the points of a set of measure 2ir; but this function is not continuous, 
and noithor is its square snmtnable in the interval. 

It was Buggestcd*lJ by Fatou that trigonometrical series of tbe form 
ioo + ^ (u„ cosna; + sin nx}inightexi8t, such that o„ = o(l),6„ e(l), 

which converge only at points belonging to a set of meaaure aero. Such 
a series was actually constructed** by Lusin. A simple examploft of such 
series. M:a.s given by Hardy and LitUewood, who proved that the scries 
2 n-” cos 2 n~*Bin7i^ra, when;0<tt£i, are convergent when 

X is a rational number of one of the forms in the case of 

2^-r 1 4- 3’ 

• Sc,' Fatou, Aria i/nM. voi. xxx (IDOO). p. 338. 

t Berlirer SiUUTvjtier. ISR3, "UcbwilM DIriehJetVhc Iiriegral," Lj- Kmnccker; and in (Ii6 

J Mall,. Ar,mln, voi. ttl (J893). p. 177. ' ^ 

5 AiRundiunyCTi dcr l<ujtr. Alai, vcl sn, Abthg 3(1870). 

II Sundammla Malh. vol. iv (I9S3), p. 32<. 

(I Jfart. vol. XXX (1900). p. 308. •• ftnJieoiiKrft Pohrjno, voL xxxii (1911), p. 3BC. 

tt Aaa MaOi. vol. XXXvn (10t-<), p. *32. 
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the cosino series, and of one of Uie forms 


II the case of the 


_ 2j> + 1 2;i 

- 1 ’ 4 ^ + 1 

sine series; but that the series do not converge for any irrational value 
of X. It was shewn that, at a pcnnt at which tlic series is not convergent, 
it is not suramablebyany Cesaromean. Since the series arenon-summahle 
at points of a set of naoaaure greater than zero, it follows from § 368 that 
they ate not Fourier’s series. It can be shewn that, when o | , tho scries 
are Fourier’s series, and tliat th<^ converge almost everywhere. A series 
for wliich a, »■ 0 (1 ), = o (1) has been constructed* by Steinhaus which 

is nowhere convergent. 

The general condition that, at a particular point of continuity of the 
function, the Fourier’s series should fail to converge, has been investigated 
hy I^bcsguef. and by HaarJ. The former of these also investigated tlic 
condition that, although the series converges at the point, the convergence 
should be non-uniform in every neighbourhood of the point, 

A method of oonstruoting continuoxis functions for whieh tho Fourier's 
series exhibit these singularities at a point, or in an evorywhere-denso set 
of points, was given by Fejdr§. This method is of great simplicity os oom- 
paxed tvlth that of Du Bois-Reymond, although the latter was simpli/lcd 
by Sohwarz. 

362, In accordance with § 299, in order that a continuous function/ (z) 
may oxist, for wliich tho Fourier’s series will not converge at a particular 
point, or that it may be convergent at the point, but may not converge 
uniformly in any neighbourhood of the point, it is su&ioient to shoM' tliat 
the integral 


j:r^ 


!*±iL*l 


it 


increases indefinitely with n. 

Taking the portions oi the integral, in which (2n + ])f lic.s In the 




in ail of which intervals | an (2 ti 1) < ] > 
exceeds in value 


9 that the integral 




r-oVz), 

• Rer,d„^ «•., it T'ordviwi (1912). p. 223. 

t Annala dt Touhmie (3), toL i (1909), p. 76; Comjda Urndfi, vol . ' 

♦ ilalh. An^m. vol. IXII (1910), p. 336. 

I Crdlr's Jourrta!, vol. cvxsvn (1900). p. 1, voL oxnvm (1009). p 
ol. ixv-ra (1909), p. 402. 


ni. di Pderna. 
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and this exceeds ^ V j)’ diverges, as n is in- 

definitely increased. 

The numbers ^ j for »= ii 2, 3, ... have been 

termed by Fej4r the Lebesgue constants for Fourier’s series. He shewed*' 
that these number.^ pi, ... arc given by the asyiaptotio expredsion 

where e,,, Cj are determinate numb^. A complete investigation of the 
asymptotio expression for has been pven'j' by GronwaU, who shewed 
that the divergence of the sequence {p J is monotone. 


353. The method given by Fojto for tbo construction of Fourier’s 
series for continitous functions which exitibit these phenomena depends 
upon the foUo^ving l^mtna; 

T/ie series 

COB (f + 1) 3! , ooa (r + 3) iE . cos (r + «) a: 


- I 


1 


cos (r d-TO-t- l)a: cos (r •<• tn- &) a : __ 


COB (f + 8n) X 


is iess in absolute value than a fixed jxtsUive number k, independent of x and 
of die integers » and r, 

Tile expression is equal to 

I . (271- 1)*| 

*2^2*— 


.. + -sjni- 


Let s„ (s) denote 
and let 5„ (*) denote 


Sni<c) (a:) = T^8i 


n 3* + ... + i sin (2n — 1) *; 

Ysm(2u — 1) * 


’ 2n - 1 


1 


1 


1 


1 


(2»— l)2n ' ' ’ 

.. < 1, for oil values of 7i and x. 
Since s„ (a;) is the partial sura of a Fourtec’s series (see Ex. 3, § 327) of 
bounded variation. [ s„ (*) j is bounded with respect to [n, x) {see § 333). 


• Crdle'i Journal, tjoI. dXEmn (1910), py. 82, 30. 
t J/ol/i. AmuiUn, toL iszn (1013), p. SM. 
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It HOW follows tliat I 8„ (x) 1 13 bounded with respect to {n, x), and thus the 
Lemma has been proved. 

In order to define a Fourier’s series, representing a function whioli is 
continuous, but such that the series does not converge at the point z = 0 
let = 2.2"’; and oonsidet Ibe scri^ £ A„ cositx, of which the terras 
are grouped a-s follows: 

£.d„cos7«:+ £ cos n® + ... + 2 cos t:® + .... 


In the >Rth group, let be bo chosen that the group is 


1 (cosi?, + + ... +9— > + 1)* , , oos(S't + 

cos (gi + gi + ... +tr—i + + 0 cos (y, +(?* + .,, +r7-)l 

j ^ r 

This ia less, in absolute rongoitude. than atid tltereforo the series, so 
grouped, is uniformly ccoivergent, and tho original ungrouped series is 
oonscqucjitly (§ 321) the Fourier’s series for a continuous function, 

At the point x — 0, the value of the 071+^8 + ... + 
partial sum ^ + 5 + ^)’ wbioh 5® > ;~s 2"' > ”* 

and this incrcasas indefinitely with m. Therefore the sum docs not con- 
verge. Tho (pi + + ... + ff«,)th parf.ial sum ie aero. 

The series £ converges at z>«0, the ooeffioients being 

token to be those defined above; It mil be shewn that both tlic series 
£.d„oosn®, ZAflSinm® converge uoifonnly in the interval (», 27f-«), 
hut that the series £ «n«a;doesnotconve^uniformlyir thointerva! 


(0, «}. Consider a partial remainder Rp,,{x) r £ .^nx. Vfc have in 

K-p Sin 

the interval (*, 2n — t) 


< = cosec 5 < if ' > 


hence j S cos r® j < - ; and rimllarly j £ Mi»r® j < 

] cos (r + 1) ® cos (r + ») * 

I -It + - + i 

= 1 1 .a. + i (s. - «i) + -- + ) (s, - «"-i) I 


Therefore 



303, ar.i] Points of Non-Convargence of Fourier's Series 543 
irhere « uos (r 4- J!)z, Sj ^ cos(r -t-n)* + cos(r n - l)x. hence 
the expre?«ion on the left-hand side is less tJian wliich is 


less than . If w 


split each group of terms in B,,, {a} into its terms "prith 
! of the 


positive and with negative coelfieicnts, the absolute valve of the s 
tenns in the group is < ^s-~: *t>d this holds good if only a part of the 
r follows that 


group is contained in i 

i W f < “ ' 


,(x). Itn 
1 


1 > 


1 


■ \m, + 1 )® ■ ■" ' m/j t p m/ r - 1 ’ 

for all values of g. It now foHtrws that the scries are both uniformly con- 
vergent in the interval («, Sw — t). 

To show that S sdn n* does not converge uniformly in the 
inlerviiJ [0, «), obsondng that the part of the wth group which has positive 
coefficients is 

f sin{g,->-ff,-«-... d-g..-, -»-l)x ^ ___ ^ ... + 


gw 


1 


consider the point x •: 
if 


• 5757 +7-i.-:r+i5;)'’ “ " i"' ■> 

1 is stifTicionily large, and all the terms In the bTaoket arc positive. 
Donoling gj -i- g, + ... ->• p„., by n, the expression becoires 
Jl(8in(p + l)z , 8_in(£_d. Jg„)Kl • 
ots 2-^ •" • f -f ' 

and observing that /i -r > | iii + the expression is greater than 




■i*V2U 






and this eseeeds log 12'’’, or — log 2, which increases 

m-V2 VZ m*V 2 

independently ivith m. Since these are partial temaiutlers which increase 
ijulefinitfly vilh m. for some point in (0, c), the aeries cannot converge 
uniformly in (0, e). 


354. In order to constnict a scries which' fails to converge at an ex-cry- 
where-denso set of points, taking the scries S A,, cos nx, defined in 1 353, 
in the first group of terras write 1 1 x for x, in the second group -write 2 ! x 
forz, and generally in the mU« group writem I zfocz; wt have then a series 
S vl„ cos where A„ — 1 ! k when 1 S g-,; A„ =, 2 J n, when 

Pj 1 £ « S g, -r 

The scries then fails to converge at every point* “ ± ^ , v 


ivhere m and 
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It now follows that j s, (») j is bounded with Kspoct to («, i), and thus the 
Lemma has been proved. 

In order to define a Fourier’s series, repre-senting a function M'hich is 
continuous, but such that the series does not converge at the 2>oint i = 0 
let = 2.2"’ ; and oon-sider the seri^ S A„ cos Jiz, of which the terms 
are grouped as follows: 

Y'rl,cosnx+ ... _^^-d„cos7ia:+ .... 

Ill the Ntlh group, let A„ be so chosen that the group is 
_1 fcoa toi + tf a -I- ... + 4 l)a: ^ ^ coa (^t d-fft + . .. d-gm- i -f 

w’l " i3„ "■ 1 

_ C03 (gi + 3, + ■ , . + g„., -I- + 1) _ _ cos (3i + 3c + ... 4- 3ni) ) 

1 "■ )• 
TJlis is loss, in absolute magnitude, tium and tlicrefore the series, so 
grouped, Is uniformly convergent, and tbe original ungrouped series is 
consequently {§ 321) the Fourier’s scries for a continuous funetioii. 

At the point ® » 0. the value of the (31 3, + ... + 3^., 4. ig^jtli 

partiol sum j® ^ (l + § + 5 + ••• ^)> which is > -i log2"‘'> »ilog2; 
and this increases indefinitely with m. I’horcforc the sum docs not con- 
verge. Tho (3i -f 3 j + ... + 3,nlth partial sum Is aero. 

The series Z A„annx converges at ®»0, the coefficients being 
taken to be those defined above; it will be shewn that both the series 
2.4,003;)®, 24, sinfi® converge uniformly in tho interval {<,2ir-t), 
but that the scries 2 4„8in nardocsnotconvcrgcuniiormlyintlicintcrvR! 

(0, 1). Consider a partial remainder Aj,., (*) •« 2 4, nx. We have in 
the interval (<, 2n — e) 

|i+Sco.ra|- 

hciicc j 2 cos r®| < - ; and sunilarly j 2 sinrrj < 

j cos ( r + 1) ® ^ ^ cog (f -f «) ® j 

= 1 1 •«! + i {*» - «i) + — + i <*" " I 

= |(l-i)«. + (i-4)**+-+S«n|. 



Tlierefore 
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whcTO fi, ^ cos (r + n)x, s. = cos (r + a) * + cos (r + n - I) x, ... ; iicncc 
tlie expression on liie left-hand side is less than ^ wliich is 

less tlinn - . If we split each group of terms in R,,, (*) into its terms with 
positive !iT«i witii negative coefficients, the ab.solute value of the sum of the 
Icnns in the group is < — j.— •, and this holds good if only a part of the 
group is confainoti in i?,., (a:). It now follows that 

for all values of y. It now Wlows that the series are both uniformly con- 
vergent in the interval («, 2x7 — «). 

To shew lliat Z .4,sinna: does not converge uniformly in the 
intcival (0, e), ohsendng tl»at the part, of the mth group which has positive 
ooeflioionts is 

J.. (“i” fai ffa + + 1 ) ^ ain f gi -h gj -f ... -h g j 


ooiisicler tlio point a 


; this fs in the interval (0, 0 
po.sitive. 


' 2(Pi + y» + — 

if. 7)1 is suflitiicutly large, and all the (enus in the braoket 
Denoting pi + gj -t- ... + p„_, by /», the cxprc-nion becomes 
J, |sii i tp+ l)g ^ ^ flin -b aj ■ 

anti observing tlial fi -f- {$„ > + iP-)- e.vpression is greater than 

1 {11,. 1 . 1 

mW'zV 2 + •••■*■ if’ 

= log 2, which increases 


und this exceeds -. -7:^ log 12"*, or — 

nio V2 ^ ' Vt nWZ 

indeppiulently with rji. Since Oieso are partial remainders wliich increase 
indeliiiitclj- uith 7n, for some point in (0, «•), the series cannot converge 
uniformly in (0, <), 


351. In order to conslrcct. aseriea which fails to converge at nu every- 
where-dense set of points, taking the eerics Z A„ cos nx, defined in § 353, 
in the first group of terms write 1 1 * for x, in the second group write 2 ! x 
for X, and generally in the mth group write w 1 * for r; we have t hen a scries 
S cos where A„ = 1 in wlion lSnSy,;A, !=r2!rj, when 
Pl V + 

'Die .‘sirie.s then fails to converge at every point 2: a, ^ , udicrc m and n 



544 Trigonometrical Scries [cri, vm 

are integers; but the series converges nnifonnly when it is groiij>pd. and 
thus it corresponds to a continuoae functicm, and therefore (see § 02i) tlic 
series is a h’ourier’s series. When x = the part of the I'tb group wliich 
has positive eocfficicntfi, if v be snffiaeatly large, lias tlio value 



and tiiis increases indefinitely with v. Tlie series cannot therefore be con- 
vergent at the point. 


355. Let^„ («} have the value + 1, or — 1, according as 

sin Ji 

is positive or negative, and when it is zero, lot ji, (*) = 0. Tiio nlh piirtial 
sum of the Fourier’s series corresponding to •f’n (*) 1* at the point * » 0, 
I sin (2ii + l) I 

■ - I dx, and this diverges, as « ~ « (see § 352), 


Lob t/in {*) "• sin *. for —v £ xSv, then the nth partial sum 

of the Fourier’s series corresponding to (x) has, at ai = 0, the value 

~j ^ ^ which diverges with n. Let ^ (n, x) denote the oven 

function, defined in the interval (— n, x), which has the value sin itx in tho 
Interval (0, r) ; and let + XCa cos nx denote tho Fourier’s series corre- 
sponding to iji (fj., x); we find then 

1 -f (— !)"♦* cos nv ill 1 — cos iin 2 

“■ ^ s 

honoe a„ is positive if tk fi, and n^ativo if n > #*. It is cosily seen that 
iji(2,x), i//(4, x), ..., have the same properties, as regards the partial 
remainders at the point x =>= 0, as (x), (x), .... If we define a function 

by means of the expression S — in (0 < x < vj, it is seen from tlie 
properties of ^ (2, x), ifi {4, x), ....'that the oosino series for tiiia function 
does not converge at the point x = 0. 


„ an (2- +1)5 

Again, if wo take /t (x) = S ^ , then/i (x) is continuous in 

the interval (— x, x), but as is seen from the properties of (J. x), (?. x), 

the cosine series for/, (x) docs not converge at the point x = 0. 
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356. /in csarnple, due to Schwarz*, will be given here of a function 
i^hicL is everywhere continuous, but for which the Fourier’s series fails to 
converge at a certain point. ItwiDhcrcbo^ewnf that the series is, at that 
point, oscillatory, with an infinite npper eam. 

Let the product 1.3.5 ... (2X+ 1) be denoted by [2X + 11, and let the 
function ^ (z) be defined for the interval (0, a), where 0 < c £ in the 
following manner; In the interval (yflA], — 1}), let ^ (z) = sin [A] z, 
where Ci is a constant, depending upon the value of A; Jet A have all values 

Aj, Ai -r 1, Ai -f- 2 where Ai is a fixed integer, and we may suppose c so 

chosen that a = w/[Aj — 3]; also let i (0) 0. U the sequence Ca,, Ca^a-i. 

Ca,+j, ... , be so chosen that it converges to the limit zero, the functfon ^ (z) 
is continuous at the point* *./ 0 , hot it has an indefinitely great number of 
osciiiations in an arbitrarily sniall oeighboorhood of that point. If the 
constants Ca satisfy the further conditaon, that Ca log (2A + 1) becomes 
indefinitely great, as A is indefinitely increased, it will be sliown (hat tho 
integral 

.‘0 • 

will increase indefinitely, as n has successively the values of integers in 
a certain sequence. Thus the Fourier’s series, corresponding to (lie coU' 
tinuous functioa defined hjf(x) = 0 , for — «£ 0, and/(x) ~ ^ (|x), 

for OSsS 2a, and / (x) •« 0, lor ZaSx&tt, does not converge at the 
point x= 0. 

Let Zn -i- 1 — 1 .3.5 ... {Z/t I) = [p]; then 
r»[^}s 


\A(z)- 


- dz 


may be written 


a the form 


■ r-r+i z 

The first integral may be writtmi in the form 
Hch is equivalent to 

Jc,l<3g{2>i + 1)-4«V 


■ Seo Ihe hirtoiy of tl 
x-vf (18S0). p. 231. 
t Soo Holwon, /’roc. . 


Mf 

- .'-.ft,! 
number between wflji] and 

theory of Fenuior’s 




ZMzdz, 

- 1 ]. 

Zulfdir, Snpplcrr 


i. A/ofX. foe. (2). mint <19041, p..%. 
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Now let c. log {2fL + 1) increase indefinitely witli n. This is oonsistent, 
vitli c„ having the limit zero; for we Lave only to tako 
= {log (2/t + !))-*, 

where s is some fixed positive number, less than unity, 

Since cos2[/t]2rfr 

is numerically not greater tlianc,Jir, we eec that, witli the supposition made 
as to Cj,, the expression 

j./trf * 

becomes inderimtely great, ns ft is inoreased indefinitely. 

■to "i’ f""" SBSdisMl *, 

•'•ArJ ^ 

WO see, by writing sin [rjz.tdii [p]z us half Uio diQurencu of two cosines, 
and applying the secoad moan viduc tltcorom to each iiitegriil, that tlio 
absohito value of the oxx>res8ion is less tluin 

rS. L) - M * MTmI ' 

01 than 

5r _£!_ { - + L_ ,1 

rZ, 7T[,,-l]\2fl+l- [r]/(M - I] ^ 2^ + I + [r]/[7^r 

which is less than 

J7 [^- I] /t 

and tlds is less than 

1' + i (V - It (2^ - 8) ^ "'1 ■ 

Tlierefore the absolute value of the integral is less tlian Zhrifi; and this 
becomes indefinitely small, as ft is indefinitely increased; and tlierefore tlie 
limiting value of the expression is zero. 

Lastly, wo have to consider the expression 

r-M-H /.grl Z 

Since | < [ft], and | sin [r] 2 | £ 1, 

the absolute value of the expression is less than ’rc,,.j; and tliis has tlio 
limit zero, when /t is indefinitely increased. 

It has now been sheuTi that 

j * 4 (g)sai[>]s 

increases indefinitely with ft, where [ft] = 1 .3.i5 ... (2fi + 1), prorided r* 
hns tbe value {log (2A + 1)}"*, where 0 < « < 1. 
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357. We proceed to Ronadcr the case in whioh 2ft + 1 = (2p + I], 

where p is an integer which varies with pt in such a manner that it always 
lies between 0 and n. 

In this cose, as before, we divide the integral 
. sdn (2n- + IJ 2 


into three parts, 


II •K‘)" 


- ds 


r-H J’liri 2 

+■ X c [•''•"^' rinWgBin (2p4- 1)[^ - I] 2 j. 
r-»+i 2 

The first part is eq,ual to 

r [“5 (fr - 1) (2|» - W ») - «<« If - »J <2f> + 2!> + 2) «)1 *. 

where ^ is a number between w/[ft] and trUp. — i]; and this expression is 
less, in ohsoluto value, than 

5siflU_ 


or than 


■ l[,i-l](2>t-2p)‘^[,x- l)(2#. + 2p + S)f’ 
e^'l + Hip. , 1 + l/2it» 


1 + 1//1 + p/^j • 

If, now, p increases with ft in such a manner that phi is always loss 
tlian some fixed number which is less than unity, then this expression 
diminishes indefinitely, as ^ is indefinitely increased.' It would also he 
sufficient t>hat 

« 1 -• K (log { 2 ft + I)}-*', 

whore «' < s, and ^ {log (2ft + 1)}"^5 the poative number k being fixed. 
The second part of ttio above integral is less, in absolute value, than 

s' ‘'Ji] ! 1 , 1 I 

r... ^ ((277-H)lf.- l]-{r]'^(2p+l)(ft-l] + [r]f’ 
or than - :nj + 2p + 1 + (r]/[f< - ijl ’ 

and this is less tiiiin 


. 1 + , 


1 


i 


■^2^-1 ' (2p-l)(2p-3)‘^-|’ 
or tlmn Zc^Jpu. TJieitiioro the expression diminishes indefinitely, as p is 
indefinitely increased. 

That the tlurd part of the above integral has the limit zero is seen from 
the fact that its absolute value is less than <%,+, (2p + 1) [;t - 1 ] or 
than 7TC,,,(2p-hl)/(2;t 4-1). 



54:8 Trigonometrical Scries [cu.viti 

It has now been proved that 

has the limif. zero, if 2n + 1 increases indefinitely through a sequence of 
the form 

+ )), [m2-I](Zj»s+ J). O'.- I](22h+ 
where /i,, /ij, /ij, ... is an increasing sequence of integers, and ji,, p., ... 

arc sueli that pin & 1 ~ k {log {Zp. + 1)}“'’, where s' < s. 

It ha.s now been shewn that the sum of the yonrier’K Bories o.scillnUs; 
the limit being infinite, or zero, according as one or other of tu'o parficiitnr 
scqueneca of values of a le oliosen. 


TKR ABSOLUTE CONVBnGEN'CE OF TnrOONO>n3TRICAl SEBJES 
358. Lot i 0 o+ L (a^cosnz -b 5„sinfla;} be a trigonomotricni serie.s 
which oonvorgea absolutely at the point Wc iiave then ■ 

+ £ {a„co9m({ + 70 + 6„ sin n (f + ft)jj 

+ j^ia»+ L {a,cosn{f — A) + 6„Bin« (f — 70lj 

« 2 j^ioc + £^(o,,oo8nJ + 6,8jonf)j- 4 £ sin* inA(a„ cos ng 
and It follows that the expression on the left-hand side converges as 
ft ~ 09 . If either of the expressions in the two brackots is convergent as 
n-^to , then the other ie so, end if citlier is uon-convergent the other Is 
so also. Also, if either converges to a sum-function whioli is eontinuoiss 
with respect to h, for A = /*,. the other has tlie same property. It has 
thus been shewn* that: 

The points of wntinuity of the sum-fmiction of a trigonomfilrical series, 
and the points of convergence of the series, ore symmetrical mik rex'prtl to 
a point of abaolvte convergence of ike series. 

(®„ooaft(f~/0 + t„sinftK-A)j 

£ I a„cos7i (f + A) + A„siDn(f + A) | + j o„ cos nf + 6„ sin 1. 
it follows that, if the trigonometrical series is abaolntely convergent at 
the two points f + A, it is also absblaUdy convergent at f — h. By con- 
tinued application ot this result it theu appears that the trigonomelrical 
series must be absolutely convergent at all Uic points | i th, where « is 
any integer. In case hlrr is an inraticuuil number, and (a, is anj' interval 

' See Faloo, Acta MtA. ^vL XXX (ISOO), p. 308. 
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coutaiJied in (— v, tt), i can be so dotennined that f ± lA differs by some 
multiple of 2?r from a number in (ic interval {a, ^). It follows that: 

If a irigonomelrical series is oftsoltde^ convergent at two points x^, 
such that Xi — a-, »a incotnmenstiroMe wtft w, then it converges absolutely at 
the points of an everywhere-dense set. 

359. The following theorem was grvMi* Lusin; 

// a irigmumetrical «me« Jo, + 2 (o, coa nx + 6, sin nx) is absolutely 
convergent at all points of a set of which the measure is positive, then E | a, | 
and S [ 6, I ore contierg'ejif, ond the trigonometrical series is absolutely con- 
vergent everywhere. 

If ^ I a, I + S/»„ I cos (»r — o*) [, where p„ = (a„* + converges in 
a set such that m (£) > 0, there existe a perfect set P, contained in .ff, 
of measure p (> 0), in which the series converges unifonniy (sec § 09). If 
8 {«) denote the sum of the series, we liave 

I 5 (»)<£* - p.} (a,I + X I (co8n(x- a„) (<i*. 

J(P) n-l /(D 

It ^vjll be shewn that I I cosr (x— a.) | dz is not less than a fixed 
ftp) 

positive number , independent of n. 

If S bo botween O and Jw, we have | cos n (* — a,) | £ cos $, when x — a„ 
is in an interval wJicrc rie a posirfve or negative integor, 

29 

inoliuling zero. The condition is satisfied in eaoli interval of length — 
belonging to a sot, oonsceutivc intervals of the set being eoporated by an 
■jr . 2f? ■ 

interval of length . It follows that, in the interval (— y, w), the 

condition | cos n (z — a„} j £ cos 6 is eaUsfied at ail points belonging to a 
set of whicli the measucs is 48. If £ be taken to be > there is a 

set of points of positive measure q, contained in P, at which 
1CO8»1(Z-«J|£COS0. 

It then follows that I I cos n (z — a„) j dx exceeds a fixed ntunber K„ , 
J(P) 

independent of n. 

We have then S p„ £ ^ 
vergent. The result in the theorem then foIlowB at once. 

It is dear that the series converges tmifocmly in (— w, tt); hence it is 
the Fourier’s series of a continnous function. 

■ Complu Renia*, voL CbV (ISIS), p. SSO. 


^ 8 (x) dij and therefore S p„ is 



550 Trigonomelrical Series [cit. vni 

It follows that: 

Unless a irigcmomelTical series is Ihe Fourier's series of a covHnuom 
function, it con only converge absolv/e/y at the points of c set of measure wo. 

The follo'ving Lemma will be applied: 

If E be a measurable set of points contained in (— n, n), and there arc 
in (— TT, w) an infinite number of points with respect to which E is sym- 
metrical {when E is rcjieoferf periodicalbf beyond the I'nieryaf (— n, •:;)), then 
E has either measure zero or «!ca«<re 2jr. 

Let Pi , Pj, ... P,, ... be an enamcrably infinite set of points of sym- 
metry; and let us consider any pair P,, P, of these points. Lot E„ be 
the component of in the interval P„ P„ of length 8,,; then if »n (E„) =• 0, 
it is dear from tlic double symmetry of that m (&')■= 0. lfni[E,,)~ 
we SCO that m (E) £ id,,, where » is Ibo integer such that 
nS,, a 2 j 7 < (n + 1 ) S„; 

and thus «i (E) > (2jr — 8„) ^ . Since the set {P„} is not fimte, it contains 
an Infinite number of p^drs of points P,, P, for which 8„ is less than an 
arbitrarily oliosen number ■>), hence m(E]>2rT^ - y. If possible, let 

< 7i < 1, for all pairs of values of r and s for which Sp, < ij; thus every 
point of S in S,, has a neiglibotirhood (< y), for whioh the component 
of E in that neighbourhood has measure c hi,, . Now any fixed point P, 
of E, oorresponds, on account of the symmetry of the set E respect 
to the points P,, P„ to a point of hence P has a neighbourhood of 
length 8,., in which the component of E has measure < /(8r,, where h < 1; 
and this for every pair of values of r and s for whioh S„ < y. Since S„ hns 
indefinitely smaU values, this is contrary to the fact that P may be eo 
chosen that E has metric density I in its neighbourhood (see i, § HOJ. 
It is thus impossible that A< 1; and r, s can be so chosen that g- is 
arbitrarily near unity. Hence m (E) > 2jr (1 — {) — y ; where and f arc 
arbitrarily chosen positive nnmbers. It thus follo^vs that m (E) =- 
Prom the Lemma, comidned with the results in § 358, we obtain the 
following theorems given hy Luein: 

A trigonometrical series having in ihe interval (— w, v) an enumerable 
set of gmnts of absolute eonvergmee is eilber almost evcryiahere convergent, or 
almost everywhere non-convergent. 

For the set of points of convergence must, in accordance with the 
Lemma, have either measure Stt, or measure zero. 

A trigonomelrical series having two points of absolute convergence, of 
which the distance is incommensurable with w. t« cither almost everywhere 
convergent, or almost everywhere non-convergent. 
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Thn theorem has been ^veu* S. Bemstem that: 

If the function f ( 2 ) salisfies the lApschitz condition that, for any pair of 
points X,, Xj in the interval (— w,ir), | £ A ] Xj — ]“, tohere 

0 < c < 1, ajid A IS ayostln-eaw-stowf, then, provided a > J, S j c„ j, S j 6„ | 
are convergent, so that the Fourier'e series converges uniformly and ahsoluldy 
to f (x). There are FouTier’s series of functions which satisfy the condition 
for a value of a (< J) tokick do ttol converge absoluldy at all points. 

The raorc general theorem has beesn giTenf by Szhsz that; 

If the function, fix) satires the lApschiiz condition, % (1 ®n 1^ -I' I 1*) 

IS converoen* ifk> hut may diverge if k< r. 

la -r* X la -r 1 

mE lyrEoiUTJON op i-obbier’s sebus 
360. Let + L (a. cos rx - bhAtxinnx) be the Fourier’s Ketieecorre* 
sponding to a lunotiou / (x), suuuuable in Uio Intciral {— u, n), and of 
period 2w. No Bssumptioa is made as regards the conveigcnce of the series. 

The function y (®) s | • / (x) rfx — is continuous and of bounded 
Tariatiou in any finite interval; abo it b periodic,- und of period Sir, in the 
rarittble *. It can consequently be represented everywhere by a Fourier's 
series iaf + L (a„' C08nx + 6,' einnx) which converges uniformly to g (x). 

We have a,' = i j y (x)cosnxdx, 6,' « i j g(z)ehinxdx. Since 
g (x), sin«iB are both indefinite integrals, the fottoola of integration by 
parts can be. applied to the expression for a.'. Thus 

On' J y (x)cosRxdx»» — ij danx . Dg.{x) dx, 

where Dy (x) is any one of the four derivatives of y (x) (see I, §420). Now, 
at almost every point of (— u, w), the four derivatives of y (x) arc all equal 
— i®o I. f 40d). Accordii^y, -we have 

a„' = — fix]annxdx^~~b„-, 

in a similar manner it can be shcfwn that b„' = — b„. It has now been 
shewn that the series 

, , , S a, tin fix — 6, cos nz 

-r S — ^—5 

* Compiu Mtnim, toL cxvin (19U). p. ISSI. 
t 2Ii7u!i. SUsuuaOtr. p. I3S. 
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converges unifomily in any interval to the function 

where Ho = “ [ 9 (*) 


The following theorem has been established: 

If f (k) be any summable function, periodic, and of period Zz!, then, if 
(ij , 3-,) be. any finite interval, j f (a:) dx ix repruented by 

1 + 2 - K cos TH^ I _ 1*1^, j. ^ 2 5i^£il£i_::^"C0snz,j 


which is obtained by integraiing the series |ao ^ ^ (‘tn cos nz + b„ sin fls] 
<erm by lerni. 


Tliis theorem, which in this general form was given* by Fnton, was n 
genorAUzation of an earlier form of the theorem due to Lobcsguc. It is 
remarkable in view of the fact that the Fourier’s series wldoh is integrated 
is not iiecesaiirily known to couvcige. 


It follows, by letting it » 0, that the series S — is always convergent. 


The neoessary and sullioienl coodiMons that T, ^ siioiild he norivergont 
have boon givciit by Hardy and Littlowood. 


To obtain the oonverso of the above theorem, lot it be assumed that 
the series + 2 (a, cos nx + h, sin nx) is auch that the series 
g, 8unia — 6,c03»g 

converges in (— t, «•) everywhere to a function F (x) whieb is an indefinite 
f>-integral of a summable function. The function F [x) being continunus 
and of bounded variatiou, is representable by a Fourier’s series which 
converges everyivhere to the value of the function. As there cannot lie 
two distinct trigODOmetrical series which have this property (see § 320), 
2 18 the Fouiier’a eeries corresponding to F (z). 

Therefore 


^ = 11' F{x)sinttxJx, i?(2:)co.s7iit£te, 0 = (r) rfr. 


* Ada Ualh. voL xxx (1906), p. 3ai. 
t Man. Zditehr. roL xlx (1924), p. 95. 
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The Integration of Fourier's Series 


Lei DF (a:), one of the font derivatives of F (x). be denoted by / (*); 
we have tlieri, on integration by parte aa before, 

o„ — /(*) cos n*<ic, f (x) aianxdx. 

Tiierefore Ja,, + S cos war + Z>, sin nx) is the Fourier’s aeries correspond- 
ing to the function / (*) + io® tar DF (*) + Jo,. 

Combining this result with the previous one, tiie following fcheorora lins 
been established*: 

The vecKsary and mffeient condfljon lltal Uie series 
iae+ S (a, cosTCC-b ft„sin«j:) 

sJioiild be a Fourier's series of some Junclitm /(*), swimabh in (— w, n). is 
that the integrated series 

^a,x + S 8m« a:-f>, co8«g 

should converge throughout the interval {— n.n) to a funcUon which is fSe 
ind^nite L-integral of a tummable function. The function f {x) differi'bya 
nuU-funetion from any one of Vie four derivatives of the L-inlegral. 

361, The tlicofem of §3C0 can be applied to shew that two non* 
equivalent funotions, summablo in the interval (— n, rr), oannot have one 
and the same Fourier’s scriee. Forif/(*),^ (*)betwoBnTnmablo functions 
which have the Fourier's scries !«# -b E {a, cos h* + 6# einnas) , it followe froin 

the first theorem of | 360 that j” / (*) <£c = | ^ (») rf», where A' is any 
finite interval. Since the integral of / (*) — ^ (»), taken over every interval, 
is zero, it follows (r, § 394) that the tvrofunotiona/(a;),^ (*) are equivalent. 
The following theorem has accordingly been established ; 

There cannot exist two non-equitalesil functions f (a:) sitelt that 
- j" f {x)c<3B7ueds;^a„, ij /{*) einrued* = 
for ft = 0, 1, 2, 3, where ap.a],6,,a},te, ... areytuen 7ium6e?'5. 


363. If /„ (s) denote the finite sum 

JOfl -t- (ffi cosar-b tin*) + ... -b («i„co8a* -b b„ sin nx) 
of the first n -b 1 terms of tbe Fourier’s series eoizesponding to the function 
/(a), the theorem of § SCOmay bo exprcfficdin the form • 

where (*], x^) is any finite interval. 

■ Sen W. H. Voimg. Pm. Xonrf. IfaH. Sac. (S), wit tx 


(iOIll.p, 
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Lot it now bo assumed ibatf/ (z)}‘is6ummab]cin tho interval (— r, -); 

f ' _{/ (3^) - U (as )}’ dr = j'^{/(x)}=rf* - n- + T (a,- + 1 ,=)^ , 
since [ /{*)/»(»)«?* = JnCa* + *■ ^ (“r’ + V). 

j {/» (*)}’ dx = ilMo* + w S (o,’ -I- 6r*). 

As [ {/(a) — /„(*)}* d* is essenUaUy positive, it follows that (lie fcries 

^ 0 , 5 * -i- S (a,’ - 1 - 6,’) is convergent, and lias for its limiting sum a number 
“ ^ [ (/ (®)}* result is known* os Bessel's inequality. 

We have now j {/{*) — /„ (*)}*d*S K', for nli values of n, wliero 
X is somo fixed nuinbor, indopondent of n. 

If 8 bo any measurable sot of points in (— w, w), we liavc, by Schwans's 
inequality, 

Lot tho set eboencloscdinintorvaleSj, 8,, ... ofaset A, of non -overlapping 
intervals, such that m (A) — m (e) < r; and let F denote the set of points 
A — e; thus m (J”) <t. If A, be a finite set of Uio mtervois Sj, 8,, ... , suoli 
tliat m (A) — »n (A,) < <, we have 

(/(«)- f. W) * - 1 - U t/M - /. W1 *■ 

Since A, consists of a Unite set of inlecvols, 

bn» 

Also 

HI ) ~ iri + KVariF) < SKti, 

for all values of n. It follows tJiat 

K I - A (*» *1 s 

Since « is arbitrarj', ^ve oblaiii the result 

Umf (/W-/.W)*-o, 

and thus the integral of / (z), over any measurable set c, is obtainct! by 
■ Asiron. raeirieilat,-nhvt(im),pp- 833-348. 
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term by term integration, over the set e, of the Fourier's series corre- 
sponding to/ (a:). 

In accordance with the definitaon (|201) of complete term by term 
integration of a series, the following theorem has been established : 

7/ / (s) be. a. of toAteA (he sqmtrD is summablc in {— w, w), the 

Fovrie^s senes corresponding to f (*) is eompUlelt/ integrabU term by term, 
giving as its sum, when taken over a measurable set of points; the integral of 
f {x) over that set. 

363. The method of § 3fi0 can be applied to prove the following 
theorem relating to the integration of aFonrier’s D-series coiresponding to 
a function for which the set of points of non-summability has measure z.ero. 

Jf f (*} be a fwnctimi. tohidt has a Dmjay inU^id, and for which the set 
of points of Tum-summabUity has measure zero, in the interval (— it, tt), the 
Fourier's series corresponding to j , f(x)dx—'\a„xis 

■ iv+i: 

The class of fimotiohe considered here indudes those which liave an 
Hi-integraHn (--,Tr, jr). 

In this case the function g (x) s j f (x) dx ~ is continuous, 
although in general not of bounded variation, in (— n, n). The Fourier's 
series corresponding to g {z) hoe for coefficients d,', given by 

o«' = j| p (*),c 08 »»a:d*, p (*) sin h*da:’, 

Since g (z) is of bounded variation in any closed interval which contains 
no points of H, the non-dense closed set of points of non-summability of 
/ (z), the Fourier’s series converges uniformly to p (z) in any interval 
interior to an interval contiguoas to H, but H cannot be assumed that the 
series converges to g (z] at points oiJT. In any case the Ceshro sum of tlie 
Fourier’s series is overywhem g {x) (see § 366). At almost all points of an 
interval contiguous to 77, g' (z) exists and has the value /(z) — In 
the case here considered, in which has content zero, this also holds for the 
whole interval (— jt,*-). Thcmethodofinti^rationbyparts being applicable 
when one of the functions is sD-integral, and the other is of bounded varia- 
tion (i, §474), it follows, as in §360, thatOa'^— - , br,' = -a„; and the 

theorem has thus been established. 

364. Taldng the case iu which the dosed set 77 is enumciabie, let it now 

be assumed that the series -hS converges through 
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tbo interval (— tt.w) to » fnnction F{x) which is the //X-jiitegra! of t 
function which has H for its sole points of non-sumniability ; except that flie 
oonvorgence is not nssumnd to hold at the points of //. In cose it and - t 
belong to 77, -P(z) will be defined at these points so as to satisfy thecondifion 
F (tt) — F{— “TTfloj otherwise this condition follows from the periodidtT 
of the series. If (o, 6) be an interval interior to an interval contiguous to 
H, tlie series converges eveiywhere in {a, b) to the continuous function 
F (z) which has bounded variation in (a, 0). Tfio Fourier’s series of 
F (*) — la„x converges to F (x) — iOo* at every point not belonging to //. 
Since there cannot he two trigonometrical scries both of which converge, 
at every point not belonging to aa enamerable set, to the same fiinotioa 

(see §442) it follows that £ nCOSTix Fourier's seriH 

of F [*) — Ja,*, and therefore 

{^ (*) “4®»*)8inn*dz, —^”“1 {F {x) — ia^xycosnxdx. 

Since F (x) — iouX has almost eveiywhere a diSorontiol ooefSclent 
/(») — where P(*) = | / {x)dx, wo find, by integration by parts, 

or /(x)sinnxdx; 

also ^ f[x)<soa'nxix, 

ora„ = i| /(x)coS7ix<ir. Hence thescries + 2{a„cosfix + ii„sinflr) 
is the Fourier’s HL-bsHea corresponding to/(«). 

The following theurem has now been established*': 

The necessary <md sufficient condition that a iriffonomrirical «riM 
Joj + £ (o„ cos nx + b„ sin «») should be the Fourier's IIL-series corre- 
sponding to a function urith only an enmnerabh set of points of non-sum- 
mnhility is that the iniegraled series ia^x + S tf«_ 8in nx — sliovld, 
except at an enumerable set of points, converge ffiro«(7/i<7Ut (— w, n) to a 
function F (x) which is the BL-iritegral of a Junction unfh only an enuTucrafife 
set of points of nm-sitinnabiltip. Also, in case n, — n arc points of non- 
summabiliiy, the condition F {u) — F (— ir) = wa, must be added. 


/. K. Yeoag. Pnc. LmJ. Math. Soe. (3}, vol. i\ (ISli). P- 
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miE SERIES OF ABIXHMETIO MBAK9 ^XATES TO FOURIER 8 SERIES 
3ffi. If the Foimer’a series corresponding to a summablo function/ (a:) 
be summed by the method of aritiunetic means (§27) we find, since 
tlic sum £„ (s') of the first n terms of the Courier's senes is 

that the Cesiro'e partial sum 8„ {x) is given by 


1 r 


(1 , 


T(x'~x)\f[x')dic', 


from which it is easily found that 

If we apply the Theorem 1, of § 270, to the case ia which 
’ ‘ •2nr \ami(a^~x)j 

for ail values of » for which \z' — x\> ft, and F [x‘, x,n) •" 0 for all 
voluBB of X for -which | »' -r » 1 S #*. where x is in the set 0 which con- 
sists of all the points of the inleival (- v jx, w - p], it can bo vcrifiod 
that tho bonditions (1) and (2) of the Tbcorrm T aro satisfied. 

For iw (a — :r) i ^ i for all values of n, and of *• 

2»Tr ( sin i (*• — je) J 2»jr ' 

(in S) Buoh that \ x' ~x\> /t; and for the other values of x, F (a',®, n) 0, 
for all values of n. Therefore the condition (1) is satisfied. 

»/::={! 

- cosee* and therefore converges to aero, as 
the values of x in 0. 

1 


Al.o|- 


x', where » > -' v + /x, does not exceed 
~ » , uniformly for all 


Similarly 
converges to 


«77 Isin i {** - «)i 

, umfotmly for all values of x in the interval 
(— v + p., 7r— of ®. It follows that J *,«)(!*’ converges uniformly 
to zero, for all values of * in (— n + p, w — /x), wliore (a, /?) is any interval 
in (— V, tt) ; thus the condition (2) of lOieoroni I is satisfied. 


converges uniformly to 


iir-ute 
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Tlie behaviour of S (*) at any interior point * of the interval (— s, r), 
as regards convergenco, divei^ncc, or osciliation, accordingly depends 
-only upon the limits of 


as 71 ~ , wliero ji is so chosen that x ~ /t, x + fj. arc interior points of 

(— 77, 77) ; and this expression is equivalent to 


~ (■(/("'+ 2<)+/(*- 2‘H(557)’'“' 

where < = i/r. 


That tho behaviour of S (se) at apoiiit * dcjwntlB only upon the charatlcr 
of the scries in an arbitrarily small neighbourhood of x is a oonscqticticc 
of the eorrosponding property of /{*). For, as in § 840, /(*) may bs 
expressed as/^ (x) +/»(«); and since the series htft (x) converges to rcro 
at thu point x, the corresponding Ccs&to sum is also aero at x, and 5 (e) 
depends therefore only on the function /( (x). 


Taking the case in which / (x) » 



1 , in the interval (— it, 77), wo too that 



.a77d the ox^trossion on Ibc righc-Laiid side is 

lim J 2 ( J + cos 2/ + cos 4< + ... + 00s 2nt\ it = 

Therefore lim -- J, 

„^«n9T Jo 

wliero 0 < e < 

At a point at which/ (x + 2t) +/ (x — 2f) has a definite limit as t ~0, 
the limit of 

j (/ 1* + a) + / (» - 2«i )’ * 


may be evaluated. For the value of the integral lies between 

when .3f (c), m (c) are the upper and lowcx boundaries of /(x + 2i) +/(x— 2t) 
in the interval (0,£). ItfoUowsthat5(x), B (x), the upper and lower limits 
of S„ (x), as B 03 , lie in the interval (Im (e), («)). 

As « is diminished indefiuitdy, |»i (e), iAT (e) have one ami the same 
limit i lim {/ (x -f f) -I- /(x - «)}, to which 8„ (x) must converge. 
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In case / (« + c) + / (* — e) does not convolve to a definite vnltic as 
f ~ 0, it have finite or infinite npper and lower limits 

/(a; + 0)+/(a:-0), /(» + 0) 4-/(a - 0) . 

whioh certainly lie in the interval 

(/(a:-0 )4 /(g + 0) . /(* - 0) +/ (* + 0)). 

We have accordingly established the frflovring theorem ; 

If f (*) be a summabh function, periodic and of period 2>r, the GneHro 
partial cum S„ (a:), for the Ftwrier'g series corresponding io f (a;), connerjes 
at any point x at which f (z) t« oouliniioits, to the value f (®); at any point at 
which f (a) has an ordinary rfiscentwtitli^, to 4 {/ (z + 0) + / (z — 0)} ; and 
at any point at which f{x+ e) +/,(*— () has a definite limit, to 
J lun {/(# + «)+/{*- «)}. 

Moreover, at any point x, the vpper and lower limits of S„ (») both lie in the 
interml boutidcd by the finite or infinite upper and lower limits of 
■h/{x-c)],asc-^0. 

This theorem, so far ns it applies to points of continuity, or points of 
ordinary discontinnity, of / (*), was first established for the case in whioh ■ 
f (») is integrable [R) in the interval (- n, w), by* Pojer. 

3B6. It has been shewn in §27 that, if /(*),/(*) denote the upper 
and lower sums of the Pourior's series at tlio point z, 

It follows that Sf, {x) cannot diverge unless 8^ («) diverges, and thus that, 
■when Sf, (*) converges, /„ (*) must osoillote and cannot be divergent, 
\inles9 it also converges. We have accordingly the following properties of 
Courier’s series; 

At a ■point of continuity of f (z), orat « point o/ordt'nory at 

which f (z -I- 0), / (z — 0) arc finite, the sum of the Poiirier's series is cither 
f {x) or \ {f (x -t-Q) + f {x — 0)),or Ase it oscillales betweeii finite or infinite 
limits so that / (z) or § { / <* + 0) + / (z — 0)} lies tn the interval bounded by 
these limits, but it cannot diverge. It can only diverge if (he Cc^dro sum S (z) 

Next, let [a, b) be an interval which-is contained in another interval 
(a ~ S, 6 + 8) in which / (z> is boimded. The limits of 3„ (*), as ?t ~ os , 
for points in (a, b), are given as the limits of 

S I.' l/(* + 20 +/(* - a)) it, 

* Mailt. Aitnalm. vol. Lvm (I(KM),p. 61; hIbo teI. cx> 

roL OXXX!v(1S02), j,. 7(32, 


XI (1000), p-OSt, . 
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where « may be taken to be so Binall that Uie points a - 2«, 6 + 2f are in 
tbe interval (it ~ S, i> + 5) for which /(*) is botinded. The ;'hIuc of (lie 
above expression, for all values of a; in (a, 6), does not exceed, numerically, 
upper boundaiy of | / (J^) | in 

(a — b + 8). 

The remaining part of (a:) has been shown to converge to zero, ns 
71 -^cc, uniformly for all values of »m (a, 6), an interval interior to (- tt.it}. 

Wo have accordingly the following tbuorem: 

In any inlerml {a, b), contained La an fntcmii (o — S, 8 H- S) in which 
/ {z) is bounded; \ S„ (*} | is bounded for all values of 7 ;, and of x, in (h, b). 
If also all the points of (o, b) are jnxinis of conlinuily, or of ordinary discoii- 
linuity, S„ (z) ctmi>erge* boundedly io f (*) or J {/(z + 0) +/ (z — 0)j. 

367. In case /(z) is continuons in (a, 6), aninteival interior to (-w. n), 
the continuity at a and b being on both sides, e may be so dctermiiied 
that 

|/(z + 2e)-y(z)|, |/(z-2fl -/(*)[ 
are both < 17, for all values of zin (a, b) and forts e. Wc have then 

s. W - / (») - i J’ 1/ (* + 20 + / (>^ - 2<) - 2/ («» (tST * + ’■ ' 

^7he^e B,, is a number whiob converges uniformly to zero, for all values of 
z in (a, b). From this equation we deduce that 

1 s. M -/M I < 2,/'' i + 1 «. I < , + 1 «. I < 2,, 

for all values of z in (a, b), provided n is not less than some &ccd value 
71, . It follows that 8„ (z) converges uniformly to/ (z) in the interval (0, i). 

The condition that (o, b) is interior to (— w, w) may bo removed by 
considering overlapping intervals, each of ivhich by proper clioice of the 
origin may be made interior I 0 (— w, w). 

It has thus been established that: 

In any interval (o, b), in wMehf (z) is continuous, the continuxfy at a and 
b being on both sides, the Cesdro sum S„ (z) converges uniformly to the vahic 
of the function. 

This theorem illustrates the greater precision of the knowledge "c have 
of the convergence of the Cesftro sum of the Fourier’s series, as compared 
wth the ordinary sum. For, comparing this theorem with tlie corre- 
sponding one for the ordinary sum, given in § 341, we observe that in the 
latter case the assumption tbat/(z)iBof bounded variation in an interval 
coutainmg {a, 6) is made, whereas itisnot necessary for the validity of the 
above theorem. 
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368. A more general theorem tiiao. that of § 3C6 has been obtained by 
Lebesguc. He has in fact shewn Hiat titc Oesaro sum converges to / {x) at 
any point z for which J | / (a: + t) +/ {i ~ t) — 2/ (ar) ] ift has a differential 
cocfliciont equal to zero, at the point t = 0. This condition wiD bo aatdaficd 
at any point x for which both the functions 

j' !/(* + »)-/(«) I *, - <) -/w I di 

have differential coefficients of value zero, for t = 0. It has been shewn 
in I, § 432, that these conditions arc Batasdied almost everywhere in the 
interval {— ir, w), of x. At a point of continuity of/ {x), these conditions 
are satisfied, and the complete ctmdition is satisfied at any point at which 
lim [/ (r + t) +/ (a — t)] has a definite value, provided / {x) is taken to 
i-t 

})avo as ita value half this limit. Thus liobos^o's thcorora includes the 
theorem of § 366. 

lu order to prove the theorem we have to show that, when the con- 
dition that j I ^ I dt has a differential coofllcient of value zero, at the 
point t 0, then j ^ (t) (l)» where 4 (t) denotes 

f {<> + t) +f (x~ i)— if (x), and /* is such that 0<|tAiTr. Taking 
~ (t)rft = X (0; at a iKMnt a, at which the condition is satisfied, 
X (0) ■■ 0, and x (0 is conttnuouB in the interval (0, /t). 


it is seen that it is only nocessaiy to shew that 

and it will be sufficient to shew that 

In order to prove the first of these results it is sufficient to shew tliat 

t satisfies the conditioos (1) and (2) of Theorem II of § 290, 

n 8111 

and also the conditions (o) of 1 292, and (6') of § 293. Since the function is 
numerically < - oosec'^t, in ai^ interval interior to (0, tt), it coiivergeB 
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uniformly to zero, as ; Ihcreforo the conditions (1), (2) nrn W!i 

satisfied. In the present case coDditioii.<; (6’) nnd (o) may be taken 
together. 

To prove that these conditions are satiefied, we have 


thus t he conditions {«), (6’) arc satisfied. The first part of tlie result ]:a' 
accordingly been established. 

To consider the integral j (0 f^PPb' the method oi 

§ 29C. The function is bounded for all values of n in any interval 

(a, which docs nob include the point / = 0, and | where 

0 < a < JS S w. converges to zero, as re — so , since i eoscc® jt is summablp 
in (a, ^). 

Tims the conditions (1) .and (2) of the theorem of § 290 are satislled. 
To apply the condition ( 3 ), of § 208, we liave to 'u-rito for iF, (nt), the 
expression t sin nt cosec* |t. 

The maximum jlf (an) of t sin nt coscc- in (0, a„) is less than n times 
the maximum of sin nt cosec it, and this is lo.ss than If wo choose 
a„ = -, we have a„ Jlf (a„) < Again, N (On) denotes the absolute 
maximum of [(’sm'ntcosec*|(d(, for all intervaU contained in(a„, ;i); and 
since t* sin ?it cosec’ Jtdf — (j8 cosec l^)*J*sin ntdt, whore a' is in the 
interval (a, ^), we see that N (a„) < and thus < 2n, The two 
conditions of the theorem of § 296 being satisfied, it follows that 

It has now been proved that: 

TAe Fourier's series corresponding to/ (*) is svmmabJe bg Cesaro’s means, 
al almost all ■points of the interval (— •sr, rr); (he Oesaro saw being f (*). These 
points include all points al which \ ]f(x + t)-~f{z~t] — 2f {r.) \ dt hoe 
the differential coefficient zero, for I = 0 . 


369. The theory of the Ceshro sums may be applied to throw light upon 
the convergence of an important class of Fourier’s series. If thecoefiicients 
satisfy the conditions a„ = f? b„ = O in which ca-se 
a„ cosnx + b„ annx = O 
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wp have a of rourict's Fcrics which incloJes the series correspomJirig 
In fi)iictiori« of bounffod variation. By Hairiy’s theorem (§ 0 )), at aoy 
point at wliieli the ^erica iaaiimmablo (C, J) it is convergent ; llierefore (be 
Fourier's: renea converges almost everywhere, and in particular, at everj’ 
jioini of continuity or of ordinary riiscontinuity of tho fccrie?. Although 
the coiivcrgoneo of the Cvsaro partial sums i« uniform in nny inlciwal of 
eonliniiity of the fiiiielion, provided the end-poiritsarc points ofeontintiity 
fin botli fidcs, it docs not follow, that tlm convergence of the Fourier's 
rericT itself is uniform in the interval. It has thus been Rhp.wii {lint: 

.-I Frnirhr'e Sfri'xjor irhichtin »> O ** cf^crj/ic/icre 

cont’ergenf; t'n jxirlicuJiiT, {(• converges al every jnint oj cwlinuiiy, or oj 
or'linori/ difeontinuUy of f/ie/«nch'«n. 

The more general theorem iins been cstablishcfl* b.v Hardy and Litilo- 
woml that; 

The necM.tury and eondifion (hot a f’-jari'cr’a series fo\ trhicJi 

n. r- 0 , b„ 0 ehovld converge nl a point x !■» Ihot 

Tilt; tliporem will be proved in § 414. 

370. It will bo shovm that: 

The. Fourier'e tcrien for f {x) is mnmahlr. {0, 2) at every point rat tchich 
j {/<’■ 'f- 0 +/(* — f) —'2/ (»)) dt has, for ( » 0, « di^erenffoi eosj/ietwi of 
tiduc tero. 

This theorem is doef to Lcbcsguc. Tlio sot of points at which the 
conilifion is jj«tis(iod Includes those for which j fix) dx baa n diflcrentinl 
coeflieicnl eqnai to /(*), and the ret also contains that ret of points at 
which j i/(r •!• t) a- /(r — f) — 2/ (i) | dl has a differential coefilcient at 
the point / =< 0, oC value zero. To prove the theorem, vve lobe for i5, fr}, 
the O.^hro partial sum, of ordwr 7, the expression 

.%U) -/(r) 2t3 20 - 2/(:r)} 

arifitig , u{0 20 v/(*-2{) -»/(*), b'fO =- 

* f'rx. XelK So-, (2). ro!. xnuOOItS. r- ^ 
t J.V.V,,«-...rr.-.n->Lj.onS03>.p 27S- 
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and integrating by parts, wc hare 

■s. W g) + ^j’n (I) coti ’ , 


[cH. vm 


n 2nt. 


Wc now' form the arithmetic mean - {iS, (») + /Sj (r) -f . . . + S„ (x)] - f (i) 
for the expression S„ (*) —/(*), and consider separately the parts of tiiis 
mean uorrespondiDg to Oie three terms on the right-hand side. The first, 
term converges to zero, os n •»'0o, and therefore also its arithmclio niean 
converges to zero, as n At a point at which 17 (f)/t converges to zero, 
the second term converges to zero, as •» -»<», by the theorem of § 305, and 
therefore its nritiimotic mean does so also, Tf»c integral in the tliird (erin 
oan bo expressed by 




r ^n (3ft -I- l)t + 8in<2ra- 1) H . 

sinf J ’ 

whoTo X (0 ° ^ tltc |K>uit ImiO, X (0 continuoiM nnd 

X (4 0) = 0. Applying the theorem of § SCO, tbo arithmotio means of flic 
expressions 


x(0-- 


' x(f) = 




smt 

both converge to zero, as n ^ eo. It has now been sho'vn that the sum 
{II, 2), and consequently the sum {C, 2), of tlio aeries cxiats, and has tlio 
value / (*), at a point at which the condition stated in the theorem is 
satisfied. 


THE TBOTERXIBS OF A CEHTAlK CUOSS OF PTOCTIONS 

371. For the investigation of the Cee&ro sum of order k, not equal to I , 
of aFourior’s scries, itis convenient to employccrtnin functions, of whibh the 
properties have becninvestigated*byW.H. Young. Only those propcrtic.'; 
of the functions which arc absolntely necessary for the luirpose will be 
given here. 

The function defined for ;d] finite values of / by 

...I, 

r(p-Hi)r (p+i){p + z) {p+i)ip + z){p + s){p + i) ! 
■where p S 0, wiU be denoted by £7, (t). It will be seen that (0 cos I, 

C, («) = sin t, Cj (f) = 1 - 003 1. ^ <7^., (<). Writing for I, and 

multiplying by (1 — ty-', where q > 0, since (1 — 0’“' is snmmablc in (ho 
• QuarltT^ Jeunial, vot P' 
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interval (0, 1), and the series which represents €„ {(m) converges uniformly, 
wo may apply term by term int<^;ration, and thus obtain the formula 
5' P+, («) == j C'p (ftc) (1 — «)«-* dt, (0 < q). Giving p tho values 0, 1, 
we obtain tho formula 

0, (n) = I* (1 - cos tudt, g>Q, 

C, (u) = 1 ) j* ~ ^ ^ ' 

<?,(«) “ " co9to)rf<, g> 2. 

It' will be shewn that Gie function C, (u) is bounded for all values of q 
such that 0 S 9 £ 2, and foi all vtiinoe of k % 0. 

Wo have T (g)C', (tt) •• m» j l*-*©os(l — t)u<Il, whora 2> 0; thus 

r (?) 0, {«) = u« J t»“'oo8MC08t«rff + «' [ J**' slim sin httW 

» oosu costdl + 8in«| {'•‘sin tdt 
■"C08«|J + J |^'•*oo3{<f^ + sinn||^ + J |il’"‘8in,{di. 

f Sf ' ' 

Also j {'“‘ tdt, when <? < 1, is equal to | tdi, which is 

numerically less than The intogralB'J ato both 

rumerically less than ^ We hove thus 

|rta)0.w|<2gy + .(|)-‘, 

when 0<5< 1, As g ineroaees from 0 to 1, r(g) decreases down to a 
minimum M which lies between 1 and 2, hence jr^ S 
0< g< l, and thus 1 («) ) < ;^ (f) ^); ^tp(«) is 

also bounded for all values of «, it hae now been shown that | G, (u) j is 
bounded for 0 £ g < I, ii a 0. In case 2 £ g £ I, by employing the formula 
r (§ - 1 ) C, {u) = ?4'-‘ [ {*-‘ cos (1 — t)wdt in a siinilar manner, it can be 
shewn that | C, (it) j is bounded for oil such values of g, and for k £ 0. 
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0, W - r ^ 2) C '* “ (1 -«»'») * 

— _ J“*~‘ 

“nj-l) f('g--S)J, 

and therefore l< n"/ 

I «•-* I r(?-i) M' 

hence ] O, («) | < — , where 4 is a fixed number. 

A 

When 0 S 2, it has been ahewn that j u~^C„ (ji) | < — 


Since 
0 have 


-{«-* C, (7, («) + v.-^C,-z (u), 

+ fotl<,S2, 

and tor2>3, 

'trhoTo P and Q ore fixed numbers independent of it. 

Therefore, when q>\, j ^ {«-• C, («)) j is, for nil values of v greater 
than 1, less than a fixed multiple of tt'*, or of «-«, aooording ns (/> 2, or j£ 2. 
Since the variation of C,(«) . w-« in the infinite interval (0, os ) is given by 

which integral exists, as the integrand is less than a fixed multiple of u"’, 
or of «-«, it is seen that Og («) «“* is, for y > 1, of bounded variation, 

If J > I, u'6 have 


jjCjyjcos; 




rfK, 


and the order of the sncccsrive integrations may, in accordance \rif!i the 
theorem of §241 (2"),beohnn^d,aiioe (1 — «!•■* is summable in (0. 1), and 
sinfw c( 


Therefore 


is a bounded function of (f,u)inarectangls (0,0; A. ]),whosoin 
(0, .4) with respect tot converges boundedJy to [ — 


= r(g- 1 ^ - jvrj\l-w)»-«<fa,if Xg 1, and =0, if 3:^1. 
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Therefore 

I Cf («) cos xidt = ~ *)'“’> if * ^ 1. and = 0, if * S 1 , 

provided g > 1 . 

THE suMMABiLrry {G, k) ae pouaiea’s sEEtES 
372. It was shewn by M. Riesz*, Chapmaaf, and W. H. YonngJ that a 
Foutior’s scries is summable (C, k), where i; > 0, at any point of continiaity 
or of ordinary diseontiniiity of tbc fnncUon. Tlic theorem was extended 
by Hardy§, who shewed that the enminabilily holds good almost every- 
where in the interval (— it, w), of x. 

Sinoo / (x) — ia» + S ooa nw -b sin nix), 
wo have 

i{/(* + <)+/(*“0}'^i«o+ S frt„cosfj»x-}-6„sin«x)oos»«<. 

Bytho theorem of 1 3S4,sioet) ''*>C|4.t(<vf) ieof boimdedvanation 

in the whole interval (0, « ) (see § 371), and since itie absolutely eiimmable 
ill (0, « ), we have 

g jj (a.f)-(i^»l (oj) [/(* + /)+/(*_ f)} it 

+ S (a„ 003 »ix -b 6„ sin «ix) j Oi+j, (tut) oos mtdl. 

Changing uil into I, and using the Uieotom 

i; H.*« o.„ (,) j-fTjff (i - 3*. 

wlicre w < cu, we have 

loj -b 2 ^1 — —^ (a„, oosmx -b frn sin TRx) 

- -- 1 " w [.^ (' + i) + / - ;)] 

where k is any positive number. The egression on the Jcft-liand side is 
the partial Riesz’s amn of the Fourica^s series, of order i (see § 45). 

• Complf.i Stvrlui, vol. osux (IWS). p. 909. 

t Ptoc. Land. Math. 60 c. (2), voi. ix (1911), p. 890; uliio Qaaritrly Jmnal, vol. xtm 

p. 26. 

} iefpjiyer Ber. Tol. Lxra (IflU), p. 377. 
i Proc. Land. Math. Sk. (2), vrf. jm (1913). p. 365. 


(1911). 



[cii. vni 


568 Trigonometrical Scries 

Let ^ (<) denote /(* + <) +/{» — 0 ~ then 

= + L (l-^) (aB.cos«3a'4-6„sinjnx)-/(i), 

It will be proved that 

Urn = 0 

for any point x at which J | ;^ (0 | has a differential coefficient of vnluc 
zero, for f »» 0. This is the case for almost all values of x, and in parficiilar 
at a point of ordinary discontinuity, provided /{*)■“ H/(® + 0) +/(t- 0)). 
Thus the theorem is established wiien tire limit of tlie above integral has 
been shewn to be zero. It wiU be assumed that 0 < ^ < 1, becauw tlic 
aumraability when fc> 1 follows from tire siimmability (C, 1) wliioli Ims 
already been established. 

The interval (0, » ) may be divided into three parts (0, 1), (I, u), and 
(cu, 9» ). Considering these separately, we have 

I H'*" (?,. , (0 ^ (j) * I < .4 j (1 (i) j it, 

since f-d+r^l Ci+s {t) is bounded for (Si. At a point at rvhioii 

55 ; 

ive have j provided r is sufiicienlly small, Ums 

if (o be sufficiently large, or 

wliere « is an arbitrarily chosen positive number, provided iii> iii<. 

Again j ” rf(, Mce (?,*» ((■) is bounded for ( S I, is 

numerically less than 

_gj (-tr+s) j ^ j (jP tjjjji +‘) | (^ ((} | tf(; 

and this is equal to 

![(-'”« j' i (0 I -i- (*--!- {£ I ('f I ‘"} 

1501-''= I® (I) - -b Q + (h + 1) ‘I’ W'f'j . 


to 
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where 4’ (0 = | I ^ 1 ® {{) < d , ior 0 £ t £ tj ; and dividing 

the last integral into parts taken over ij), {17, 1), wc sec that this 
expression is numerically less than an arintxarily chosen positive number J, 
provided cu is sufficiently large. 

Lastly, I” or o-* [ (cut) ^ (f) rfi, is 

numerically loss than a 6xed multiple of m-'-' j [ <^ (<) | or than 

I I ^ (t) [ rft. which is less than a fixed multiple 

of 0)-“, and thus converges to 0, as o> '«.• a> . The theorem has now been 
established that: 

A Fourier’s stries is summable (C, fe), w/terc fc> 0, alntosf everywhere in 
the interval (— w, w), the etna (C, k) being J (»). At any point of continuity 
of the ftincUort, the sum {0, k) isf (ar), and at any point of ordinary discon- 
ttnwily it is J + 0)4-/{*— 0)); at any point at which} {a + t) +f{x— 0 
has a d^nile limit, as t — 0, t/ie sum (C, fc) t* i lim {/(*-(•<) 4- /(* - f)} • 
»~o 

Tf F (a:) denote an indefinite integral of / («], the theorem, when uom- 
bincri with that of § S70, may be, stated a.s follows: 

A Fourier's series is snmmabU (C, 2) at any povil a at whioh 
,F{x-i-t)~F(x~t) ■ 

S V — 

has a unique value, and the set L of all such points contains a set, of meaS7tTe 
2ni at each point of which the. series converges (0, ib), where fc > 0. ' 

373. It is easily seen thiit, in any interval (o, 6), in which / (®) is 
continuous, the continuity at a and b being on both sides, the sum (C, k) is 
continuous. For ii number 8 can be go detennined that | (1) 1 < y, for 

all voJue.s of I such .that | f | < 8, and for all vaiues of s in (a, 6); The 
integral j ^ isjess than jIij, for 8. Theintegral 

I C]*^ (0 <!’ dl converges uniformly in (a, h) to zero, as co , 

because | J | lA (<) | dl converges to zero, uniformly for all values of a: in 
(fl, 6). Also j C7i+i, (<) ^ dl converges uiufomily to 0, as to . 

Thus it lias been shewn that: 

In any interval (n, 6) in taiidi f (x) is coniinvoue, the continuity at a and 
1) heiny on both sides, the pariialsitm (O, fc), uiAere fc > 0, cwivert^es uniformly 
to fix) in {a, b). 
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374. The tlieoran» that a Fourier’s series is snnimable {0, h), for I: > 0, 
almost over3Tvhere, doe.a not provide neccssatj’ and sufficient conditions 
that the series should hcsummabic {C,k) at a particular point, and no such 
conditions, of a simple clinracler, ate known. Tlie question has boon 
considered by Hardy and Littlewood, of flic conditions under wliicli, nt 
a particular point, the sortea is aummahlc (C, k), for some value or another 
of k. They have obtained* llic following tlicorcra: 

Tke necessary and snjfieienl condition that Ike Fourier’s serial rorrcsjwtirf- 
iny ioj (x) should be swnmable (<?, r),/or some value or another, of r, ct the 
point X, is that there should be or integer k suck that, if 

tnd A(1).I fVd,)*,. #,(()" if' AW* 

then liin (t) 0. 

The /unction / (x) may 6« eftter $umtna6ic, or may satisfy a ecrlaiv more 
general condittOT. of inUgrabitily. 

3?rom this thsorem they have dedticed that: 

IfS {») w bounded in a neighbourhood of the point {, the Fourier’s series 
corresponding to f (*) «, at the point either awnmable {C, i) for every 
positive value of k, or sttmm<ihlc/or tio value of k. 

375. At a point x at whicli the condiUon 

(' l/(* + 1) +/(»- « - 2/W I * - » to 

is satisfied, the condition 

!'(/(» + 0 +/(i- 1)- 2/(xn* - 0 1 . 1 ) 
is aiso satisfied, but the converse of this docs, not hold. 

It has been shewn'!' in § 370 that, at any point at which the second 
condition is satisfied, tlic series is aummablo {<7, 2), and it 'wos shewnt Ij]' 
W. H. Young that the series is summable (O, k), where k > 1. 

An example has been gjvcnfhy Hahnof afunotion which atn parliculnr 
point X satisfies the condition ( {/ {* + t) + / (* — 0 ~ 2/ (x)) iff o (/), 
but at which the aeries is not summable (C, I); at this point Die comlilion 
I j/(x + f) +/(x - 0 - 2 /(x) I A ^ o (t) is of course not satisfied. Ac- 
cordingly the first condition, although necessary, is not sufficient, for (ho 

> Meth. ZatKir. voL XIX {11KM}. ^ 7a 
t Math, xlnnoln, vd. 1 .X 1 {ID05). p. Z74. 
t Pro:. :,orsil. ftalh. Sac. (*). not X (ISISJ, p. 2CS. 

I IJeiilsch. Ualk. VcrriRV- vol. XXV (1916], p. S.W. 



S74-376] The SummabUity {C,Fj of Fourie/s Series 571 

eonvcrgercc (C, 1) of the Foniicr’s series. The series is then however 
snnunable {C, 2). 

It has been shewn* by W. H. Yomig that the series obtained by term 
by term diSerenfSation of the Fourier’s series corresponding to a fnnotion 
of boimded ■variation is stnnniabie (C, fe), for k > 0, almost everywhere, 
the snm {G, k) being equal to diffierenrial coefficient cf tie fmetion. 
Forexamplc S cos Tueis&seriesrdtidshhid.since S is the Fonrier’s 

series of a function of bounded variation; but S sinrzzisnotsEichaseries, 
since 2 is not the Foarier's series of a function of bounded variation. 


■I'HS 0£SlS0 STOOlAXlOy OS A FOtrStEB-SETJOT S£3IES 


876. Let /(re) have a X>-iiilegr8l in the interval {— »r,!7), then the »ifli 
Cesliro sum, of order 1, rrf the Fourier’s D-serieSjCorre^onding to/ (*), is 

Let (u, b) bo an interval interior to an interval contignons to the sot 
E, of points of non-summabili^ of the function /(a:); and let 
/(*)=/,(*)+/*(*). 

where (*) =/(ai) at aF points of the interval (a, 6), and Ict/i (»] »» 0 at 
all other points of (— v). The function /^ (as) is summable in the interval 

(- !T, tr), and consequently (see § 368), 

converges to / (a) almost everywhere in (a, b), and in particular at any 
point at which {/(c + f) +/(* — <)) converges to 2/ (w) as t ~0. Also the 
convergence to/ (x) is uniform in any interval contained in (a, 6) in which 
the function is continuous, the continuity’ at the end-points being assumed 
to be on both sides. 


We have to examine the convergence of 

nwOc'-*) 


('am 


dx' 


in the interval {a -r 6 — it), where /i. is an arbitrarily chosen poritive 
number (< —s—l • The fonctiem /. (*') has the value zero ■within the 


PrtK. Lend. 3f<ah. Sbe. (S). voL xm {19l3t, p. . 
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interval (a, b), and elsewhere it has tlie values of / (x'). The expressii 
bo examined is equivalent to 

2n7T.’ 


Let us consider 
where ® (*' 




(*'-*) J 

/ (*') 4> {** — ap, n) dx’, 

jw fj:* ~ x)' 




dz\ 


x,«)e 


Zuff [ ran i {i' - j ■ 

We shall suppose x to be confined to the interval (a -f fi, h — ^i); so 
that, in the integrand, a: — at'S/t, ® — — )z-f7r<2w — /i. and thus 

I sin i (*■ — *) I £ sin jk/t.forall the values of and r' concerned. Applying 
the theorem of § 287, -^ve see that lim j f (*') <t> (*' — as, n) dx' = 0, and 
the convergence is uniform for all values of » ir (a + /i, 6 — p), provided 
{1}, <1> (*', X, i*> for each pair of values of * and a, of bounded variation 
in (— a, o), and (2), the condition j < X is satisfied, whore IC 

is independent of * and a, and (3), <t> (*', r, a) converges to zero, as a ~ , 
uniformly for all points z,iala + n,b — n). 

It is dear that the condiUon (1) is satisfied; also 
1 


cosec4;», 

and tlicreforn (3) is satisfied. 

We have also 

d_^(x' ~je,n) 1 Pa sin a (a-* — it) sin^ |a (a:* — a) coa ^ (r' — g)1 , 

dz' ^ Saw [2s}ii*J (*'—*) '28iti* J (*' — *} J’ 

,, 134) (s'- a:, nil 1 ... 1 », 

thus -g-,— 1— f |<l^cosee-J/t + |;co.'CC*J/i, 

and hcncc the condition (2) is satisfied. 

It. has now been proved that 

1 f. rsin?(*'-*rf 

[ein i (*■ - X]] 

converges to zero, a-s a — a> , nnifonniy for all points * in tlie inferva! 
(a + /t.i - ^). 

In a siraiiar manner the corcespondxi^ re-stdt can be proved for the 
integral whose limits a 


e b and w. 

wbeen she^vn that, for any interval {«, ft) interior to an inferval 

contiguous to H, the partial sum {<7, 1) of the series converges to J [x) 
almost everywhere in Ibe interval (a, ft), converpng to 
^Iim{/(a:40+/t»p-0} 
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at a point at which the limit Mcists. M(n«oveT the convergence is uniform 
in an interval interior to (a, 6), in which/ {*) is continuous, provided it is 
continiioiiB on bot h sides »t flio end-points. 

For tliat class of Deojoy integrals for which m {H) = 0, including the' 
7/i-integrais as a sub-class, the series must converge ahuoat everywhere 
in (- 77, -tt). 

The following theorems have acoordingily been established* : 

If f (a:) have a B-iniegral •» (— ir, w), then, almost everywhere in an 
interval conifguofis to the sd H, points of non-summabilify of f (x), the 
Cesdro sum {0, 1] of the correspOHding J^rie.r's Dseriejs exists, and is eqitat 
tof(z). 

In ease the set H have measurt zero, and in particular for all functions 
which have an ffh-inlegrol in (— v, ir), the series is summable {C, 1) almost 
eteryia/iere in {— it, it). 

In any interval of eontinniiy of f (*), provided the continuity at the end- 
points is on both aides, the Cesdro partial sums converge uniformly 

Tho first theorem cannot be improved by taking the Coshro sum {0, 8), 
whore 8 < 1, instead o£ (C, 1). For if the series were- summable (0,8) at 
a particular point a, which wo may, witiiout loss of generality, take to be 
the point sc 0, wo should have Og >« o (n*) (see § 52). It lias been shewn 
by Titohmarsh (see § 380) tiint a series of Die type in question oon be 
constructed for which this condition is not satisfied. 

A proof has been publiehedt by Priwalofi that every Foiirior’s {D) 
series is summable (0, 1 + 8), (8 > 0), ahnost everywhere, but tliero is a 
part of this proof which appears to need elucidation. 

JKOPEBTIES OF THE ■FOUftrBU’S COKSTANTS 

377. Let /(a), g (*) be functions such that {/(je)}®, [g (s)}* are both 
aiimmablc in tho interval (— n, ir). It will be aliewii that 

converges to zero, as fl- -“<»;/, (*) denoting the sum of the first 2n+ 1 
terms of the Fourier’s series Jff# -h S (a„ eos -t- 8, sin nx), corresponding 
to/(*). 

First, let g (*) be a bounded function, then a function g, (») can be 
defined (l, § 385) which tokos only a finite set of values in the interval,, 
and is such that | (a;) — (») [ < c. Wo then have 

I 9cix){f{x)~f„{x))da:==:Sc.l {/(®) -/„ (a:)} da:, 

.1 -r t-l Jm 

* See Hobson, (7934). !>?• 420-424. 

t ^ PirliTiTio, voL XU (ISI6), p. 20S. 
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where Cj, Cj. ... c, are the valacs of fft (*), and where e, is tlie set of poinls 
at which gt (z) ^ c, . 

In virtue of the theorem of 1 302, the expression on the right-hand side 
converges to zero, as n — » . 

Thus lim j ?« —/« 0. 

J ’^s W {/ W Wl * - I'js M - 3- M) W) * 

T)ie first integral on the right-hand side i« niimcricaJIy less than 
* 1 *^*' 
or than *|^”^/ 

which is less than a fixed multiple of e. Tlie second integral converges to 
7,oro, as n ~ . It follorra that 

— 1 ^ (*) {/(*)- Sn (*» dx j 

«ai)iiot exceed a fixed multiple of t; and since c isarbitreiy, itfollou's that 

limj ^?(*){/(*)-/,(a:)}rf« = 0. 

Next, let g (x] be unboonded, but such that (x)}‘ i.s summabk, aud 
consequently such that/ (x)g{x) ia summable. 

I^t g (z) « (x) -f gj (x), where g, (x) » 0 when ) y (x) | > K, and 

jjj (x) =• g (x) when j g (x) | S N; where A' is an arbitrarily chosen positive 
number. 

\Ve have 

f ? {*) (/(*) -/. (*)}rf® = 1 ffi (ar){/(3:) (*)} dx 

-i- {/(s:)-/n(*)W^': 

the first integral on the right-hand side convciges to zero, as n k , since 
(x) is bounded; and the second is numerically less than a fixed mnltiple 
(independent of n} of 1 1 (j? (x)}* <£c|^; where B denotes the set of points 

in wliich j gr (x) 1 > A'. For f , {/(x) -/,(x)}*<ix is less than a fixed number. 
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Since j {g (a;)}®fia:convia^estoiero,a6«i(S)convergesto zerOfirhich 
happens when N is iiideCnitely increased, it follows that 

? {*) {/(*) -/» (*)} rf-e 

converges to zero, as n ^ oc . 

The following theorem has now been established ; 

7/ / (*) be a function whose square is gummabie in the inlerval (— rr, tt), 
the FtALTier's aeries corresponding to /(*) is integrate lerrn by lerjn over 
(— J7, n), when multiplied by any ftoteliem g (ar) whose square is summaile, 
and the integrated aeries converges to j f(x)g(x)dz. 

It may be observed that the theorem holds when the integration is 
tahen over any measurable set e in (— n, w); for wo have only to replace 
g (x) by a fnnotion which is equal to g (*) In the sot e, and to zero in the 
complementary sot. 

378. If the Pourier’s series corresponding to g {x) be denoted by 
Joo' + 2 (o,' cos nx + i>,' ein nx), 
we obtain the folio7ving theorem ; 

If f (x), g (z) be tieo funclions suck that the square of each of them is 
summabU in (— tr, rr), a^id their Fourier's constants 6e dexiOtsd respeciively by 
, Oa, Oj, bi, Cj, 6*; a,}', a,', ft,', a/, ft,', ... the series lugS^' + S (a„a:„' + 6„ft„') 
converges ^ J / (®) S' (*) 

In particular, let g (»); 've have then the theorem that: 

If f (*) be a function such that its square is sammable tn (— rr, sr), and 
... are its Fourier's consUmte, the serins Ja,,* + L (o„* + ft„') 
converges (o ^ j {f(x})’dz. 

It will bo observed that these remarkable theoremB express properties 
of the Fourier’s constants for foncrioas whose squares arc sununabie, and 
do not involve any knowledge as to the coavei^ence or non-convergcncc 
of the corresponding Fourier’s scries. They have been obtained as the 
result of a whole series of invesrigations in which the theoreniB were proved 
for the cases of functions of special classes involving greater restrictions 
than the sole condition that the squares of the functions should be sum- 
mable. The first theorem is Imown as Parsevars theorem, in virtue of the 
fact that it was first stated* hy Paiseral, whose proof was valid only 

• Sarv/I^.TCiLr(I6IKi. 
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subject to very stringent assumptions. For Hic ca-so in ivliich the fmictioii 
is integrnble (TJ), the theotems were proved independently of one another 
by Hur\ritz*, Linpounofit, and do la Vallee I’oussinf. Ttse llieorcnts wore 
extended by Lebesguef to the case of bounded sninniablo functions, by a 
method involving Fejir’s theorem relating to arithinetio nieiiiis. The 
theorem, as given above in its comploto generality, was obtained by Fntoii||, 
It will be shown in § 399 that the theorem may be extended so as to apply 
to any two functions/ (a:), g {x) such that [ / (x) I*”, j g (x) [« are aiimmnble 
in the interval (— ■tt, w), where p and g arc two positive numbers siicli tlinf. 

- + i = !. 

P 1 

379. I^et JQo -b 21 (a, cos «* + sin n*) denote any trigDuonielricnl 
scries such that S {n„*-t-fc„*)i3 ocmvcigent. Denoting by /^(ir) the partial 
svim Jqq + ^ (o„ cos sin vx), it is seen that 

I' (/.(*)-/.(«»=*-" "i' 

. -• ii-S+l 

wlwro q> p, and it follows that 

lim f {/,(*)-/,(*)}»<<* = 0; 

and thus that the sequence /, (a;), /.(x), /$(x-)> is oonvorgont on tlic 
average (see § 170). Consequently, a sequence 

- 

can bo so determined as to converge almost everywhere to a function /(a;) 
wlioso sqtinre is sumronWe, and wliich is such that J {/ (x) — /r> I*)}’'''® 
converges to 0, as n ~ w ; and thus the .sequence {/„ (*)) converges on the 
average to/ (. t). 

It follows, ns ill §172, that |* {/(*))=d« = lim j" n"'’ 

therefore ^ j {/ (.r))- dx is the sum of tlie convergent surioa 
ill,® + T, (o,® + 6,®). 

• .Ifoli. Annnln, voi. I.vn (1903), p. 42r>. nad Ci>iii;>n« toI. cx-x.xil (IflOl). r". 

SM also A nrnhs * VMc normsle *MP (3), vol xnc (IWH'. p. 307. 

t SteklofT in (lie Cempla fiaidat for Nov. 10, 1<XM, thol (Iio (iraf tjicnrem ira* com- 

niunicatod by LinpounoO to iho KhoAow Mnthcmftticol Sodfliy in 1890. 
t Annalr-iJr.la/KK. mi. Jc Antrrffu, vol. xn (1893). 

§ iur Im iitViV.* Ingonem^rique^ pp. 100-)01. 

i] Ada Math. vol. xxx (iWC), p. 352. 
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Since J {/ {«) — /„ (*)} cos mxdai cannot numericaUy exceed 

it follows that j f /(a:)coB j is lees than the arbitrarily chosen 

number c, as is seen by taking n snfficiently large. 

It follows that a„ = - I /{a;)co5nu;<£c; and similarly it can be proved 
tiiat t,, = - j / (a) sin mxtlx. 

Consequently tlie trigonometrical secies is tbe Fourier’s series corre- 
sponding to/ (x). It has DOW been established that: 

Any irtponomelrtcol senes SDc/ti/uztt/ie sum o/(/(c tquarcs of it$ cos^ci'enfs 
is convergent is the Fonrier's series of a function f (*), of which the square is 
siimmabJe t>i. (— jt, w). 

This is tlio converse of the tbeorero of § 378. 

That the function/ (a:) is unique, in the sense that every function which 
sarisSoB the condition that its Fourier’s series is the given series differs 
from /(«) only at points. of a set of mca-suro ^ro, has boon established 
in § 801. It can also be proved as follows: Let /i.(ai], ft (s) be two sum- 
mable functions to which correspond one and the same Fourier’s series. 
By tbe theorem of § 808, the Cesitfo sum of the series is almost everywhere 
equal both to /i (*) and to /* (*). Therefore the values of /j (*) and /, (*) 
ootnoidt! almost cverywhwo. 

This may be stated in the form that: 

Ifog, Oi, til, Oj, bt , ... be. a given sequenccaf numbers such that the sum of 
their squares forms a convergent series, there. exists a function f {x), and it 
is unique except for equivalent functions, for tritick a^, Oj, b^, a,, b ^, ... are 
the Fourier’s constants. Moreover the square of this function is euwmable. 

This theoremiBlmownastheRies-Kscher theorem *,for trigonometrical 
series, Aa account of various proofs of the theorem has been givenf by 
W. H. and G. C. Young. 

A simple proof of tie Riesz-Kscher theorem has been obtained, but 
not yet published, by Pollard, who proves that, when {/ (a;)}* is not 

* Sec F. Biesj. CamjAu RenSu, vd. eannr (1907).-pp. ClC-019 and 734-735; aUo OilUnscr 
1/acht. (1907), p. 116 and C<mplt» Baidiu, «J. csi.Tin (1009), pp. 1303-130.5. See also Fischer. 
Compict Hendue, rol. exuv (1907), jip. 10*2-1024. 
t Quortcrlp Journal, vol. TfJ» (1912). p. 40. 
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suinsjable, this implies that S + is divergent, and who 

prove-s simply, by means of CesJro smnraability, that 
{/(®)}*<IrS Jo9*+ {a„= H- 

■wbicli is the reverse of U>e inequality of Bessel. 

The above theorem may be expressed in the form that, if 6j, 

Oj.ftj,... be numbers &od» that a,* + bj* + Oj® + + ... is eonvergcal, 

the set of equations 

= /{x)<!x, a„ = ^j /(*)cosna;£?x, /(x) sinurtfr, 

where n « 1, 2, 3, ... is satisfied only by a single suramable function, apart- 
from equivalent functions, and this unique solution is such that its square 
is summable. If the sum of the squares of the numbers is not convergent, 
it has not been established that there exists any solution of tlie.eqtiations. 

It is thus seen that no summable function F (x) exists which (lii!cr< 
from SOTO at a sot of points of positive measure, such that 

J F(x)dx=0, j f for » ■= 1, 2, 3 

This may bo expressed by the statement that no summable fimetion 
exists wltioh is orthogonal to all the orthogonal functions 

1, coax, sinx, cos 2x, sin 2r, ..., coanx, sin nx, ... 
the orthogonality having reference to Uie interval (— w, »). 

In other words these functions form a complete system of ortliogonnl 
functions for the interval (— ir,-») {sec § 489). 

A sequence of Qumbersxi.a^, ... x„, ... such that Z x„‘ is convergent 
is snid to define a point in Hiibcrt.ian space. The above theorem shews 
that there is a unique correlation of the points of Hilbertian space with 
functions whose square is summable In a given interval, provided equi- 
valent functions ate regarded ns identical. 

380. Parsoval’s theorem, given in § 378, may bo extended to the case 
in wiiich one of the functions/ (x) is summable, but not necessarily cither 
{/(*)}’ l/(^) I*” *>*y poMtive value of q, and the other fiinctiuii 

g (x) is measurable and bounded; provided that the series 
ifljff/ + Z (a„a,' + b»6*') 

is convergent. 

It has been shewn in § 366 that tie partial Cesiro sxim 
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converges boiindedly, provided g (*) is bounded in (— w, n), and that it 
converges almost everywhere to g {*). DanoUng bhits partial Oealiro snm 
by G„ (a), we Lave 

i j f{x) (?„ (a) dic = jloeOg' + (fliOi' + AiV) (^ “ i) 

the sum on the rigbt-iiand sde being the nth partial Ces^o sum of the 
series + S + 6„6p'). 

In accordance with the Uieorem of § 30fi, since (r„ (x) is bounded for 
all values of n and z,j / (®) Cf, (*) dx conveiges to | / (») ? (*) dx, and 
consequently the sum on the right-hand side is convergent. Therefore in 
any case i J / {*) ? (») da? is the Ces&to sum of the series of products of 
the Courier’s constants of die functions fix), g {x). In case this latter 
series is oosveigent, its sum is equal to the Cessro sum. 

The folloiving theorem bus accordingly been establiehed: 

IJ f (*) be summalU, and g (*) 6c mtasttrable and bomdtd in (—ir, w), 
and if tfie series + S (u.Ufi' + biib.') is convergent, its sum is 
- J f[x)g (a) dx. In any case the Cesdro sum of the series exists', and has 
this vabis, 

■ In the particular case in which g {*) is nf bounded variation in the 
interval (— ft, t), it has been shewn in§ 333,that(r» (a:)oonvergosboundcdly 
to 7 (2;); and it therefore follows that 

j / {*) ?■ (*) if* “ J / (*) 9 (*) dx, _ 

from wbicli Parseval’s theorem folkiws. It has accordingly been proved 
ParsevaVs thecrem 

f{x)g{x)ilit = ia„a,'+ 2 ^ (<!„«„' + 6 „ 6 „') 

}iolds Jot any -pair of functions, one cf uAicA is sumnuibh, and the. other of 
which is of bownded -uariatioji, in ( — tt, v). 

381. The theorem can be extended to the case in which the function 
f [x) poBBesses only an in (— ir, w), the other function g (x) 

being of bounded variation. 
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The functions /(*), a{x) will be taken to be periodic, of period 
We have ?(*) = S’" Provided 

S' (*) = (^ + 0) + ^ (a; - 0)), at auy point of discontinuity of </ (*). It 

is known (see §3GG) that G„(a:) is bounded witli respect to {ji, x), nnd it 
will he shewn that the total variation of <?„ (a) in (— -jr, n) is bounded with 
respect to n. 


Since g (x) is of hounded variation in (— 2n, 2b-), g (s) can bo expressed 
in the form P{x)-N{x), -where P{») and iP{x) are bounded and mono- 
tone non-diminiBhing in tJie interval (~ 2 b, 2ir]; and thus 
g{x+ z) • P {x + z) - S (,x + z), 

where P (x + a), N(x + z) are monotone non-dimiaisiiing, for caoli value 
of X, in the interval (— w, tt) of z, provided * is in the interval {- b, b), 
The funetion [ P{x + z) *- monotone non-diminish- 

ing function of x, in the interval (-b, b), and thus ita total variation Is 


whioli does not exceed a fixed multiple of 

for all vnluos of n-, thoreforo (.lie total variation is houndod with respect 
( 0 n. Tho same argument applies to the case in which N {x -|- z) takes the 
place of P(n + 8), and tltercfore the total variation of 0„{x) is bounded 
with respect to n. 


In accordance with the theorem of § 310, since ltf(x)-G„(x)\ is 
bounded with respect to (n, x), and ie bounded with respect 

to n, and G„ (x) converges to g (*), it follows that 

j (*) ifa" “ lin> J f(x) O, (*) dx. 

Therefore 


-I f{x)g(x)dx^\m\la,at'- 


(l ~ -I- 6„V)}- 


The following theorem* has tfaeicforc been established: 

IJJ (x) iiavt an HL-inlegral in (— b, w), and g (*) be of bounded rarialioTt 
in the same interval, then ^ | / {*) !7 (*) is the mm of the series 


ia(,af + Z (a„a„' -1- 


Spc W. H. Young.. 


toad. MaO . . 


DL«(|i3I!), p..|58. 



681 


3B1, 382] Properties of the Fourier’s Co^istanls 
provided Ihia aeries converges, and it is in any case equal to tite Cesaro sum 
(C\ I) of (liis series. 

T)ig nbove theorezu may be extended to the case of integration over 
any finite interval (a, in wliich /(*) has an ^^L-integral. If (a, P) be 
contained in (~fr, n), we may take Ujd funcUnn irhicli baa the vahio / (a) 
in the interval (c, ^), and the value zero in the remainder of (—rr, tr). It 
thus follows that 

j^f (»■•) a {») da: “ 1^ I /(*) (f„ (a:) dx. 

In the genera! case the same result follows by dividing (o, into a finite 
number of parts, each of which is in an interval {rrr, r -t- 2rr), wlicro r is 
integral. Wc have therefore 

I*/ (*) y (*) da - d* 

+ • ^1 — /(9:)cosrarf*-!- vj" /(a)sinraArJj . 

It maybe proved, in a similar miuuicr that, if /(ai havo the period Zw, 
and liavo nn f7//-)tttcgrnl in (— w, n), nud p(*) bonny function of hounded 
variation in {a, 5), then 

f V (*) y (»} da - Ob J"<f (*) d* 

+ • S jrt, j^<7(a)ocwfa<£c + /i, py (a) sinradrlj . 

Tlioso results have boon extended*, by W. H. Young, to the ease in whioh 
^1 r infinite, provided, in the second case, thatOo^O, and that p (a) 0, 

08 a — 05 . 

THE StTBSTITtTTJOK OP A FOmtlER’S SERIES IN AN INTEORAL 
382. If /(a) bo a periodic fnnclion, of period 2*-. and the coirespondlng 
Fourier’s series be denoted by la^ + 22 (0^ cosna sin na), no assump- 
tion being made ns to tho convcrgenco of tho scries, it is frequently of 
imporiancp to be in possession trf saffidoiit conditions for the ^'ftiidity of 
the process of Bubstitutingfor/ (x) in an intt^rel J f (*) g {x)dx, the terms 
of the KoriBK, and of asserting that 

•3^0 [ !7 (*) dx -f- r |“»J g(*)oos»i*da: -1- 6„ J {? (z) einJirdarj- 
converges to j / (*) y (*) dx, where (a, /3) is any finite interval. The 
function g (x) need not be supposed to be periodic, but is defined for the 
finite interval (a, /S). In esse (a. jS) is contained in the interval (— tt, 77), 
wc may replace g (z) by a fanction p, (*) which lias the same values as 
g (z) at all points of (0, P), and is zero in fUo intervals (— tt, a), (P, ti). If 
/ di satisfy the conditions of the theorem of § 377, by applying that 

• iof. fit p. 469. 
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theorem, we obtain the required juBtification of the term by term integra- 
tion indicated above. Inoafio(a, ^ is not contflined in the interval (— t?, jr}, 
wo may suppose it to be contained in an interval (r^r, «n-), where r and .? 
axe odd integers, positive or m^tiTe, The function p, (x) may be taken 
to be zero in the intervals (rsr, a) and («jr, p), and to be equal to g (x) in 
the interval (a. ^). If {/(*)}* is summable in (— w, v), and {?(x))^ is 
Biimmable in (n, P), {y, (x))*iB6unimableineach of the intervals (Tn,r -t 1 ^), 
(r + Itt, r + Zn), (« — Iw, «r}. Tlie theorem may then be applied to the 
functions / {*), g, (x) in each of these intervals; then.b)' addition, the result 
is obtained. We have therefore established the following theorem: 

// {/ (*)}* be of period and summable in the interval {— w, v), and 
{3 (x))* he sunmnhle in the finite interval («, ^), Itic integral j f {x)g(x)dx 
mag be obtained by iubslituting for f (*) its Fourier’s series, and applying 
term by term integration. A’o assamption is made as regards the eonvergenee 
of the Fourier’s series corresponding to f (x). 

883. In onsQ / (a) is ewumablo in (— n, n), and y (x) is of hounded 
variation in the interval (a, /3), or in case / (x) is periodic and of hounded 
variation in (— w, n), and g (x) is summable in (a, ^), prooisoly similiir 
loasoning, assuming the result of § 380, establishes the follomng result; 

If the periodic function f{x) be summable in (- w, jr), and g (x) be of 
bounded variation in the finite interval («t, ^), then j f(x)g (s) dx may be 
evaluated by substituting for f [x) its Fourier’s series, and applying term by 
term integration. The same holds in case the periodic fnncliona f (®) is of 
bounded variation in (— •»,«) and g {*) is summable in (a, jS), 

By applying the theorem obt-uiied in § 3fi0, we have the roRiilt thot: 

If the periodic fuTiction f (x)4eau»nnja<»lefM(— ir,rr),andg (z) be bounded 
in the finite interval (a, jS), then the integral j f (x) g (x) rfx may be cmlualctl 
by substituting for f (x) its Fourier’s scries and applying term by term 
integration, provided the resulting series is convergent; in any case the scries 
is summable {C, 1). The same holds if f (x) is hounded in {— u, -n) and g (x) 
is summable in (a, 

From the theorem of J 381, we find that: 

If the periodic function f (x) ^ve an HJj-intcgrol in (— v, w), and g (x) 
is of bounded variation in {he finite interval (a, fi), then j f [x)ij (x) dx may 
be evaluated by substituting for f (x) its Fourier's HL-sertes, and integrating 
term by term, provided the resulting series is convergent: in any case the scrus 
is summable {C, 1). Thesameltoldsif /(x)tso/ bounded variation in (— n.n), 
and g (x) has an HL-integral »n (a, fi). 
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384. For the case of integratioii over an infinite intcrvnl (0, co), the 
following theorem, which is of use in the evraUiatjou of Integrals over an 
infinite interval, wiU be established: 

■V /(®) thz jimod 2gr, and be evsnmabh over (0, 277-), and g(x} 
saii^es the conditiotis (a), that it is of bounded variation over the interval 
(0, co), and (6), that | S' (a:) } is summabUin (0,<o), then j / (z) ff(x) dx may 
be calculated by sviietiluting for f {^) its Courier’s series, and integrating term 
by term. The conditions (o), (6) ore salisfied, in yarlicular, if (a)', g [x] 
is positive and monotone decreasing, and (b)', g (x) is siimmable over the 
interval (0, «). 

If Oq vf 0, the condition (6), or (6)', may be replaced by the condition that 
g (*) converges to aero, as a? ~ o>. 

This theorem was given* by Hardy, who states that it can he obtained 
hy the collation of resnita due to W. H. Young. 

It will first be shown tbat, if g (») satisfies the coodiHons [a), (6), the 
series y (*) 4- ? (* + 2v) + ? (* + 477) + ... converges, for every positive 
value of X, to a sum G (x) which is summable and of bounded variation in 
the Interval (0, Sir). 

fic-i-(Sn+S)7> 

Denoting | y (()<f4by v, (x), where OSxfi 2Tr, we have 


rsx 


••lln. 


.'t2m+S)r 


thus 


I «„ (x) I < «, for a aufficieni.ly laige value of m, and for all 
values of r. It follows that the series Zti,. (x) is absolutely and uniformly 
convergent. 

We have also 

/*I«B+a>e 

2wg (X + Znrr) - v, (x) - & (* + 2?47r) - g {<)} di; 

and iiius | 21777 (x 4 21177) — v„ (x) J is not greater than 2vF„, where T'„ is 
the total variation of g (t) in the interval (x + 2n7r, x -}- 2n + lir). It follows 
that S {277C7 (x + 27177) — v„ (x)} converges absolutely and nnif nimly; and 
consequently S 57 (x + 2n:7) is absolutely and uniformly convergent in 
(0, 2w). Dcaioliing its Binn, in that interval, by G (x), we have 
((?(x)|gj^(!7(x + 2»77)l; 

llius j f? (x) I is .summable in (0, Zn), and j }G {x)\dx& j [ ^ (x) | dx. 
Further, if x„ x. be any two pewnts in the interval (0, 277), we have 

I P (Xi) - G {2U> [•< (X, + 2«7r) -ff (Xj4 27177) j. 

* Sltsernyfraf Hath, roL U(19SS). p, ISG. 
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It foUowB that the tot-al variation of O (x) in (fl, Srr) cannot exceed flic total 
variation of y (a:) in ( 0 , ra). 


If we niultiplj’ the partial Bun/, (*) erf the Fourier’s series corresponding 
to / (*) by g (z), and integrate over the interval (0, to), we have for 
J f„ (x) g (x) <Jx the expression 






and since the integrand 0 is absolutely- sun 

naable over the domain (0, 0; «>, 2n), Ibe order of integration may be n 
versed, and hecom(» 


Bio (« 4- i) (i - t) , 


sin H* - 0 


whore ©„ (f) is the sum of the first 2n + 1 terms of the Fourier’s series 
ooriesponding to the function G (0, defined in the interval (0, 2n). 

Sinoo 0 (f) is of bounded variation, 0„ (() converges boundcdly to 6 (f); 
bonce, applying the theorem of § 380, we have 

Um j/’/W 0. 1'l ■" - O (0 *• 


It follows that 

Urn // /, (a;) j (») & - //'/ d) ff ffl rfl - // / (I) j (!) i» i 
and tlius the first part- of the theorem has been established. 

Let it next be assumed (bet and that the condition that 

g (a>) = 0 takes the place of the condition (6). 

Let y (x) ■— g (27n77-), where 2jnw £ * < (2m -}- 1) -tt; and let 
g(x) = y (x) - g {x). 

It is clear that y (ur), and consequently g (z), is of boimdcd variation in 
(0, os). Also, we have 


{y(2mtr} —g{x)}t!x!i 2trl'„; 


therefore the integral j |y (z) | rfzexLsts. Since^fx) satisfies theconditions 
whieh g (i) satisfied in the first part of the theorem, ws can apply to the 
Fourier’s series for / {*), term by term integration over (0, co), after 
multiplication by g (x), and the result conTCrges to / (i) g (x) dx. 
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Since 

* /(a:)y(a;)&:=^S^(7(2n57)J^ S{x)dx 
and similarly j y{x)v.oanxdx = 0, j y(3:)8in»stir = 0, 
it is seen that the second part of the theorem is satashed. 

THE FORMAL ITUl/rlRrJOAOTON OF TRHSOKOMWTRICAL SERIES 

385. If two trigonoinetricai series 

^Qo -I- (oi CORK h h] sin z) + ... + <<i„ csos nz + /j„Rin»z) -I- ... {!), 
Joo + («i coa * + ft sin*) + ... + («„ cosnz + ft sinn*) + ... (2) 
be multiplied together, as if fjje series were finite, and the result be 
aminged as a trigonometrical series, we obtain the series 

cos® + .ft sin*) + ... + (ri, cos«a; + 5, sin Jiz) + ... (8), 

wljore 

i-^o “ -b i S^(o,o, + ftft), 

=• i«0«n i t®» ^®»+" 

ft = i S [o,(ft*„ -ft.„)- ft {«,+,- o,_„)], 

p-\ 

where it is assumed that a.t •« Ot, p.t = — ft. 

In this expression, the numbers a,, 6, andou.e,, ft maybe inter- 
changed. . 

The seidra (3) is said to be the formaVproduot of the series (1) and (2). 

In case the series 2 lo„|,' S |ft(, S |«nl>-2! jftj arc all absolutely 
convergent, the series (1), (2) converge absolutely and uniformly to con- 
tinuous sum-funotions/, (»),/s (»). lii WiaA case the Cauchy-multiplicarion 
of the series (1) and (2) yields an absolutely and uniformly convergent 
series of which the sum-function is the product /i (®)/* (*). The series may 
then be arraiiged in the form (S) without altering the character of its 
convergence; and therefore the series (3) convolves to/j (®)/8 (®). 

In general, since the process of ubtainuig (3) from (1) and (2) is purely 
formiil, it 18 a subject for inrestigatdon what relation there may be between 
the sum-functions of the three series, in cnee they exist, or between any 
conventional sums of those series that may exist at particular points or 
in an interval. 

Let tlie series (I) be the Fourier’s series corresponding to a function 
/ (®), summable in the intervri {— w, -a). It will be shewn that the formal 
product of the series (1) into a &utc te^nometrical series is the Fourier’s 
scries corresponding to the functaon which ie Uio product of f (x) and the 
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function t7}))c1i is reprc=cnted by the finite scries. It is cleariy sufficient 
to consider the cases in which the finite series consists of a single term 
cos I:x, or sin f:x, where fc is a poritive integer. Let = 0, e.’:cept wiieii 
n = k, svhen Cj = 1, and let = 0, for all values of n; the system o: 
equations (K) then faeeomes 

Ag = Ot, A^^l (o»^ = l (bt — b^^). 

We have now 

" I / (ar) cos hxrfx, ^4, = ^! /(x)cos/srco5iix'?r, 
£„=-j /(xjcos/rxsinnxcti;; 

it follows that the formal product is the Fourier’s ffcries corresponding to 
J{z) co.sZas. Similarly, it is seen that, when we take a'oihx, the forms) 
product is the Fourier’s series corresponding to / (r) sin hr. 

yext, let (1) and (2) be the Fourier’s series which correspond to two 
summablo functions/ (*),pte) which are such thatcjtIjcr(J),{/(3:)]’,Cs'(xJ}* 
are both siininiable in the infeiTal (— r, w), or (2), one of the functions 
g (z) isof bounded variation in w). In eithereesc.PnrscTaVs theorem 
is applicable to the two functioas /(z) y {*), where h denotes a 

positive integer. l\'e have accordingly 

^ [ /{*)?(*) cos itod* - £(J„u„ + 

where .2,, Z„, are the Fourier’s constants corresponding to the function 

/ [z] cos kz. The expression on the right*hand side is 

iaoat+ iX{o„ (<i»^ -i-ai-.*) 4- or A^, 

where At is the coefncient of cosZw in the formal product of the serie? 
(1) and (2). It thus appears that At is the coefficient of cos l:x in the 
Fourier’s series corresponding to the function / (z) g (x). Similarly, it 
may be shewn that L? the coefficient ot .mn kx in the Fourier’s feriw? 
corresponding to f{x)g{x). The following theorem he? now been 
established : 

If etlJier (1), (g(z)P ore both summaWe in tfie inler^it { - 

or (2), one of the functions f (z), g (z) is summahh, and the other of bound'd 
variation, in the inlen>al (— w, w), (he formal product, of vhick the coeffcitr.it 
are given, by (K), is the Fot/rier’s series correspoTiding to the product f (z) 0 W- 
This theorem was given* by Hurwilz for the case in which the two 
functions are both integrable (B) in the interval (— w, — ); and hi-f Lebe^gue 
in the case in which they are both summablc and bounded. The theorem 

• Hath, ir.nalai, Tot i-vii {19<B|. p. 45. sod nJ. UX (19M). J'- tt,3. 
t Lv/mt nr ki liria trimrvmOrvpu*, p. lOL 
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may be extended to the oase in which [ / (i) ]*, | g (a) [*' aro sommable in 
(— ■sr, 7i), where k and k' are po^ve numbers such that j + p ^ 
(bob § 399). 

386. Thn theory of formal mnUapUcat^n hag been applied by Rajcb- 
man* and by Z}^mundt to more genera! classes of trigonometrical series. 

It has been proved by Rajchmmi that: 

If ^a„ + X (a, cos ni: + sin **), + S (a„ cos luc + ^„ sin m:) be two 

irigonomeirical series such rtota, =»=o(l), 6„ = o(l), ii’a„ o (l),fi’,ff„ = o (1), 
ilien the comiergejice to zero, of the second serial, at the point xj,, involves the 
convergence to zero, at ar®, of the formal jiroduct of the itvo series. 

If, at *0. ^ second series converges to a value different from zero, Ike 
convergence, or ike svmmabilitg (C7,r), or the mmmaliilitg by Poisson's 
mefhoi (§ 411), or by Riemcam’s method (§ 420), of the formal product of the 
too series is the necessary and sr{J}kieiU condition for the convergence, or for' 
Ike sammabUity by the same procedure, of the first series, at the point a%. 

This theorezn has been ^tended by Zygmond, irbo proved that: 

If the two trigonometrical series are' such that, for some value of y[& 0), 
n-ra„ - o (3),n-r6„ =. o (l),»»r+»o„ o (1). = o (1). and further (fl) 

lAe sii»i -/ime!ion of the second series, and its first k differential coefikients, 
where k<Y+ l,aU vanish at the point z^, then ( 1 ), the formal pTodmi of the 
tioo eeries has its sum {0, y) equal to zero; (2), the series conjugate to (| 400) 
Me formal product series is summable {C, y) vnlh the sum [0, y) in general 
different from zero; (3), Me series obtainsd by differentiating fke formal 
product p times is, at Zc , summable {C, y + p), vsith its sum (0, v + p) equal 
to zero, provided the sum-function of ike series possesses a s^ff!cieni number 
of differential coe^ients which vanish cl mith an analogous result for the 
conjugate series; (4), if the eoaditions ore fulfilled in a closed set of 
points E, the, summabilitij is uniform in E. 

Further, analogous results hold when y is negative, but not integral, the 
second of the conditions (0) then disappearing. 

AK EXTENSION OF ' rTTR THEOBEU OF AEITaMBTIC MEANS 

387. It bas been shewn in § 368 that, tdmost everywhere in {— -a, -n), 
the arithmetic mean of the pnrtia} sums of a Fourier’s series, converges to 
the value of the function, This be stated in the form 

{/o i=] ~ f (*)} + {/, (*) - / (=:)} + - + Lfn (*) - f (^)) = 0 W 

at each point z at which J | / (* + 0 +/ (* — t) — 2/ {*) | dr = o (t). 

• Cfmpltx llendiis, Tol. ■v . TWu (1S33), p. 491. 

t ICH. toI, ctixvu (1923). I>p. S21, S78, 804. ZrgnnnuE bas developed Uie method in Malh. 
ZtUtehr. vol. XIIV (1926), p. 47. 
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For the case in which {/ (*)}- ie samraablc, the more prcciee theorem 
has been given* by Hardy and Littlewood that; 

At almost every point in the interval (— w, n), and in parlictilar at crery 
point at which / (a: + <)+/(* — <) ts convergent as f and f {z) is MJ 
the limit, the rdalions 

I /o - / (*) I + I A (») - / (*) I + - + I /, (*) ~f{x )\^0 (n) 

{A (*) - / (*)}’ + {A (*) -/ WF + - + {/, (*) - / (*)}= = 0 (n) 

are salisjicd, pronided { / (a:)}* is summahlc in the interval (— tt, tt). 

It is clear that, if the second of these relations holds good, then the 
first holds also ; this folio%vs from the known ineijuality 

It is therefore suftleicnt to prove the second relation, The first relation 
shews that, in the ease of a funoUon whose square is sumniablo, tho 
average of the numbers A (*) — / (*) tends to zero boceuse the number of 

terms in 2 {/, (x) —/(«}}whicli are not themselves small is small compared 
0 

with n, and not merely on account of tlio uancelUng of positive luid negative 
terms. 

Denoting/ (a + 0+/{*~ 0 ~ 2/(a;) by 4 (0i 

fm (*) “ / ^ ^ 

wl ^ Jfrf{ + i j ^(<}eosm/rfi 

^ a« + i5«i + : 

where = (t) eia nt cot ^Idt, ^ (1) sin nil col itdi, 

and y„ = ~j (t) cos ml dl-, 

and € denotes a fixed number in the interval (0, ir). 

Employing an inequality given in i, § 436, we have 

E I j' = c?j -.I-)* + if + Gi'-- if' 

and wo can estimate the values of the threo cspres.sionB on the righl-hnnd 
side separately. 

We have | sinjni cot W | < m | 2 cot | < Am, whcro,^i8theinaximur) 
of I i cot it j in (0. n); therefore a„ < AmJ | ^ (t) I dt. It follows that 
I S I (r„ is (Sm-)i o (e), or «f o (e), if » is a point at which 

* C<7/RjDte« Bvtdiu, voL CLvr (]S13^, p. l.tBT. 
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Again, 2y„ is the coefficient of cos ttd in the Courier's cosine series which 
rcpresBiits the function ^ (t), the square of which is summable; it therefore 
follows from Parsevai’s theorem that S ( ym j* = O (1). 

We have next to OT&luato S | (*. By integration by parts we find 

that 

Pr.^-1 cot ic . (0 cosec= itdt, 

where iji„ (t) denotes j ^ (t) eiu mldl. 

It follows, by employing lJ>e same inequatity as before, that 

["s I p„ ^ COti* (*)}=]* 

+ cosec® 

Now 

II (0 COSCC* , a J COSCO®J<{l^«(0)*d<j' C0SB0*jf£ft 
S^j eoseo’ il (i)y dt. 

Hence ^ve have 

[■? j i’]‘ s [j“». (.)}•]* 

The Fourier’s sine series erf the odd function whioh has the value (t) 
in the interval (0, e), and the toJuc zero in the interval (c, w), ia 

or - (c) eiamt. 

It follows by Parseval’s theorem lhat 

and tliis can be shewn to bo o (e), almost ovotywherc. For we have 

J (1))' * S S J' (/ (* + 1) -/ W)"* + 2 j j/ (* ~ 1) - / («))■ « 

/j/(2 + i)-/M)'ii-£!/(a!+0}-fl+.|/W)'-2/w|Vl2 + i)ii: 
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now + </(«»’ + «(■) 

and J /{a: + <)* = «/(a:) + o{«). 

almost everywhere, since (i, § 432) for any sumniable function 4i (a'), 

J ^ (x)}dz' has a differential coefficient cq^ual to zero for nimost 

ail values of z, and wo may put x' = x + t, and / (a;), or {/ (*)}*, for 0 (r). 

Hence 

£(/(*+<)-/(»)>• !«-»(<). 

for almost all values of x; mmilaily 

-«(•). 

abuost overyAvbere, and tbeieforo 
foi almost all values of x. 

In partioular this relation holds at every point at which 

is eonvorgent, in which case the limit is 2/ (z}, l)y adjustment if iioocssani'i 
of the value of / (*). 

We now have 

2^ 1 j8™ |®j^ “ («4) + 

-j'X'H-iOoe;)'. 

where k, k' are fixed numbcis. 

e “ n~\ tho right-band ade is then o(»). 

We now have, for almost every value of x, 

[”!” I/. W -/ W !■]*< >.to (1) + 0 (1) + o («) - O {»l, 

and the Uicorem has tlius been established. 

The foregoing proof is founded upon tlic proof given* by Carlenmn of 
the folloAving more genera! theorom: 

If, at a •particular point x, the rdations 

J j / (. + (j +/(» - 1) - 2/(,) I - o W, 

j' {/(» + <)+/(*-<)- 2/ W)’<"-0(<1 

• jlfa;».Soe. (2). •rtiLxxi(I02aj.p. 481. S« nl.w Siillra. 
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hold good, then, lim 2 [/« (*)—/(*) ~f), for every positive valve 

ofl:. 

It has been shewn above tliat, if {/ (a:)}* is a snmiiiaWc fonotion, tho 
second relation hoidefoealmost ail values of (e) being in that ease o (r); 
but in the theorem it need only be assumed that {/ (x))’ is Rummable in 
a neighbourhood of the point x. 

ESTEKSIOK AOT GENBRAUZAXIOK- OF PAESEX'AL’s THEOEEM 
3Se. Some eaulaon is require in flje employment of ParsevaJ’s theorem 
in particular cases; it is always necessary to raalo! sure that the conditions 
of one or other of the theoreme given above arc actnafly satisfied. It has not 
been proved that the exietence of the integral j /{x)g{z)(!xiii by itself 
Budicieiit for the validity of the tbeorem. For example, if /(*) has tho 
value zero at all points of a measurable set E, contained in (— rr, «r), and 
y [x) has the value zero at all points of the set which is complementary to 
E relatively to (— v, ?r), the integral j f {x)g(x)dx exists, and has the 
value zero; but, unless / {z), y(ar) satisfy further conditions, it cannot be 
inferred that the series lapOp' -f £ (o„a/ ■■■ converges to zero. Iji 

the i)artioular oase however in which the set E consists of a, finite set of 
intervals, it con be shewn that, subject to a certain condition, Farseval’s 
theorem is still valid. The following theorem wUl be established: 

// the mmnabh functions j (x), g (*) arc such thctf{x) has the value zero 
at the points of a finite set of intervals contained in (— v, v), ati<i if g (z) has 
the valm zero at all points net in these intervals, and has bounded variation 
in sufficicntltj small neighbourhoods of the end-points of the intervals of the set, 
theiL^aQaf -r 2 (c^a/ + 6.6,') conreryea to zero. 

It 'nil be sufficieui, to take the case in which there is a single interval 
{a, for which the conditions of the theorem are satisfied. There exist 
intervals (a — 7i,o + 6), — h' , P -i- h') in which g{x) has bounded 

variation, and we may assume that in intervale (— tt, o 4- ?), (J3 — it), 
where 5 is less than both h and h', the convergence of g„ (x) to g (x) is 
bounded (see §341), eo that jg„ (x) I <Af. T^t { he .so chosen that 
j \f{x)ldx<f, I i7a:<€, where « is a positive number, 

cho.scn arbitrarily. "We have 

+ j**^fi»)g,(s:)dx.+j^^^f{x)g„(x)dx-, 
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in tlie intcr^'alB (- 57 . « - J) and + £, -n), < 7 , [x) converges unifonniy to 
zero, since the intervals are interior to interrals in -whicli g (x) is of boniidoci 
variation, tliereforo the first and fourth integrals on iJie right-hand side nto 
each numerically less than e J |/ {x) j dx, provided n is not less tlmn scmo 
integer tj,. Also g„ {*) conv^cs Iioundedly to Us limit in the inlcirnls 
(o — c), (^, -f- J), and lima the scctmd and third integrals on the righl- 

liand side are ninncrically less than A(f, for all values of n. IVe no«' have 

j I /(^) !7n (®) I j l/(®) I for n S Jit; and Unis, since 

c IB arbitrary, and Af je independent of e, it Iws been shewn that 
15m j / (*) g„ (x) dx = 0 , 

which is ecjuivalent to tbe reault stated in tlie theorem. 

Ffom this theorem the folloH-ing extenrion of Parseval's tiieorem may 
be docluoecl, which is capable of application in certain cases: 

U f (*)> {9 W)* in the interval (— tt, it), and if the ftirlher 

condftione are satiified that ( 1 ). in some neighbourhood of a point e in the 
interval, {f {«)}* is summable, and (2), g(x) is of bentnded variation in (— «,!?), 
tohen a neighbourhood of the point c is excluded- from the inUrutl, then 
Parset«r« theorem holds good for j f (x) g (*) dx. 

It can easily be seen that tbo theorem can be extended to cases in 
wliich there are a finite number of such points e. 

To prove the tiicotero, let/ (*) fi (*) -!-/,(*), where /i (w) « 0 in the 
interval (c — 8 , c + S),and/j (*) — Oouleide this interval; thus/, (s) -/(*) 
outside tJie interval, and /* (x) “ / (*) in the iiiterval. The intefva! can be 
so chosen that {/j {x)Y ie summablc in (— n, ir). 

Let g (x) be expressed in a precisely similar manner aa the sum of tii o 
functions (x) and gj (x). Any Fourier’s coefficient for/(i) or g (x) is 
the sum of the corresponding Fourier’s coefiicients for /, (x) and /, (x), or 
for i?, (x) and (x). 

Parseval’s theorem holds for | /, (x) (x) dx, because /, (x) is sum- 

mable and g, (x) is of bounded vaiiation. It holds for j /, (x) 'Ji W 
because both /j (x) and gt(x) have their squares Bummablo. It holds for 
I /j (x) (x) dx, since {/*(»)}*, (*)}* arc surnmable. By the last 

theorem it holds for [ /j (x) gt {*) dx, rince /, (x) = 0 in ( he inten'a! 
(c — S, 0 -t S), and g, {x} is aero at all pc^te not in tliat interval, and fin* 
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bounded variation in neighbourlioodfi of the points c — S, c -t- S. It now 
follows, by addition, that Jo’o®o’ + (a„a„' + converges to 

W J{x)g{x)Ae. 

389. TJie following theorem is an extousion of the first theorem of 
§388: 

IJ ihe {*), g (*) are suck lliaif [x) has {ha value zero 

at the points of a finite set of non-ahuUiTig irUervals A, contained in (— it, v), 
awlif y (z) has the value zero at all poinis not in those itiiervala, and is bounded 
in the neighbourhood, oj the end-potnis of the intervals, then the sum {C, 1) of 
the series + S (a.„a„' .f- b„b„') is zero; and eonsequently, if the series 

is convergent, it converges to zero. 

Wo may say that PareovaJ’s theorem holds (0, 1) for the two functions. 

If (a,, fir) bo one of the intervois of A, the points a,, fir bare neighbour- 
hoods in whicl) g (x) is bounded. Let G„ (x) bo tbo nih Ces^ro partial sum 
of tho Fourier’s sories corresponding to g (z). H is known (§ 868) that, 
in any intorval interior to an interval in which g («) is bounded, Gn (z) is 
boundod ^vith respoot to (n, *). The integral of / (*) (s) over (— n, w) 

may bo expressed as tbo sum of integrals over the intervals 
(- 77. a, - C). (oi - f, a,), (A , ft + {). (ft + {. o, - {). (a, 

...[pr + i,n). 

Wo may choose £ so small that | 0„ (z) { is bounded in tlie intervals 
(oj - ft), (ft, ft + £), (oj — £,<!»), and thus 1 0«(a) | is less than a 
Hxcd number j, through these intervals. 

If « be an arbitrarily chosen positive number, £ may be so chosen, by 
diininiBhing it, if necessary, that the integral of [/(*) | over each of thc.se 
intervals is < «. 

It follows that I f (z) G„ (z) dx is niunerically less than 

j L 1 I + ”• 

+ lf f{»)G„(x)dx\ + 2TAe. 

^ iJpr+c I 

Now !im J / (*) G, (z) d* = 0, ranee (— TT'.nt — £) is interior to an 
interval in which g (*) is bounded, and 0„ {x), g„ (z) converge to zero. A 
Biinilar statement applies to each of the other integrals. It follows that, 
if re is a an integer ret, 

[j y{z)ff„(z)d*|<«(I + 2r^) 
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and, since € is arbitrary, lim j f{r)G^{x)dx^Q-, tlius tlic tliEorcm ia 
established. 

From the above tlieoreni the following theorem may be decluced: 

if Si^), {3 O''® summalAe in (- w, w), and il,e dosed seJ If of pohit 

of infinite dj«con/intijfy of g (*) w«»c7j that no point of 11 is a jiobh of non- 
sximmabiliiy of {f (z)}*, then Parseval’s theorem holds {C, 1) for f (x) g (z). 
In case the series is convergent, ParsevaTs theorem holds in its original form. 

The closed set H may be enclosed in the interior of tlie infervals of 
a finite set A, so that A contains no point of nou-gummability of {/ (r))’; 
for the set of all aucli points is dosed, and thorofore has a finite distance 
from the set U. Each end-point of an interval of A has a nRighboiiriiood 
in whioh g {x) is bounded. 

Let /(*) "A (*)+/*(*), •where /,{») - 0 in A, A (*) = 0 outside A, 
and g (x) = gj (a?) + g, (*), -whore (*) = 0 in A, (®) > 0 outside A; if 
foJJoits that {/, (x)}* is summablo in the iaterra} (- v, n). 

For A (*) 3i (*)iA (»)5s8ainiiiable,andj;», (*) is bounded; thus Farsevnl's 
tboorom liolds (0, 1) for A (*)9i(*)- 

For fa(!i:)gi{x), {A(»)}* and arc Iwth gummable, and thus 

Parsovul’s theorem holds for A (*) (*)• 

Similarly ParRoval's theorem holds for A {^) Oi (s^)- 

For A (») 3s (*), 're have A (*) = Oin A. Pt (*) is zero outside A, and is 
bounded in noighboitrhoods of the end-points of the intervals of A ; there- 
fore, by the last theorem, Parsevai’s theorem holds {C, 1) for/, (*) Ps (s). 

The truth of the tbeorem now follows by addition. 

390. We can now establish the following general tlieorcni: 

If f (x), ij (*) are both summable in (— ir, -a), and the set of points of nan- 
swmmabiliUj of the functions {f (*)}*, {g (*)}* he Ki, AT, respectively; ivliidi 
are contained respeoiivdy in IJ.,, H, tte dosed sets of points of infinite dis- 
contimiity of f {x), g [x); then, if Ilihavenopointin common with K,,and II, 
no point in common with K,, Parseml’s theorem holds (C, I) for f (i) g {x). 

In acoordanoB nith the assumption made in this statement there is no 
point whioh is a point of non-Bummability both of and {g[x)Y- 

and at each point of non-summability of either function, the other function 
is bounded in the neighbourhood of the point. 

I/Ct II, be enclosed in the interior of intervals of a finite set. A; liien 
g (x) is bouBided in the nciglibourhoods of the end-points of the ititcn'ni.s 
of A. 
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Let/ (a) — /i (or) + /, (*), wliere/j (*) 0 in A, aod/j (a;) — 0 outside A, 

and let g (a;) = (x) + g, (®). wlierB «^ (*) = 0 in A. and g^ (») = 0 outside 

A; {/j (a;))^ is sumzoable, beo&uae A nan be eo cboson as to contairi no 
points of tlia closed set Xj. 

Since fi (x) is summable, ond g, (a;) is bounded, Parsoval’s theorem 
holds {C, 1) for /, (x) (r). Since {/j {*))*, (x) are eummable, and no 

point of infinite discontinuity of (*) is a point of non-sutnraability of 
(^)}^< hy the last theorem, Parseval’s theorem holds (C, 1) for/j (a;) g^ (a:). 
Since /» (x) is summable and pj (*) is bounded, Parssval’s theorem holds 
(C7, 1) for /j (*) gi (a:). Since. /, (»), PaC*) nro summable. and pj{®) is 
bounded in the nesgiibourhooda of the end-p<dnts of the intervals A, 
Parseval’s theorem holds (C, 1) for /j (»)?*{*)• It now follows that 
Parseval’s theorem holds {0, 1) for/(*)p(a5). 

The above theorems and those of § 389 ore capable of gcneraljTation 
by taking into account M. Eiesa’ theorem given in § .999, in which powers 
of j / {0) I other than the s<)uaro ore taken into account. 

391. It has been shown, in § 230, that j f(x-i-t)g (f}iff is a continuous 
funetion of sif,olthoc ()),/(<) is summable and g{l) is bounded, or (2), 
l/[f)|> and |g(f)|’ are summable, whero p and g are both positive, 

and such that - + - =• I; (2) includes tho caeo in which « » g a 2, The 

pg * 

functions / (t), g (0 arc here supposed to be defined for all values of t so 
that they ore periodic, with period Sn. 

Lef^o+ 2 {«„ cos ftt + 1, sin «f), 2 («„’ cos n< + 6„' sin »i) 

be the Fourier's series corresponding to the periodic functions / (t), g (t). 

Lot UB consider the function -^j [/(< 4- *) +/ (f — x)] g {t) dt which 

is an even periodic and continnous functioa of x, when one of tho above 
conditions is satisfied. The coefficient of cos nx in its Fourier's series is 

oosn*cfa:j [f{t + x)+f{l — x)]g[i)dt. 

The same conditions that are satisfied by/(t), g (t) are satisfied by [/ (I) [ , 

I g (t) { , and thus, by the theorem of § 230, when the same conditions are 
satisfied I \f (t x)g {t)\dt,^ I / (f — ») g {<) I <f( are continuous func- 
tions of X, and therefore the repeated int^rjd 

.j_ lcosnx|da:|_ !/(« + *) -h/(t- *) | | g (<) i * 


exists. 
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In accordance with tbe theorem of §237, COB na-[/ {t + x) — a:)]3(() 
is therefore summable in the domain of (t,x), and its repeated integrals 
are equal to one another. Ther^mv the coefficient of cos jje in t iio Fourier's 
series is 

i +/<* - 

and this is equal to g (f) (OaCOsnt + 6, sin Ji<) dt or to 

In a precisely simUor manner it can be shewn that the coefficient of 
sin nz in the Fourier’s series coircspouding to the continuous odd function 
[/(^ + *) “/(f- *))ff is - We have now ob- 
tained the following thoorem*; 

If/ (f), g (t) be periodic summable Jnnetions, with j)eriod Sw, ami 
{a„', bn) be the Fotirier’c cowfonfs in (he /’owner’s series eorruponding to 
them, Uien 

-h S («,a„' H' 6„f>B')coswar 
ond 2 — rt„6/)8in aj; 

are ike Fourier's series carresjxmding to Ike continuous functions 


respec/tuely, prootdei ejtAer (1), p (<) is6o«n<ieii, or (2), |/(^)[^ |?(0I' 
summable, where p, q are positive numhers such that I , 


As regards the convergence of the Fourier’s series in tliis tlicorom elie 
foUofling statements may be made: 

If either {1), f {t) is smunoMe andgifjis of bounlei variation, nr (2), {/(f)}* 
and {g (f)}* ore both summable, the series 

iOaaf + S + bnbn) COS nx, 

S ib„a„' - «,5„') sin «* 


converge eiien/io7icrc to the coniinnovs fvaclions winch they represeiU. 

hf (3)> 1/(0 1^1 ip (0 1' <”■* summable, where p> l,g> 1, ^ “ !, f^'*’ 

Cesdro sums (C, 1) of the tvx> series are everywJtere equal to the functions 
which the series represent, and for any value of x at wkicit one of the series rs 
convergent, that seri&s converges to the value of the function. 

To prove the statement (1), we see by a change of variables that 

• W. U. Voung, Proe. Sag. Btx, vol uKxv (IBII}, ji. UO. 



597 


S3]] ErXe-ivsion of Parsevats Theorem 

if now g [t) f>e of boimded Tariatioa, so also is s' (f + *) = ? (f — s'), con- 
sidered as a function of x, and this pKqwrty is preserved after multiplication 
by / ft) and integration, since the proper^' is clearly so preserved in lie 
case of a monotone function. Therefore, when g {/) is of bounded variation, 
the continuous functions of * winch the Fourier’s series represent nre of 
bounded variation, and ran.-^equently the Ecrics converge everywhere to 
the values of those function-s. 

To prove the statement (2), we ob.serve that the genera! term of either 
series does not exceed nninezfcally J -r b„- + (i„** -f- 6n *)> ^‘hich is 
(he general term of a convergent Bmies. This is seen from § 378, or by 
observing that if / (*) « g (ar), and ® »> 0, the series (a,* ^ b^}) is con- 
vergent, since it cannot osciUafe. It follows that both series are abso- 
lutely convergent, and that the conveigeace Is uniform, and they therefore 
converge to the valiic-s of the corresponding funcrioos. 

Id case (3), the Ces&rosnm of the scriesalways exists and has the raise 
of the function, since the fancrions arc both evciywhcco continuous; and 
when either series converges, its sum is equal to the sum (C, 1). 

If we consider tho point z *• 0, we obtain the following extension oi 
Falon's form of Parso^’al’s theorem (see § 378): 

I V (*) 1“ O’’® beJft eummabh in the inUrval (— w, v), where 
p and 5 are positive numbers such that 1 -j. i = 1, (heetries 
iapO/-^ r (rtr.Of>' +bii6i.') 

converges {C, 1) to thcialue i j / (f) giz^dx, and if the ttries be convergent, 
Us sum has this ■value. 

These theorems were given* by W. H. Young. An indication will be 
given in § 399 of a proof, d«ic to M. Riesz, thattheia:rie.sin the kst theorem 
is necessarily convergent, nnd thus that logOg' S J- -J- b„br.') con- 

verges, in the case specified, to f {z) g (x) <fx; the extension of Fatou’s 
theorem being accordingly complete. 

EXAatH.BS 

(I) Th« Fourier's coclEeicntscoi7wparaiingt<j/(x)beiii5P„ 4„.s!iw that 

s drj' 

In 5300 it has beea tbenn (hat wr»nJ ncifonaJr to 

• I'loi. boT4. ilsiK. Bac. (I), tcL zl (ISIS], -p. SS. 
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j /(z)<ir-Jaoi. Tnk-ingt5iepcnnti=(^i<i,'- 2 ^ ^ conveijcs eo J tbmlwt 

S ^ converges to Joj' -j f (*) lb, whicb is 

i/_ ibj/ f{x)dx-la^ -j J{x)tlx 
or Sj’_^azjl_f{x}dx-j°J{x)dx. 


(2*) If 0<?<I, then, provided /(*) has boinidi>d variftlion in thencighbourliecd of the 
/" /, W <ii = r ( 9 ) COT ^ , 

J" a^-v, (*) <fa = r (9) ria i9v ^ 2 ^ 
where = j” ^[/(»)+/{-*)]‘i». 

/.(«) = »/(»)-/( -*))• 

Shew that, if i< 9 <l, the result stfll boIdsiI{/(i))’ii9uiiunable in tb» sclghbourliood of 
the pefnlaisO. 


(3*] Prove tlisi, provided {/(s))t is KanunnhloinsoiDoncighlniirliood of tho point ti 
i. J }log (^cosoo’ t Tho Fourier's series eorrsspoDiUag to 


ilog(|eo3cc<iz) 

it s £21^, The funccion i Jog (| coscc* bas its square summable io the inlerra) 
{ -o, ir), and it is of boondcdvaiiatioa, except ins DcigUVonrhocdoI z^O. T1»u,slnee/(z) 
has iMsqDameutnmsblelnaomeneigbboarbo^ofzsO.the conditiOMeffhcsceoDdfhKimii 
in I 3S3 ato satisficsi Hence tlie resnlt is obtained by applying PareavaVs Ihvonra to 
tbo tsrofoDcliona/(z), 9(f}. TboDccessaryandsafficientconditions that, for anyeummsbls 
funelion, X ^ shnnld be conrergenthasie beengivent by Hnr'Iy and Ijittlcirocd, 


(4*) Obtain expressions for 



•where 0 <9< 1. 

(6*) If*^-^^ — is Bununaiile in an infswval vrhicli coataiM the point r =0, then 

• See W. H. Young, /■«*. Acy. Ak. |A), voL lzxxv (1921). pp. 14-24, see bIw p. 415- 'K'ls 
is an Afetus in the proof given (p, Ifl) of the rendt in Es. 3, as the neceerity for rmplojonz* 
tfaeorem such as that in 1 385 appears to have heoi overfoobed. tt'hcn the iolerral ( - v.r) i" 
divicied into two parts, there are four aeparate p rod uc ts to ronrider; and one of ih’-'* n~]uim tie 
or tension of PareevaVa theorem given In §388. 

t .VoM. Zriruhr. vol. tax (1924), p. 95, 
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892. We proceed to establiah two tJieoreina, the first of which may be 
regarded as a generalization of Puseval’s theorem, and the second ae a 
generalization of the Ricaz-fleoher theorom (§ 379). 

I. If p be a number S J,andtkifuneUonf (x) be sueJi thai | / {z) is 
iniegrahle (L) in the interval (— ir, v), tmd the Fourier’ e series corresponding 
to f (x) be denoted by •Jaa -h S (o„ coa «a: + 6„ sin nx), then the series 

1.^1’”+.?, ‘I 1 '■•I'"' 

is convergent, and its sum is 

,11. If , for the Irigonomelricat series {aa+ I, (a„cosTui:-i-b„Bmnx), tfie 


Ivll 


+ S (\a.Cp,rr\b^C'p) 


ia convergent, for a value of p that is g 1 , then the trigonometrkal aeries ia a 
Fourier's aeries corresponding to a function f(x), such that (/(*) [*+*’ is 
simmabUini— n, ir); and the sum of the series of poicera of the co^j^tenfe ts 




In case I, the two theorems redoce to the equality 

which is equivalent to Farseval's theorem, lit this caso, II is equivalent 
to the Riesz-h'ischer theorem. 


A slightly less general theorem than 1 is: 

I'. If ( / (z) |« ia integrabJe (L}, iriiere 1 < g £ 2, then the series 
S (o.* + 

ts contiervjenf. 

This follows from I by taldng accoont of the inequality 

\ 2 ) -^ 2 
It follows from 11, by taking acconntoftdie inequality 
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ir. TJ the series 2 {«„* + « cenvergent, where 1 < 5 -n 2, /Acn 

a„ , b„ are the Fmirier'a coefficients of a ftmeiiem f [x) such that | / (i) / 1 

integrabh (L). 

The Thoorema I, II were fiist established* by W. H. Young, for Ibo 
case in -wliich jj ia an odd integer. nK^wetc extended to the general ca'ef 
by Hausdorff ; and by F. RieszJ they were esteJrlished, in the genera! case, 
by n method applicable to a bounded set of orthogonal functions in 
genera!. The proofs giren below are substantially those of F. Kies/., 

The numbers p and ^ cannot in eittier theorem be interchanged. In 
the case of Theorem I, it has been shewn by Carleman§ that a continuous 
function, of wliich all powers are consequently intcgrable (L), ox'isle for 
whieh (| o„ (* '•' + [ b„ |‘''^) divei^es when p < 1. It has been slie« 7 i 
by Hardy and Libtlewood ||, by means of an example, that when 

converges for a value of p that is < 1 , the coefficients are not necessarily 
Fourier oonstante. A case of a function which illustrates tins matter bns 
also boon given^f by Titebmarsh. This is the odd function / (x) which lias 
the value log Ji cos {aw- log n) in each interval < g a 

wlicre n = 3, 4, 5, ... , and which has tlic value zero olsowhoro in flic 
interval (0, w), and is such that /{*) = —/{—*). It can be shewn tlmt 
\f{x)\ is not sumraable in (0, rr). and tlius that the series corresponding 
to it is not a Fourier's series, although the Fourier coefficients cxisl as 
non-absolutely convergent integrals. But l>„ = 0 {«-* (log n)*j, therefore 
2 I I is convergent if i > 0. 

It is convenient to replace the functions 1, cos*, Bin*, ... cosnr, 
sin nx, ... by ... .... which are said to be 

Vw VW 

normal functions, because the int^ral of the square of any one of them 
over (— rr, it) has the value I. 

If we denote these latter functions by 

• See ComplM vo). CUT (1012). iip.30Bnd472;a!»Pr«.y?try.B«r.rol.Lnira(101-l. 

p, 331, end Pros. Hath. Hoe. (2). Ttd. xn (1012), p. 71. 
f Math. ZeiUrhr. toL %n (1923), p. 162. 

} Jhir!. Tol- XVTIT (1023), p. 117. 

5 ArtaMalk. vol. xii (I0I6X p. 376: see Bbo Lsadao, i/irfA. voL v (lOli)), p. 1«‘- 

11 Ada Malh. toI. xxxtij (18M). p. 237. 

Proa. Ijond. ilath. Soc. (2), Tot X-UU (1023). lUmdi. p. ixi. 
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I (a;)}* dx= \, for 71 = 0, 1, 2, 3, ... and the Fourier's series corre- 
sponding to a summable function may be denoted by 

Cl A + -f -i- .... 

The series -f £ (j a„ |*+»‘ -b | 6„ 1^+^ -will be equivalent to 

4s5ki.*- 


and the same statement holds good if is changed in - . 

Consider* first the first r functions ^ (*), {*). (*)- the first 

r uonalantB Oj, Cj,... o, coirenponding to a function / (*) such that 
1/ (®) summable, for a value of p > 1. 

We subject the constants Ci,Cs, ... c, to the condition' S | o„ =• 1, 


Qod proceed to shew that afunction/ (»), for which [/ (ar) ['’’’^iBBummablo, 
exists such that I |**^</*ha8 a minim um value when /(»)=■/(*), 

for all functions of the given type such that the r constants e^, C), ... c, 
satisfy the imposed condition. 

If S |c„ [*+>’— 1, it is clear that j {/(x]\*^^dai has a lower 
boundary g 0, which cannot be an isolated point of the set of all values 
of the integral. If L denote this lower boandary, there exists a sequence 
of functions {/«(*)}, for which 

limj |/»(*)|**^da! = I<; 

all the funotionB/„ (i) being such that their first r oonstants Cj.'Cj, ... c, 
satisfy the condition S | !*+■*' — 1. 

In aocordance with the theorem given in § 170, a sub-sequence {/‘"'f®)} 
of the sequence {/„ (ar)) exists which convoigos weakly, with ojqionont 
1 + to a funotion/(ar}; so that Jim f /•"*(»)(?(*) dv [ /(x)ff{x)ds:, 

P n~ia Ja Jo 

for every function g (a:) of type also, as has been shewn in § 17S, 

we have 

j !/(*) hm J 

* A inodificatlort ol F. PUeez' pfocedan) u mode. He look the sot of aormsl functions to 
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Let ?(*) = -An(*), limj /i''>(s)^„(a;)<jT, lor 

71 = 1, 2, 3, ... r; and it folloTcs that, for the function/ (*), the r constants 
Z„ satisfy the condition £ | [•+* = 1; hcnco we liave 

From the two inequalities we find that j | /'(a;) dx = L, nnd / (i) 
is a fimction whose r constants Sf, ... c, satisfy the condition 
|»r=I, 

and thus/ (aj) cannot be a naD'function, and we have consequently L><3, 
The existence of the ininiinal function /(x) having boon cstahlisliod, it 
is clear that it is the minimal function for 

when the condition £ | c* 1*+’’ = 1 is no longer imposed. For if/(*) could 
be Buoh that this ratio wore < L, writing 

L&L 

xj <V I**' 

we should have, for tbo constants o/of 0 (as), 

Yjc/|>+»>=1. and I' |^(as)|’*K7a:<L, 
which is impossible. 

Let /(*)=/(*)+ A* (*), c, c, A(4*’, 

whore h (r) is any chosen fiuiction,of type[i«**p], and cjf* are tho constants 
corresponding to k {x). ITie ratio must then satisfy the necessary condition 
that A = 0 makes it a minlnnim, ofunely, that its differentia] coefficient 
with respect to A vanishes when A = 0; ^V0 thus have 

j |’’sign[/(x)]ft{»)<te = i’*^de.^SJc„I».c™sign[e„], 

where sign (z) = 1, — 1, or 0, according as s is positive, negative, or zero. 
If we give h (») the special Tallies (»), where n= 1,2, 3, ... r, eucces- 
dvely, we obtain the values of the r constants G„ corresponding to tho 
function 

|/(a:)|J* sign [/(*)}, 
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which we may denote by tiic value of is thus 

If we assign to h ( 2 ) the value of a fuscfaou which is orthogonal to all 
the functions ?5i ( 2 ), ^ (a ), ... 4>r (»): for which therefore 4?^ 0, for 

Jt = 1, 3, 3, ... r, we see that tJiia fnnp.fa'dn fa also orthogonal to F (x). 
Therefore all the Foiirier constants, after tiis first r, corrcBponding to 
the function F (x) vaniah, and thus the Fourier’s series for F (x) con-, 
verges everywhere, being a finite trigonometrical polynomial. It follows 
that, almost everywhere, 

F(x)= I/Ck) |p sign [/(*)]»! ^|/(a:) ['*?/& c„ j” sign [c„] ( 2 ); 

and from this we have 

/■_{{■ wi- * - /■_ l/W I'ii dx - J'H. I” }/I J />) !”'}'■ 
we have then 

On enbstitutlon of the value of J if I*) obtained above, we have 

Jh- _X. 

/■j/» ]"» it* jj[_ l/W 1 5. Pfl'.j’’'" i 

the espreasion on the right-hand side is not lees than the minimrun of 

{/■j/wi”®*}"" 

for all functione for which the first r constants aatisfy the condition 

Vic, !»+»■= 1. 

Denoting the minimum of | |/(») for ah fmcfioris for -which 

the first r constants c„ satisfy the oondMon 2 |c,|‘-'‘*'= 1, by we have 
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Similarly it appears that 

— Wj,, £ «,»+*; where p, — 2;)^., — 1 , 

The constant-s c„, for a fvinctioD/(x), ate numerically j [/(^)1*, 
which is 

' { Ij ''4*"" ' 

and if/ (x) be chosen to be tije minimal function for all the functions of 
the prescribed type whose coefBcients c„ satisfy the condition 


"l I c„ I'+P' = 1, 

we have c, S (2ff)>^ 

Vw 

n-r I ’I P. 

I’lom this we have 1= S | c« 


Now p, increases indefinitely with s, hence if UfJ'^ 1*88 than I, for 
enfiloiently large values of this inequality would be impossible. ItfoUoTS 
that If,,, £ ViT, for all values of a; and we have 


for every value of a, where P, denotes 


PxPi-Vi 


it CAR 


thus be inferred that m, S (Vp)'"" assuimng tliftt tho formation of the 
sequence {p,] is continued indefinitely. 

Now 




tiv Pif Pi + iPs + f'- Py 


lim = 

(Pi + 1 ) {p. + 1 ) 


d thus we have w, £ v* therefore 

/'j/(*) !***■«&£ 


s |cj> 


where c„ are the first r constanlB, corresponding to / {x). 

!£ the constants c„ are expressed in terms of the ordinary rouriers 
constants a„ and b„, we obtain a„ or 6„ by multiplying c„ by l/Vv, oitept 
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tliat Oo = Co • We have therefore, ance the above ineijuality holds 
for every value of r, tlie I'esnlt of Theorem I, that 

converges to a value £ | J j/ (*) . 

393. In order to prove Theorem n,let<^,at,hj, ... be such that the series 

for a value of p S 1, is corrvei^pnt; and Jet/, (a) denote the sum 
^ 0 ( 1 + S («, cosn* + 6„sin»a:). 

Let A,, AuB^, ... be such that ^ (| |‘+*’ + 1 B„ )i+») is 

ooDveigent, 'which ivili, in accordance with Theorem I, be the case if 
A^,, ... are the Fourier’s coDsfnnts corresponding to nfimotion ^ (x), 

such that I j> (x) 1^’*’* is summablc. We have then 

H'” 

Employing Theorem I, the egression in the second bracket on the 
right-hand side is 

Assigning to ^ (x) the value [/, (x) j^sigti {/, (x)), we obtain 

1 { j'j /, w i’*' ‘ + 'j:, (I + 1 »- !”*)]’”' 

Thus J I/, (x) [’’+* dx is, for {dl 'values of r, less than a fixed positive 
number. Accordingly the sequenoe {/, (x)) contains a sequence which 
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converges weakly, for the exponrat p + 1 (see § 175). to a function /(*), 
which 16 such that 

\.J a? “ I'- 

Therefore 0^, Oj, 6,, ... are the Fourier’s coiistants corrosponding to the 
function/ (*); and in accordance with the properties of weak convergence, 

It follows that, 

J J / («,) |>*" * £ , [ l'*’ + T(| a. |"« + I i, 

w** * 

which is the result stated In Theorem II. 

394. The following Lemma was (loc. cif.) established by W. H, Youngi 
If g (e) ts 3vmmabU in the linear hiterval {a. 6), and f (») is summaili 

in every finite interval, j /(* + <)? (*) A m « fmetion x which exists for 
almost all values of x in any finite interval, and is summaile in sveh interval. 

Since each of the funetieos/ (0. g (t) can be expressed os the difTorcncc 
of two non-negative functions, itie oleoriy sufRcient to prove tlie theorcci 
for non-negative functions, / {* -h t), g (t). 

The repeated integral j dtj f {t -1- «) g (t) «i« ie equal to 

which oxisls, since F (a; + t), F (a + f) arc continuous functions of f, wlioro 
F (») denotes j f (i) dx. It follows, by applying a tlieorem in I, § 429, that 
J{t + u)gll) is summablc in the domtun [a £ tc £ z, 0 £ t S 6]; conse- 
quently the repeated integral is equal to J diij f (t + {l)dl. ItfollcnvB 
that J f {t + u) g {t)dt exists for tdmost all values of « in a finite interval, 
and that it ie a summable funcMon of «. 

395. To apply the above Lemma, let/(a:), g (*) he summablc periodic 
functions, of period 27r, and let a„, and a„', b„' be respectively their sets 
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of Fourier’s coeEBcieats. We liave thrai, emce the Fourier’s series corre- 
sponding to F (« -t- *) — Ja, (< -f x] is 

F{x + t)0{l)dl^C + ia^ac'x+ 

^^^^aj^ nx~Kcosnx ^^,_ 

The series on the right-hsind aide bong file Fourier’s series of an integral 
in X, we see that the diSerenfaated series 

^a^a„' + S (a„o.„’ + sin rer 

ia the Fourier’s series corresponding to the function - 1' / (* + 0 ? (Oi 
aud the Theorem I, of § 3d2, may be ^plied to this function. Wc have 
the known inequality 

■ I j .™ I a s j I’ I « h *}■ {/’ I .. |> *}' j/’ I » *}’, 

whore a -i- ^ -f y — 1, «> 0, ^ > 0, y > 0. Let jg=ri_.^^ 

11 . /* A 

y - j ^ — 3 , where k > 1, /» > 1 ; end let | a j — | ii | y | = [ jj [■», 

I w I ■» j ii 1^* I 5 1^-**; the inequality then becomes 


I j s £ I «5 1 * s |/j i IM s 

wJiere A>l,a>li-f- — 1>0. 

X ft 

Now let it be assumed that )/(*) I 9 (®) are summable, for 
1+?) = A, l + _^+_J-->I; if we put h^TT, « = -jr. 

ii = / (a: -t- /), 5 = <7 ((), wc have 


«(i+aJ pd+s) 
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The expression on thn right-hand side is a sumraablo function of s. by 
applying the Lemma, to the first factor; it follows that 
H-i-ji XU-a) 

ia summable, provided py < 1, jj > 0, 4 > 0. 

Applying the Tlieorom I. of §392, we have then tho foUorving extension 
of Parscval’s tlicorcir ; 

lJj),qhi'poailiv&numbers6Uch(halp]<\,^^'^^^ theserics 

' li+i I - 

I W I *' I 

convergM to a mvm 

where h prowded |/(i) 1“*’, \g(x)\^*< are svmmable, and 

the coTiitantj a„ , b„ are the Firurier’s eoeffieUnh for f (*), and n,', li„' those 
forg{x). 

In case 1, the rolslion is that of equality; thus for example, if 
I / (®) 1*1 I £f (®) 1* ‘tre both summable, the scrice 

(«„* + 6„*) (a,'* H- 6„'*) 

converges to jj /(® + 09 {t)<^j ■ 

396. The follow'ng theorem has been given* by F. Ricsz: 

The necessary and sufficienl condition that the ^ripoTinmeiricoi series 
Jao+ X (Q„cosiia: +-6„8inB*) 

is the Fourier’s series of a/?wc<io»/(a:)SttcA<iifl(I/ (a) \r is summabk, where 
p is apoailive number > i, is lIuU a poailive number 31 should exist such that, 
for every value of n, 

\ la^af + ’’s” (0,0,' + brbf) | £ I <?„ (s) I" 

where of, of, bf, ... is an ar6jfrarify chosen set of con^fanfe. The (xustanl 
M is independent of n, af, af, hf and {x) deiiotea the sum 

JOg' -t- ’’s" (a/ cos ran- 6/ sin re), owf i -f |= 1. 

• Malfj. Anvalai, »d. utn (1910;, pp. 4Ca-i74. 
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It may be observed lba4# the method of proof is siiolr that the tlieoreiii 
holds good wiien any bounded set of normal ortiiogonal functions (a:)| 
is substituted for tbo special set 

1 J ■ 

V2w’ Vw ’ Vw ’ 

That the condition etated in the tiieorem is necessary follows at onco 
from the inequality 

jf | (x) [■'i/rl'’. 

In order to prove the mifiieiency of the theorem, lot 

iopO/ + (a,< + KW) 

be denoted by Cf„,aud let tiio constants V, a,', — °r!< ^nt subjected 

to' the condition | | ;;>,.(*) |*<f* = 1. We proceed to determino the 

, marimum value of [ {/, | for all vidues of tho constants d„', a,', ... such 
that [ I {«) |«(te - I. This niaxiiuum value must then satisfy the 

condition | | S 21^. We equate to zero the partial differential ooeffioionts 

with rospoot to a/, of 

WO have then 

Or-! Cfn |’"'.8igll Cf„ — a| C08rx(ff.,(x) [•>-*. Signpn (®) tie - 0. 

A similar equation holds for 6,. Taking these equations for r »• 0, 1, 2, ... n ; 
multiplying them by a/, b,’ and adding, wo find that [ 17„ |» — A — 0. 
IVo thus find that 

cos«;|jf„(»)(»-‘.6ign5'„(a:)i&, 
b,^ sin I y, (x) |»-i.6ignp,. (x) dx. 

Let/„ (x) denote w£7s.| c?„ (a:) I«-*.agnp„ (x); we have then 
j j /„ (x) I” dx = ii» J U, I” I {») [" dx £ 

Also o,= iJ /„(x)cosrxdie, ^ = /„ (x) sinrxdx. 

Assuming that n may have all integral values, the sequence {/„ (x)} 
converges weakly, with e:q>onentp, to a function/ (x), such tlial |/{x) \ f 
is summable in tbo interval (— it, w). 
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We have also 

ij / ^ siti “ V 

therefore 0(,i ®ii FouiiCT’s constants for the function/f*). 

The sufRcienoy of the thecMDi has now been established. 

A proof of the Riesz-Fjsajher theorem (§ 37fl) may be obtained from tliu 
above theorem. 

Taking ? = ? = wc have, 

S + S (o,* + 6,*)j ^ {®r’° + ^r’’) j 

s ^ (V + ftr) j j J (*) i “ 

It follows that the condition in the above tiioorom is satlsned if 

lOfl* + S (tf ,* + V) 

is convergent; and therefore a function / (x) exists such that |/(x) |’ Is 
aummablc, and such that its Fourier constantsai-c the numborsOgiCiiAi 

tl. BIB82’ £XT£KSIOK OP PABSEVAli’S THEOSEM 
397. It ‘Will be shewn that the condition that | |/„ (x) |’’dx Is n 

bounded function of n, where/„ (x) denotes J«a + £ (o, cob rx + i<, sin rx), 
and ;p is a number > 1, is a snfiicicnt condition that the series 
£ (a„cosnx + 6„8!n?ix) 

should be the Fourier’s series correspondiiig to a function / (x), such that 
1 / (») is summable in the interval (— jr, ir). 

In accordance ■with the theorem of f 176, a subsequence {/nr (='')} 
{/n (3^)) exists, which converges weiddy with exponent jp to a fiinotion/ (x) 
such that t / (x) |s is summable. We have ttion 

j / (*) a (») «fx = lim I (x) a (x) rfx, 
where ff (x) is any function such that | g (x) |» is summable. 

Let g (x) = mx, then 

-J" /(x) g^inx<iE = lim ^ J /,^(x)^.'^mxdx = 
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and thus/ (a:) is such that its Fonrier constants are Co, a,, 6, Therefore 

the sufficiency of the condition has been estahlished. 

It is iiowever possible to shew that the condition stated is necessary, 
and tljus that: 

The •ncGcseary and sufficient condition Uial a^, %, b^, Oj, hj, ... are the 
Fourier constants corresponding to a ftmeiion / (a:), such that \ / (k) j*' is 
summable in (— rt, n), whert p is a number > 1, is that j ]/« (a:) dx 
should be a bounded function of n; where (x) denotes 


We have 


JOe,+ 2 (Orcosne + hri 




6inl«-«) 

= •/(<)5m7t(< — *)cot^-^^<ft + ^J f(l)coan(t — z)dti 


may be oxpiossed in tite form 

^ooBnaj /{{)sittntoot dt “ "*/ /{Ocosnfoot?-^^, 

where the int^rala j f (t) iit cot dl 

ate tohon to denote 

!-? ir » sin *'“* ^ '*■ 1^/ *** ato ^ *“T^ ' 

and are not necesaai'Uy L-inlegrats. 

In connection VTith the theory of the aeries allied with a Foiirior’e sorios, 
an outline of a proof has been girei* by M. RicsK that, if !/(») j* is 
summable, for a value of p, > 1, and if / (») denotes 

then I f (.t) I is summable, and 

where M ia independent of the particnlai' function / (») and depends 
only on p. This theorem will be aanmied here. Applying it to the two 
functions / (a) cos7Uc,/{a) sinTuc, we have 


• Cewpfsi Rendng. vol, cuxxw (1934). p. 1404; and IVee. irai. Math. Soc. (2), voL xxii 
(1924), JtciXTfJs, p. iy. 
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whore k = ] / (J) 1 rft, and where/, {x) denote rcspccUvcly tlic 

integrals 

^ /_y 

Ifc follows that j j f„ (a:) I’’ As does not exceed a fixed multiple of 

1/, (*) I' d* + J J/, {X) |» dx. 

Employing M. Riess’ Uicorctn, wi<l the fact that l!" does not exceed n 
fixed multiple of | | / (*) I** dx, it is ivow soon that 

wljore A depends only upon p. It has Jiow been established that fliu 
nondition in the theorem ie necessary, os well as sufEeiont. 

An earlier theorem, of a similar kind, in wliioli >S„ (x) the nth Cesliro 
sum (C, 1) was employed, ioetcad of /„(»), has been given* by W. H. and 
G, C. Young. 

398. The following tlieorem, 6tAtc<lt by M, Riess, will now be eetab- 
lished: 

•V j i/(®} l^AxlMsafinile value, for a value of p {> 1), ihei\ 

lira j[^ |/(*) (*) - 0, 

u)l ere /„ (ar) denotes a partial sum of the Fourier's series for f (*) . 

The proof of this theorem pven here ie due substantially to Littlcwood. 
Wo have (see § 3C6) 

■S. W -/W - /!_(/(=’ + -/(•» » (0 A 

where Xn (0 satisfies the conditions 

x.wso, (/'.A- fl/- 

Employing Holder's inequtdity, we have 

s. w -/ w I a + II -/w I (X. mf’ix. ml'* 

s [d.i/i" + -/w I’A- m ■“]' [L*" “> *]' 

• Qaar/erlyJotmal, vol XUv(l913), p. 57; eecobo W. H. Younj!, Prx.Ixmd. iUth.SvA-)- 
Tol. XI (1(112), p. 89. 

t Compla Jlmiat. vol. ci,xxvi (!084), p. 1464. 
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or ! s , (®) -fix) |» s j’ j/(* + 1) -Six) \>xn W ^ [I'^xn W 

hence | 1 (a:) — /(*) |»rfar^ | <?►(<) Xn {<) 

where il> (i) denotes j }f(x+t)—Slx)\'dx, 
which is a bounded function of i. 

In order to prove the theorem, we can divide the integral on the right- 
hand side into tlircc ports, over the intervals (— S, 8), (— n, — S), (8, v). 
Since <!’ {i) is bounded, and the limit of the integral Xn (0 over the intervals 
(- w. — 8), (8, jr) is zero, as 00, wo have only to consider • 

(<)<&: 

this is less than M j x>‘ (0 whore M is the maidmum of (0 in the 
Interval (— S, S), and thus the integral is less than ilf. It can bo shown 
that, by choosli^ S sufRoiently email, M becoa^s arbitrarily small. 

We havo in faot to prove tliat 

lliuj |/(a: + <)-/(*) 

and tliis has been shewn in i, §433, to hold in tl)c oa3op»2. For general 
values of p (> 1), it has been shewn in § 173 that a oontmuans function 
if> (x) eon bo so determined that 

j \fix + i)-f>ix + t)\>'dz<e, and j \f(x) |»<e; 

and since 

I' + 11 -/(,) |.*i« 3— f j/Cit + 1) - ^ (X + » 1' & 

wuhave J (/(, -f-, )—/{*) 26.3--'+ E, 

provided i is sufficiency small. Therefore 4» (t) converges to zero with I, 
and consequently M is arbitrarily small, if 8 bo properly chosen. It Isas 
now been shewn that 

limj* I ir„ (*)-/(*) |«'d® = 0. 

If now (a;) denotes the sum of the first 2n H- 1 terms of the Fourier’s 
scries for / (») — [x), whrac Bj is such that 

I [5„(*)-/{a)|»d*<y, for nSHi, 
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WG have J ( (k) j'' dx < At), 'where A depends only on j). But, for ?i > nj, 
■\vc have f„ (3:) => (*) + {*) ; hence 

[ J/(*) -/«(*) 

Since T] is arbitrary, it follows that lim j (/ (x) ~f„ (*) I' dx = 0. It 
follows from the theorciu tliat, if (/{*) |'’ is sutnmable in (— tt, jt), then 

KolmogorofE has shown* tliat, for any summablo function /(i), 

Hmj 

wJiero 0 < « < 1. 

399, Tho theorem of § 398 may now ho employed to prove that: 

•V I / (®) 1*1 i ? {*) I* summable in (— tt, tt), whsn p, g an 

posJh'tie such that ^ ^ Parseral’s theorem 

^ [ /(*) 9 (*) + S (<!-,«„' + b„b„'} 

holds /or the pair 0 / functions/ (z), g (z). 

This result may be proved as follows. Since 

I j. / I ^ I i” ^ {/ , 1 f®) - P" I 'I* 

wo see from § 396 that 

[ (*) fe (*) - 9« (*)} <£c j S 1 ? II ^ {/{z) |» d*!", 

provided n is sufficiently largo, ^ftcc ij is arbitrary, ■»& have 
I /(*)?(*)<£«:= to I f[x)g„{x)dx, 

\vliich is equivalent io Parseval’s tJicocem. 

SYSTEMS OP FOOHTER’S CONSTANTS 

400. If be a sequence rf numbers, the question has been investi- 
gated what conditions the sequence {A^ iiiu.st satisfy in order that tlio 
series 

fOoA, + ^S^A„ (o, cosTW + 6„ sin 712) 
may be a Fourier’s scries whenever the series 

,1% + S (a„ eosna; + &„ sin 7)x) 

• FanSamaitn Math. 'V’ol. vn (I9SS), j*. £S. 
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is B Fourier’s series. An account of these inTestigatioDs will be given here; 
and it will be scon that ftn answer which contains a cbaractcrizatioQ of the 
sequences lias been obtained (see § 406) to the question, which may be 
stated as that of the detennination of all sequences (A„} , each one of wliich 
has the property of converting every set a^, Oj, bj, Oj, bj, ... of Fourier 
constants, by multiplication, into another sot Agcra.AjCr,, Ajb,, AjO,, Aj6j, ... 
of Fourier constants. 

in connection with this matter, properties of certain trigonometrical 
scries said to be allied with Fourier's series present themselves. If 
ie* H- S («„ cos nx + b, stin vs:) 

ho )i (.rigonometrical serica, the series S (a„ sintue — li„ cos vx) is said to 

be the fri^cmomctrioal series allied toitk, or conjugate to, the first series. 
The series allied with a Fourier’s series b not itself necessarily a 
Fourier's series. For example, it will be shewn later that tlio sories 
^2 logw' Fourier’s series; the allied series S is however 

not a Fourier’s series. This is seen from the fact that the Integrated 
sories is divergent at. the point * = 0, and cannot therefore 

ooDvorgo to on integral (sec § •'tflO). 

It has been proved in § 396. that, il 

i«o + S^{a„co8n* + 6„einnx), laf + £ (a," cos n* + b„' sin jj*) 
bo any two Fourier's series, then 

iSflOo' + 6,b„') cos nx — — a„'b„) sin n*} 

is also n Fourier’s series, 'faking a„' •• A„, b,' = 0, w-e have the following 
jiroporty: 

7/ A, cosai -f Aj eos 2* + ... -I- A„ cos«4e + ... be o Fourier’s series, the 
cocfficieiila form a sequence {A,) winch has the propertt/ of converting by 
mulliplication of the terms any set iiAatever «i, b,, <%, bj, ... o/ Fourier con- 
stants into a new set A,c,, A,b,, A-a,, A56-, ... 0/ Fourier oonslanU. 

If wo take n,,' = 0, b„’ •= A,, itisseon tJiat 11 A„ (o„ sin m -- 6„ co.s ni) 
Is fi Fourier’.? ficrie.s; wc thus obtain the foliowing result: 

If S A,| sin ua: IS a F’owricr’aacrfes, rteseriM 
51 (a„ sin ji* — 6a cos»*) 

allicil with a Fourie.r’s series S («„ cos n® + b„ lun »ia') is converted by 
midtipiication of the tcr)m by A„ into a Fourth’s series 
2 A„(a„siaM®— b^cosB®), 
tnhclJier or not the allied series be a Fourier’s series. 
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W. H. Young, to whom the above theorems arc due, has combined 
tliem* into the following statement: 

If S (o„ cos 7!» -l- sin «*) be tie Fourier’s series for a swnvmbk 
function f (x), and {SnO be the co^cienls in any other J'oiirier’s series, 
then 

2 o/ (a, cos nx + 6,sin*x), S 6,' (a„ sinnx — co6«x) 
are both Fourier's series, udielier tie aUied series is a Fourier's series nr not. 

401, With avicwtothegoncralivAtjnn of the result contained in §400, 
the foUo^vuig Lemma, which is a generalisation of the Lemma given in 
§ 394, will be required: 

besummable in every finite interval, andg (x) be a function which 
has hounded variation in the intertial (a,b), the IjCbesgue-StieUjes integrnl 
jf (a + i) rfj (0 taken over the interval (a,b), of i, exists for almost aVvahia 
of X in {a, 1), and is a sumntable function of x. 

Tills thooremt was given by W. H. Young. 

Since the function / (*) may bo exprossod as the dificrciico of two non- 
nogallvo sumniablo fiiiKitions, and g (0 may he expressed as tlio diiluiencu 
of two positive monotone non-diminishing funotions, it is clearly siilhcicnt 
to prove the theoroni for the case in which /(* 4 <} = Oj ? (0 
positive monotone non-diminishing funoUon. 

As in I, § 446, let ( have the value of g (() at any point t at wlilch g (1) 
is continuous, and let it have the set of values in tlie Intorval 
(?(<-«). ( 1 + 0 )) 

at a point t at whieli g (t) is discontmuoue. 

Denoting j f (x) rfx by F (*), let (x -f {) = di (x, (), and 
we then have 

I* iF {X + t)-F (a -i- 1)] dg (t) = [O (x, () - O {a, |) ] d^ 
where a = r; (a), & — g (b). These int^rals are equal to | d^ j 4' (”> 
which therefore exists for ewoiy value of x, since tlic first integral exists, 
as F {x-i- i), F {a + t) ere continuous. Since ^ («, $) is a non-negntive 
function it follows, from a theorem given in I, § 420, that^f’b flisaummablc 
over the domain of {u,i), and therefore the order of integration may lie 
reversed without changing the value of too repealed integral. It follows 

• Piw. ionrf. J/alt. Soc. (2),vol. X(1911),p.35l.ii-licreanull«!rproo(o!tliistlir»rt'mi«Ki't'‘- 

t PriK. Boy. Soe. vol. vxxsvm (1913). I«. 063. 
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thatj littj ^(?«,|)<i|cKists and is equal toj^ [F {x -i-t) ~ F {a + t]]^g {t)\ 
Iience J ^ (k, f) i or J f («, <) dg (t), exists for almost aU ralues of «, and 
is a summable function of «. 

402. In order to «ppiy the theorem, let the rourier's series which 
converges to the function g (<), of bounded varisfaon, be 

iA,+ 

of which the differentiated series is 2 (a„ooaKi -j- sin «i). We assume 

that ff {i} is periodic,' of period 2»r, so that 5 '(w>=p'(— w). /(z) be a 

summable function, to whioli oozre^onds the Poiiricr’s scries 
iai)+ 2 (B„co9ttt + 6„9in«®); 
andlet Mod- S cos nx + 

be the Pourior's series corresponding to the function ^ J J(x-¥i)dg (0. or 
g) df.' We have then 

i /I ® ■'*' J!. - sl» »» J’ ,1 (», £) « i 

and. since ^ («, is summable over the domain of (Z|f), it follows that 
^ {r, {) oos nx, and ^ (z, ^ sin nz are both summable over that domain. 
We have therefore 

An’=^j*d4j ^(z,f)costu:d*; 

and since 

/(s + t)eosnz£?z= ^ J cosnz 2 {a„cos»(* (-tl-l-ineion (*+<)) d® 
»« w (ff. cos nt + 6, sin »t), 

we have = - ■L'" .cosnf +6.8innf)<ip (/) 

— nfff.anwt— 6.cosnt)ff (tJdJ 

= o.«. + K/S.- 

Similarly, we have = — (o,^„ — b.o.); and thus the following 
generalization of the theorem of §400 has been obtained; 

If g (z) 6c afuTirJkm of bewnded uzrtaticm. suejt that iht series obtained by 
■differeniialing the Fourier^a aeries eorresponiiiwff to g (z) is 
2 (ff. cos »® + sin mz). 
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tlien,if Z (c„ eosnx + ann*) fteany Pourier’tf series liiAo/frci-; (Ac 
series {(a„o„ + i„^„)c!)SfKe+ (a„P„ — 6„«„)ainnj:} is a Fourier’s series. 

It may be observed thatthecoeflScientsa,, can be simply exprcs-^cd 
as Stieltjes integrals wth regard to the function g (*). 

We Iiavo^ = ^ j gr(a;)i>inna;<fK,thenremonibcriiig tbat{?{n-) — p {— v), 
since g (ar), sin?!* are both of bonnded variation, we find by integration 
by parts (gee i, § 376) that o„ “ ^ J* cosw*d^ {*). Similarly it can Is 
abewn that i J gin (*). 

If wo take g (s) to bo an odd function, we iiavo m 0; and tiiiiB; 

If Ike constants A, arc tllat the series S ^ n Fourier's 

n-l 

series correspoJtding to afunclion of bounded variation, then if 
^On + Z (a„ G08 It* + sin ?ta;) 

is a Fourier's aerita, ike series Z A« (a, cos nx + b„ sin nx) is a i’cinricr’s 
series. 

If, on the other hand, wo take g (*) to bo an ovon funoUon, \ve have 
Sfl 0; and thus: 

If the constants A„ arc such that Z ig the T’oiiriiw's ssrfcs 

corresponding to a function of bounded mrsattbn, and tl\e series 
Z (a, sin fl* - 6. cos n*) 
is allied with a Fourier’s series, ike series 

Z A„ (a„ sin n* — 6. cos nx) 

ia a Fourier’s aeries, wheiker Z (a„ sin n* — 6„ cos n*) is a Fourier's series 
or not. 

403. The following theorem will be eetsbliBhed: 

If {A„}6e a ss^uence sueft tJiatA\,> 0, A*A„> 0, for « = 0, 1, 2, 3, ...,ai!d 
lim A„ “ 0, the series JAj, + Z A„ oos n* is Fourier’s series of a non- 
negative aummablc function. 

The scries converges uniformly in any interval (f, A'), where 
0 < e < A < 2w, 
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tx 

(see §24 Ex.) to a value /(*). Hence f {x)dx is the sum of the series 

e)+ E ^ (miiftJC — ffln«e). It ta known that S ^ suina: con- 
verges uniformly in the interval (— it, v), since S 5:^?!? is bounded, and 
therefore its siim-fimction is continiions. 

It follows that lim j f (x)dx exists, and is the sum of the series, for 

e = 0. 

We have 


2BmJa:^JAo+ 2 Ajoosna:^ •» sinja:. AA# + am §* . AAj + ... 

. 2m - I . . , . . 2m -f 1 

+ ajn — g— at.AA,.,.! -l-A„siJi —^—x; 

ace 

dsin* -f- 2 A,co3«a;^ = (1 — cos*)A*A{,-i- (1 — oos2a) A*Aj 


+ ... + (1 - cosm -- 1*) + {1 - cosma) AA,„.j 

+ (eosi — cosw + )*) A*. 

The expresBlon on the right-hand side ie greater than 

(I — 008 mx) AA„.| H- (cos x — cosm + I*) A^, 
and this converges to zero, as m ~ oo ; it follows that + 2 A„ oob nx 

converges to a non-negative value. Since f(x)&0, J' f{x)dx is an 
absolutely convergent integral, that is f(x) is aiunmable in the interval 
(o, X), and the series 2 A„ cos mz is such that the integrated series converges 
to an integral, therefore the series is a Fourier’s serice. 

These thooroma are due* to W. H. Young, who has further given the 
follmving theorem; 

df AA„ £ 0, lim A„ t. 0, atul the geries 2 — is emver^ent, then the series 
2A„ sin Tix is the FouTter’s series ewrespOJwKnff to a functioti which, for 
posftttie values of x, has a finite lower boundarif, atid for negative values of x 
a finite upper boundary. 

This theorem may be proved in a manner similar to that given above 
for the case of the ooeinc series. 


It follows from this theorem and the last Uieorem in § 402, that : 

■V {\) be sitch that AA, £ 0, iim A„ = 0, rend S ~ is convergent, 
’ Prx. JmuL itali. Boc. (3). voL XII <1812). p. 41. 
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then (he series L (a„Bmttx-~ b„cosnx) allieil with any Fourier's serien 
S (fl„ cos Tta: H- sin nr) is eotiverled by means of (he faeiors {A„} into a 
Fourier’s series S A„ {«„ sitinr — i>„ cosnr). 

_ , „ <2, idnnx — cosnr . 

Forexample S ( Jogw)*-** , wlicrco 0, is al'ourier s Koms, 

It lias faccn aliown* by Szidon that the conditions AX„ > 0, lim A„ = 0 
are not sufficient to ensure that the Beriea |Aa + S A„ coamc is a Fourier’s 
series. He has also she-wm that the series is necessarily a Fciunor’s 
series i£ the series Z 1 AX„ log | Ib convergent, but that in this result 
log 7! cannot be replaced by a number c„, for which A'c„ < 0, and 



It follows that JAg + Z A„ cos }j* ie a Fourier’s Berios provided A, 
converges monotonelytozero, and Z —is convergent. Also, if Z A^ sin ns, 
where A„ converges monotoncly to zero, is a Fourier’s series, so also is 
JA, + Z A, cos nr. 

BXAffPLES 

(1) Ttionrics S £2i”, t ^>0, an botli youricr'a soriu, T)ic icriu 

2 S converge to (unctions eriiich aro indclinite ^-Litugmln, und coiiM- 

queiitly ate of hounded v.'trialioii. 

have lim Ar^'U. aodaX„>0;aliiOBinoetlie(unDlion^, 
as y Increases, wo liavoiJn or A^>0. Further, 2^? is convergent. Thus ^nSalisQes 

llio conditions of both tho theorems. Therefore S — 2 arc both Fourier’s series; 

and the integrated series 2 ropreseot functiona whioli are integrals. 

{2f] If 2 (a„ cos lur >ee) iaa Fburier'srieria^ then 

2^ ^ (o„ COB nx + ^ sin sx), ^2^ ^ (o„ sin nr -S„ cos nr) 
arc also Fourier's sories, wtiiTe i >0. 

This follows from the theorem o£ 1 402, etnployfae result of Ex. I. 

• 1/ofA. Zeilschr. vol. X <1921), p. 120. 

t See W. H. Yonng, Free. Bey. Sec. vol. irrxxv (1811), p. 417. where spp!'«'i®« 
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(3) If S (a„cnsjir +fi,|Stnn»)i3 fcFonriCT's scriM, »o nIsD !» 


If 


"log n’ 


K-S log» 

^ aacmiix 

„Zt laei»(l6gl%B]~ ' 

^X, >0. It n=^ - - , WD Tmd timt ~ <(1 

•08!» toafa + M <l’J 

and (lacratora folloin) (liaf 




Jioncu « diniiiiialius na j 
£ ig IV roiiricr'a Rcrice, Applying tlio tbcorcm of | IDO, wo uou Unit 
S "" ■ ?* in A Pourier'a ac 

»-a loga 

Tho accond result atntcd can bo jvovrd in n rimiiar mAiioor. 


404, In view of tlio llicorom of §402,ifeMdc8irftble topoBscsa/icntorion- 
wliioIi will dooido blio quostinn wholhoi- it given IrigonoinDfrioiiI soiiuB ia 
obtninciblo by dilfwontiitticai term by torm of tlio Fourior's series oorre- 
apondlng to ti function of bounded verintion. This oritorion is supplied by 
tlio following tlicoroin* duo to W. H. Young? 

The Jiccfiswry a7irl sufficient eondiU'ou that the trlffouoJiiclrieal aeries 
£ (a„ 008 iiff + bn 8in «is) ehould be the serifM ol>tainai. % fcnii. bn term 
differentiation of the JWricr’s sen'es of a function of bounded wrialioi is 
that .j [ 8n (a;) | da? should be bounded-, ndicre Sn (a?) denotes the arfMiiicfi’c ' 
mean of Ihc first n 'imlial sums of the ffjwn series. 

First, it will be proved tbnt tlio ooiidilion is auflioiont. Fotli 
j’ 1 8„ (a?) I dx. Mid [* <1 (a?) j 4- 8„ (a;)} *; 

nro bounded fuiiutiotiR of (», a?), and llio iiitogranda nro non-tiogntlvu. To 
caoii of them Che theorem given in § 223 may tboreforo bo applied. A 
sequence of integers oan be so dctorinincd fcliat for lliis Bcquonco the first 
integral describes nconvoTgcnt.soqucnoo. Inthcstioquencoanol.liorHoquQiice 
is contained for wliic.h tbo sooond iatogrni doscribos a convorgent soquenoo. 
Tlioiefore a sequence (»,} of integ^ oxiste swob Uiat botli the integrals, 
and tUorefore tlieir diiloronue j S„ {x]dx, describoa a convergent soquorico. 
By tlio tlicoroin in § 223, the limits of both intogmls nro functions of 
bounded variation; thereJoro, tlio limit lim j S„^(soJd;e is ti fimotioti' . 
g (I), of bounded variation. Wo thus liavo 

( 7 (a;)= lim j (a.coa ix + ft.fim ta;)| tfe 

- Km s;(i - . 

• Pfoc. San. Sar. vot. lOUtvni (1013J, p. 072. 
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Since ^1 - ‘ — 6.c^ce + ( — function bounded 

in {p, x), we may integrate term by term after multiplication l)y cos mz, 
the result being equal to J g {x)cosinxdx-, thus 

- j g (x) eos mxdx = lim 1 + ~ 

In a similar manner we find that - j g (x) sin inxdx =■ — ; hence the 
Fourier's series corresponding to jr (*) is C -i- S 
and thus the dilierentiated series is S (a„ cos wa: + sin »ni;). Hence 
tlie concUtion has been proTcd to be sufficient. 

To prove that the condition is necessary, wc assume that 
Z {o„ COB n* + 6, sin nx) 

' is tiic diiTorentiated series of the Fourior’e series corresponding to afunolion 
g (*), of bounded variation. Since g {x) is tl»c difference of rive monotone 
inoreaelng functions, and the Cesaro mean >?, (x) may be expressed an the 
diffoicncc of two coirceponding Ces&ro means, it is sufficient to prove the 
necessity of the condition for the case in whiolij^ (a;)ismonotoncjticronsijig. 
In this case, wc have, since i J co*ntdg(<)aQdi„ = ^ 8in«irfg(f), 

1)^1 *'*''*® non-negative, 

and ^ \ {x) \ dx = j <?„ (») dx. 

Hence u-e liave j" S„ (ar) dx ■-= (*) — T, n), where 2', (®) is the 

Ceshro partial sum of the Fourier’s series from which the given series is 
obtained by differentiating lenn by term. Since T„ {x) is bounded,' vitli 
respect to (n, x), it follows that j j 8„ (*) dx j is bounded; and thus Ibc 
necessity of the condition has been proved. 

The foUoAving theorem is also of interest: 

The necessary and sufficient condition tkal a given Irigonometrical series 
should be the Fourier's series of a bounded function is that | S„ [x) \ should 
be bounded with respect to (n, *). 

Since ,S. W - i ™ i.ve | S. («) | < « 

fixed nurober, when / (() is bounded. Therefore the condition is ncccssarj-. 
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If lx) is bounded irffh reject to (», *), the partial Cesaro sums of 
the integrated series form a seqoence whicii oscillates continuously and 
toinogeneously. Hence a sequence of tiiesc partial Cesaro sums can be 
fonnd ivhich converges to an integral (see § 222). Thus 

J /(ar)*fe= lira j S^{x)dx, 

where/!®) is * bounded function. Multiplying both sides by cos nw, or by 
sin mx, and integrating term by t«nn, it is seen that the integrated series 
is a Fouiier’s series having J / (®) cfz forits corresponding function, that 
is, the integrated scries is the Foinier’s series of the integral of a hounded 
function, from which the snf5<deDC3' of the condition follows. 

405. If, in the theorem of § 492, we suppose the function g (®), of 
boarded variation, to bo an odd function, wo sco that, if S — sin n® is 
the Pourier’s series which represents g {x), then, if 
Joo + S (a, cos Ji» -h ain tue) 

be any Pourier's series whatever, the series (a, oosna; -t b„sinna:) Js 
also a Ponrier'e series. It has been ^c\ni by* Sridon that all sequences 
(A,) which have this property must be such that Z — sinus is the 
Fourier’s series of a function arith bounded variation. 

The general theorem may be stated as follows: 

It is ■MMssary and sufficient, in order that a aegnence {A,} of numbere may 
liave the jeoptrly that Z A„ (a, cosnw 4- b* rin az) is a Fot/rier’g series, 
provided- a„, b„ are any set of nambers whatever sack that 
S (a, cos«cri-i„siii»*) 

IS a Fourier’s series, that S A„ cosnz is the series obtained by d^erenlialing 
the Fotirier’s series -which represents an odd function of bounded varialim. 


COSVEBGESCn KACKI1H.S KIB rOtTEIEa’s SEKEES 

406. The existence of certem factors {AJ wljich have the property of 
converting, bj'nniltiplication.anyFonrier’Bseries S (B„cos5iz-rf>BEmnr) 
into a series S A„ (o„ oosnx 4- anna:) winch is almost, eveiyivhere con- 
vergent will HOW' be considered- A system of factors which havo this 
property may be termed a set of con.veigM»ce factors. 

■ Jia!/<.Zsi'nr7<r. i-cLxp921),p. 121. SeealsoStcmhBU.'i. ftfi. vnl. v (1919;, p. 186. 
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Ifc \i'as first established by W. H. Yoang that 


[C0. VJIJ 


where 5 > 0, 
series X °“- 


" (logn)***’ logn(!ogJogJi)*«’ 

examples of sach factors; thus, for example, that i 
^ converges almost everywhere. 




(log ny 

IS afteTO'ards proved* by W. H. Young that the factors 


«»’ (log«)»«’ loga(Ioglogn)’-«' 

are such convergence factorn, and that they aro also convcrgencre fncter- 
for the alEed series 2 (a, sinroc— cos rax); both series becoming, on 
the introduction of the factors, Fourier’s series. 

is a convergence factor 


for all Fourier’s series, and thus that £ - 
almost everywhere. 


V + l>„ an n 


converges 


It was shtnvn by Hardy (loc. cil.) that if e„ (*) be a partial sum of the 
FoMriet’e series ^ (a, cos rax + ft„sinra*), then a„ (*) - a (logn), for 
almost every mVao of x. 

If ji (0 denote/ (x + f) +f (x - t) - 2 <f { 1 ), it is only necossarj- to shew 
that, 1 ) being some poative number, (f) <fl =o (logra). First, 


consider the integral j that is numerically less 


then 


I (t) j il, which is o (1) almost everywhere, that is, at evcj^* point z 
at which ^ [ \4j(i]\dl converges to zero, a.s A does so. Next consider the 

«-hicIi 

> 4 «‘ (0 


becomes, onintegrationbyparts,^ ^ [if) — n<I> + J dl, whore “h 


(0 


denotes j | ^ (1) I This is equal almost everjnvhere to 
” (1) + o (1) -l-^»{i7)log(7H7). 

where I (tj) j for all values of and K[t)) converges 

with Tj to zero. Therefore, we have lim consequently 

3„ (x) = o (logn), for almost all values of x. 

• Complf/ voL cLV (1912J. p. USD. St- aho Piw. «oy. for. 


•f Pm.UmI.Hath. 


(2), vot xn (1913), p. 365. 
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407. If {(£„} is a monotone ecqaencc oS positive nnmbcrs ■which con- 
verges to zero, and satisfies the two conditions that a„= 0 
that the series 2 Ac, . iog n is convergent, then the series 
^ (An cos ma: -i- sin nx) 
is convergent almost everywhere. For 

S(t„(a,cosna;-hh,6in«a:}=' S (a:) Ac, + (^) “n • 

and since [ «„ (x) a„ [ =* O { ioga ) ® ® everywhere, 'we 

see that the series £ a„ (a, cosnx 4- h„ sianx) converges almost every- 
wiiere. 

The condition is satisfied fey any of the values 

(log logn (log log »)’+* ’ 8> 0. 

Thetofore these values of provided sets of convergence factors for any 
Fourier’s series. That the new series eo formed are .Fourier's series follows 
from tte to th.t tho scrio, ^ 

Fourier's series (see § 403). 


408. It will now fee proved that: 

IJ ^Qg -I- £ [a„ oosf!<e -r ha sin nx) be any J^onrier’s series, the eeriee 
PM is a Founer’s series which converges almost etiery- 

where. 

It has been shewn m $403, Ex. 3. teat log ' n" ~ ** ^ 

Fourier’s series, and consequently it is summable (0, 2) almost every- 
where. The condition that, for a value of x for which it is fnimmablc 
(C, )), it should bo convergent is that £ v o (r), 

SCO Ex. 6, § 6. To shen' that this condition is satisfied, we have, n'hen 
s„(x)-o(]ogn), 

y.} logv ,_s logp log-n 

The eeries on the right-hand tide is numerically less tlian A-i-ne, 
where € is arbitrary, and A depends onty on e. This ie seen by taking 
the summation in (2, m — 1) and (m, m— I) separately. Therefore 


-2 ■ logv 

the series S 


o (n), and consequently the condition that 

vx + should be convergent is satisfied 

logM 
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for almost all values of x. The corresponding theorem that the factors 


converts the associated series S (o, sinnx — 6„ cos ni) into a st 
converges almost everywhere is also Jenown* to hold good. 


loga 

"'hich 


409. It is not known whether the preceding theorem is the best of ils 
kind; that is wliether there exists a set of convergence factors {A,} such 
that A, log n diverges as « ~ . But if we restrict the Fourier's series to 

be such as oorresiJond to functions of wliich tlic squares ore summablc, 
the factors A, = ^ , where p is any positive number, ore con- 

vergence factors, and thus, if i«(, + S (a, cos nx + h„ sin nr) be an5’ 
Fourier’s series for which S (a„* + 6„*) is convergent, tbo series 


g, cos wx + 6, sin 
%~t (10g7l)»*»' 


(7’>0) 


converges almost everywhere. Tttis is a consequence of the follo\\’iiig 
theorem duet to A. Kolinogoroff and G. Seliverstoif: 

If S («„* + (logn)>*‘ (e > 0) is amvergail, then 

S (a„cosnx-f frnsinnz) 


converges almost everywhere. 


Jjet S («, cos px + sin px) be denoted by Sn (x), and let 
Z (a, cospx -h 6, sinpx) 

be denoted by S»(jj(x), where A (x) te any measurnble function which takes 
only the sot of values 1, 2, 3, ... ». It will first be shevTi that 

] j' a t, (») * I s joiog » (<..' + 6,')}*, 

where C is an absolute constmt. 


We have 

S (»'))=*:'. mi' 00. g (it 

by employing Schwarz’s inequality. 

• Sec Plessncr'e (met, "Znr Theorie der konji^erten irigonomct'wchen Kriticu" |I023). 
Gici'cn, p. 33. 

} Ccmpla Bendiis, vol. cliivut (1924). p. 303. 
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Now 

J l^j S cos p fa:— das' 

= j_ oo3p{a!-«').^ 'Z^^\osp[y~x')dxdy 

= 1 dxj dy j 008p(a:— a:')co9p(y — 

where A {x, y) denotes the smrdler “jf the two integors A {x), A {y ) ; and the 
c.xpiesaou im the righUbuid side is equal to 

Trj dxj ** 2'''^cosj»(a: — y)iiy, 
as is seen by carrying out the integration with respect to x'. 

We lia-ve further 

J dxj- *” 'h ''\o3p(x — y)dy 


-L-JJh 


- lUj/i 


eiji i <* - y) 

thn second part of this double integral is — 2^’. Let A be the psrt of the 
rootangle f- n, - w; w, w)forwhich{ |a;- y | ie< oc> n - 

and let B denote thn remaining part. The portion of the double integral of 
ab (* — yly^stn J (* — y), talcen over A, is less than {in + 1) 

area of A, and tlua 0 (1). The double integiai taken oTer B is less than 
j I eosec I d {x, y), aod this, on cboaging the rariablos to 
f = J (* - y). ij -■» i (* + y), 

is less than a fixed multiple of 

j eosec 


>r of [log tan 

It has now been proved that 


ET+i 

which is — ^ log tan, | 


[I" (*)‘*®j< [<5 (l0S») .*’S^(V + 

Lot {u (n)} he a sequence of increasing poMtive numbers such that 
S u (u) (o„2 4- 6„2) converges to a stun A, and that S - - r converges 
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to LetSp,,(a:)= E (a, cos g* + 6, mu ji), where 2^ < f £ 2^’' ■ wc 

5=2'» 

then have, from what has been proved above, 

j j* , 0 ., (*) rf* I < {f71og < C (2»^,)i, 

g=P’" 

where denotes 2 («,* + b,% and f (x) is a reeasiirable function hn\’ing 

5=2” 

only integral values 2^ + J, 2*’ + 2, ... 2*'“. Let I (a;) be so cliosen that, 
at each point x, \ jS,.,,.) (*) | has the maximum value, that is the value 
of the partial remainder of the Fourier's series, wliicii has tlic 

nnnierioally greatest value, for to = 1, 2, 3, .... 2*’*’' — 2”; and let ‘hj (j) 
be tho value of 5,, k,}, when I (*r) is so chosen; w© have then 

II’ ^*,(*)dtj<C'(2M,)l. 

It onn be sheivn that tho series E {2M,)J Is oonvergent; for 
p*i 

Ay 5 = 2”+' 

2"^. --7^, S (o.* + V)»(2''), 

” ) 5=2” 

from tvlitoh we have 

, As f=2”+‘ 

2 {2M .)*<-?+ E K* + &,«)« (a*') 

«(2*') j=2” 

Ay 5=2*++* 

2» f-2» t n=2”-* 1 

Also 3 - <2 E -4n-<4 S -4^. 

It follows that 2S (2M,)I < 8A' + 2A, and thus the aeries S (2Mp)* is 
convergent. Let us choose p so large that E ( 2 '"A„)i < then wc.havo 

'iTjp «h. (a:)dr|<c». 

If we denote by 0y,y. (ar) the msuumnm, for each value of x, uf the 
absolute values of the partial remainders of the series 

S (a„cosfla:4- 6„sinw»), for to = 1,2,3, ... 2”'- 2', 


we have j y. (*) dx < t*. It follows that, in a sot of points of measure 
> 2n ~ e, we have (x) < r. Let there be assigned to c the value" 
c,, Sj, fj, ... in a diminishing segncnce of nnmherB, such that E^c, con- 
verges to an assigned positive number ij. Let Pj, pj, ft. I'® value" 
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of j) corresponding to 6 ,,%,...; when j> = p,, we take p' — Pi‘, when 
P - Ps, we take p' = Pa, and soon. We then see that in a eet of points of 
measure > 27 t ~ >j, wliich is the set cceninoa to all the sets of measures 
>2;7 — Stt— fj,..., employed in the above reasoning, we have 
I (®) I < I), for all values p[ + I, p, + 2, ... of m. Denote this eet of 
points wherein (iP^) js> 2a- — •7. Byaseigning to 7? a set of values 

iji, Tji, ... ivhich are diminishing, and such that 2 where I is an 

achitrarily uhosen number, wo see that there eousts a set F(, of measure 
> 2jr — S, such .that in this eet | (*) | (*) | < tj,, ... for 

all values of vi> 2»', > 2»>, .... 

It follows that in the set the aeries is uniformly convergent; and 
since ^ jg arbitrary, it follows that the scries 2 (a„ 00s nx + &„6iiin2;} is 
almost everywhere convm^ont. 

The ooudition that 2 sho^ild bo convergent is satieflod by 

n (ft) ■» (log ft)'+', where « >0. Thus tho theorem stated above is estab- 
lished. 

We might also takeu(n} •• logn (loglogm)^^, in whiuh ease it appeal's 
that, if 2 log ft (log log «)**' (a„* -i- b,*) is convergent for a value of e that 
is > 0, the series 2 (a* cos na; + b„ sin nx) converges almost everywhere. 
By continuing this scale we have a series of theorems of which the one 
stated above is the first. 

Tta i/ S («.• + i.’) U commtM. Ih, ,o-i« (, 

amvcrffenl almost eteryichere, when &>0. 


TOXBHOSf’s MBmon OF StmsXATTOIlT 

410. One of the must important, both intrinsically and historically, of 
the conventional sums of aFonrier’e series is that which was first employed 
by Poisson. 

If -f 2 (a„ COS nx -[• sin ft*) be a Fourier’s series, lot the sum 

S fi" (a, cosfw: + l<„ sin«*),where| A| < l.bedenotedbyPi*, ft, li)- 

If lim lim P (x, n, k) exists, it may be defined to be the Poisson sum 
of the 3'’ourier’s series. The otdinery sum, when it exists, is 
L'm liinP(», ft, A); 

and in accordance with the general mode of iatrodtioing con-ventiona! sums. 
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referred to in §| 44-40, the Poisson sum is such a conventional sum. The 
Poisson sum of the scries is acccndingly defined to bo 

lim ^Jo«+ S (o,cos»(a: + 6„sin?i*)fi'‘J, 
whenever the limit exists. 

The condition of consistcncymnst bo est-ftblished, that, when both [he 
Poissonaum and the ordinary aum exist, they have the same v.alue. Since 


is bounded, the limit lim P (x, », h) exists for every value of li such that 
1 h ] < 1. In accordance with Abel's theorem (§ 126), when, for aparliculor 
value of *, the Fourier’s theorem is convergent, the Poisson sum 
lim lim P(x,n,k) 

exists, and has tlie value to which the Fourier’s scries converges. It was 
however assumed by Poisson and by many subsequent tvritors tint the 
converse of this always holds good. Thus, by Poiason and his followers, 
a proof of the convergence of Fourier’s series which is now rcgnrdcc] as 
wanting in rigour was given, which depended upon the osoertainnicnt of 
the Poisson sum, and the assumption that the Fonrior’s sorios necessarily 
converges to the same limit. 

An important application of the theory of the OosAro summation of 
Fourier’s series may be made in this connection. It has been shewn in 
§ 308 that a Fourier’s series is summablc (C, I) almost evcrywJicro in tlio 
Interval (~ tt, tt), and that in particular its CesAro sum i3/(») atony point 
of continuity of / (*), and is 5 {/{* + 0) +/(*— 0)) at any jioint of 
ordinary disoontinuity. If we now apply the theorem of Probenius {§ 128), 
wc see that, for any value of x for which tlic Fourier’s series is Kummalile 
(C, 1), the limit, as ft — I, of the sum of tlio corresponding power-series, 
in powers of ft, exists, and has the same value as the sum (C, 1) of tiic 
Fourier’s series. It thus follows that, for any eucli value of x, the Poisson 
sum exists, and is equal to the CesArosutu (<7, l)oftiie Fourier’s Bcric.^. 


It has accordingly been established that: 

For any Foiirkr’s Mries, flie Poigson sum exists almost everyichcre, and 
has the value f {x); and U is egual to f {x), or to i f/ (* + 0) 
a point oj continuity or of ordinary dieeonUnuily of the function. 


If - 


! consider the class of Fourier’s series for wliieh c 


S' 


b„ = O Littlewood’s theorem {§ 132) may be applied to prove that 
the Fourier’s series converges to the Poisson sum, wherever the latter 
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eirists; tliis haa been shewn above to be the case almost everywhere, and 
in particular at every point of continuity or of ordinary discontinuity of 
the funotion. It follows that the aeries convci^ca to/(ar) almost every- 
where, and that, at a point of ordinary discontinuity, it converges to 
J{/(* + 0)+/(*-0)}. 

Another proof of tins resnlt will be given in § 414. 

If wo siiciy, by moans of any independent investigation, that in case 
tf„ s= 0 , h, = 0 , the Poisson sum oidsts almost everywhere, Little- 

wood’s theorem (§ 132) enables us to infer tlte convergence of the Fourier’s 
series at every point at wliiob the Poisson tram existB, SuoJi an independent 
investigation, in the ease = b, o , was given* by Fatou, 

who also sliowed tliat, in this case, the Fouricr’e series converges almost 
cvcrj’ivhero. 

If / (*) have bounded variation in (— », ■n), then Bn = 0 , ii„ » 0 j . 

.and tie Poisson sum exists every wliem. It ftAlows tlisn, by applying 
Littleivood’s theorem, that the Fourier's series converges everywhere to 
the' value + 0) ■!•/(* — 0 )}. Thus, in the case of suoh functions, 

the hiatus in the older proofs of convergence of Fourier's series by means 
of Poisson’s siiRi is dlicd up. 

Interesting properties of the Poisson sum have boon givenf by Gross. 

411. The definition of the Poisson sum is applicable to the cose of any- 
trignnomelriea! series, which Is nut necessarily a Fourier’s aeries, provided' 
the series + T (Og oos nx +. b„ sin nx) A" is convergent when { /i |. < 1 . 

Applying the extension of the theorem of Frobenius, given in § 12ft (3), 
we see that, suoh a trigonometrical series, when it is summable {C. r) for 
some value of r (I; 0), at a point a:, is also summable by Poisson’s method, 
at the same point. That this is the case was first provodf by Holder, in 
the ease in which r is a po^tjve integer. 

It time appears that Poisson summation is at least as general ns Cesaro 
summation of a ivigonometriual series. 

If / [x) be not siiramable in (— w, ir), bnt have a Denjoy integral in 
that interval, it has been shewn (§ 376) thafcthe corresponding generalized 
Fourier’s series is summable almost every whoi'o in each integral con- 
tiguous to the set H, of points of oon-sumraalMlity of/ (»). In case the sob 
li has measure zero, and in pariicnlar when it has an /Ji-integral, the 
series is summable {G, 1) almost everywhere in (— w, w), and it is almost 
* Acta ilaOi. voL XZX (1900). p. 379. 
t iricit. ikr. Tol. osnv, Abt. Ila (1916), p. 10S4. 

X ii;aiA.4n>iaIen.T<iLxzsni (1882). p. 340. 
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ever3^here equal to /(*); wo havo thus the following oxtension of the 
above result: 

///(*) have a D-int^ral,the.Poies<Tn mmof the eorres'pondinfj gncrahzti 
Fourier’s series exists, and is equal to f {x), almost everywhere in each inicrvnl 
contiguous to the set H, of points of iton-summabUity off (a;). Whenm([l]^n 
as is the case when, f (k) has a» HL-inlegral, the Poisson si/m exists, and is 
equal to f (z), almost everyiiJtere in the inferml. In cither ease it exists citnj- 
where in an interval of amtinuily of f {x), promded the contiMiUy at the end- 
points is on doth sides. 

412. The limit of the sum P (z, »» A), as n ~ m, is equivalent to 
~~j /{*')<!*'+ S [ /(z')cosr(z'-z)rfz’, 

2w ^ J — 2Acos(z' — z) + 

Thus the Poisson sum, when it exists, is given by 

2n 1_, f - 

TJie value of tliis limit was studied* by yohwarv. in two memoirs. Ha 
considered the case, more general than that with which wo are hero con- 
cerned, in which z varies as well as A; he confined hie attontion however 
to the oaso in which /(z) is either continuous, or else lias only a finifo set 
of discontinuities. A more complete discuesion of questions connected with 
Poisson’s integral has been givenf by Fatou. An evaluation of the limit 
\vfll be given hero, by an application of the general method developed in 
Chapter VJ„ 

I>et * he .my point of the interval (- v H- 1, v — «); this will be taken 
ns the sot 0 to which z bedoiigs. l£fi<e, llio positive func1>ion 

1 — ^cos lx' — i) + A* 
is loss than . , 

or than ^eosec“^, provided |z' — z[£#t, l>A>/q. where /r is n 
positive number < <. In onlcr to appty the theorem of § 200, wc may 
suppose 71 = (I — 7i)-*, so that n — m , ns A ■“ I. The first condition of the 
general convergence tJieorem of §279 is accordingly satisfied. To shew 
that the second condition is satisfied, we have 

f^* 1 — A® , , 1 — A® (R — a) 

j,, 1 - 2 Acos(z'-^z) + A*‘“ ■^(l-A)*H-‘lARin4/r ‘ ’ 

■ Matti. Ahhandlunyen, vol. ir, pp. 144, 175. 
f Ada Malh. voL xxx {1906). See also Pknoer'e (ruct q 


noted on p. C2n. 
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where {Oj, ;8i) is any interval in (— v, w), provided z is not interior to the 
interval (oj — a, + ft), and belongs to Q. This converges to zero, 
imifonnly for all Bucli intervals, as Ihns the second condition 

1 — ft,* 

is satisfied; and therefore J 2ft ~ cM ^ 

similar integral -with the Kmits a: + tt, converge to zero uniformly for all 
values of x belonging to Q. 

We have also 




SWi^Ci 


t (»' - *) - 

1 i* 


V 


^ j 1 - 2An cos (»'-*) + ft„* 

Itfollowe, from the theorem of § 292, that the limit of Poisson’s integral is 

at any point of ordinary disoontinuity. Also it converges iiriiforinly in any 
interval in which / (*) is condnuoue, the continuity at the end-points of 
the interval being assumed to be on both ddes. 

In order to apply tho theorem of § 29S, wo observe tliat 


also t . - 


1-ft » 


1 - ^cos< + ft,* 


»0, for 1^0-, 


~ 2h„ 009 I + A,* 

(1-V) 

which is less than 


has, in the interval (0,>() the total variation 

t.2ft«8inl I , 

2ft, cos/ -t ft,* (1 — 2ft„co8t + /!,*)* r' 


n f- l-V 

^io 1 — 2ft,C08< + ?^“ 1 — 2ft„C03ji + 

or thfui Stt, -which is independent of n. It thus appeals that the integral 
oonvetges to /(ic) at every point at -which I {f(x + t)+f{x~t)— 2/(»)}d/ 
has, at / 0, a differential coefficient of value aero. It has thus been shewn 

that; 


The Poisson mm oj the FovriePs series corresfonding to Ute mmmabUi 
junction f (®) is j (*) al every jmint at which 

lim i j' {f(x 4 t) +/(* - /) - if{x)) dt = 0; 

and this is the case almost everyuihers in the itUerval (— tt, ■n). The Poisson 
mm is\{j (x -\- 0) + j {x — 0)} at asty -poiat of ardiwary discontinuity. The 
Poisson summation converges wtiformly »» any interval in which the junction 
is continiimis, the continuily at the end-points being assumed to be on both 
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413. The following theorcin, wMch is due to Fatou, is of importancs 
in the general theoz^’: 

If the summablt function /(*) /hm, al a •point a, a finite differcntkl 
coeficicnl, and F' (x, 7i) demote the stem of the series 

2 M {— o„ sin «* + cos nx) fi", {h < 1), 
then at the point a, lim F' (o, A) sc/* (it). 


Without loss of generality we may take a: ss 0. If /(*)>" 1. in llic 
interval (~ w, w), the theorem ia obviously true, since all the coeffa'icnts 
of the Fourier’a series vanish, except Oj. The theorem is also easily veri/ied 
at the point 0 for the function / (i) = *. Writing 
<f>{x)=/{x)~xno)-f(o), 

we have (0) — 0, (0) = 0, and it is sufficient to prove the theorem for 

this function ^ (z). 


We have since 

^ (*-'•> - i * '*> 

K <»■ '•> - k S L (T.-iS-fs w * "> 

and lb is sufficient to shew that this limit has tlie valve 0, that of (o)- 
Writing Ji for z — si — 


1 — ihcoiO + h*’ 
' (l-;i=)2Asinfl 

.,{1-"2/Ioo8^ + AT' 




Since lira 

tan 

(— TT, tt), and it tii 


IB- is SI 

tan ^9 

5 the limit 0 at 9 «= 0; tlierefore, by § 412, 


- = 0, the function 


The other integral may be written in the form 

(1 - A)* ^ ( 0 ) , 


1 — 2fcc08 9 + A* tan ’ 
and this is numerically less than 

Tliis has the limit 0, aa A ~ 1, for a reason similar to ttie case aircadj' db- 
cuBsed. The theorem has now been established. 
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4i4. The following thoarem will be esteblidied: 


If a„ — 0 b^ = O /fic necessary and sii^iciaiit condition that the 
series loo + S (a„ cos nx + ^ tue) skotdd converge at the point x io the. 

value f (a;) is that the sum of the series 

Joj + S (a, coa fui + mu nx) 


should converge, as h^0,lof (*). 

The pven series is a Fourier’s series, since S (<i„’ + 6„*) is convergent. 
The condition in the theorem may be stated in the form that ~j ^ f(t)di 
should converge to /{«). This condition is eatislicd for almost all values 
of X (Hse I, § 432). 

The theorom was given* by Hardy and Juttlewood ; it is a generaliza- 
tion of an eiirlier theorem duef to Fatou, which applies to the case in 
wliioh 



In order to prove that the condition in the theorem is sufSoiont, it is 
seen from Lohesgue’e tiisorom in § 370 that, when tlse condition is satisfied 
at the point x, the Fourier’s eeries is, at that point, summable (O, 2). 
Consequently, sinco na,, nb„ arc bounded, it follows at onco, by employing 
Wio tlieofom of 1 84, that the series Is convergent at the point. 

In order to prove that the condition i« necessary, denoting 
'a„ cos 7IX + h, tiin nz 

^ni v-'o may assume, without loss of generality, that /(a:) «> 0, .4o = 0. 
I riAn ! < 1. Assuming that the Fouriot’a eeries convargos In aero at the 
]iuint X, ^ve write 


®. T.4.S^'+ "i” J.^+ 2 ,1. 

,,-1 71/1 n-„+l «« n-m 

Having assigned a poative integer k (> 2), let 
£ — 1 <,mk& i. 


»« and U he such that 


I ®3 I < T S 
£*w*.|»+3 


and therefore \ Oj ] < ?. If the terms of S he grouped, their 

order licing preserved, m that all the terms in any one group are of tlio 
same sign, opposite to the sign of Hie tenna in the neighbouring groups, 


" rrx. Ixinii. JfalA, Sx. (2), T«i. iviu (1910). y. 22S. A of tho ptwf, due Io 

.'f. Ricsi, IS (rtriT In /"ros. I^ond. Jfalh. Sco. (J).-wiI. ssn (1924). lieamLt, p. rriii. 
t Ada Malh. rot. xin: (1008), pp. 34S, 385. 
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the number of grotipq depends only on tlie value of 7nh, and docs not 
exceed a number K (fc), since, for a fixed value of i, the number lomiiins 
less than a fixed number, whatever be Uie values of w and Ji. Let c bo nii 
arbitrarily chosen positive number, and let p be so chosen that 


!,.-i *rA'(i)' I 

for all values of v and »' sneh that p S 


We now see that | »1>, | is leas than multiplied by the number of 
groups in S , and this is leas than <. Also 

provided 0 < a /i,, >vhcro A, depends on p and t. Wc now have 
|®|<| + 3t, tor 0<4a»,! 

2 

aud sinoo r and « are both arbitrarily snioll, wc have lim <[> «• 0. The 

K ft-O 

necessity of the condition has now been established. 

The tlieorem established may l>c slated os follows: 

If iia„, 9i6,| are hounded; Utc necesaari/ md »iiJJloicnt wuidiliiM! thal the 
series -|- S (o.„ eos nx -l- b, sin vx) converges for a given value of * « 

thal the function g (*) defined as 1 an Siitwa: — cosTta ^ 

di^erential coefficient g' (*) at the given 'poinl; <uid then. g'{x) is the sum fo 
which the gi\)en series converges. 

If a„, fi„ be changed into nl>„, — na„ the tlieorem may bn statctl as 
follows; 

If a„ = 0 ha = 0 the necessary and snflicienl iwiidfVi'on that the 
series S n (— o„siiirt» -l- f>„oosflx) converges fora given valve of x is that the 
function g [x) defined, as S (a„ cos nx + b„ sin nx) shall have a differcnluil 
coefficient g' (a:) at the given poinl; and then g' (i) is the sum to which the 
given scries C07iverges. 


APPROXIHATI3 REPRESSHTATIOK OF FONCTIONB BY rnfITF, 
TRIOONOMETRXCAL SERIRS 

415. If the function / (a:), defined for Uie interval (— v, n), be con- 
tinuous in the interval (a,^}, contained in (— tt. v), including the end- 
points a, fi, it has been seen, in 1 412, that Poiksoii’s infegra! converges to 
the value/ (x), uniformly in the interval (a. p), as h converges to the value I . 



iu, 4ifi] Funclioils bij Finite Trigonometncal Series 637 

Therefore, a value /tj , of h, may be chosen, corresponding to on arbitrarily 
fixed positive number c, so that / (*} differs from the sum of the con- 
vergent series 

f[z')dx'+ ii A,®|cos»r.-J J(s^)coinic‘dx' 

+ 6U1»m:.^| /{x’)^anx'dx'^ 

by less than Je, for aU values of x in (a, p). Since the sorios converges 
uniformly f<Br all values of x, an int^er tn may be so fixed that the re- 
roaintjor of the series aft^- the jntb term is numerically less than foi' 
all values of x. In tliis manner we obtain* ajlniie irigonainelrical sc.rics 
-h cos n -i- an *) 4- ... + (A„ cosmx -i- B^sm mx), 
the sum qf which differs from J (») iy hss tfum *, for every value of x in the 
interval (a, /S) in which/ (a) is confinvous. 

This mode of approximate representation o£/{*), in the interval (a, /S), 
is dearly not unique, bocause the values of the fwnotioa in that part of 
(- tr, If) M'hiuli is not in (a, /S) may bo allowd in any manner, aubjeot only 
to tho integrability of / (») in (— w, «), and the continuity of / (*) at the 
points a, 

In the above ilnito soriee, each of the oiroular functions can be expanded 
in powera of x, and Ihe result rearranged ae a power-series, of which, tho 
sum consequently differs from f {x) by less then «, foe all values of a; in 
(a, )S), Since the power-series is uniformly conveigent, we thus obtain b 
proof of Woierstrass’ theorem, already established in § 150, that a finite 
polynomial P (*> can be determined, suoh that |/fa) — P (a:) [ < 2c, for 
all values of * in {a, ; the number « being arbitraiily chosen. 

Another methodf, not involving the use of Poiason’a integral, may bo 
employed to detennine an approximate representation of a fiinotion/fi), 
continuous in (a, fi), by means of finite trigonometrical series. Choose I, 
so that — i < a < /S < f. As in 1 159, a continuous polygonal line can be 
constructed, such that its ordinnto, for euioh puint z in (<r, ^), differs from 
/ (z) hy loss tliiiJi Jc. The polygonal line may be extended to the whole 
interval (— 1, 1), so as to be a continuous joolygonal line for the whole 
interval, and to be such that its ordinates at the points x = I, ~ I are equal 
to one another. In virtne of Diriohlet’s theory of Fourier’s series, tlte 
polygonal line may be represented, for the whole interval (— 1, 1), by a 
Fourier's series 

S ^o„oos~ -l-h„sin2:p^; 

' See Picaul’a TraiU tTAniSffn^ 2nd fid- ToL T, p. 275. 

t VoltfitTs, dtlGirtel»mat.dlFtimno, »td, xi (1697). p. 83. 
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and, by the theorem of § 333, tWs scticB eonvet^es uniformly in (— I, /) to 
the valne of the polygonal function. The .wm of the Foiirier’e scries diilers 
from /(k) by less tbanic.atorei^pointof The integers may l>oso 
chosen that the sum of the Uamsfoin > nsislcss than for allvnhieaofj 
in («, /9],on account of the unfform conveigcncc. Therefore tiie finite series 


f £ ^OaW 


has the required property, that its sum differs from/ (x) by less than c, for 
all values of a in (a, fi). Tin's method may be applied, in the same manner 
as in the case of the preceding one, to prove Wciorstra&s’ theorem relating 
to tho approximate repre-scntatioit of a continuous function by a finite 
polynomid. 


416. Let / (w) be a function such that both / (*) and {/ (*)}* possess 
Lebesgue integrals in the interval (— w, tt); and let s„ (x) denote tlie sum 
of a finite trigonometrical series 

+ S {A^iiosmx -l- B„sinmx). 

n-l 

Lot UB consider the integral 

We find that 

“ jl i f t*)J * " [§ - I i'j W 

+ 2 |j 1„ — /(r)eo8«*d*| + / (*) sin nidaj j 

+ 1 1" /(x)BinnEdij j. 

If J„ bo regarded as a quadratic function of 

it is clear that the value of 1„ will be least, when 

j4o = ^j f{x}dx, A„ = ^j /(»:)co8Wzffa:, 

= /(a:)8iniia:rfii:, 

for TV = 1 , 2, 3, ... Tn; i.e. when A^, A„, B„ are the rourier’s coefficients 
corresponding to the function/ (*). These values of Ao,A„, are there- 
fore such that the finite trigonometrical scries gives the best approximalion 
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to tJje -value of/ (a;), in accocd&nce -with the standard of tho method of least 
squares. The foUoiring theorem has been now ratablisjied; 

7/* / (2) he defined Jor Ibe interval (— jt, w), and- be such that both the 
fiindioii itself, a?ui its square, possess Lebesgve. integrals in the interval, then 
Ihe values of the Zm -1- 1 constants A^, ... A^, B„, which arc such that 

I \f{^)~\At— S (.^„cosiH« + B„BinT>w;)j dx 

has Ihe smalhst value, are Ike Fotmer^s coefiicdaiCs corresponding in the 
function f (ns). 

The minimum v.alue of the integtaj is 

j’_ (/(•))-■* - . [lo.’ + + «.‘|j , 

whoroffrii^Ri iji denote thoFouricr’sconstwifcsoorrespondmg to the function 
f{x), Itfollowa that this diForeneo is essentially positive, wliaiover value m 
may have, and therefore tire series |a,’ + S (a„* + b„*) is necessarily oon- 
vci‘gont, It liQB been shome, in § 378, tlmt tlic serine eenvorgos to tho value 
“I An attempt was made by Homaokf to establish this 

footclirootly, and to found thereon a theory of the oonvergonce of Fourier's 
Relies, 

It follows, from the above result, that the scries S Or^, t, b„‘ are both 
ooiivorgent, and thoi-nforc that lim o„ » ti, liiii t>„ • fl, wliioh has already 
Ix!Wi established in § 334, independently of the assumption here made, that 
{/ (*)}’ is intograble in (— w, v). 


TJIB Dli'l^BBEWTIATIOTr OF FOtmTER’S SEKIEE 

417, In general, tho series obtained by diiTorentiatiog a convergent 
Pourior's series is not convergent, as may, for example, bo seen in the case 
of (he series 2 i sin nx; neither is the series so obtained neoessarily tho 
Fourier's series corresponding to /' (*). 

Let / (a) he a bounded function, continuous except for a fimte number 
of ordinary discon tinuitiesjlet it also be asBumed that/' (a:) has aLebesgue 
integral in (— ■n, ^7), and that, if it hove points of infinite discontinuity, 
Biioli points form a reducible sot. This is consistent with there being a set 
of points of zero measure at which/' (*) has no definite value. At the 

’ Tills theorem was given hy Tocpler, in « soenowliat leas geccml form, see Ti'iencr Xirreijen, 
vol. MU 11S7C). 


’<ilA.,lnRa2e>i,ToLzvn<!8SO}.i>> 123, t 
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points of discontinuity of/(*), tfc may regard f'{x) as undefined. We 
have then 

= ;^f-2{/(<3! + 0)-/{a:-0)}siiiKa3- i- |' / ' (r) sin 

the summation S referring to the finite mitnber of points a of ordiiiarv 
dificontiouity of /(.r) in the interior of (— sr, n). In a similar raaiuicr, we 
find that 

i j fix) sin nxdx 

“ ^ [(- 1)" {/(-■" + 0) -S{7. - 0)} + S {/(a + 0) -/(a - 0)) cos «a] 

+ — I /'(*:)eos?ia:rfa'. 

Also 

i ' (») * - i [/(. - 0) - /(- , + 0) - s {/(« + 0) - - 0)}j. 

If then, the Fourier’s coufijoicDU for the functions /{»), / '(a) ho 
denoted by Oo, a„, i„, and e,', a„', 6„' respectively, ye have 

V.i[/(,_0)-/(-, + 0)]-i2{/(« + o)-/(„-0)|, 

o,'.»6,-l[(- l)"(/(-<.+0)-/{>7-0)) + S|/((i + 0)-/(«-0))oosraJ, 

4.' - - - j E (/(. + 0) 0)) sin 

In particular, if /(*) be continuous in the interval (— r, «■), so that the 
function obtained by extending / (a:) beyond the interval, in accordance 
■with the rule / (s) ™ / (ar ± Z-^r), is continuous except at the points — t:, w, 

<•.' -*{/(")-/(-»». - «*•. + !/(-) -M- «)l. 

!/„’ — — ■na„. Unless / (tt) =/(— •si), the Fourier’s series corresponding to 
f' [x) is not obl.ained by term by term diflcrontiation of the Fourier's 
series for/ (ar). Even when this condition is eatisficrl, no assertion can in 
general be made as to the convergence of tlic Fourier's series for /' (x). 
We have thus obtained the foilowii^ theorem: 

If f [x) be axriinuous in (— ir, w), and tf f {— n) ^ f (w), and f (x) hove 
a Lebesgue inlegral, and have at most a ndvcxbh set of points of infinite 
disconiinmty, the Fourier’s series for f (x), whether it converge or not, is 
obtained by the term by term differentiaHon, of that torresponding to f (x). 
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If it be Icnoira that /' (») has lunitcd derivatlTes at any point, or if 

A-+U ^ ’ i~+0 

are definite, or are indetennmato between finite limits of indeterminacy, 
then, in accordance wth Theorem {«), of § 342, the Courier's series for 
/ {x) converges at the pcant *. 

4f8, In case the function / (*) have derivatives /' (x), f " (x), ... of any 
number of orders, and/{*),/' (a:),/' are all bounded and continuous 
in (— w, w), except at a finite number of points at which they have ordinary 
diecontimiities, the coofficientR a,, 6, may be expressed in S' form which 
exhibits these discontinuities. 

At apointa,of di800Qtimiityof/(»J, the&mction/' {x) maybe regarded 
na undefined, the values of/' (« + 0),/'(<r — 0) being 

Ibii + -./.(? li*) 

A.+o ^ ’ A-+0 -/'■ 

respeetivoly. A similar remark applies to the higher differential coefficients. 

We find, by integiating twioo by parts, 

{/(« + 0) -/(« - 0)} am 

- 2: {/ ’ (^ + 0) -f’ifi- 0)} cos I y " (a) cos nirtfa;, 

6n = ^ S {/ {» + 0) - / (a - 0)> cos na 

-^2{/'(jS + 0)-/'(j8— /''(9:)sm»«;da:, 

where — ir is now included among the points « of discontinuity of / {x), and 
amongst the points of discontanuily of /' (»). The points o in general 
occur amongst the points p. 

Wo may proceed, by further* int^yation by parte, to e.vpress a„ and 
bn in a series proceeding by poweits of IJn, the coefficients of which involve 
the measures of discontimiity of the fnnetioas at the points a, p , ..., 

Couvergely, if the Fourier’s coofHdents for / (a)) are given in the forms 
o„ 2.4 ran n«r + -^ 21B cos «j8 + ... , 

- SAcosmr + ^jSBsinnie- .... 

* 8.f6 Slcicea, “On the critiCAt Tfthiefl of tlic Bums ot pmo)£o aeejes.” Matli. and Phya. Pajara. 
vol. I, where this inveetigatinn is earned outin detail, and tharooulting formulnc for the differentia. 
Uoa of Fourier's sericB are applied to phyaioal prohIcniB. 
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so that the Fourier’s series has for its general term 

- ILA sin» (« — *) + i SBcosm (^— s;) -i- , 

/(« + 0)-/(a- 0)» -wyl. /'(^ + 0)-/'(,8-0}--^i} 

Thus the points of discontinuity, and the measures of discontinuity, of 

/ f ' (®) are determined when a„, b„ are exhibited as series pro- 

cecidtng according to powers of l/». 

419. The following further UiootoniK* relating to the differentiation of 
Irigonometrieal series will be stated: 

IJ tliC trigonometrical series 

+ £ {a„ cos na; + sin nx) 
converge for a Twrh'cuter vaJ«« c ofx, and if the terks 
I> (— -ncn sin na: + n(i„ cos nx), 

obtained by term by term differentiation, converge tmifomly in an fnfermf 
(a, /}) w/iich contains the point c in iU interior, then the ortjfnoJ stria 
converges uniformly in («, 0), and the function f(x) represented by it has, 
throughout the inierval, a differential coeffieieta represented by the (hritxd 
series. 

If the series £ (a, cos nx + h, sin nx) 

converge for a particular value oof x, whiclt is not zero or a mullipk of r, 
and if lim a„ = 0, lim b„ ~ 0, then throughout an infervai (a, /9) which 
coiifatn.; the point c in its inierior, but does not include the point 0, or kr, 
where k is any integer, the series converges uniformly, and the function f {x) 
represented by it will have a differential coefficient f (x) given by 

2 sin a: ./'(*) = - 1) -{»+!) a„«} cos n* 

+ [(»- 1}6„-, - (71 + l}&«4i]sinni:), 

where a_, = h.i = 0, provided this last series converges uniformly 

in the interval {a, ^]. 

For a function / (i) which possesses differential coefficienta of all orders 
in the interval (— w, rt), it is not in general possibio to obtain repre- 
sentations of all these differcntiid coolhtnents by moans of suecc.ssivD 
tenn by term difierentiation of the Fourier’s series which represents/ (r). 

• See BOebet's "Introdnclion to tie tlieoiy of Fborfer’* seiiw," Annalt of llaih. (2). l ol- 'C 
<1906), p. 120. Tie second theorem is sahstsntiellj' dm lo Lerch, Annoki tr. Ue V/cole rormo > 
(3|, vol, xii(1895]. p. 351. 
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riie following theorem, dne to Borel*, gives the means of obtaining the 
requisite representation of soch functions: 

Having given a function f (*) wAscfi kas differenlM coefficie^Us of all 
orders throiigliovt the, intesnxU (— w, «•), the function can be represented, by 
means of a series of the type 

S {if.*’ + «n cos n* + sin na:) ; 

and the differesUial caeFeieHte of f (»), of all ordisrs, arc represented by the 
series cbiained by successive tenn by term differeiUiation of this series, AU the 
series so obtained converge vnifoTmly in the interval (— n, it). 

GENERAL EXAMPLES 
(Ij TLs trigonomQtriQul senes 

Aj ^ «4tesiD St* 4-... nz 

U uniformly cenTorgent, in Kay interrsl i\ot conuining tbe {loiat x=0, oc any point 
zs±2t)r, (tlnieDi&l}, UUntba'^O, UHlit alao Z 1 6. ‘'t'o+i I 

2 ein i* . (« ew 1* - "s - Vi> ®« i (2^ 1) » - 6fi OM 1 (2» + 1) ®. 

vhoaee tte roeolt follows. IteuiScest for the oonvcigenas of lbs series tliai aud 

ttst nlso for ell velore of n groktor then soiso fixed Tsluonvi the oonTeigoiios le 

then ne before uniform iueay InUreet whicb does not oo&taln * = 0 or s w d:21iTr, for any 
Integral value of ib. ^ 

'His aories i<i,4aiOosz4<i,coa2ir+... may similarly ho shown M converge uniformly 
in Any Istarval not coutalning z«0. or any pednt ^21:rr, if liaon^O, and if aleo 

S |a„-a„„| be convergent. If liniaawO, arid for the SBrissf con- 

venes as belore for all valoes of *, ezoept 0 or d;21»r. 

(2) Let f {x)i bo s f uncUtm, of period 2>i', bounded and ineAsarablo in any interval which 
does not coatmn the point z=0, or any point a:=2ft>r: but iet/(») not saliafy these 
conditions in the neiglibourbood of *=fl. Jjat it bo aasumed, (1), that [/(*) +/ ( -®) | is 
integrable, in (0, v). (2!, that b'm{3^^)}-lh aod (3), that */<*) has iU Courier’s series 
convergent at the point *=0; The coofEoionta o„, 6„, for the function f{z], Uioii 
erisb, and lira a„ =0. Also it fidfowB from (3) that lim 6„=:0. For tliia last condition is 
orjuivalent to 

Urn r /(*^tanisi'!!ii^±ii*^ds'=0, 

»'»/-• *>“jv 

which holds if / (i) bini* hove its FomiBr’a secies convergent at b=s 0; and { (i) ton^Ji 
may clearly be toplaccd by */ {b). ,, 

■ See thoiec<ms ear lei/imerfoMdsMrtaSIsrrieBes, p. 88, where this theorem is proved, 
t BehlCnnluh, OompendMim d. ANtecen Amdysut vob I, § 40. 
t See FatoQ, Cemples Jiendes, vol. 0041 (1906), p. 765. 
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It caa ncm' bo seen oaaijy that 

baa tha limit 0, when n ia iuileluiiUjy inormsed, oa couditioa tliat the integral is tiller^ 
preted na having its Cauoby prindial value in the nciglibourUaod of ir' = 0. IVhen llio 
conditiona (1), (2J, (S) are aatiaflGd, tbo nrveasry and sufficient coaditicn that tiio series 
should converge to / (x) is Ifaal tbat function wtuch »/(x) tlio neiglibuiirhood oi the 
point X, nnd is clsowlicrc zero, should be icprcaontsUe by a Fourier's aeries. 


/ (x) = — wbere 0<x£u < 0 “*, 

xlogiloglogi 

and lot /(*)+/(- 1) =0. Tltis luncUon oaUalles oondilious (1), {2). (»), nml is represent- 
nhlo by a series 

. vz . 2vz 

a,Nn — s-a,sm— 

|/(z) I is not iiitcgrablc, although /(x) is so; thtw tbo seriei U fi genemlized Fourier's 


(3) The oonvoigent series* 
{L) or (D), in uo interval con 
convergent, 


't logn 


represents it function which is not fnlegrahle 


(4) In Uic series 3 sin (n ! xx). tho coefficients do not beeoino laduflnitely small, niii! 
therefore the aeries is not a Fourier's esricx. TIis scriva uMtvcrgss, however, for all mllenal 
values of z; It also eonvergo for an infioito number ot irrational values, for exiunpli'. 
for z=sin I. cos 1, 2/e, and foe multiples of these vsjuca; also for odd niultlplM oi c. 
Tlus example is due to ilientsnn, end (he series has been considered in detail by Cenocehlt, 


(6) Consider the series 3 e,cosn»*, 3 e„8inii**, whens c^, e„ c,, .,, arc positlvo 
numbers, and such that lim c„<*0, but such that S c„ is Oivcrgsnt, The points of con- 
Tci^ence, and tlie points of divorgcnco, of Uioso series both form ovcrywhcrc-donsoscls. 
ThcBO sori&i h,ave been treated! detail by Hardy and litUewood. 


(6) Thofuneti 
Integer, and wher 


- (nz), vherc (nx) denotes (ho cxci 


)t intcgrablc in nccorrlanrc 




as representing /(x); where the summaiion ,8, refers to all the facto 


* Sec Faton, Compta Rtiuhu. voL cxi-n (lOOK). p. 
t Alii df Termo, vol. S (1875). p. 985. 

} Ada Math. voL sxxvn (191*). p. 222. 
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HrEJIAOT’s THEORY OV TBIOONOMETBICAL SERIES 

420. Afterthefiindament^investigaticaiofDirichlBt.iiiwJuchsufficient 
conditiros were obtained itsr the convcigence of the Fourier’s series corre- 
sponding to a given f\uieti<»i, the next great advance in the theoiy was 
jiindo b}' Riem<ann*, in hia cdcbratcd memw on the representation of a 
function by means of trigonometiioal series. Tliis memoir formed the point, 
of departure, on which much of the eahsequeot development of the theory 
depended. An account of Riemann’a theory, in a modified form, with some 
later dcvolojjmcnta, will be ^en here. 

Denoting the series 4- S (o, oos tue -1- &„ ain tix) by 

w4o (x) + Ai{x) + d, {*) + ... +A„lx) + 
where do (x) «> joo. A^ {x) •» (r.cosnw + b^niaiix, 

itis ossumed in general that lim (o^cosjjw-t-t.sinwt)-*©, lor each value of 
s in a given interval. It was proved later fay Cantor that this asaumption 
implies that lim a„ » 0, and Km />„ = 0. In some parts of Riemaiui’s 
investigations it is sufficient to m^c the wider assumption that 
) cos«* -t- 6, ein fl* I 

is bcnuided fur ull valnca of n, and of x in .some presorlhed interval. It is 
not assumed that the cocfficIcnCs necessarily have the form of the oo- 
nffioienfs in a Fourier’s series; so that the theory refers piiraarily to 
trigonometrical aeries in general. 

Kieniann’s method of investigation depends essentially upon ids intro- 
duotion of a special method of treatment of the series, which leads lo a 
conventional definition of tho sum of tlie trigonometrical series. This con- 
ventional sum of the series, which may bo spoken of os its sum (i?), is 
equal to the- ordinary sum of the scries at any point x at which the latter 
exists, but the sum (H) may exist for a point x for which the series is not 
convergent. 

If we take the scries 

where | A„ (x) | < k, for all values of « and *, and denote its Bum-fnnotion 
at tho 2)oint x by 5 (x, h), this snm-functioii having a unique value, for 
each value ol 7s (> 0), frinco the sNiea ia convergent, then if 

lim 1*1 (ar, 7s] = S (*), the function 8 (x) maybe termed tho Riemann sum- 

•nemiiir, origirvilly written in 1854 m a AraiB,'i>as pnbKalwd in the .li&injlMrjcn d. R, Oo. d. 
irusciiscJt. zu OoUiTtffen, voL sm. Rf« kIbo Biemmm’a GeattmKttUi irstl-e, Snd ud. p. 227. 


G40 Trigonometrical Series [ch. mh 

function of the series Aq (*) + A^ (x) -f .... Tiiis function S (z) may, at a 
particular point z, have a definite value, or it may have an upper value 
S (z), and a lower value § (z); where 

S (a:) = Km iff (*, A), ff {*) »* limff (z, /i). 

Thus ff (z) is the repeated limit 

ft™ ^ j ’ 

whereas the ordinary Bum-function of the series is 

(z) + yJi (z) -i- ... + ^„ (z) j , 

It is in accordance 'with a frequent mode of procedure in defining a con- 
ventional value of a repeated limit, to regard it as the repeated limit 
when the order of the sucees^vo limits is revetsed (see § 4fi). 

Eiemann introduced the continuous function F (x) represented by the 
series 

0.+ C'z + iAtX^~A,{x)-j^At{x)- ... .... 


which certainly easts when | A„ (z) | is bounded for all values of n and 
of r, in a given interval. For if | 4, (z) | < k, the series 

.4, («) + 1 A (*) + - + .4. W + .. . 


converges uniformly in the given interval, and thus has its siTTn-fnnctios 
continuous. This is fn particular the case, in any interval whatever, when 
lim a„ = lira b„ *- 0. It Is easily seen by substitution that, for the hinetion 
F (z) so defined, tve have 


F (z_+ 2^)+F_(z-2A)_-_W’(z)^^ + A 


It is convenient to define the generalized eeeond difTercnliaJ coefficient 
of a taotfon i W ot » point .o, « Jim #-(^±11 Tl* 
may have a definite value 5^*^ (z), or it may have upper and lou-er valtic-3 

3 ^ 4 . (x), ©V 

It thus appears that the Riemaim sum-function of the series 
A„{z) -i- A,lx) + A.Jx) ^ 

is S'^F (x), where F (z) denotes the continuous function 

O C'z 4 lA^x*-A^ lx) - ... - - -- 
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It has heen shewn* by Rajchman, tJiat if a„ = o (I), — o (I), imd 

the trigonometrical series is sumtnable (^ ), at a point x, it is also summable 
{0, 3), at the same point. 

Kajcftman has also givenf the following relations boCwceti the upper 
, and lower Biemann and Foisaon EoniB of a trigonometrical series for which 
o„ = 0 (1), tn = d (T); and P (r, ») denotes 

{ac+ 2 (On'eos «* + l>*sin*i*)r*, (*) 5 lini P {r, r), 

lim P (r, *) a {z). 

This theorem is stated by Zygmundiji hold provided only P (») is every- 
where confcinuotis. Bajchinan and Zygmund liave coiisiderodS the relation 
of the CcsliTO summation 'riti a gcneralizataon of Biemann summation. 

431. Riemaim’s first theorem, in a generalized form, consists of three 
parts, and may bo stated as follows: 

• Theorem I. Having given the trigonomelrioal series Ac,+ S A„ (»), 

tehere A„ (a?) denotes SrOOSIw -f 6. eitutc, and denotes ^tfo, /or wldoh 
u„ - 0 (1), = 0 (1), there exists a cotttiniwus /taiclien defined by 

P (*) « C + C'x + ^A^z^ - E T (*), 

Meh has the follouiing jffojxriics: 

, (]) , J'or any value of xfor tiMch the given series 

Ag + Ai {*) + At{x)+ ... +.4, (»> -i- ... 
fmwrgu to the value / («), (z) has the definite value f (*). Moreover if, 

al Ills j)oivi X, the given series has upper and lower sum-fwiciions f (*),/(*), 
Joth [k] and (*) lie in the interval formed by ike two nia^srs 

loWe A is eDjne./hcai mwraher. 

This property holds also if it is only assumed that (a) is bounded with 
reaped to {n, *) in some neighbourhood of the poirtt x, and ilivs that F {*) 
exists in such neighbourhood. 

The second part of the statement was first given substantially by 
Du Bois-Reymond. 

(2) For any value of X tiAatever 

llD, J'(J^ + 2ft) + -P|c-2ft)-2P(i>;) _ 

It is unnecessary that the given trigonometrical series should converge at 
the point x. 

* Ooir,;,iu»et>Suc JcbIgoc.a»>no>ca^«rar>l>rie,voLs{l9IR).^ lie. See also funeiimcMra 
-Uo»., Tol. HI (1U22), p, 287. 

t Pracc tSiucm.-fiz. vol. 2xx {1919), Mid Compta BaiAis. »ol. OLXXVU (1923), p. 492, 

t Cimp!r's2UK<iu,,vol glsxvii (1923^ p. ^ { BdltliaJel'Aead. Tchnahe [1025). v.HO. 
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This has as its ofinsoquenoe that, ateach point*, F[x) has its derivatives 
symmetrical as regards the right and left of the point, so tlial 

(3) If (i, c) be any inlerval, and if A (*) and its differential mrfftcient 
A' (*) are continuous in (fe. c), and vanisk at b and c, and if A" (*) bestim- 
mablc and everywhere finite in (6, c), then ^ F (ar) A (x) cos fi{x — a) dx 
converges to taro, asy.~~ .Mniformly for all values of a. It is lierevecessarij 
that a„ = 0 (1). b„ = 0(1). 


Riemann himself restricted A* (*) to bo aeontinuous ftmetion possessing 
only a finite set of moxiina and minima in the interval, and he decs not 
niention the uniform conveigonno for all values of «. 


In the above statementitie not absolutely necessary that A' (x) should 
everytvhere exist and bo finite; more generally it is suffioiont that A' (t) 
should bo summable and that A' (z) eliould satisfy tbo condition of being 
an indefinite fz-intcgral. 


42S, The pait I (1) of the theorem has already been ostablisliiid in 
§ 167. 

Tn order to prove I (2), that, wbelber the series ^A„ (z) converges or 
Wf" (zl 

not, 80 long as lim A„ (x) — D, for each fixed », - ^ converges to r.ero, 

as 7i — 0. we divide the terms of the series Afi- L A„ (z) 
tliree parts. 

The first part is Ao+ S A„ (z) • where m is a fixed number 

so chosen tliat ( (x) ( < «, for n> m. The limit of this aura, ivliich ivc 

denote by S, is the finite number .do + S (z), when h ~ 0. 

The second part is taken to be S d„ (*) ■ where 

cA < JT S (fi + 1) h; 


the sum of these terms is numezic^y loss than j . The third part 



We have now 
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Since sh converges to n, is a finite number, and e is arbitrary, ve have 


With a view to proving Rjemann’s theorem I (3), let <1> (a:) denote the 
periodic function F {x) — C— Cx — or — S {x). The foiiow- 


ing theorem, somewhat more general tiian necessary for the special 
purpose, will bo first eetablished: 

// ij/ {x) 4« siieh OmI it haa a conliavotts dijfercntial nosjfteienl ip' (x) in 
Ike inferwjf {b, c), and >p (s), (z) both vanish at b and c, and if aho ip’ (x] 
is sumtnable in {b, c) and is simh that (*) is its indefinite integral, then 




7 : 


^ (x)<b (x+{)C 03 ii(x - a}dx 


consirgts to zero, as n — to , u*»7<>mly for all values of a and 1. 

It is easily seen that 

0(* + «)=i— X j^,d^(t)cosn«— X ~5„(<)8infte, 

where denotes 6, cos«t — a„ stnn<. Denoting Va„* + i>„* by c„, 
whore lira o„ = 0, ■we may write c, cos (at — fi„), — o,. sin (at ^ fi„), for 
A„ (r] and B„ (t) respectively, nod thus 

4) (» -f t) = — S cos (nx + at — /?,). 

Siiioo this series converges tmiformly. we have to consider the oapression 
/a“ X ^ 5^ (s) cos (n* + at — ^„)cos;*{* — n)rf!r. 

We find by two integrations by parts, which arc valid since ip {x), <p' (a) 
arc indefinite integrals of tp' {*), p’ (*) respectively, that 

p{x) cos (fee- -^j^^'(*)cos(/b:-«Jdz. 

where k is any number, and may depend upon h, and upon any other 
parameters. The absolute value of the expressioa on the right-hand side 
may be \vribten in tho form ^Vti where, in accocdancc "with the theorem 
of ? 334, ijj. converges to zero, as i ~ , uniformly for all values of the 

parameters upon which tr^ depends. Also tjt -ri h, for all values of k, where 
V is a fixed number. 


We have now to consider the exprosaon 

h ^ J (*) {(t* - 
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wliere j9„" depond upon a, ft, «, and 1. The absolute value of tliis ex- 
pression is less than 

If m be so chosen that [ | < 8, forw = I, 2, 3. and such value of 

m may be chosen independenUy of the values of a and /, it appears that 
the first part of this expression is less than IS S ^ , or than fS, vherc 

P is some fixed number independent of 8. 


Denoting by [J/a], [>t] the intogers next less tjuin Jp, p re9peetivc!3', (he 
expression jp' ^ ^ ^ divided into four parts. Tlie first 

part contains those terms of the series for which n is taken from 1 to [ip]. 
This part is less than 2 V P be taken bo great that 

Til, < t, for k Z n — [ipj; it then follows that this expression is less than 
P’8, where P' is some fixed number uidependont of 8 and p. 


Tlie second part contains those (ernis of the series for which n is taken 
from [|p^ -h 1 to Ip] - 1 ; we may assume that p is taken so great that 
c„ < 8, for n S [Jp] 1. This part is now seen to be numorically less than 
JSp* S or than P"8, where P" is a fixed numbar independent of 
8 and p. 

We next take the two tonus for whioh n has the values [p]> M ^ 
both of whioh are fixed multiples of 8. In ease p is an integer, the term 
corresponding to p « n may be omitted in the original expression, (Ito 
corresponding term being c, j j” (a:) cos ft." rfa; | , wliich i.s less tlian a lixwl 
multiple of 8. In any case the two terms together are less than P''’8. 
where P'" is independent of 8 and p. 

The last port to consider contains those terms for which n- has all values 

> [p] + I. 

This part is numerically less than J8p* S -J-j, or than P'^h, where 
P*v 3g independent of 3 and p. 

It has now been shewn that the whole expression is, for Bufficiently 
large values of p, less than a fixed multiple of 8. Since 8 is arbilrarj’, the 
theorem has been estabBsfacd. 

It will next be shewn that 


p= I' 4- (*) {0 + C'(x + t) + iA^ (® + 0*} fios p (X - a) fix 
converges to zero, as p -^eo , uniformly for all values of a, and uniformly 
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for .ill values of i in a finite interval, the fimcttoR ^ (a;) eatiafying the same 
conditions as before. The exptesnon £7 + (7* (a; + /) + (i + i)! may be 
rearranged in the form a, + p,x + wliei'o a, and are quadratic 

functions of t, and therefore ate bounded fmr all values of t in a finite 
interval. We have then to oonmder 

ft- 'I' (*) («( + fit* + cos ft (a: - o] dx. 

It can be verified that 

ft* (ft, + fiiX + oosfi{*— a) 

4* [|®‘ “ ® ^ j ; 

hence, on integrating twice by parts, the expression tshes the form 

- |b, - -I- fit* + Mo®*| cos ft {*— a) iji" (ar) j dx. 

Sinoo tie integrals j / (*) ft (a: - a) dx, wljere / (*) is any summable 
function, are numerically arbitrarily small, provided ft has a sufficiently 
large value, and since [ ^, | , [ «, | ore less thw fixed numbers independent 
of the particular value of 1. it follows that the integral converges to zero, 
uniformly for ail values of f in a fixed finite interval, and uniformly for all 
Yohosof.a.-. 

Combining this result with the theorem already established, we obtain 
the following theorem, which contains Riemann’s theorem I (8) as the 
particular eaee which arises when ( has the single value zero; 

If i/i (x) be suah that it has a anUinaovs differential oocfficicnt yfi' (x) m 
f Ae infernal (ft, c), and d’ (»), d’ f®) msUsh at h and e, and. if also //' (») 
is siinwnuftlc in- (ft, c) and has d>' (*)/«■ f*® i»«frjSnilc infegraf, llien 

ft* I V (ar + t) ^ {*) cos ft (* - a) dr 

converges to 0, as ft ~ , uniformly for oR values of t in a finite interval, and 

•‘iniformly for all values of a. 

423. Riemann's second theorem is concerned ivith conditions under 
which a trigonometrical series may exist of which the aion (J?) shall have 
the values of a prescribed function. Hic theorem may be rtated os follows : 

Theorem II. lff{x) be afmetion, of period 2n, d^ned for every value 
of x, necessary and sw^oicitf conditions a fri^ometrical series 

100+ S {a,COSfW: + ft„sin?M:), 
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svchthatOn = o (1), = o (l)ex»fe, of it^iehj(x)isth€ sum (^),nn(f 

at avery point of convergence, converges to the value f (z), are the foUowivg: 

(1) That a coniinvous function F (x) should exist, such that, for all ‘lahcs 

of X, {x) =f{x]. 

(2) Thai, if b, c be any two numbers, 

P^Jf {x) cos ft (a: — a) a (*) dx 

should converge to the limit zero, as p.is indefinitely increased, vihtre A (a) it 
any function such that X’ {x) exists in (5, c) and A' (x) exists and is suiimahk, 
with A' (z) for its indefinite integral', and such that A [x), A' (x) both vanish at 
b and c. 

Ib 'n’iil be observed that the theorem makcf! no assertion as to the 
convergence of the trigonometrical scries at any particular point, neitlicr 
docs it assert that the aeries ia a Fourier’s aeries. 

That (1) and [2} are necessary conditions has beea already established; 
it thoroforo romaiiis to prove their suflicicncy. 

Let 4’ (*) denote F {x + 2ir) — F {*), then, from the condition (1), it 
follows f-liat 7)*^ (ar) ■» 0, for all values of x. 

Applying !3ohwnr^'B tlieorora (i, § 272) to the function 4 (®) ’'V 

flnlto Interval, it follows that ^ (x) must be a linear function of z. It thus 
appears that At and O' con be so determined that P (x) — C'z — ^AtZ* is 
periodic, and of period 277. 

The condition (2) bolds, not only for F (*), by hypothesis, but also if 
F (*) be replaced by C'z + iA„x*, as has been proved in § 42Z. Denoting 
by 4 (») tiio periodic function F {x) — O'x — it follows tJiat 
lim 4 {*) ^ I* — «) A (*) dx = 0. 

Writing x' instead of a, taking b < — ir,c> n, and algo taking A (r) = i in 
the interval (— tt, tt), we have 

lini i/'(r)cos/r(i-x')(fa + /»«J 4 {x)Xix}co^ii{z-x')dz 

+ fi^j 4(x)X{x)<iiKfi{x-x')dxj^0. 

Taking p, to have the integral value n, we have then 

lim j^7i=| ^j(a:)eosjt {x — 3^)rfa: + 7i=J 0 (x) Ajfx) cosJi {x — 

where Aj (x) = A (x) in the interval (w, c), and Aj (x) = A (x — Ztt) in tiio 
interval (ii + 2m, tt) of x. The function A, (*) satisfiea the conditions in (2), 
for the interval (6 + 2;7, a); hence -we have 
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luid Iberefore also 

lira n= | (») eos » (x ~ s') (ic = 0. 

Now let 

^(*)cos»ia:rf*, lA (») siimxcZa!, 

60 that ~~ ~ / ^ (*) ooa n (* — s') rfx, 

where -4„ (s') denotes cos wx' + d, danx'. It has been shewn that 
lini 4l„ (a') = 0 ; and it follows lhal Uie Fourier’s series 


is unifurudy convergent, and therefore wmvotgot! to the 8nra-fuiiotion^(x'). 

The series (*) + ^s(») + .... where have been 

(Istonnined as above, is the required trigonometrietd series. Its sum [22) 
is the function/ (x). and if at any point x it is convo^ent, its ordinary sum 
' at tliat point- is / (a). It will be observed that tl» theorem provides a 
method of determining the series, when/(*) is prescribed, and is such that 
t-he function F (e) satisfying the conditions (1) and (2) exists and can be 
determined. The Fourier’s series corresponding to F (z) can bo then dotor- 
niined, and the roqiilrcd scries is found by differeiitiation of that series 
twice, 


Qoiioralir-ations of Kictnanu's Tlicorenie I and II have been given’’', 
iviti an indication of tlic proofs, by Kogbetlionts. 


424. Riemann’s third theorem, which is hero given in a simplified fovin, 
expresses a necessary and sufficient condition that a trigonometrical scries 
iOo -i- 2 (a„ cosnx + 6„ sinTwhfor-whicha, ~0.6, ~ 0, asn ~ to. should 
be convergent at apartioulai’pmnl*. The theorem may bo stated asfolIowB; 

Theoiv.m lJ T. Let « he anarbUraniy choBca posiltvc 7iM7«&8r less than In, 
and. kl p (I) 6c a function defined in Oie inierval (— 2e. 2e) of t, wMrJi has 
a bounded third differeniial coefiknent p"' (t). Let p (t) have the ralue 1 in 
the whole inierval (— e, «). and the valve 0 «< <Ae points — 2c, 26. Then Ike 
necessary andsufilciaTitcondidonOuiitiieseriesiaQ-i- S {a„C0Bnx + 6„sinija:), 


1, may be convergent at the point x w that 
d* siii4(2«.-i- i)r 

■WiP — itolJ — 


should converge to a definite limit, oa » ~ oo. 

Lot p {<) be continued, by the rules that it is periodic, of period 2ii, and 
Ujut it vanishes in the two intervale (— w, — Se), (Be, ir). 


• Complri SenJut. toL otnrn (1823], p. 674. 
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It \nll be observed tl«a* p (± 2e) p' {± 2e) = p’ {± 2«) = 0 and tint 
p (= «) ^ I, p' (± €) = p’ (± e) = 0, in virtue of the conditions to vLicli 
p (0 iins beuu subjected. 

Denoting the periodic function F {1) — C'l — by >p (t), we have 
(a;) + A, (*) + ... +A,{x)-^^^ (* + 0 2 (- cos nt] dl 


where ji denotes J (2>i H- 1). Let. A (t) denote 1 — p (t), then A (t) lias 
similar properties as regards its differential coclficionts to those of p (t], 
The expression on the right-hand side may bo put in the form 

The second of these integrals may be ■vviitten ns 

(« + f) Aj(i)cosptrf< 

“sitl 0^ (Osuiiifrfh 

where A, (<} s A (() ^2 cosec it, A^CO s A(<}^^ooBocit, 


and Aj (() = A (t) coscc 

Since cosoo it does not vanish in the interval (e, 2n — e], it is clear that 
(t)< ^ (t)y ^9 (t) oil satisfy the conditions to which iji [x) is subjected iu the 
tlieorem of §422. Tt follows tlial the whole expression oonvorges to soro, ns 
p, is indefinitely increased. Hence the necessary and sufHcicnt condition 
for the convergence of the series at the point x is that 

To shew that 

1 ™ /” ic' (< + *) + J4, (1 + *n p It) 2 '»-'>■ 

wo observe tlial by two partial integcatioDB the integral is found to ho 
equal to 

f’l "“ffi - j i *’* (0 IC II + *) + J/!, (1 + I)=)]il; 
and since p (t), p' (0. tp' (0. p' (*), tp' (f), <V' (t) are all summable funotious 
in the interval (— 2c, 2e} and all vanish in the remainder of tlie interval 
{— w, Ji) and have bounded difforential coefficients, they are all represented 
by convergent Fourier’s series in the inteiTval (— 2c, 2c). It follows that 
the integral converges to a definite limit, dependent on as n — « : and 
it is seen at once that this convergence is uniform for all values of x m 
a prescribed finite interval, since p (0) = 1, p' (0) = O.p" (0) = 0. 
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It li.is now 'bcttii uiie'K’n iibat the sedes 

+ £ (Sa COS vx + ta sm nx) 


ccin’eJ'ges to a definite limit at the jKnnt x, if 

1 ” k /!'./ 1 ‘ + ' 

does so, and that this condilioii is a necess^M'y one. 


Riomann himself assumed that the funetjon p (/) find the value 1 only 
at the single point 0, The definition of p (f) as Jiaving the value 1 in a whole 
interval (~ <, e) introduces a simidification into the proof of the theorem, 
and a less degree of restriction on the function p (/> is requisite. This 
simplifioation was suggested* by Neder, wlio gave tho theorem in a form 
very sirailai to the above fonnwliUion. Ho employed the function 
tatadofSltil^+'X (see. § 323). 

It la seen from the theOTcm of § 422, and an examination of the fore* 
going proof, that the theorem may bn extended to express the ncoeasti^ 
and aulRoient condition that the series should coavorgo uniformly is a 
prescribed intorrBl of x. This condition is that 




should converge uniformly to a limit e (x) for all values of x in the pie- 
sotibed interval. This extension was also given by Neder. 

485, JiVom the above tlicorcms the following consequences at once 
follmv : 

The convergonee of a series + S (a, cos b* + h, sin nar), for whioli 
fln “ 0 (1), 6„ = 0 (I), at a point *, depends only on the nature of the series 
as represented by the Biemoiin sum in an arbitrarily small neighbourhood 
(r — 2c, *-1^ 2c) of the points, where 0<«< J-ir. 

The uniform convergence of the series in an interval (a, b) depends only 
on the behaviour of the series, as leprraented by the Rioinann sum in an 
interval (a — 2c, 6 '+ 2c), where e is arlritrary, subject to 0< c < ^cr. In 
case the given series is the Fourier’s smmss corresponding to a function 
/ (®), sujniuable in the interval (— w, w), it has been shown in § 360, that 
I |J f (x) (£e| dx difTere from the stun of the series — S 

by a linear function, and thus F (as) — J /(*) rtej iZa: is n linear 

function, ITrom tbis it is seen that the tiieotems of | 341 follow from the 
above. 

* Math. vlRnoIen. voL xssnv (1931), y. rlU. 
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426. For a Fourier’s scries corre^onding to / (a) the sum (.ft) is almost 
everjT\’liere / (a:). For. since converges imifonuly 

to a continuous fiinotion j f(z)dx-hC', we have ft' (s) = f [x) dx C'. 
at every point, and since | /(a7)«£c has a differential coefficient equal to 
/ (a:) almost everywhere, it is seen Uiat ft" [x) = / (i) almost cvcryivhcre. 

Tills resiiU, also holds good* when the series is a Fourier's {D) series. 
For, in that ease T, — ^ ^ convergea to a continuous function, 
and J f{x)dx has a differentia) cocfScicnt/(a;), altnost everywhere (scei, 
§ 470). 


INVieSTIOATtOSS SDBSISQtTENT TO TITOSB OF BIEMAIOf 
4S7. Tiie important discovery of the fiindameDta! distinction iMlu’ccn 
series which converge uniformly, and those which converge non-uniformly 
in a presoribod interval, remained for a long time mthoiit iofluonco upon 
the development of the theory of ren'es in general, and in partieular of 
trigonometrical series. Tt was shewn by Weierstrass that the legitimacy 
of term by term integration of a convergent series follows from the uniform 
convergence of the series; by previous ^vrite^6 no such rostriorion upon the 
universal validity of the process had been recognized. It was first pointed 
out by Hcinef that a full recc^irion of the consequences of the theory of 
uniformity of eonvergence made it necessary to undertake are-exiuninat Ion 
of the foundations of the theory of trigonometrical series. The investigations 
of Dirichlct and others had established that a function wJiich satisfies 
certain conditions can be represented by means of a trigononiotrical Bcric.i 
in which the coefficients have the form given by Fourier; imle.ss liowevcr it 
be assumed that a sories so obtained converges uniformly, it cannot lie 
immediately proved that it is the only trigonometrical scriss by whicli the 
function can be represented. The costomary proof that a function is 
capable only of a single representation by means of a t rigonometrical scncs 
was based upon the assumption that, if o convergent eeries 
Joj, + £ (o„ cos TW + sin nx) 

converge to zero for all values of z in the interval (— ■n, n), it is legitimate 
to multiply the series by cosnz or budm;, and then to integrate term by 
term, between the limits — u, w; thus shewing that n„ = 0 , b„ = 0, fuf 
every value of n. If however it is not knoivn that the series convergus 

* See PriivnlofF, /lendiraalt di Palermo, -voV XM (ISIG), fi. 203. 

{ CrenSe Journal toI, tin (1870), p. 353; see slso Kuseijunciioncn, vol. r, p. 55. 
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uniiormly, or at all events boundedly, the process of term by tenn in- 
tegration is not necessarily ie^tzmatc, and thus the proof is invalid. In 
fact it is conceivable that a. ncm-iuiifocinly convergent scries might exist 
whose sum is zero for every value of the variable. It thus appeared that, 
when a Fourier's series exists which represents a function / {x), it cannot 
be immediately inferred that no otlicr trigonometrical scries exists wMcfa 
represents the same funotion. 

A Foiirler’.s series that represents a function / (a;) whicli has discon- 
tinuities is certainly non-uniformly conveigent iti the neighbourhood of 
such contimiitiea, and in default of proof to the conti'arj’, it miiy also ho 
non-unifonnlj’ convergent in the neigbhourfiood of points at wdiicii / (x) is 
continuous. Tliu.?, for example, if / (r} is continuous in its 'vholc domain, 
and is representable by a Fourier's series, it cannot bo assumed that tiie 
series is uniformly oonvergent (see § 384). ITie value of the representation 
of a function / [x) by » scries jo, + Z (a, cos tix b„ sin nx) would be 
seriously impaired, if it wore not known that the series was, at oil events 
ingenerflljunifonnly convergent. Foritconldnofcbc assuiucd that, if it f®) 
denotes a continuous funution, the integral j f would be repre- 

sented by the seines . 

idgj ifi(x)c!x-i- Z J' (a„cosiix -f- l>„dnnx)i/' (xjdx; 

the employment of Fourier's series in physical and other investigafaons 
would ooasoquontly bo much restricted. 

These considerations gaverisetoascrics of investigations with the view 
of establishing the uniqueness of the roprcsenialion of afuneijonby means 
of a trigonometrical scries, imd of invasligating whotiicr the coefHoients in 
the series are necessarily expreawblc in the Fourier form. The two main 
questions which arise in tlris connection arc (1), whether a trigoaometrioal 
series can exist, with coefiicjenls not all zero, which represents the number 
zero? and (2), under what conditions is a trigonometrical series which 
represents a function the Fourier’s series corresponding to that function? 
Heine* proved that the Fourier’s series which reprcHcnts uboundcdfunction 
that satisfies the conditions known as rarichlet'e, viz. that it has only a 
finite number of discontinuities and is in general monotone, is uniformly 
convergent in the portions of tJ«e interval (— w, w) which remain when 
arbitrarily small neighbourhood® of tibe points of discontinuity are removed 
from the interval. This property of the nerics, of being in general uniformly 
convergent, suffices to remove, in flie case of a most important class of 
fuactioiw, the restriction which has been above mentioned relating to those 
applications of Fourier’s series which jnvolvo a term by form integration. 

* CreI/e’<^oima4T(^i4rzi(IS70),p.353. 
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Ifc haTing thiis been she^vn that a functiem eatisf^ing Dirichlct's conditions 
is representable by a series which conTetgCR in genera! uniformly, Jieine 
proved that, if a function is representable at all b^* a series wUeb converges 
in general ■uniformly, tberecan exist only one such series. This is equivalent 
to the theorem that, if aseries converges in general uniformly in the intenn! 
(— T, rr), and represents aero, then all tJie coeflieients vanish, and the sum 
of the series is therefore zero far all values of the variable. Heine jiroved 
further that tliis theorem fatdilB even -when, for a finite number of values of 
the variable, the series is not known to converge, or •\vhen it is at. least, not 
assumed that its Huru is zero for such values of the variable. The possibilitj- 
remained, however, that when a function is thus uniquely represented by 
means of a series •which is in general uniformly convergent, other 60310“ 
not possessing this property of uniforiD convergence may exist, which aUo 
represent the same function. It should be remarked that uniform con- 
vorgciico is at the prcscut time of less relative importance than would 
appear from these invesrigations; for bounded convergence is now Icnown 
to suffice for many purposes for which uniform convergence was formerly 
employed. 

It was next proved by 0 . Cantor* that, if the expression 
o„ cos 73* + 6 , sin jj* 

be such that, for every value of in a given interval (a, ^), the limit 
Ifm (a„ cos 71 * + ii„ sin Tt*) Is zero, then converge to zero, as n is 
indefinitely increased, and hence that tbe series 

+ 2 (Og cos na; 4 f*. sin nx) 

can only converge for all values of X in {a, have tbe limit zero, a.s 

n is inoreased indefinitely. This theorem is independent of any assumption 
that the convergence is -uniform. Cantorf then deduced that, if a trigo- 
nometrical series lag + E (<i„cos 7 i* 4 converges to zero, for 

every value of x -with the exception of a finite number of values, for ■wliich 
it is unkno'vn whether the scries converges, all the coeiRoients a „ , 6 „ must 
vanish. Kioneckerf shewed that this theorem can be proved without os- 
smning the previous one. These proofs depend upon the use of .Sclnrarz’s 
theorem that, if F (x) denotes a function which is .such that 

ii„ . 0, 

then F {x) must be a linear function of x. 

The next stepf was made by G. Cantor, in e.xtending the proof of tbe 
uniqueness of the representation of afunction by means of a trigonometrical 
series to the case in -whiefa the functaon may have an indefinitely great 
• Creiv* Joumcl, vnl. Lira (!97p). p. ISO, ako in a siaiplifitii iann in Ar.nilrrt. 
vol.r.-(1671).p. 139. 

t CrcHeV vot ixxui (1871), p. 291. * 3Ialh. Anr.akTi, vol. V CI8T2(, p- i-3- 
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number of points of fliBconfinnity, these points forming a set of tlio first 
species. Starting ■ivitli Weierstaraas’ tbeorem, that an infinite set of points 
possesses at least on© limiting point, Cantor developer] the theory of the suc- 
cessive derivatives of a set of points, and proved that, if a limited function 
hssdisRontinuitiea wliiuh fonn aset, one erf whose derivatives contains only 
a finite nmnVjer of points, Uien, if the fnnetion is representable by a 
trigonometric series at all, there can be only on© such scries. In this 
connection the theory of seta of points was first considered, and thus the 
whole development of this subject, and of the more abstract theory of 
transfinitc numbers, arose historically from the requirements of the theory 
of trigonometrical series. Proofs were given by Dini* and Asoolit that, for 
restricted classes of functions, a series which represents such functions must 
be a Fourier’s series. 

An important advance in the theory was made by Du Bois-Keymondt, 
who proved that a aeries 

Jet) + S (o, cos «* + sin nx), 

whiaJi is such that o,, 6, have the limit 7.cro, as rt is indefinitely increased, 
lios/{a!) for its sum-function, the coclHcicnts must always have the form 

Oc-ij f{x)dx, f{x)oosnxdx, — /(») siTinsda:, , 

whenever these expressions exist ns it-integrala. The functLoii / (x) is not 
neosasatiIyovo^y^vLccc, single- valued, and the theorem is extended to cases 
is which f (x) may hove infinite diecontinuitics at a finiie sot of points. 
This theorem includes the tbeorem to tltc uniqueness of (he representa- 
tion of bounded fimetions, integrablo (ii). 

The mnst gcuucal formulations of the theorems as to tlie uniqueness of 
the representation of a fnnetion by a trigonometrical series aie duo to 
Hamack, HSlder, de la Val)6e Pousrin, W. H. Yomig, and others; an 
account of Iboir results will be giv«n later. Important extensions of 
Dq Bois-Roynioml’s resulte were giveaij by M. Riesz. 

THE LliUTS OF THE COEPIXCaOTTS Or A TElCOXOMETEZCAti 3Btw_S 

428. The following theorem, due to HaMiack||. yields a sufficient con- 
dition that the coefficients in a trigonoiiietrical series converge to zero: 

If; in a givai interval (a, fi),i7ie series iag+ £ («„ cos n* -f- sin nx) 6s 
siidi that, for each number 8 (>' 0), an inlenxd ia (o, /B) exists such that, at 
’ Soprn la eerie di FouricT. Pisa, 1872, p. 247. 

t Alinali fii .Valmalka (2), vd). n (1875}, p. 252, nine ITalt. Annaten, toI. ti (1873), p. 221. 
t Alhamtlungcn derla^tiisdiai Hihulemw, vaL xa (I87S), p. IIB. 
i .'(ai;L Amain, vol. L-VXI (1012). p. 64. 

!l Ba»clinrfM«iCTC«mart-{2),ToL VI(I882J. nbo AnnalCT, toI. iiz (1882), p. 250. 
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each point oj it, the ilifference /(*)—/(»), of the upper and lower sum- 
frinctiom of the serm, is < 8, Uien o» — o (1), b„ -= o (1). 

Id piu'l ioiilar, if Uic poinU at which/ {») — / (®) S S form, for cacii value 
of 8, a noii-clonsc set, Uio condition of the theorem holds good. 

Hansneh’s theorem is a gcnoralixaUcoi of tiic theorem of Cantor* tlmt; 

If the scries is convergent at every •point of an itifcnxjf a„ o(l) 

6„ = o{l). 

It follo^ve from Hamack’s tlicorem fJiaf., if tlio trigonomotricnl series 
converge at all points of a sot whicli is everywhere dense iJi («, fi), anti he 
Biioh that fi„, b„ do not converge to zero, then, for some value of 8, the set 
of points at wliioli /(*)—/ (*) I; S must bo cverywheto dense, 

No assumption jb made ns to Uteform of tho coelTicicntB a„, 8,. 

That, in tho ease of a Nonnor's scries, «, mitl b„ oonvergo to zero 
lias boon ostaliiishod in § 334 . 

In order to prove Hfirnaek’s theorem, wc obsorvo that, for naoh point 
X at M’liicii / (ai) — / (*) < 5 , tlierc is a value «t, of n, such that 
j o„ cos w* + in sin I < 58 , for n g «; 
wo suppose nil interval to exist, at each point of which tlifs condiiion is 
satisfied, if X be any fixed point witliin tliis interval, a nolghbonrliootl 
(a — 9?, a; 4- 7) of x can bo so determined tJiat 

I a„o 08 » (a:± 7) + f-„ein»i(a:± 7) | < 35 , lorn S»«,; 
tlio value of tvlll depend in general upon 7. Wo deduce at onoe tlmt 
I (anCDsnx -I- b„ sin n«) cos >17 1 < C8, ) (a,8innx~ ii,coB7ia:)8inn7|<08; 
on multiplication by cosna smn7, ein»xco8n7, and addition of the tive 
expressions in the ii>ci]unlilics, wo have ) u, sin 2n.7 J < (!8, for n £ »«,; and 
similarly it is seen that 1 1 >„ sin 2n7 | < 08 , for n £ m,. Those inerpialilies 
hold for all small enough vnJiics of 7, tiw valuo of m, depending on 7- 

Lot dS = 8', 2 p = ft, then, for cacli value of oin a certain interval (0, t), 
a value of n can be detormined, such that 

I a„ sin 7ia I . | a„„ siii»+ la | , ... | a„+. sin | . ... 

are all < S'. 

l.ot us suppose that, if postiblc, a sequence o„,, a„,, On,, ••• exists, all 
of wliose terms are numerically £ S', where S' > S'. It 'rill then be proved 
that there exists a certain value of a, in (a, 6 ), such that the sequotico 
a„ sin 71 ] a, sin KjO, a.^sinrtja, ... contains one infinite set of terms cnoli 
of which is numerically £ S'. This bwng contraiy to tho liypothe-sis that, 
for eaoh valuo of a, in (a,l>), | «„ sin n<c | < S', for all sufficiently great 
values of n, iesids to a contmdicUon; and thus it is impossible that sueh 
a sequence as a „^ , a„,, a, can exist. 

• Crclk't Jmmal, vol. txxn (1870), p. ISO, in ft simplified torm in llali. ./Innuiffl. 
vol.lv(1871). p. 139, 
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To establish this, it will be shewn that the sequence a„, , a„ contains 

a sequence a^,, a„,., ... such Idiat, tot a certain value a, of a, in (a, b) 
theniirobersJii’o, n,'o. na'o, ... all differ from an odd multiple of Jw by less 
than an arbitrarily chosen positive number p. 

If ini/i — p <«<t < iiry, ■+ p, ^ <a< Now let it 

bo aasumod that o whicli ia equivalent to tiie 

aasTunptlon that - (fio + p) < y, < - («6 — p). There exists a value of 
which is an odd integer, satisfying tMs coodition, provided 

that isifnSyi^. 

TaMngfor?!]' tholeast of the numbers nf, ... which is & 
a oorreapondini odd integer p, can be determined, and we take a to lie 
within the interval (o', b'), where 

o' = 6' « (Jvy, +p)/V; 

this interval (o’, 6') lies within (o, l>), and is of lengtii 2p/ni’. 

' Next; an odd integer can be so determined that 

I (Mj'o' h p) < y, < ^ (>»,'*' - />). 


ptovitled 7^' £ fl,'. The number can be chosen from the 

sequence 7J,, so as' to sslssfy this condition, if a lies in the interval 
6*). where o" = (iwj/j — p)/ni', h' — (Jwyj q- p)/n,'; and thua (o', 6') is 
within (o', 6'), and is of length 

Proceeding in this manner, a sequence ... of numbers all be- 

longing to the sequence Hi, ■«*, ... isdetennmed, such that if 5 be the point 
which lies within all the Intervals (a, 6), («', 6'), («', t'). .... the numbers 
Uj'a, ... all differ by Ic* than p from odd multiples of 
Since fi can be elioscii arbitrarily, m*', ... can bo ho determined that 
j ainiij'tt I , I ci„^, sin ] , ... otc all & 8', and f.liis is contrary to the 
hypothesis that [ a„ sin nn | is, for all sufficiently leoge values of n, < 8'. 

Therefore no serpience a,,, o„,, ... edsts, all of whose terms are 

numerically £ S'; and it S* bo chosen. S' may be chosen afterwards. 
Therefore, from and alter some value of », | a, | must be < S'; and since 
this holds for every value of 8', it follows that lim n, = 0. In a similar 
manner it is Rcen that lim 6„ = 0. 
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429. It follows from Somack’s theorem tlmt, if Hie trigononnilricnl 
series is non-ooiivorgent only at points of a set of the first category, (lipn 
(7„ =’ 0 (1), 6„ = 0 (1). For,let{ir,(a;)}, {w, (*)}hotlio monotone sequencos 
associated with / (*) (see § 112), the first of which is non-increasing and 
converges to / (a:), arid the second of whicfi is non-diminisliing and con- 
verges lo / (a). Since (*) is an I-fiinctami, and w„ [x) is a «-fiinction, 
ir’„ (a:) — «)„ (a;) is an f-funotion, which converge,? to / (*) — / (x ) ; and flic 
sequence (IF, (i') — »"« (*)} is non-mcceasing. A point x, at which 

/(*)-/(*) > s 

belongs to the set of points at which W„ (a;) — tu„ (r) > 5, and i.iiat set is 
(see § 191) an open set. Every point foe which (x) — (x) > S 

holongs to the sot of pcanls for which IF, (*) — w„ (*) > S, Thra the set 
of points at which /(*)—/(*)>S is contained in the inner limiting set of 
a aoquenco of open sots, eoch of which contains tbo next, that is, it i.s an 
ordinary inner limiting sot. It follows (i, § 100) that, if tho points at w'hioli 
/W-/W>8, nro ovorywhcro-dciujo in any interval, tliey form in that 
interval a eet of the second category; and tboroforc tho sot at wIiIdIi 
/(*)“■/ S S is of tho second category. By hypothesis this is not tiio 
caaci and therefore the set of points at which /(*) - /(®) > S isnon-denso 
in any interval, and tliis for each value of $; theroforo tho sot for wliioli 
/ (®) —/ ft 2 is non-denee in every interval. Consequently, ony intoml 
contains another interval in which /(*)— /(*)<S; and therefore, by 
Homaok’s theorem, a„ — o (1), b„ = o (I). 

It has tiius been established* that: 

// Ihe trigonometncal series §«« + S (a^cosma: + 6„8in?i*) cov.vtrgu 
evcrywlure in an inltrval {a, p) cx/xft af points bthnginy to a scf of the fret 
category, then a, » o (1 ), = o (1). 

430. Tlic following general theorem will be established: 

Jf, in any inierml (c, ft), il is known that a„ cos nx -I- b„ sin nx converges 
to zero at every •point of a set O, of positive measure, as ?s ~03, lhe?i a„andb„ 
converge to zero, and thus a„ cos nx -i- 6, «n nx converges everywhere lo zero. 

Writing a„ cos nx -1- fr„s3nnar in the form k„e\nn[T- y„), where 
bn (®n" + ; if 1t„ does not converge to aero, there must be a soquenoc 

Mj, Tij, ... of values of n, and a positive number e, suoli that i„,, ar® 

all greater thim e. If i sin n (® — y,) | £ sin where 0 < tj < | , n - r») 
must lie between tv ± ij, where r is an integer (po.'ritive, negative, or zero); 
or a: must lie between — -h y« ± thelengfcli of each of which intervals i» 

• Sec W. H. Yoimg, iftsteagtr of Math. vol. XKXVIII (IMS), JI. ■!!- 
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' '-2 . T!ic number of values of r aueh that x may lie in a given interval 
cKiiiiot exceed a flx^ multiple of «, indepeiwient of r\, and therefore the 
aipiWirK of the set of values of x in fa, / 3 ) such that j sin n (r — y„) [ £ sin 7 
esQuot exceed a fixed multiple of ij, say which is arbitrarily small, since 
ij is arlntrarily chosen. Tt foUowE that, in a set of point's of measure 
the condition [ sin » (a? — 7„) | > .rin 17 is satisfied. Con- 
fideringnow the sequence Mj, ... of vaiues of «, there is a sot of point.? 
lv,,of fflsasure S ^ — a — «<j, for winch Anisin n,.(y — y„^) [ > esin tj. 7 'here 
ma«t exist a set B, of points, each of which hclonga to B„, for an in- 
definitely great set of values of r, and this set has measure a — srj 
ttiiich is i/ ij be chosen SToali enough. At any point of 

this set, sin ■n {* — y,) emmot converge to 0 , because it is nurnericEilly 
>»Kini 3 for nn irifinite set of values of «. This is contrarj' to the 
lijpofho.'-is in iiio theorem. 

• It foUmvfi front' the theorem that, if a„, h, do not converges to zero, 
0,008 71* d-6„ sin Tt* can only converge to zero at points of a eet of moasure 
zero. It is hence seen that a scries loa -f S (a„ cos nx + ”*) ‘“tf* 

convergent' only at points of n set cd measure zero, in oase a, , h„ do not 
converge to zero. 

431.' llio more general theorem' has been established* by Stclnhuus 
thiiti 

Ahiml 'eivnjtchere in the inUrval {— tt.tt), 

ifm I a„ cos 71* -f rin n* I = fSn {a„* 4- 

Thin includes the procerling theorem; for if «h,cos7i* + 6, sin nx con- 
wges toMraat points in a set of measure greater then zero, it follows that 

(“n* + b„^)i 0, or a, * o (1), h„ = o (1). In case, for a given trlgrmo- 
Jnelrical wries, a, and i„donotconveige to zero, it follows from StcinbriUi:' 
Ihcytcm limt, almost everywhere the series is non-convergciit. Tliis has 
betn proved dinxrtlyf by Lefaesgue, as follows: 

When f:„doe.eiiot converge to zero, as« — eo, aseqiicncc of integers {n.} 
c.Ki bedetcroiiaed such that for every value of p, greater than some 
poritive niiTo'ber 77. 3f < is an arbitrarily chosen positive number, <■15, 
)b. rfn — [> {.except forpmntsar, of the interval (— tt, tt), which 

fcrni ;i of measuK £ 4 sin-* * It then follows that Iho measure of Iho 
V 

tict of points of convergence is £ 4 sin-’ — , Since t i? ar))ilTariiy emaU, it 
fellows tiiat t5)e set of points of convergence has measure zero. 

^ HwW.r: Jf[,r<,TOi(j-yf;,,ToLxs;v(I920).J>.JSfJ- A jffoof liM »!-■« Ufu jrifCT V.-V-ipb- 
ZUl’.. rcj. tij (1822). p. 301. 

' tno’^r^'jtnShiqu^OOOZ)* p. 110. 
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432, In* a ssries Jw, + 2 {ii„oosnx + b^einnx), the npjKr and /"ouyr 
mans of the series cannot be finite in any interval, except in the points of a set 
of measure zero, unless a„ = o (1) and 6, =■ o (1). 

The scries may be ■written in the form 

iao+ Si„oos«(a:- y,), 

■whore fc„ = («„* + 

Since cos n (* — y,) = s, (*) — (a:), 

liiri I A, cos »i (* — y„) I ^ lim ] (a:) | + lim j s,.j (a:) | £ 2 Sm | s, (i) ] , 

hence, if s„ (*) has finite upper and lower limits, | cos n (x ~ y„) ( imint 
bo bounded far all values of », ■when z is fixed. 

It will be shewn that, tmless k„ is bounded for all values of n, 
ifc„cosn(*-y.)|, 


for a fixed value of x, cannot be boxindcd, except for fixed values of x 
belonging to a set of measure zero. If k„ is not bounded, a monotone 
inerensing seguenuo of values uf k„ con be extracted. 

Let E„ be the set of points for wliicli k„ | cos n (z — Vn) | > or 


the measure of the interval, il x belongs to on infinite number of the sots 
Ei, Eg, ... E„, , k„ con n (x — y,) cannot be Intundctl, But the sot of all 
siidi points X Lns measure equal to that of tlie whole interval, and there* 
fore only at a point x of a set of measure aero can X-, cos « - y„) hu 
bounded for all the valtics of n. 


It follmvs from the theorem thatt »/. mi a«y wUerMif , the upper and Iou.tr 
sum-functions are everywhere finite, a„ and b„ are bminied. 


PROI’EE'riES or IHB UBtTBKALIZEO SECOND DEEJVATIVE OF A FTOCTrDF 
433. If a continuous function ^ (x) has a maximum in the inlervnl 
(a, h), at such a point x, f>{x -t- k) — ^ (x), fi{x~ h) ~ 4“ (®) 
for nil sufficiently small values of A; and therefore (x) £ 0, at a roaxi- 
muin (see l, §250). 

If it be luiown that, at a maximum, there exists at least one syin- 
iDctrical derivative, it is clear, since D*4> (*) = 6* {^) S 0, that 

D*4> (*) (*) “ ®> 

the single symmetrical derivati^ve having tire value zero. 

The following theorem is of importance in the theory : 

If a continuous funcliim has Us tipper generalized, second dcrivalm 

• Scr dc! Iiv VbIIkS Fcimin, EnUcftR <fe rocad. ray, DSgiqw (1013). p. 10. 

t Sm W. H. ■Young, Prac. Land. Hoik. Sec. (2J. vot «r, p. 427. 
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^ili» (> Oyol «.arj roitil ofikcpm iMa-nl (o.Sl, tt™, «< 
qfiU open ivfertxil, 

r M < J (.) + (r (6) - r W! ■ 

Pot if the.function 

4 .(x)=F (*) -F(a)- ^ {«» 

h.c ryncn-tivp vfllucs Or ifi zero, -witfim the interval, there must be such a 
vdue that is a of ^ (*), and at such a point 

quently ^^F (x). must be S 0. ^hich is contrary to the condition whio 
^*j?'(3:;) satisfies. . , / r» 

A mlu ,totame»t i. M. H »■?(*)<". i» «» of™ 
then 

F(x)>F (»> + {-f ('') - -f • 

434. lfF{z) be (xnUinveneinihe dosed interval 0 / 

;,ai*.afe«ftpoi«to/rt6oj««t«i€rwJ(o,6).<i<feosfoncsy«««/n«Z*^ 

rten, i/'ets are «iJ«« of x in the interval at tehidi 


Fix)>F ia) + {J" (&) - P («))« 


^ sirm'Jar siafemeni bolds when there are jininls at wht 

F{x)<F{a) + ’~’^{F{l>)- F(a)y. 

i. ,l„u «ai ». .« ® »».» «/ ix*.a »»,« ST («). ?T w ”’■<■■ “ 

posilivs (> 0). , r, • « 

This theorem and the preceding one nredue to dcla a ousan . 
Let ^K{x)sFix)-F{a)~K{x-a), wheto K “ fe-o ‘‘ 

5i;r (®) vamshe.s at n and b, and has poative values, there crists » 
a olo.sed set of points at which (®) has an absolute majumum , let *k 
the upper extreme of all such pnmts, then wc have 
3*F (a^) = (*£:) - 0. 

and aiao (a.) has aS the point symmetrical derivative of value aero 
This poiSt is theteloio belong, to the tot S,, of aU pomta « y>«c‘ 
ST 1*1 « 0. If t have a vnlno » K, md snoh 
small, it is easily seen that the function f>tfx) — F (z) (®) j- 

haa positive values. IsOt it be the greatest value of z at w 0 ptyx 


dct'academUTeymedeBdgte‘K{l012), pp- 


>J-707 
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T, 1» otarved a.l tie conditidaSeF (.) _ 0, et e. potol *. meWe. 

in fact alJ the derivatives arc syminetncaL ±or it 

F{x -i-k)+F{x-h)-ZF{x) 


it follows that 




„d th», .i Ite aerieaa™* on one dde m«t eomspond to e,,.d derive^ 
lives on the other side, so that 

n^F (z) = JO-F (*). (*) - 

The theorem follows from the fact that 

both non-existent. 

immliJ eaosot aeail the greMott of the four derM.ve, oj J m, 
eannol ha lua than Ihe amaVesf cf them. 

By tie tieorem of ., i J64 il is seen that tie limils of 

1? 

both lie in the Interval formed the limits of 
P'( x-4- &)-•*’'(»-*) 


Dr of 




and therefore in the interval defineil by t-. r,, , >•, 

i(I>^'M-!-i)_-P:W)aodHB*F-W + D-F W) 

ee fn tB. interval eenUined by &« gnn*. of «» We nn»b™ DJ M, 

DJ- (a) and the greater of the two numbers ' >• 

BV. The f„ll„,*.g lI..ovea. do. to HBldel-, vdll prove ...W in tt. 

fe 6) to r,Mch the intereol 
IIP (I) be coate, »™ ““ 'jrtL + olfcScasral*--' “?!>»■ 
(*j — a, *1 4- o) M interwr, and tj *» 1^ c. -n ^ > 

: ■ Jted. ..resrrow »- ““It c'S 

by UbesoTis, for tb= caBO in ««ri. (*) fe deS*"*® 

stomak ^p. (3) (1903). rob xx, p. *58. 
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and lower second differential coeffiei^is &-F (x), iT,’F (i) are both bemnded, 
beijig both, at every point, in the interval (L, V), then 
Fixj + a) + F[xi-a)-2F (z,) 

is in the interval {L, 7J). 

Irfit 

# w . y w - i’ (I. - o) - “ (f (I, + «) - i- {rt, - «» 

+ (x — X, + a) {x^ + a — i), 

where C is a o.onglant. It. is seen that 

^ (^) . (.= |c - , 

and thus ^ (ai,) is s 0, accorcUng aa C £ 

Lot 0 ha so chosen that ^ (a^) > 0. Since ^ (x) ie continuous in the inUiral 
(a;i — «, *j + (i), and vanisLcs at the points — a, + a, there must bo 
in the interval at least one point 2 at which 4 (^} 1^^" ^ maximum, and is 
positive. 

Since 

^ (2 + /Q + ^ (s- h) — 24 (g) _ 1* (2 ■>• ?0 + J* (g - 7t) - gJ* (2) ^ 

h* A* ' 

and since, for all sufGcientI; small values of k, 

^(2+A ) + ^g~fi )-2^ (*) ^ 

it follows that ^'-F (s) & ^F (z) s C. Since L s W (*), U i (s), it- 
f oUowB that LiC; and this bolds for every value of C tbat is consistent 
with the condition 4 > ®- It has thus been diewn that 

(ai -i-a) + F {a: , - g) - 2F (a:,)_ 

In a siinilar manner, by choo^ig O so that 4 (*i) negative, and con- 
sidering a minimuin of 4 (®), it can be shewn that 

U - + + _ 

The folloiving theorem follows at once from tiie above theorem : 

If F {x] be (xntinuovs in an interval {a, 6), and if, in an interval (o, , ^i) 
interior to (a, 6), the upper and loiter generalized differential eoefficwnU 
&-F (i), .©'P [x) are in an interval {L, V), then, for all points x in (o,, A,). 
F(x + h) + P{x~h)-2F {x) 

A* 

lies in the interval (L, V), provided h be such that x -i- h, x — h are in the 
interval (o, b). 
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438. If f (s) be any futietioH. that is summable in iht interval (a, b), and 
ichich is thenfora finite almost everywhere in. that iriierval, and if t} ba a 
•prescribed positive nximber, a tonlinuous fundion. (x) can be constructed, 
sncli that it exceeds ^ f (z) dx by less than ij, whatever value x may have in 
the interval (a, b), and svchthaLat every point at which f(z) is finite, its four 
derivalites all exceed f (*). 

Sirndarly, a confinvous fvnciioa ^ (z) can be constructed which is every- 
where less than, [ f{x)da: by lass than and of which the four derivatives are 
all less than/ (z), at each point at tofcfcft /(*) is finite. 

The fuBctions been denominated by de la Vallee 

Poussin.to whom tbisroswHisdue, as«Kynra»j/eand minoTanicTca^ectively, 
relatively to the function / (»). In 1 262 they have been terroed major 
and minai luncUons associated with/ (z). 

Hrst, ]efc /(*) be eveiywherp S 0 in the interva] [a, b). Ccasader the 
sninboiE 0, e, 2e, ... ve , let e„ be the set of points z, at whioL 
nriSf (z) <<« + !) e; 

then 

S^nem(e„)sJ f(x)dz< '£> (n -j- 1) < m («„) < J fiz)dx + e{b — a). 

let all the pcants of e„ bo enclosed within intervals of n set which 
do not overlap, end are such that 

m (e,) < Zn (Sf’) < m («„) -b 

■wherfltheniiinbers{f,}aresocboseD tbattheeeries E (n + 1) Sn converges 
to a value less than unity. 

If <5, (x) denote the sum of all the intervals and portions of intervab 
oftheset{8j.’*^tbatlieintlicinl€rvaJ(a,*),let^i(z)=» 2 (a + 
it will be shewn that ^ {x) satisfies the prescribed conditions in relation 
to the non-negative function / (z). 

We see at once that 

j /(z) dz < ^ (6) < J f{x)dx -{- e (6 - a) -1- e 
and a fortiori that 

j‘ I m d^< 4, M < J '/ W . (1. - «) + . ; 

the ntunber « can be so chosen that c (h — a) -r e = tj. 
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Let a: be a point of e,, and tlierefore interior to an intor\'nl of (liP 
set • We have then 

(a; + k) - (») = + 1) « [fii-* {x + h) - Sc" (.x)]; 

and all the terms of the series are positive wlieJi Ii > 0, and do not 
diminish ns h increases. It foUonrs that, if /t be so small that a: + /(is in the 
interval 5("', then (* + A) — (a;) £(« + !} «//, for all positive vnhics 

of h that are suflicicjrUy small. It is clear that, if li bo negative, t he in- 
equality 6 must he replaced by s. Hence, if [ A j be sufficiently smnli, 

and therefore the four derivatives of 4'i (*) ‘tro all s (n + 1 ) e, and conse- 
quently 

NoKt, let / (a;) bo unrestricted as regards its sign. If N bo n positive 
uumbor, let /n (») — / (*), when /(*)> — S', and lot fs- {x) = — N, when 
/ (ai) s — S. If J Iw a positive numlicr <ij, a function if (x) onr bo so 
detoimined as to satisfy the conditions that 

/[ [/.V W + A') *<*(«)<,- { + f' I/.v (*) + X] fc, 
nnd tihat all the derivatives of if (x) arc greotor than /a* (*) + at t*tiy 
point at wldch/A' (x) is finite. The number S can bo so chosen tliat 

is < f. Let ifi (x) bo defined by ifi (*) •= ^(x) — (x — o), then 
j f{x)dx<j /iv(x)rfa;<^,(x)<5j-{-l-j' /j,(x)rfx<7i 

and all the deriv.atives of (a) are greater thwi ff/ (x), or tlion / (x), at 
any point at which / (x) is finite. Hence tlie required fmiotion <fi (*) has 
been constructed. 

In order to construct the function ^(x), we observe t.hat, if f (x) bo 
a major function relatively to — / (x), tbo function — if {x) is the required 
minor function relatively to / (x). 

It is easily seen that a monotone noii-increusing sequence of major 
functions, associated with/{»), c.m be constructed, and similarly a 
tone non-diminishing sequence of minor functions. For, if 4>i (x), (x) 

correspond to the values of ijj, ij.,- where > i? 2 . '‘"J' 

wliich (x) is S ^ 1 ** (*), (x) can be replaced by cJj” (x), and tlicts 

(.x) £ (x) everywhere. A sequence {^i'’*{x)} thus formed must 

converge to f / (x) dx. 
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439. If F (x) be coniinnotia iathe tttlerval {a, b), and there exists a finite 
sunnnable f-unclion f (a) eveb Otat SFJF (*) 5/ (*) S tPF (x) at every pobit of 
(«,4), i/icn J’(a;) — J dxj f {x)dxis alinearfunciion of x in {a, b). 

The theorem aho holds if the summable funeiiem. f (*) has infinite values 
tii a set of points E which contains no perfect set, provided that, at all points 
of E, the function -F (r) has at least one symmelriail derivative. 

Lot (x), (*) Lc the major and the minor functions n-ssooiated with 

f (j), constructed in accordance with § 43S. 

The two fuEctions (*) s (*) — | fit (*), 

and the fimotion («) •« F (x) — j dxj f{x) dx 

are such that {x) >fi{x)> (*), and that fii (x) ~ (x) < 2 (6 — a) ij. 

Tho three fujtcUojis have all the same value al the point u. 

We liavo {*) > ^-F {x) — / (x) > 0 

and ■ ^ (*) < (x) - / (a?) < 0 

at all polnta at which f (x) has a finite value. 

In virtue of the theorcm of § 434 it follows that 

(x) < ^’ (a) + (6) - (a)} 

«nd 

when X > a.. It How follows that ifi (x) ia between these two linear functions 
which differ from one another by leas than 2i) (* — a). Taking a monotone 
non-diminishing sequence of major fimctaons, and a monotone non-in- 
creasing sequence of minorfunctiona, constructed as in § 438, Gorresponditig 
to the values of tj in a sequence {ij,} whi^ converges to zero, we see that 
i> {x) lies, for every value of n, between the values of two linear funotions 
+ J5„, 4.1 „'x + B„' , where A„, have the same limit /I, as 71 ~ <o, 
En, B„' have the same Kinit J?; it titen follows that fi (x) is the linear 
function Ax + B. 

It follows from the above theorem that, in case F {») satisfies the 
conditions of the theorem, it has everywhere a contitmous differeutial 
coefficient j f (2) dx -f p, where px + qia the linear function. Moreover, 
it \rill almost everywhere have the second differential coefficient / (x). 
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THE CONVEHGENCE OF A TBIOOBOlISTRICAr, SEBIES AT A POINT 

440, if the trigonomeirical aeries |Oo + ^ (®nCos Tia; f sin nr) cnn- 
verge at a point *, aiirJif tbosum-fioictionof tiie series iiavc definite limiis 
/ (* + 0), / (a: - 0), on the right, and on the left, at llie point *, it does 
not follow that the series necessarily converges at points in a neigliboiir- 
hood of the point x at which the series converges. From the ejristeiicn of 
/(a: + 0),/(a: — 0), itfollowshowever that, corrc.spontling to an urbilrarily 
chosen positive ninnher S, a neighhonriiuod of tlie point x can be deter- 
mined, sneh that / {x) —/(*)< 8, for all points x in that neighbourhood. 
From Haniack’s U)eorein, given in § 428, it now follows that ii„ >= o (!) 
6, “0(1). 

If F (a-) denotes Jao*” — X — , (a« cos «* + fi„ sin na:), it lias been shoun 
in § 421 that 

fe+.-L- W 

at tho given point x of conveigcnce of the series. 

Wo now have 

In aooordiince u'ith the theorem of § 437, 

F{x + 20 ~ 2F{x + <) 4- F (jO 


lies betM'eeu the extreme values of 

lim J’t-i + >r)-2F(s)-pF(a-a) _ 


for X £ z ^ X + 2f. It has been shewn in § 437 tliat, for each value of 
this limit lies between values which depend on the upper and lower vahic.s' 
of / (z). It follows that, for an assigned poidUve nurnber S, the po.^itive 
number r can be so determined that 


- 5 < lim + t 


for every value of z such that xSz&x + Z«. 

Wo U.O, .00 that Jim t ZW 


Similarly, it can be shewn that 

,. F{z-2e)-ZF(x-t)+F(x) 



^40-4123 Convergence of a TrigoTwmela'ieal Series at a Point 673 

It has now been proveil th^/(x) = J{/(a:-i-0} +/(* — 0)}. 

TJie foUon’ing theorem Sias beea established: 

If a (rigiynomeirical series converge at a poirU, then the. valve to which it 
converges is the inean of the lismis of Qtt sv/m-fimction, on the right, and on 
the left, at the point, provided those limits exist as definite numhcTs. 

Tliis tlioorem bolds fcff every tiigoDomotricftl scries, whether it be a 
Fourier’s scries, or not. 

THE UNIQUENESS ON A TBtGONOUBIRrCAL SERIES WincH 
BBFRBSBNTS A FUNrOTON 

441. In order to establish the uniqueness of a trigonometrical series 
wtiich, in an assigned sense (not necessarily in the sense that the series 
oonvorges to tiie value of the fiiovtion almost everywhere), represents 
a given function, it is sufficient to establish, first that the series is a 
Pouriei''s series, and secondly, that there cannot exist two distinct 
Fourier’s aeries, both of wluch liave the given relation with the given 
funotiou. The latter is oquivalont to proving that, if two such Fourier’s 
Rories exist, the Fourier’s series which is the difierenoe of the two must 
have all ita uoeificionta v.cro. In cose the mode of representation of 
tlio function is postdated to be such that the series converges almost 
sveryivhere to the values of a single-valued function whioh is taken 
to bo Ruiumable in {~n,v), then it is clear that thei'e cannot bo two 
Fourier’s series both of wbioli represent the funcriou. It has boon shewn 
in §361 that there cannot be two non-oqiiivalcnt summable fimotions 
wiiioh Jiave one and the same Fourier’s series. 

442. In the case wluch will be given first, the uniqueness of a trigono- 
metrical scries can he established without shewing that it is a Fourier's 

Let it be assumed that the series Jo, -b S (o^ cos nx + b„ sin nr;) 
converges to zero at every point of the interval (— w, tt) with the exception 
of an enumerable set of points E, at wfiich it is not asauracd that the series 
converges. Since an enumerate set is of the first category, it follows from 
the theorem of § 429 that a„ and otmvergo to aero. Accordingly, Rie- 
mann’s function ^agx- — S — exists as a continuous 
function, and !$!-F (a:) = 0, for every poml at which Uje series converges 
to zero; also by Eiemann’s second theorem, E(x) has symmetrical de- 
rivatives at every point. It follows, in accordance with the extension of 
Schwarz’s theorem given in §435, ijiat F{*) is linear in any interval 
(— wjt, ntn); thus E (x) = ax + b, ia aa»y interval (— mn, mn). It is thus 
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seen that, in an interval (- Wir. mu), - {px + b) is reprcseiited bj 

,, . ^ a- cosiKC 4- 6. sin nx , , , 

the penodic senes — £ ^5 , anti therefore Ibo*- — [ax + b] 

' must be a periodic function, •whioh can only be the case if Cq = 0, a = 0. 

Since the series convei^os nnifonnly to — 6, we can multiply by cos m, 
or by sin nx, and integrate teim by term between the limits — n, tt; it u! 
thus seen that a„ = 0, h, 0, and thc.’efore all the coefficients of the given 
series vanish identically. By considering the (liflerence of two sorios, tlic 
following tlicorem can be established: 

No two disiiTUit tri(fO)U)melrical sertes can exist which converifa to the eatnc 
value for all poinls of iho interval (— it, w), wiUi the exception of an enumerable 
set of poinU at tokich the series are not known to converge to the snmc siim, or 
to converge at all. 

This theorem, which is due to W. H. Voting, is an e>rtension of tlio older 
theorem of Cantor, in which the exceptional set of points is lestrioted to 
be a reducible set. It is also on extension of the still earlier tlionroin of 
Cantor*' that a trigonometrical ecrics is the unique representation of n 
ftinotion which has an indefinitely great number of points of discontinu!t 3 ’ 
which form a set of tho first species. 


443. If the Riemann fuvclion F (x), coTrespontUng to a irigimonietrical 
series 

loo-f £ (CaCosnx + hBsinnx), 
s«cA fJiai a„, ii„ converge to zero, aen — iso/ the form 
F(x)-j dxj /(x)dx + px + q, 

where p, q are constants, and f (x) is afwncHon summable in [~ ir, rr), then 
the series is the i^oiirier’s series corresponding to f (x). 

We have F'(7r)=»| /(x)rfx + p, f”(— w) = p; 


and thus j f{x)ix = F'{-ii)—F'(— w) -~a„TT, 

and hence O(, = ao, where Jco + 2 (jibCostix + ;8„6inT!x) denolw fbc 

Fourier’s series coircsponding to/(x). 

By the theorem of § 360 the series £ — is, ^ 

constant is added to it, the Fourier’s eerie.s which converges nnifonnly to 
J /(x) dx — iOfiX. Thus — ~ are the Fourier’s constants correspond- 

ing to the function F' (x) ~ JojX — p, or to F' (x) — jooX. 

* See CrSU'e Journal, voL zxxn <1870), p. IStt and Jlali. Juraler. lol. v (!8:2), p. 123. 
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^i.|' yp'{®)-ioo*}anJtr(fa: = -^ 

.,5 -.^7 - »e = &. ».«=<» »“ 

. , *>,,♦„ -fl which estaUidies the tlieorem. 

and aucli ihal bo!h o/ them at 'oKrftcl aam-pment, then the 

ajfainu i «r the 

lim etriti U the Fmner a amea eaetearaa^ni 

Tliis theorem is theoretically more gen bwt may ije an 

exceptional set of points le not a ^ emsU. 

uneilumerablo set wluob contains no perfect . „ei,eraU 2 ed second 
■ r.™ tto .f §«». oS «‘“S, poll... of E. 

Uifiorential coefficients of t <*) a eum-f^ction of the senes, 

If fix) denote either the upper or the lower sum tunc 

then /-(.I - r >” /T). 

Bcquently the "^ven series is Ac arrSuflod, the upper 

It follows that, when the condmons of ^t-erv^Tbere, and therefore 
and lower sum-functions mhst be equal almost 

the Fourier's series ie convergeut almost cveryw • 

A particular case of the above theorem is that ; 
hf the aerie, ja. + dt (..caame * K d« »«<- 

funcliovslKiuTideda'ilisa Fourier’esenea.. , the eon- 

It f. in thi. a»™» u, M.d. «..l 

ilitionlhata„,t,coJiTerget«Mro,as»~<K. « suai-fnnctions are 

this is necessarily the, case if the np^r theorem obtained 

Wnded in tte intnmnl (ae 5 «2). Tin, 

,vhi.U ,.i,„„l .d .5, nppnr »' 

A particular ease of the general Aeorem is 

only a .in# 

a ghtn bounded fiincJioa; mz. the Fotiner 

• W. H, Vong. Pro:. XW. il<^. ^ "-f.f OJ- 

T(,!, 35; (10031. p. 407. 
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fu7iciion. There may be a rafuctWe eel oj "pmuta al which the eerien U not 
htioion to converge. 

There exist series which converge cvcryirhore, nnd of wjiieh llie Riim- 
fimction is unbounded, whiclj are not Fourier's series. For example, tlie 
series £ evcry^vherc convcigcnt, but it is not- a Fourier’s soric.s 

since the eeries 2 — is not conveirorit when a; = 0. 

M.^wiog'n ® 

The above general theorena’* may be replocccl by the following; 

EiXiry Irigonoynetrieal series for udiiclt the llieinami. eum everywhere eiistn 
either as a sjn{?/c number, or as indeterminate between finite nyper ntirf 
lower boundaries, and is stieft iSol the function- fi (*) which is at each jwfii/ 
equal to the numerically sindtlex of the wpjter and lower i?icmn«7i /ri«cho;i« ti 
um-wable, is f-lte Fourier's series rorresjwuUnff to ip (*). 

It will bo observed that it is unnecessary to nssiiiiio « jjn'ort that. rr„ 
and h„ converge to zero. But when tlicre is an exceplional sot of poiritB at 
which the limits of indetormination arc not Unite, we have the following 
statement; 

The above theorem holds for u iriyonomcirtcal series such that a„, 6,, eon- 
verffB to zero, as n -^eo, even when- there is a set Ji, of jxinls at which the 
/?treciio?t ^ (a?) is not Jtnile, protnded B contains no perfect campmient, ok/I 
provided tlic function <f> (x) is summablc. 

As regards the oxistcnco of sols of points which aro uncntimotable and 
which do not contain a perfect sot, it has been shewnf by AIoxaiidrofT tlrif. 
such a set cannot be measurable {li) ; that in fact every uncnumcraljb sol 
that is measurable {S) conUuns a perfeot set. 

444. If JcTj H- 2 (<7„ cos »* -h sin »*) be the Fouriar’e aeries oorre- 
Bponding to a given summablc fnnclaon/ (x), we have (see § 3D0) 

i>/ . » 1 ^tt.sinwx — ii.cosTu: 

I /(z)dx = 0 + i(TnX+^ " - ^ " , 

anti since the function j f{x}dx is of bounded vnriatioji, wc liavc 

I* /(x)dx = C’ + Ox + ia,x* _ ^ ^ , 

and thus the function F (x) differs from J dxj f!x)c/,r bj’ a litie.ir 

function. At every point x wo have F" (x) = j f (x) (lx, and uIiuo.rI 
everywhere F" (x) = / (i). 

* Bcf do la Vcdicc PouMin, SalkliKjerttaiJ. rqja dtS^jvr, 1012, p. 717. 

(• CompU/t RtMdun, vol. CLXC (!9I«). p. 323! «* »Ibo HauadprfT, Malti. Artwitn, vol. i.R«vri 

< 101(5), p, 430. 
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Therefore tire Uiemaon sum erf tite Poudec's series existe cvcrywliere, 
iinclis almost cvery^vhere equal to/ (»). 

If another trigonometrical series ezista beades the Fourier’s series, and 
15 also snmmaiile by Riemann’s procedure almost everywhere, having F (i) 
almost everjTvbere for the Biemoim frum, itwouldappearthat the difference 
of the two series would have a Riemaaa sum almost everywhere, and it 
would lie equal to zero. If such aseries, with coefficients not all zero, exists, 
its Riemann sum must be infinite at pednts of some set which contains a 
perfect set. To define such a stsriDS, let £f be a non-dense perfect set of 
measure zero, in (— tt, w). Let the intervals contiguous to H be placed in 
correspondence with the rational numbem of the interval (0, 1) taken in 
ascending order. Let 4>{^) have the value, at point within one of 
the contiguoua intervals, of the raliooal numhor to which the interval 
corresponds; and at any point not interior to such an interval, let ^ (») be 
defined so as to he continuous. Then if>' (®) exists at all points of C {N), and 
lias the valuozcro. The continnoiis function ^ {x) is monotone, and thus it 
w representable as the sum of a uniformly conveigent Fourier’a series 

Ml. taiotioa J M - - S 5i2iSL±.Min Jf 

has (j> (*) — ^a„ for its differential cooffioient, cveiyivlierc. and it baa a 
second differential ccejndent equal to zero almast ovciywhere. Thns the 
series £ (a„ cos nx -f sin nx) is summahle by Riemann’s procedure 
alnost everywhere, and has zero for the value of that sum. It has been 
shown by de la Valiko Poussin, to whom this construction is due, that tlie 
Cesirosuro of the scirios is almost everywhere scro, like the Riemann sura. 

. W5. It has been sheivn in § 443 that: 

7/ <7<e irigonomelHcal series l«o + ^ (a, cosn* + 6„ sinn*) eonveipes 
nhnosl cvtryiulitrt to the zolues </ a fiaiction f {x) which is SMm?(ia6ie in 
(— 77, tt), ami the sU of 'jmnts at which it does not converge, or oseillale between 
finite limits, ceviains no 'perfect compemetd, (hen the series is a Fovrier's 
senes, and it is the unique trigonometrical series which satisfies the prescribed 
conditions. 

It is unnecessary to assnrae in tiio statement of the theorem rfiat 
“= 0 (I>, b„ = 0 (1), because these relatione follow from the convergence 
almost everywhere, of the scries (see § 430). 

It follows that, if a trigonometrical series converges to zero everywiiere 
C-Mcept at the points of a set B whfch contains no perfect component, then 
I'll the coefficients of the series vanish. It has been proved* by Bajetunan 

* Sec Praee STalhfxa t^ Lu uy^ ifiS H e, Tot XXX {1419}, p. 39. 
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that the same result holds if, instead of ordiiuuy convergence, the Poisson 
sum of the series ho talten. 

An example has been given by* jUenchoif of a trigonometricai series 
which converges to zero at all points except those of a certain perfect eel 
of measure zero, such that the coefficients do not vanish. 

It lias however been sheu-nf by Rajchman that there exist closed 
sots of measure aero, unenunicmblc, and tiicreforc containing perfect .=cls, 
of a certain type firstj considered by Hardy and Littlcwood, such that 
the coefficients all vanish if the ingonometrical aeries converges everyivliRre 
to zero except at the pmnts of a edased set of this special type. Thus 
the condition of the above theorem can be replaced by a less stringent 
condition, lloreover this result also holds when, instead of ordinary 
convergence, the Poisson sum is zero except in the exceptional set of points, 
so that, if + lim £ (o, cos «» + sin nx) k’ — 0, everywhere except 
in a perfect sot of the special ty])e, then a„ -> 0, for « =■ 0, 1, 2, 3, ... , .md 

=■ 0. forn 1, 2, 3 

Tile folIoTOng theorem has been establisbcdg by Rajchman: 

If fha irigonomefTiatl series la„ + T (fl, cos2nwaj + d<„ Bui2«jrj:), skc/i 
(hat »„ = 0 (1), 0„ = a ( 1 ), cont-erjes tverywhere /<j aero, except possibly at 
the points of a closed set of type (H) ; or more generally if, except at the points 
of that closed set, 

JOfl + Em S (ff„ cos Same + 6, an 2a?rs:) r" 0, 
then On •' 0 , a„- li„ — 0 . 

It has been stated [[ by Rajchman that die fact of the existence of 
perfect sets which have the above property, in relation to the uniqueness 
of a trigonometrical scries, had been demonstrated, but not published, 
by Mile Nina Bary, in 1921, in the Mathematical Seminary of the University 
of Moscow. Rajcliman’s independent result relating to the sets of type (//) 
has been later generalized by Mile Bary, wlio shewed that a set of points 
Af (IT,, H,, ...), W'here {!!„) is a sequence of sets, all of type (//), has the 
same property, in relation to the uniqoeiiess of a trigonoinctricnl senes, 
as a single set of type (ff). 

The closed sets introduced by Hardy and Littlowood, and considered 
further by Steinliaus, and explicitly defined fay Bajchmaii, who terms 
them sets of type (ff), can be defined as folloivs: 

• Comptu ftenriiu, vcl. CLxm (1916). p. 4Sa. 

t Fundamsnia Math. vol. m {1922J. p. 287. J Atia Slolh. vol. Kcxvn (lOU). p. !«■ 

§ FmSamaiU MnIK toI. ni (1922), p. 287. Q lUi. \-dI. iv (1D23). p. 307, 

•j Compile llendw, to), cuixm (1923), p. 1195. Jlajohinan lim given nnother proof of his 
result, dspendeot on the tlieorj- cf fonnsl mnltipneatiai. Compile Hmitu, ToU CLVXVii (IK3). 
p. 493. Some forther resnlis oro given by Zygnmiid. in Ifws simo Tolume, p. “<»• ol'o 
ZygTirond, i/tifA. Ziiltdlir. voL xirv (1925), p- 40. 
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tc(. (7 be a closed act contained in tte interval (0, 1). In ease either 
0 or 1 is a point of G, it will be assumed ttiat both of these points are 
points of G. Let a point P (ar), whose polar coordinates arc r = 1, 0 = 2mc, 
be mndo to norrespond to eaoli point x, of G. To the closed set G, in tho 
interval (0, 1), there will correspond adosed set 5, of points on the circum- 
fcroncc of the circle with radius unity. If i: be a positive integer, and 
be the point whose polar coordinates are r i, 6 — 2 tt!cz, it is clear 
that P (la) = P(lcx~ Bkt), where Skx denotes the greatest integer £ kx. 
Let fft douote the set of points P (kx), where * has all the values in G. 
In order that a. point P (y), where OS,y < i, may not belong to Gt, it is 
necc^nry and sufficient that tho & mimbras 


Js‘ k-k' 


dn not belong to 0. 

Wo t-ako tlio sot (?!, to be Ojo set in (0, 1) which eorresponds to Gu, so 
that, if y is a point of r •• J. 0 Sirf/ is n point of Lot 2irdt he tlio 
length of the groatoat arc of the circle which docs not contain in its interior 
any point of and thus tho length of the greatest arc contiguous to 
Wo have, for each value ofA, 05 dtfi 1, and thus 0, iitilnsa lini rl^ 

exists, and has the value zero. 


TliO nloscd set G will be said to be of type (Af), provirlcd lint d* > 0. 

In tho onso of CantOT’s peilect set (i, § 118), we havo dj* = { ■ for 
“ L 2, 3, ... ; therefore this set is of type (//). 


we. With a v'ieiv to tho extension of ttie theorems of §§443, 443, 
relating lo a Irigoiiomiitrical series lo,, + !£(«„ cos »u: + i„ sin Tiat), it vvill bo 
sufficient to leave out the coefficient a, and to consider the ecrias £ A,. 
where A„ denotes c„ cos rur + b„ an 7>x. 

liOt (*) denote — £ Pj (*) the i>erios S ~ , and generally let 
A’l'r (i) denote (— nssiunod that either n„, b„ arc 

bounded, or move generally that -^5. where (0 < 74 -t 1), are bounded. 
In either case the series £ — ? ie umformly convcigent. 

IxM (7,) = Jt; (a: + i) + (a? - A) - 2Po (*). 
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and generallj’ 


These functions are formed by the rule 

K, (/,.) = £ j* -^sr-2 


Denoting by G, (A) the expre^on Kj, (A) j gj i ’ shewn, 

by employing the theorem ol § 168, that the Iim G, (h) wid lun G, (A) arc 
_ h-i 

given by ^ (5, •)• Qr) ± JA — &). where Z‘, and Q, arc the upper anil 
lower sums (<7, r) of the senes where these Cesaro sums are assumed 
to be finite, and A is a fixed number. 


Wc bavo Gf (h) — S where ^ (tiA) is given by 

,,,, (- l)''{ 2 r + 2 )) r,, ,, n^h*n*}i* , ,(2;in 

Writing ( for vJi, we have 

from which it follows that )im ^ (0 » I, and that (1) is bounded for a1! 
positive values of t. 

In order to apply tlie tbeorem of § l.'W, wc shall shew that (!) !'*’ 
is bounded for aE values of 1. Since 


(- l)'(2r-i-2)! ' 




(- ir 

(2r)f 


(~ 2)'! ^ I"'"’, a- number of temi.s of htgJier 

negative powers, and of terms contmning one of the factors cos I or sin I 
and as the other factor a power of 1 which is — 2r — 2, — 2r — 3, 3 . 
It follows that !'•* ’ (I) oonsisU of a constant term and of terms con- 
taining negative powers of t; hence (I) is bounded for all value.s of 

f >c> 0. Appl 5 dng the tfaearem of § 1S8, taking A =■ 2, it foUow.s Ihnl the 
upper and lower limits of G, (A), as A — 0, lie in an interval 
f (C'l’l + gld) JAfCTl'' - 0''). 
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The follo'ivmg theorem has now be«i esta^ished: 
]JFir{x)denoietheseTits{— I)®"-*** S ^^lOnid the series Fc (x) = — H, — 
be assumed io be cmvergmt, and ^ 

K,, (A) 3 F„ (X + h)+Ftr(!r-h)- 21?*, (*) - 6*^'*,-* (x) 


if tits fuvciion defined (h) = j dkj db, andG. (h) detiole 


tliSKlIie upper and laiver limilt of G, (ft), as h-^0, are given bg 
U^r + Qr)±i^lOr-Cr). 

vdm A it a fixed wnier, andV, , Q, ore the upper asid lower Cesdro swrs [0, r) 
of the eaiee Z A^, assumtd to fte jS»»te. 


447. By repeated applioation of the theorem gi7en in i, S S04, it ie 
seen that Ihe upper and ioTvor linite of G, (ft), as ft~0, lie in the interval 
bounded by the upper and lower limits of , 

where J'5 (*) is idontioat with Riemrom’s function F (*). 

• When a\ m 0 (ni-*), 6,-0 where fl < p fi 1, the function if (*) 
is contimioua, and any limit of 0, (ft), as ft — 0, is also a limit of 
l?(a: + ft)+.F (i-fi)- 2ft’ (a ^) 

l^et it now be assumed that, at every pmnt of l.iie interval {— ir, w), 
ate both finite, and that they are sninmabJe in the interval; ittbeo 
follows that a function etdste which is suromable in (- », *), finite at 
«ory point, and is at oiteh point x in the interval formed by ^F(x), 
^J'‘F{x). Applying the theorem of §443, it now follows that the series 
in aFourie)'’s series. 

The follo^ving theorem has now been established : 

if ^ are bounded, rokere k is some nufftter such that 0 £ ft < 1, and 
if the series X (o„ cos n* + ft, ^ na:) is suck that its upper ond fewer 6'esdro 
sums of integral order r are finite at each point (f (— v, n), and suinmable 
la f/ia( Miferiiah then the series is a Fourier’s series. 

. In the particiilor case v = 1, if it be assumed that the upper and 
lower CesAro suras of order ft, ■where ft is such that 0 £ ft < 1, are every- 
where finite, it follows that — . — arc bounded and that the Cesaro siua 
«* «*= 
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of order 1 is bounded. Weliavethen the following theorem ■wbioh ha.'? been 
given by W. H. Young*: 

If the upper and louder Oesdro sums of order h, where 0 i k <\, of the 
series S (a„ cos nx + 6, sin n«) are everywhere finite, and define sinnmabk 
functions in the interval (— n, n), the series is a Fourier's series. 

If the more stringent assumptaon be made tlint a„ , b„ converge to zero, 
as 51 ~ a>, the function F (x) has at each point symmetrical derivative.s; 
and we obtain the following theorem; 

If On, b„ converge to 0, efs« ~ to, and if iheseries Z (a„ C0S7!S -i- 4„ianfi3:) 
is such that the upper and lower Ces&ro sums, of integral order r, are summahk. 
in (— n, n), and finite at every point which does not belong to a set E which 
contains no perfect component, then, the series is a Fourier's series. 

This theorem was also given, for the case r = I, by W. H. Young {Ik. 
cit.). The mode of proof givoi above is a modification of this proof. A more 
oomplioated proof of tho general theorem has hoongiventby A. Rajcihmsti, 

443. The following theorem relating to Cc^o summation of any order 
k, positive but not necessarily inti^al, may be deduced from do le Vallfc 
Poussin’s tbootem (§432): 

If the series Jaa + S(a„ cob n* + f>, sin n*) has, in any interval, its tipper 
and lower Cesaro sums {C, k), where k> 0, finite at each point which does not 
belong to a set of measure zero, then ^ are bounded. 

It follows from the condition of the theorem that the upper and lower 
sums of the series Z oon rut + />„ s in n x ^ finite at almost all 

5** 

points of the interval, and therefore are bounded. 

The follo^ring theorem may be deduced from that of § 430: 

If the series J<io + Z («„ cosnx + baSmtu;) »« summabk [C, i;), where 
k> Q, at all qroints of a set H of positive measure, then ^ convergetozero 

For it is known that at any pennt at which the scries is sumiuable 
{0, k), converges to zero. This being the case at points 
of a set H, of positive mcasiuv, the result follows from § 430. 

A p<articular case of tlus theorem was givenj by M. Riesz, that if the 
series ha„ -h Z {a„ cos nx + b„ sin Tix) is snramahle [0, 1) in an interval, then 

a„ b„’ 

— , converge to zero. 

• Prx. Jlmj. So:. (A), wiL uzxix (ISM), F- JW- 
t 2J<mnUhrllr.SBT VatK u. Pb^h, voL (1B13). p. 2C3. 

t .Volti. AmuiUn, vol. isxi (lOIS). p. 58. 
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449. ThcgeneraJtheoremof|443includestheconditiontIiattI\niipper 
and lower sHin-funotionB oftbogfrenBenesateaummablein (— it, w) whether 
be bounded or not. It ie howsvet convenient to possess test® that a 
giran trigonomettical series is » Fonara’s series that do not involve this 
condilton, but instead depoid npon wbetlier these upper and lower 
functioas are bounded in the wholo or in apart of the interval. It has been 
. eliewn in § 360 that, if the integrated series inooswa: 

verges to ah integral, then Uic ^ven series is a Fourier's series; but in 
praedes it is diffiouit in any paiiicnltf case to ascertain whether this 
condition is satisfied or not. 

Tt is aocorduigly convcnicul to possess testa in which a lesser know- 
ledge of tie properties of tins integrated eorics is involved. With a view 
to remedying a® far as pnsmblo tliese praoUoal defect® of the theorem® of 
§ 442. the following thoorom will l>c established: 

IfatrigmmHrical series hat its upper and lower sum-funoliont bounded, 
si06pti}ifkene%gIibourhoodofpoinlebelongwg<oacloaedenumei'aileeelE,and 
if fh integrated series £ ^sin_n*-_<> 2 ««^ converges boundedly [or in 

particiiinr miformJy) in the whole interval (- n, jr) to a eontinuoue funeHon, 
liiM the trigonometrical series is cither a FoKricr’s series or a Fourier HL- 


In accordance with the tbeorem of § 432, since £ (o» cos n* + 6„ shi nx) 
is bounded in'an interval, a, and />„ arc bounded, and thus the series 
— S ^90S ^ + n am ng uniformly in (— w, w) to a oontinuoua 

function F [z). Denoting by d> (*) the sam-funcKon of the series 
2 gatdnna — h, coawa 


since this series by hypothesis conveigcs boundcdly, terra by terra integrar 
tion may bo applied to it, and thus j 4> (*) «fe ~ F (») — F [- v). It 
follows that F' (#) exists everywhere in ( — v, *r), and is continuous, being 
equal to 0 (*). 

Consider an interval (o, b) interior to »i interval contiguous to E-, then 
the upper and lower sum-funotaoBs of the series S {a„ oos nz + b„ sin nx) 
Brc bounded in {a, 4), It f^ows teom the theorems of §§421. 437 that, if 
h be suflicieiitly small, Ffc -1- A) — ft) " bounded as a 

function of (». ft), for all such values of ft, and all values of a: in (a, b). 
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DeiioUiig j F (x) dx by {*), and employing the second theorem given 
in 5 221, it is seen that the upper and lower limits, as h — 0, of 

Fj (* + h) (ar ~ h) — 2F , (x) 



are jC-integrals in (a, 6), since are bofcli upper and lower semi- 

integrals. Since Fj {ar) possesses everywhere in (a, 6) a second diflerential 
coefficient F' (x), both these upper and lower limits coincide with F' (x), 
which is therefore an int^ra) in {a,b) and consequently has, alnios! 
evci'ywhcre in (a, b), a differential coefficient F" (*). 

If (a, {?) be the interval, oonfignous to E, in which (a, 6) is contained, 
we have F" (x) dx = F' {b) — F' (o); F" [x) existing at almost, all points 
of (o, fi) (see I, § 400, last theorem). Since F' (ar) is continuous, wc liavc. 
as o, 6 converge to re, j3 respectively, 

lira [ F’ (x)dx^ F' F' ia), 

fl— 

and therefore J F" (ar)tfar exists, either as an .^-integra], or else os nn 
.ffZ'integial. Since (re, le any one of the intervals contiguous to E, all 
the abutting intervals may be nmalganuited, nod we see that, if (a, , be 
any interval contiguous to the first derivative E', of E, t-hs integral of 
exists in any interval interior to (re, ,^,), and is equal to tho difference 
of the values of F' {z) at the ends of the interval. Proceeding to the limit 
as before, we see that j ‘ F’ (*) dx exiete, as either an i-intcgral or ns an 
£fl/-integra], and its value is F' — F’ («i). Proceeding in thi.? manner, 
it is seen that j F“ (x) <is exists in any inlerval (a„, contigiinus to A''"!, 
the nth derivative of E. If («», ft.) is contiguous to E'‘“\ the first trans- 
finite derivative of E {if it exists), Mie integral of F’ (x) exists in anj' 
interval interior to (a„, pj), and consequently as before in (c„, and is 
equal to F' (,8„) — F' (a.). Proceeding in this manner, tho set E ''ill be 
exhausted, since E is enumerable, b^ore some transfinite derivative is 
reached. Hence, in the interv^ (— w, a-), F' (x) exists almost everywhere, 
and j F" (x) dx exists as an L-intt^al, or else as an ffi-lnfegral. Thus 
the function <!' (x) exists as an Zt-integral, or else as an /fZrintegral, and 
it is the sum-function of tlie scries £ ^ sin cos n x ^ follows, in 

accordance with §5 360, 364, that the given trigonometricnl series is a 
Fourier’s series or a Fouri«’s AfZ-series, according as F' (x) is sn 
i-integral or an //Z^intcgral. 
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EXAJtPLKS 


(1) Consider the fcrios S '^sinnx, 2 -^cranx, vriwrc 0<i < ]. Since the seriis 
2 sinnz, 2 COS nz oscillate bonndedly, except in (Iks Second ctiic in Ibr Ticiglibourbocxl 


of (hepoint z=0, by the thuorera oI|24, iliesorica 2 S arc convMgent 

I s converge uniformly in {-ir, jr), it follows by the abore theorem 

llint both Oic series considered nro otko- Poorier’g series or clso Fourier's ffi-series, If 
it follorrs from the Rices- Flscber tbemrem Uurt both scries arc Fourier's scries. 


(2) Considectheeerics:^—-. The integrated sc 


~ Is divergent at the point 
a Fonrjer's (f/i) 

rsriet On (he other hand tIioitcrics2^-j~^^,wlivre i; >0,18 such tbntthcmlegcatccl soriss 
S converges tiaiformly in tbo interval ( ir). Henco the scries ta citlier a 

foericPi scries or o Fourier's /fX-scrics. 

4S0; In tJio theorem of §440 the condition that S?-"-®— .-5.-®.®.^*?’ 


converges boimdedly to a continuous suDi'fiinction may be relaxed; simple 
convergenoo to a coatinuoiis sum-function 4> (a;) being suffioiont. I’or, by 
li^ltm'sthoorBm (§413), applied fo the summnWe function It is Roon 
diflt iJifa) is equal to F'(x) wl>erover/''(x) eedets, wju’chis tJjo case almost 
OTcrjnvheK in ft); for lim I j ;,n « q, ginoo 

"n , in are bounded (sec § 1 33). Jf F, (*) denote j Fi (*) ds, it is seen 
as before that the upper and lower liraife, as h ~0, of 
F, (ar + A) -f- Ft {*-*)- 2J?j (a:) 
p 

arc integrals in [a, b). ^ce F. (x) possesses evorywliero a second 
flinercntial coefficient F {x), these upper and lower limits coincide with 
(r), .and therefore F (x) is an integral, and consequently 
F(x)~F {- vr) = j‘ F' (») di * I' ft) (z) dx. 

StiiCD <t> (x) is contirtuous, it follows that F' {*) eadatB overj’whero, and 
■R equal to <!• (*). From this pwnt onwards, the procedure is as before, 
CoDRsquently the follotving theorem is estaWished: 

if a fntfontHnc/rj'enr series be sucb that the upper end fotrer sum-funclions 
arc f>oii«dc/f, except in the. neiglAourliood of points belonging to a dosal 


^"■'‘WTciUe sel, and if iU integrated eerias S conixrijes 

‘o a continuous function in the ir/itrfe interval {- w, tr), then the trigono- 
^Mricol series i-s cifSer a Fonricr’e series or a Fourier's IJL-scries. 
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This theorem was gsTcn* bj- W. H. Young, whoso proof, however, 
would appear to require some addition to make it complete. 

RESTRICTED FOURIEK’s SERIES 

451. The properties of a certain Jdnd of trigonometrical series of liie 
fonii lo, + S (o„ CCS »* + sin m»), which are in general not Fourier’s 
series, have been investigated! by W.H. Young; to series of thi.s cliiss be 
lias given the name resfriided Fourier’s series. Wc shall in the first instance 
give an acooiml of a si>eciaUy interesting sub-class of restricted Fourier’s 
series called orcitnari/restrictedFoKrfer’sserics, which may be. charnclerized 
ns follow.?; 

.4 trigancnnelrical series S (a„cos»4:-i-h„sinM*) issaidiobean ordinary 
reslrieted Fourier's series, or OBFscries, if it satisfies the co’ulitions 
(1), (7„ — o (1), — o (1). and ( 2 ), the inlettraled- series 

S j (o« rin nx — 0„ cos «*) 

cofttiergfe in an open inierval (o, fi) contained in (— w, w), or in each of a set 
(^stteb open intervals, ioaficnctioaF {x)Khicli.isanL-inteyral. Thefunction 
fl^^ne5^ everywhere in (o, p), is (Jien said to be the fiincJim 
assooiated with the ORF-series in the open tntercaf a<x<^. 

It should be observed that, from condition (1), the coiivcrgoiico of the 
series 2 , S follows, and then, employing the Riosz-FiRoher 

theorem (f 379), it follows that the integrated aeries is a Fourier’s series; 
thus the funotfon F {z) is the function oorresponding to a Fourier’s series, 
although it is an Z-intcgral only within the interval or intervals of «• 
strielion. The interest of these OFPseries arises from tlio fact, ivliich will 
bo established, that, in an interval of restriction, they possess many of the 
cardinal propertins of FonriRris series: they may accordingly, ^rilbin.siich 
an interval, be employed in Analysis in like manner as a Fourier’s seric.s. 

The following theorem, which is the analogue of Riemanii’.s property 
of Fourier’s series, will be established: 

The upper and lower functions of an ORF-series at a point z, interior to 
an interval of restrictirm, depend only on the diaracter of the associated 
function in an arbitrarily small neighbourhood of the point x. 

’ PnK. Land, ifath. S<x. scr. (2), v<rf. IS, p. 430. It eerms hCTC to bo assumed Mithout suSirren t 
jusliHcatioa that the sum o£ the integrated aerica is equal to P’ ^j. The coednuitj’ of the sum nt 
the integrated eeries is by itself not anffident to justify this, 

t Sec Proc. Land. Hath. Soe. (2), voL ivn (1918), pp. I95-S36: also aid. pp. S-IMCO: and 
Proc. Pay. Sac. vol, som (1917), pp. 876-292. Sec also Butklin de la loc. mat. de France. 
vol. UI U924). p- 585. 
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Let L (a„ cos nx + aln «*) be the OHf-sBsies , and let / (a:) be the 
function associated ’nitli it in the {^»eh intervtJ (a, /S); where a„ = o (1), 
b„ = 0 (1). Let P (a:) be the tuncUoD. eorreepondisg to the Fourier’s aeries 
2 ; then we havn F (®) — J' (c) =■ J" / (c) dx, for 

a <x< ^ (see i, § 406). Tlio nth portinl snm <rf the OFF-sories is given by 

*" i ~ itdt. 

at an interior point of the interval (o, p). JI {x — e, x + r) be an interval 
interior to (o, 3), the integrjd In the enprossion for s„ (*) may be divided 
into two parts, tbe first taken from 0 to «, and the second from « to ir. 
The value of tbe first of these int^als depends only on the properties of 
/ (s) in the interval (as — «, * d- e). Lj order to prove the tbeorom, It is 
auflioient to shew that 

[F (a: + 1 ) + F (* — t)] sin (»t + J) t cosco 
oonvergea to zero, os n «o. Tbe expression may be TOtten in tlie form 
CF (!t + <) ’+ F (* - OJsin nt cot Jtift + in, 
where in-i-n*^ [F(* -H) + F(«- t)]cos?ifrf/. 

We have 

i„ = ^| [F(.T + t) + F(a:-/)lco8«trfe 

tlie first expression on tbe riglit-biuid side Is equal to 
^ (a„ sin wa — f>n coa na: ^ 

”dxV “* ' * )‘ 

or to TT ({<„ cosnx 4 6, ainnx), 

which oonvergea to zero, asn~<o. ]ji the second o:q)re8sion tbe differen- 
tiation can be carried out under the sign of integration, uiuoe 
F (* + <) + F {* — Q, cos «i 

are botli £-int©grals in the interval (0, «) (see § 249, Ex. (6)) ; it is therefore 
equal to — | [/(x + t) +/(®— t)]oas«(dt, which converges to zero, as 
~=o, sincB/(s + <) +/ (» — 0 is suHunnblo in the interval (0, <). It has 
accordingly been proved that — o (1). 

In order , to deal ivith [F (ar + <) + F (k — t)] sin nf cot JtrfC, let 
(f) be defined as an odd function of ( in the interval (— jr, v), such 
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that </. (0) 0, ^ (!) cot U in Ihe interral {«, w), u7)d lei it be con- 
tinuous at I -- €, and sticii that (t), {<) exist and are bounded in 

the interval (0, t). The function ^ (t) is tlie integral of an iufegnil, and i(s 
Fourier’s series ^ c^siopt convorges unifonnly. Tlie differontiafed series 

also converges uniformly to (f), and c, — 0 ; thus S | | coiivcrgos 

to a number C. If it were necessary, ^ (t) could be so defined as to have 
fmy number of its derivatives bounded. 

Wo now consider 

i j' + (II .in Mil ; 

by iutcgi-ation by parts we have 

j {F (x + t)-i-F (a — <)} <ft (t) sin ntdl 

= _ {(7 (ar + e) - ^(ar - <)1 ^ (c) sin ne 

- {^(x- -I- <) - (a; - 01 (0 sinni*; 

wlioro G (») “I -F (*) dx. The function F (*) is the cliiTorcntial eoelfioicnt 
of G (») almost everywhere, and at every point of (* ~ c, « + «) ; wo have 
thus, remembering that O (x -h t) — G (x — t), ^ (t) oos ni, <fi' (0 sin nl ate 
integrals in (c, w) (see § 24ft, Ex. (6)), for 

{jP (* + 0 + (* — 0} ^ (0 sin 

the expression 

- {F (a: 4- «) - F (» - *)} ^ (e) sin »i« 

- w j’ {F (* 4- 0 “ - 0) ^ (0 COR nidi 

- I’ {F (a; -K) - F (ar- <)> (4) sin ntdl. 

Since the Fourier's series for ^ (f), (t) both converge uniformly, wo may 

substitute them in the integrals, and integrate term by tonn, Wo can then 
tranefonn back the coefficients of each factor c,. where sui takes fhc 
place of 4’ (0i and wo thus obtain the expression 

S c, j' (F (a; + <) -f F(ar - i)} sin pi sin nidi ; 

hence we have 

^ j’'{F(x |-0 + F(*- l)i4(i)^tUd(=‘ I 
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«i] Restricted Faurvir's Series 

If 17 bn an nrbitrariJy eliosen podtivo nnmber, stiioe = 0 ( 1 ), we Isave 
j fc„ I < 7), for I » I S m. It follows fiiat j L | < ’jC', provided n g m. 

To estimate £ wohave 



Tlic first expression oil the righi-baad side is less than »j S | c, | , or 
than Otj; the second is less than i; L jc„|,ocl.hanCSj; tho third is less 

p»i 

thao M S ! flj. I . where' ilf is tJie maxiniuni of tlie numbers | in | , 
I'ii Ii 1 im-i l< this coDTerges to zero, iw « when m is Jicpt 
fixedithefourthexpressionisiessthanJIf £ | e, | , or than J/ £ [o„j, 
which converges to zero, ns n — o. It lias now been shewn that 

jnm £^c,(i,..-/w|s2C^i 

and since Tj is arbitrary, lim £ — i„„) = 0. It has now been shown 

that lim — [J* (* + <) + — t)] i(l)8in»ittit = 0, and tJio fheorem has 

thus been established. 

It can be shewn that, if * is confined to a closed interval interior to 
{a, d)i the convergence of 

I [if” (s 4- f) + P (as— <)] (’i + i) ^ cosoo 

to zero is unifonu in the specified interval of x. 

Since 

[F (a: + f) + ^’ {*—«)] cos «t<a = w<o, cos tKB + 6„sinna;), 

tbeexproBsionoiitholuft-bandBidoianumerioallyleastlisiiff (I o„| H- 1 1>„ |), 
and it therefore converges to zero, nsn ~i», uniformly witli respect to x. 

It is also known (sec § 334 ) that ^ [/ (® + t) + f {x ~ <)] cos ntdt con- 
verges to zero uniformly for all values of a; in a closed interval interior to 
(a, p). Hence 4„' converges to zmo uniformly for all such values of x. 
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Since [ k„ (a:) | £ ,7 (| | + [ 6, |) + |/(t) | dt, and « is so chosen 

that (a; — e, a + «) is in a closed int^vol {A,Ji) inlerior lo (a, p), wc see 
that, if J/ — 57 (| a„ j + [ 6 „ I) + t« J |/(0 I df, none of the numbers 

^(^). enn numerically exceed i/, for any of tlic values of 

X. Tlius the uniform conveigcmcc is established. 

452. It appears from tlie theorem proved in §251 IJiat, at any point 
X in the open interval (o, p) of restriction, the OifJ-scries is convergent 
if the Fourier’s series of tl>e function tvfaicb has the value of f (x) in the 
interval (* — c, x «), and has clsowhere the value rero, is convergent 
at X. Moreover, if (oj, ft) is any dosed iuterval contained in (n, P), the 
072F-series oonvergos uniformly in (<^,ft) it the Fourier's series of the 
suramahle funolion which has the value /(*) when * is in (Oj. nnd 
■which elsewliere has tlio value of some suramable function, is uniformly 
oonvergoot. The general result nay be stated as follows : 

Sufficient conditions for the convergence of an ORF-aeries in the. ojK'.n 
interval (a, ( 8 )o/reafn'crio», alap(«nf*tn(a, p), and also sufficient conditions 
for tite uniform convergence of tiie series in a dosed irUerf>al (ti, , Pi) con<««?ied 
in (a, P), are identical vnlh the corresponding sufficient conditions for the 
Fourier’s series corresponding to the svmmabU function which agrees with 
f {x) in a neighbourhood of the j>oinl x, or in an inierval contained in {«, P), 
and- which has elsewhere the value zero, orlhcvalw.ofsonie suminable function. 

It is thus seen that, in any closed interval contained in un iiitorvril of 
restriction, an OJfF’-seriea may he employed like a Fourier’s series; for 
example, it may, subject to the same conditions as in the esse of aFoiirier's 
series, be substituted in the integrand of any integral wlio.se limits are 
within the interval of restriction, the integration being then, oarried out 
term by term. 

453. Tlie trigonometrical series S («„ cos nx + 6 „ sin nx), correspond- 
ing to a function / (x) which has a Deiijoy inlogra!, or in particular a 
Hamack-Lebesguc integral, in the interval (— n, w), is in general not sucli 
that the conditions a„ = o (1), 6 , = o (1) are- satisfied. But in any such 
case when they are satisfied, the series 2 ****^°”^ — — is a Fourier's 
series wliich corresponds to a function F (x) which is an indefinite D- 
integral, hut not an L-integml, and is consequently a continuous function. 
But in each open interval that is contiguous to the set II, of points of non- 
siinimability of / (x), F (*) is an i-integral, to tlie values of wliich the 
Fourier’s series converges; thus the Fourier’s /^-series is an OBF-fcries, to 
wliich the results of § 452 are applicable. 
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In case tho oondilions ttn — o (1), = » (1) are not. satiuBed, there may 

bo values of a; for wbioli lim (o, cos nse + b^ am Ji*) = 0. If f ho a point 
within one of the intervals contiguons to the set II of points of non-sum- 
inability of llio function / (*), and for whicli Hm {a, cos nf -i- b„ sin n^) = 0, 
tile result of § 462 is applicable to tho n«ghbouriiood of the point be- 
cause in the proof in §46), no use has been made of the conditions 
c,. = n (1), tliR oondilions ha^g alono been employed that tho 

Fourier’s series S oxifits, and that 

lint fa, COB n* -h b„ sin kc) = 0, 

at the particular point jt. The Fburier’s D-serics may be convergent at a 
point X at which this liroit hue the value zero, but the set of point* of 
sonvorgQuco cannot have a inoosuro greator than zero, unless a„ ^ a (1), 
0 (l)> because, os has been shevm in § 430, if a„ cos nx + b„ sin nx 
boTLVOtgai to zero at all points of a ect of positive measuro, it than follows 
that a„ “ 0 (1), 6»= o{I). 

- We have accordingly obtained tho follorring properties of a Fourier's 
D-sories: 

A Potifier'a D'Sstks, or in pttrficuhw a Fourter'a HL-ecrias, 

S (a„ cas n* + 6„ sin «®J, 

(»rrM;wncf«ip fo a funeCion f (v), and for which ~ o (1), «« o (1), be- 

h<ms, in any closed interval inierior to an interval contigvoid to the setH, of 
jiointa oj non-summabilUy of f (*), in ezaerly lAe same manner, as regards 
convergence., miform convergence, or oscOltOion, as ilts Fowier's series 
. correijMJidin? to the sumrnable fvnctwn which, in the closed interval, has tho 
same values as f (»), and ovlside that inierval has the value sero. The series 
may be employed in that dosed interval in the same manner, and subject fo 
the same eomfiVions, as (he Fonrier's series. 

In case the conditions o, •= p (1), h, =■ o (1) are not satisfied, the points 
of convergence of the Fourier’s D-series, in the intervals contiguous to H,form 
at most. a. set of points of measure zero. At any poira interior to an interval 
’ contiguous to II, at which o.cosJi* -f- 6, sin 7i* con-uerpES to zero, n — -co, 
the series behaves, as regards eonvergenee or oscOlation, in the same manner 
as the Fourier's series correspondittg to the eummablc function wldck has in 
a neighbourhood {x ~ S, x -t- B) of the point x the same values as f (x), and 
has everywhere else the valw zero. 

dSt. The more general class of .resbieted Fourier’s series may bo 
defined as follows: 

The series obtained by differesUioHng p times the Fourier's series cenre- 
sponding to a sumrmble function F (*) is said to be a restricted Fourier’s 
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series of the pth class, and to be restricted to owe or more 0}>e>i inleri'als (n, p), 
if, in each stick open interail, F (*) is a pOt indeftnile L-intcoral. The flh 
differential coefficient of F (*), iidiieli exists almost evcrpwlicTc in (<t, P), is 
said to be the function associated with the restricted Fottrier's «er/es. 

It is easily seen tliat an O.RP-series belongs to the first class of re- 
stricted Fourier’s eories. 

The theorem in § 341 that the oonTergcnco, or the nature of the upper 
and lov/er sum-functions, of aFourier’s series at a particular point depeTids 
only on tlie values of the function to wliich the series concsponcls in an 
arbitrarily sinali neighbourhood of the point has been extended to the case 
of the TJth derived series, when summation (C, p) takes the place of ordinary 
summation. W, H. Young has in fact established* the following f lionrom; 

The upper and lower sums {C, p) of Ike pth derived series of a Fourier's 
sertfts corresponding io / {*) tit o pariicular jmnt depend only on the valves of 
f (*) an arbitrarily small neighbourhood of the point. 

It has also been shown-f by W. H. Young that,; 

The derived series of a Fourier’s series corresponding to a fvnelion of 
bounded variation in {— ■», w) converges (C, k), where A > 0, almost every- 
where to the (Ufferential coefficient of the function. 

By employing both of the last theorems, the following theorem ciin 
be obtained: 

Iff(a) be, in a certain interval (a,b). of bounded variation, the first ikriveil 
series of the Fourier’s series of f (*) converges {C, 1), almost everywhere in 
(ti'i ii), to the differential coefficient of the function f (z). 

For the convergence (C, 1} at an iotcrior point of (o, 6), of the derived 
series, does not depend upon the nature of / (*) outside (a, b), anti is tlioie- 
fore the same as if / (z) were of bounded variation in (— w, ?r). In that 
case the series converges [C, 1) almost everywhere in (a, b), to the value 

S' {X). 

CONVEROBRCE AND SUMBtABIUTy OF THE SERIES AIiLIED WITH A 
FOVRISR’S SERIES 

455. The series allied with a Fourier's aeries 

S (a„ cosnr -H 6„8inz), corresponding to the function/(z). 

has been defined in § 400 to be the series S siii nx — b„ co.s nz). \Ve 
proceed to consider the question of the conveigeiice nf the allied series at 
a particular point. 

• Froc. Lend. Jlfaft. Soe. (2), »oI. I»n (1016), pj.. 212-217. 

I /Ai<i. (2), Tot. XUl (1913J. pp. 21-23. 
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Ws have 

i[a„sinnx — cos wa:) => i S J /(a08uiB(a; — 

1 r- 8m~'t-^(aj-*’)8in|(a;-®') 

— gi ' (»-»•) — 

and thus the partial sum on the left-hand side can be expressed in the form 
/(»') j^cofc^-^ -CDS« (»-*'} cofc^^-^ + sin n(* - a:')j 

SinceJ / (*') sin n (* — a') ds' converges to zero, as n~oo, uniformly 
ior all values of a, Iho limits of hbe partial scuir depend upon those of 
/(a!')cot^^{l-cos«(a:-»')}rfar', 
or, witing *' = *+ 1 , upon those of 

/(* + Ocotit(l -oosflildf, 

-/(^ +0}c®t JJ (I -co8nf)(ii. 

It follows that tUo allied series converges at a point x to the value 

i j’ + 01 m, 

provided this expression has a dellnite meaning, and provided further the 
condition 

limj {/{a? — 0 — /(* + <)}«ot — 0 

is aatlslled. 

Since cot J< — | is bounded and measurable in the interval (0, rr), it 
follows from the theorem of Rieinann-Lehe^ue that 

lini {/(* — 0 •■ /(* d' 0} ~ cos ntdt = 0, 

hence the second condition is equivaieait to 

In case ~ ~ is summable in an iulorval which contains 

the point f -r- 0, both the conditions of eonvei^ence of the series at the 
point X are satisfied, since 

/’(/<» - <) -/(^ + <» ("ot 

exists as an Z-integral. 
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In general however sumniable in the neigli- 
"bourhood of the point t = 0 , but 

may exist as a non-absolutdy convergent int^ol, denoting 

^limj {f(x — t)-f(x + e)}cotydl. 

The result has now been established ttiat; 

Tliii oKterf senes converges nt a jfoint x to the value 

provi'defZ this expression has a d^nite meaning, and provided further that 

Ita Jjiferljpf&ti’oosaiA-O, 

the iniegrah in these itvo conditions being in general non^absolulely eon- 
vergent ali = 0. 

This rcsultwas obtained* by Pringsbeim, who was the drat to invoatigato 
the oonvergoneo of the series in a rigorous miuiocr. 

It ia easily seen that,/ (x) being a periodic function, 

^ £ (/(»’- 1) -/(* + 1)1 »t i'-ilt 

456. TJic case in wbich/(a:) la a function of bounded variation in tlie 
interval (— n, rr) wnsinvestigotedf by W. H. Young. For tJie convergence 
at a point x, of continuity of the function, we can however consider tlio 
more general case in which the function is only of bounded variation in 
some neighbourhood [x ^ S, x + 8), of tlie point *. 

We have then to oonsider tire expression 

[/(*-<) -/(* + 0]cotif(l -cosnOdt, 
since, when the limits of the integral arc (S, w), the expression conveiges, 
as n. ~ 03, to the definite value 

I’ (/(.: - 1) -/(I + <)] oot J«l. 

* SifzunJfAer. i, UOtuA. ythri. P* 

t (1911), 11.361. 
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We Lave, wlicn « is eo large that S > w/s, 

j j" i//(()cot ^/{l — eo3«<)d{j<| |^(t) 1 (1 — oosMi) 1 

whore 'p ({) denotes / (a — 1) — /(a: + i), and is the iJiaximum of | ^ (f) | 
in the interval (0, w/a). If n be anfficiently huge, we have 

j| //{t)cotJt(l — COSW<)(ff j<1J, 
where r} is an arbitrarily chosen positive number. 

The function ip (t) may bo expressed as P (t) — Q {{), where P (t), Q (t) 
ate monotone and uon-inoreasing in Uio interval ( 0 , S ) ; we have then 

I i’{f)cot|cesntrf/- = oesnidt, 

where 8' is in the interval lionco the integral on the left-hand side 

is numorinally less than f eimilar result holds for the 

function Q. Since P Q(^ both converge to aero, as we see 

that 

j £{/(*- 0 -/{* + 0) cot g cos wtrfi I < 7j, 

i£ n be suiKoiantly large. It now follows that 

{/(* — t) — /{* + t)}€!obii {I — OOSRi)* 
differs from ^ Q -/(* + <)}cot^d« 

by less than 217, if n bo sudidentJy l^ge. H now 

J ,{/(* — t) —/{i + t)}oot Jtfft 

exists, we have 
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The following fJieorein has now been established ; 

If, at a point of continvity x, of the fxivclion f (r), thn. fxmctlon be of 
bounded variation, in eoi/te neighbourhood of x, the allied series converges at 
X to tke vahie 

i'.i }'(/(» - S) “/(* + SI) cot ildt. 
provided this limit has a definite value. 

The followng analogue of de la Volldc Poussin’s condition (§ Stfl) for 
the convergence of Fourier’s scries has been obtained* by W. H. Young: 

If {f(a:-l) -/(a + t)}dt is of bounded variation, ns a function 
of u, the allied series converges to 

provided this limit has a definite value. 

4S7. As regards the sommabilily of tlic allied scries, llio first stop was 
taken by W. H. Young, who proved that the scries is summablo (O', 1) if 
the Integral 

^ /o 

whioh ivill be denoted by 7, exists, at leaet as a non-absolutely con- 
vcrgorit integral, provided also 

|j/(» -<)-/(« +1)1 *-»(«)■ 

The latter condition is certainly sa.tisfiod at a point x at which \f{x) — C\ 
is the differential coefficient of its indefinite integral, whatever value 0 
may have, The, set of points at which this condition is satisfied contains 
almost every point of the interval (— w, u) (see t, § 43Z), and maybe termed 
the i-8et. In order to shew that the allied series is summabJe (C, 1) almost 
everywlierc, it is accordingly necessary to shew tliaf. tlie integral 

- f) -/(* + f)}C0t ltdl 

exists almost evcrywlicre. 

It was provedf by Plessner that, if 

F(/f,a:)= S (a„sin7i® — 6,cosna:)/(", 

• I.or.. cU. p. nos. Sec also Proc. Lmi. Ualh. Soc. (2), rol. X JIOll). pp. 2(ifi, 271, wtiorr 

f ZurTh’.orir *r fewi/i/j/erfsa frijonwwfrisdleji /feiAsn, Wil*liPilunj:cn lies Malh, Ijcminarsd+r 

Unio. GiesEon, No, x, 1923 
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where | /t j < 1, then 

Jm [f (». I) - - 1) -/(» + 1)) col I - 0, 

where n = 8in“* (1 — 7i), provided 

- 1) -/(» 4- 1) ! * =fl {“); 

it follows that in the i-aet^ the integral I exists at a point at which the 
PoisBon sum exists. The particulnr case of this tiicorem in which a: is a 
point of continuity of /(at) had been obtained earlier* by Fatou. It was 
further proved by Piesaner that the Poisson aiim exists almost everywhere, 
and it then follows that / exists almost cverywhcco. Taken in conjunction 
with thfi theorem of Young, referred to above, it follows that the allied 
aeries converges (<7. 1) almost evei-ywlicre. 

The sunimability {C, h), for k> 0, has been considered in a jnemoirt 
of Hardy and Litt!o\70od, which contains an account of tho development 
of tho tlieory of tlie summabiiity of tlio series. It is there she'vn that, in 
the I'SQtj the allied series is either .sununablc {C, k) for every value of 
k (> 0), or not eummtvble [0, h) for any value of k, nor by Poisson’s method. 
Tills result combined with that of PIcssner leads to the extension of tho 
property of Fourier's series to the allied scries; 

The allkd series is sumtnabU (C, k),for fc > 0, nlmosf everywhere. 

An extension is also given In this memoir of the theorem stated in 
,§ 374, rciating to tho ponditions that, at a puticular point, the series 
should he suniinsble (C, h) for some value of k. 

458. In case / (*) is a Emotion whose square is eummable in (— it, it), 
it follows from the Riesz-Fischcr theorem that the allied series is the 
Fourier’s series of a function of which fho square is suminable. 

The following theorem wasgivenj by Lusin: 

7/ {/ (*)}* is stmmable in (0, 1), the integral | ~ ^ dl 

has a definite value almost everyiAitre, and represents « function ^ (a:) siich 
that {^6 {isJ5* is summable in the interval. 

A proof of this theorem has been ^vca§ by Beeikoviteh, who shewed 
tliat 

f’ » («))= * a 2... I’ {/ MV *. 

' Acta jralh. voL XU (IMS), p. 380. 
f- Prof. /xmrf. Slalh. Sac. (2), toL xxnrflSSft). p. 211. 
t Oarapla Hendia. voL OLVI (1913). p. ISSS. 
i Fi'nSnmmla Jfai. rot iv (1924), p. 172. 
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The more general case of a {auction/ (x) encii tl>at | / (ar) 1’’ is Riiiinnable 
in (—17, w), for some value olp{> I) bos been studied by* M. Ries/. (see 
§ 397) who has given an indication of bis proof that: 

U !/ (3^) I" S7immaMe in (— ir.w), w/tere p has some vahie > 1, then 
the series allied to the Fourier's series of f(x) is the Foiii jcr’s series of a 
function <{> (*) such that \ ^ (*) j” is stattmable. in. (— 77 , it). 

Detailed proofs of this theorem, with adeveiopment of its consequences, 
will appear in forthcoming memoirs by M. Hicsz, and by Titchmar.sh. 

Donnni! fouribr’s seribs 

459. The theory of double Fourier’s series has been investigated by 
Ascoli-f, Pioardt, Cerni§, Krause||, Hardy^J. Veigerio**, W. H. Youngtf, 
0. N. Mooroft, Ku8tcrmann§§, and TitchmarshHlI. A detailed account of 
many of those investigations, with some furtnor dcvcbpiiicjits, Ims boon 
given by Gciringer^f^. Those respects in wliich multiple Fourier’s series 
differ from single Fourier’s series arc sufficiently represented by the case of 
the double series; for simplicity of statement, only the ease of Fourier’s 
double series will accordingly bo dealt with hero. 

If/ be a function of (x<“, *•*>), periodic witli respect to *<') and 
with respeot to in each ease with period 2n, mul summable in the 
rotstanglo (— rr, — ir; tr, ir); let us consider the series 

i (a„u) „tt>coBn'**x<')co8n<*>i'*’ 

na)=o,»'*i=0 

+ c„iii,„ai8m«'’>x<'>cosn.<*>*'*i + d,<ii, ,o( sin 
where On'‘i,fia' “ — » [ / (*“',*‘*>)co6»f‘'*<*tco.s«'’>s'®>d («:*"■,***>) 
for ^ > 0 , rW > 0, 

and cos «<«*«'> d{ai‘),a:H)), 

“o n<«' » A f /(»‘«,®'a»)co87i™x««d(x<’».2:'=)). 

O... -i, f 

• Pr<K. Unit. -VaU, Soc. (2), vol. xxn, Beairdt. Jan. 17, 1824, p. iv, al«n Cnmplr. Ilvvh-. 
Tol. CLXXvnr (1824), p- 14B4. 

t RendicOTili LomV. (2), vol. p. 543. 

{ TraiUi' Analyse, 2^0 cd. (J90J), p. 294. | Jlotrf. Isonlard. vol. xxxiv (1001). p. flU- 

i| Leija. Per. (1003), pp. IM,23». t Quartaty Jonn. vnl. xx.svii (1900). p. .'3. 

OiV. di Baldltjmi, vol. XurX (1911), p. 181. 

tt P'oe. Lmd. Math. Sck. (2?. vd. M (1912), p. 133. 

jj Traits. Amsr. ilalh. Soc, voL xiv (1013), p. 73; DuU. Aner. Slalh. Six. voIb. xvit, xviiii 
CnmpltaiiCTdM.val. CLv{l912),p. 128! iferfS. Ajmoleit, vol. txxrv (IfilS), p. 035. 

§5 “InaTigural dissertation,*’ Ueiiv FovrUr'sehe Ooppelrekhsn and das Poissonsehe Doyprl. 
inleyral, )«unicli. 1013. 

{Ill Pros. Roy. Soe. vol. cvi (1824). p. 299. 

ISonaUhFfle /. .'/flfft. ti. Pkysit, voLixix (1918), p. 65. 
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458, 4D&], 

\rith similar expressions {or 6„ui,«a>, c,u>,rf»>, where A denotes the 

fimdamental rontanglc (— sr, — w; w, tt). TTiis series is said to bo tho double 
Fourier's series eorresjjonding to Uic summablc function / (il'l, i'**). It is 
clear (see § 237) t.liaf, each of the integrals which o^iress the coolTicients 
may be replaced by (he corresponding repeated integral. We maj' denote 
the correspondence of the scries with the function by 

(n,u..,n.«)S«<*)3^'>C0S»Ibri’) 

+ t„i».„wco5>i«'>a<')Mnn(’»3<*l-f (■vo.„'T>sinni''i('icoR?il'>ai2) 

-f «« «(>)*(«) sin >!«*» 

It is clear that the formal esprcs.«ion of the series may he obtained by ex- 
pressing / i3f^\ ns a single Fourier’s scries of cosines and sine.s of 
multiples of and then each coefficient in that series ns aFonrier's asriea 
of cosines and aines of multiples of a*”. 

If we denote hy IIb'u.b* tbc sum of the four terms corresponding to 


aCl.jii®, and by U»c sum S we have 

■= ^ j* (?'’ - 

f /{f'K [* + cos (f « - ai*!) + ... -b cos nl’) (?») - *10)] dfl») 






/(;,0 

■ I smt") fmtl?' 

rfP'rfri^ 

1 ft' ri' s!n7n(’>d‘)5in>n<^/19 

^■iJo Jo ^ - Sa - ■ 

where md =- 2nl‘> + I, m<*> »2n*^ -r 1, andF(("*,<i'J) denotes 
f(z<» + -h 2(1^) _ 2t('t,a<=l + »t»l) +/(*l*l + 211'!, rfs _ 2l»} 

4-/(*'>)-- 2110. z(5i _ 2il!5), 
the function / (*10, ,ri=i) being taken to be periodic V5'itk respect to a.'*’' and 
to xi^. 

The investigation of the propeitics of the double Fourier’s series, as 
regards convergence, divergence, orosdllation, at a point (*('', *1^) depe]ids 
upon a discussion of the nature of the double limit 

lim 

Jo smtWsjnfft) 
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It can easily be Bherni that, for this double limit, 

„„ „ p nr 

may be substituted. For — , — . is bounded ar 


over the ceE (0, 0 ; Jw, J??). and when multiplied by the summable function 
F (if"', t(’') the product is summable. Since sin mt'U*') sin is hounded, 
and since the integral of it taken over any ceil contained in (0, 0; 1,57, J.r) 
converges to zero, as nW~co, it follows from the general 

convergence theorem of § 279 that 


lira i, f'*’’ *’’V(f'»»,tf«)Binm‘»/<‘'sin»t<-)fW 
’’■* J (0. OJ 

from which tlie result follows. 


460. If the general convergence Theorem I, of §'270, be applied 

to any of the integrals | nWirWd (*'>’, si’i) the 

double limit as •*» os, »'*' — as, will have the value zero, provided the 
conditions (1) and (2) of tite theorem are satisGed by 

= <!>(*<“ 35PII. 

sin sm ' 

Since I <I> { S 1, the condition (I) Is satisfied; also the integral of <l> over 
any rectangle contained in A is numerically less than ■which con- 

verges to zero, as n*‘>, «•*’ become indefinitely great; thius the condition (2) 
is satisfied. 

It foDows that Ihedwtblelhnitfoflhe four Fourier’s coeJfcienU a„,, 

If we denote f (a^». xf^) ^ BWa:t=)«£el» by ^ {z'», this function 
is equivalent, for each value of n'^, to a function which is siimraable in 
the interval (— -n-. rr] with respect to a^t, and ^ ^ niUarOJrfjpi'! 

converges to zero as n***— -eo, the number n'^ remaining fised. Cionse- 
quently it has been shewn that: 

The coefficiertis tn a double Fourier s 

series, converge to zero, as one of /fie numbers n**', h**> diverges to <0 , the other 
number remaining fixed. 

461. It has been shewn that, at any poiiit (ar''^, 2^^'), which we may 
take to be interior to the cell (— rr, — rr: n, rr), the behaviour of the double 
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Pdiii'iiii's KOi'ii’s. n,s rofiiii'd.tiKmvorgi'nws iJlvcruMun', ni' ivinillnlldn. ilojH'iiiln 
iiiion Iho liinil iis 7|i‘> ~ a>, wW .»-•«, t»f (h« iulogrttl of. 


OVOV (Kp ootl (-• IT, — Tt] M.tf). 

Lot «s now r.oiisitli'i- U»i' fminl.inn <l> (ft'l - iH'*, - .nW; til'). 

vvliioh hiiH (ho vnltio 

■ 


v'lipii lii'illi j iff) - I 2 />, I f*** - tf'** 1 a /I, wlioro /t ift II iioiiillvK numl'i'V 
fiunh »<*• niu! n;*® two lmU> h> (Jio liiM'md ir •(- ?(, n - |i). iiol tlic 
(iiiicitlou <{< hnv(« l.tio vb1w> kow, whnu olMiop of Uiomi (HimllllniiH In iiol. 
nitt.inlli'd, <;r xvhi'ii niilUii'r of llioin Ih wilifilhii). NVo linvi< | U' | < Jl/i, 
null thun tl)0 ooiullUou (1) of Thoomu 1, in In Ity il), Agntu 

(ho tn(<!gi’iil nf <h over nny ot'll onntiiiniM) In (— it, - w; w, ff) In j.hi.' intoKt'iil 
ovor (KK'H. fov no ])oinf. of u’Molt | -.rO | ••• ft, im- j ifW ••• ( -t fi; oi' 

ii. Is tho Slim of (ho lologMils ovor oi. inosi. four nil of M'hloh snl'lHl'y 
(his iioiidil.ioM, If wo oonsiilor U»o iuii'gml of fli owr ono muili onll, ltd 
vnhio is 

j " Hln (a«l'> -i- i ) ?? sin (2 hW.|. 1 ) (Kinii'n ilim, 
whom (losf'o -,y- in tniinoi’loiilly himI In iinniJiliiiin; (ho liimin ooii" 

(lil'inii iioldiiig for oohod Apjil.vlng in (liiw iiiiOKrnln (hf> iiowmil im>im 
vnliHi Uioovoni.wopi'o llmttlioy imiioiwUmn fixod mniUiihwof (aid'l | i) i, 
1)-‘ I'OHjxifil.ivoI.v. TlinrofoPo Uio liitogml wmvoi'gnn (o sum, m 
Ti*‘> ~so, ij<‘! .-vto; nnd nonoiilliigly ihounmHt.ion (2) of 't'lioovoin 1, of ^ i!7l>. 
in RivliHlii'd. 

II. fcilImvH (hivt. iho IwhnvJow of Snn'.B* ni-.iho j«>iii(. (sh*, nil®!) (ioi)imcln 
only on (hat of tlio iiitogrfli 

wflwi. - ■/ ■ -I iW) 

tahon <iv(ii' Mni (iraHa'iif-ighlKiiii^nKHl .f«oo §201) of tho. [loliit (.rd), ;(:<»)), 
(lislituxi ns I, ho, sol; of points for wliinh dlhor 

1 - a^'i t fi, OP 1 f'l - *l*» 1 
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or wJjere both these conditions are satisfied; tiic point x<^>) being at 
a distance > fi from t)ie boundary of the ceil. SEoreover, tlio convergence 
to zero of 

/r ^ 

as «»> ~co, nt^'t — CO, is nniform for all points in a closed set that 

is interior to A, wlien /t is tahen sufficiently smalL 

A main point in which double, or innltiplo, Fourier's series differ from 
single Fourier’s series depends upon the fact that the behaviour of tlso 
former, as regards convergence, divergence, or oscillation, at a point, does 
not, as in the latter caso, depend only upon the nature of the ftmetion in 
a neighbourhood of the point, but upon its nature in a cross-neiglihoiirliood 
of the point. 

FCNCXIONS OF BOVHI>Gi> VABIATION 

463. Nearly all the writers on the subject of double Fourier’s series liavo 
considered the coiivergcnooof the double series corresponding to ftmotiOQs 
which satisfy the condition of being of bounded variation in accordance 
•with the definition of fnnotions of bounded variation given by Hardy and 
ICrause (see I, § 254). The more general definition given by Ajzolit (i, § 263) 
ml) bo employed lierc in an extended form. As a preliminary, some romarifs 
oe to tlie Boopo of this definition are requisite. In the coil (q<‘>, a<°l ; i)“), 2)i'>), 
the definition of a fiuietion of bounded variation, given by Arzelfi, depends 
upon the ooneideration of the fonnJy of monotone oittvcs joining the tivo 
oorners (oh), o<“>) and 6'*>) of the cell. It was shewn in i, § 253, that 
the necessary and sufficient condition timt a function should he of hounded 
variation in the cell is that the function should be expressible as the 
difference of two bounded monotone functions, these tivo functions being 
either both non-diminishhig witli respect to both and .■«>*', or else non- 
increasbig with respect to both those variables. 

ArzeliV’s definition may liowever be extended to apply to the case in 
■which the monotone curves employed in it are curves joining tlio otlier 
pair of opposite corners of tbe cell, vis. a®) and (a®. 6®). It thus 
appears tliat there exists asecond species of functions of boimded variation, 
such that a function of this species is expressible as the difference of two 
functions, each of whicli is monotone non-diminishing witii respect to z'”, 
and monotone non-increasing with respect to a:'*'; or else in each case the 
reverse. 

Both species of functions will he rt^anled as iiioliided in the deflnition 
of functions of bounded vai'iation. Itisclearthat if/ (*•'', is of bounded 

variation, of the first species, imd if (*■*>, af^) be the optical image of 
the point (s'’!, .r'^') in the straight line through the centre of the cell 
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parnllsl to the aiW-axie, <md has the value, at of 

tile fiiuctioii / at the point aK'J, that is / (ai'f, then the function 
/ i<=>) is of bounded variatacBi, of the second species. 

A function which is expressible as the difference of t'vo monotone 
fonctions, which are both nionotoae ia tiie same sense, is said to be 
monolonoid. When tlio funciioo is tlie difienmcc of two functions, each of 
which is luoiiotoiie non-increasing witii respect to one variable a^>, and 
monotone non-diminishing witli respect to the other f tlie function 
may be said to be qmai-nwuolonoiil. 

Thus a function of bounded variation is either monotonoid or else 
quasi-monotpnoid. 

It was shewn iu i, § 307, tliat, for a mouoUjne function ^ (al”, aii"'), 
defined in the cell (a*'*, oi’i; W'l, &<*>), the functional limit 4’ I**” + + 0) 

which roprosonts tho double limit of 4 (*"’ as and W’> 

converge to zero from positive values, lias adcfiniie value. Also tho double 
limit 4 ~ i®*®’ •" ®) definito value. But the double limits 

4 (xl*’ -I- 0, a(®’ - - 0), 4 1*”' f*. ***' + do not necessarily exist as definite 

numbers (see the oorreetton to i, § 307, at tbe end of the present volume), 
But the limit 

lim Jim 4 (*«> -j- /»'», *<» - { + /*»>). or lim 4 {*»' 4. 0, »(« - J -i- 0), 

whore { > 0,' necfiasarily exists. For 4 (**" + 0. ***’ — i + 0) exists, and 
is clearly monotone with coepeol to {. Similarly lim 4 -!• f — 0, — 0) 

exiafs. Whenever 4 + 0,3''*’ - 0) oxiste. wc liaTO 

4 (a:!‘l + 0, a:l« - 0) = Em ^ -b 0, *<« - J + 0) 

^ + { - 0 , - 0 ). 

Bor, when 4 (ai’J + 0, ic<^> — 0) exists, wc have 

I 4 (a:i'l -b 7i.oi. - W«) - 4 (*(•) -b 0, ai'fl - 0) [ < c, 
provided /j'*> are both less Uian some number if { be sufficiently 
small, it is then clear that 4 -b 0, xP* — J -f 0} differs from 
4 <a:“> -b b. *l®> - 0) 

by not more than <, licnoe, rince e is arbitrary, we have 

4 (xii) + 0, x'O - 0) = lim ^ (*•« -b 0, *<» - 5 H- 0). 

Similarly, liiu 4 (x*'* — 5 + 0, + 0) and liru 4 — 0, x'"* + 5 — 0) 

both exist, and in case 4 ~ ®> + ®) ®xiet8, all tho three have the 

same value. 

Bor example, let 4 *’*’) = (*'” + *) (*** + !)• for < — X^'\ and 

4 [xf‘\ (*« + 2) (xW -b 2) 



704 


Trigonomclrical Series [cu. viii 

for S — In tlio cell (— 1, — 1; 1, 1), ^ a;(=)) is moiiotono, since 

tlic four factors aro <all positive. At tLc point ( 0 , 0 ), 

lira ^ (ft'**, — A**') and lira (— W'l, 


do not exist. 


But lira (— 5 


+ 0, + 0) and the other similar limits n.vist. 


It is clear that these remarks apply not onlj' to a monotone fiinciion 
but also to one which is monotonoid, since the latter is tho diiTerciice of 
two monotone fraictiona. 

It has been she\vn*byR.C. Young that, in Hio case of a quasi-monotone 
function of any one of tl»e four' classes epccifiod in i, ^ 2r)fi, all four double 
limits 54 * 0, k*®' ± 0) exist as doliiiito numbers [see the corrccf ioii 

referred to above). 

463. As regards a funotioii which is monotone with respect to l>lio 
variables in opposite senses, tire following tlicorcm may be cstablislicdt: 

It is a sv^citnl cojtdiUm Utal a Jimelion ^ (aj'h, s'’*!) which is vmotone 
with respect to .t'’* and to *■*>, (ml in opposite senses, sliotild be monotonoid is 
tlMt either ( 1 ), one of tJtefonr partial derivatives of ^ *»)) with respect 

to should be bounded in the cdl, or ( 2 ), that oneof the four partial dcrivalim 
of ^ a'*l) with respect la a'** shaidd be bounded in the cell. 

We need only consider the case in wbieb ^ (*<h, xW) is inonotcmo non- 
diminisliing with respect to aK*), and monotone iion-inorcasing witli ruspD0<< 
to Let It bo assumed tliat one of the four partial derivatives, say 
<f> a<^), which is necessarily £ 0, is bounded in tlie cell A, nnd lot 

A bo its upper boundary. 

In a straight line paiaUel to tho *t*baxia, all four derivatives of with 
respect to have one and the. same uppor boundary; therefore A is llio 
upper boundary in A, of ony one of these four derivatives. 

Tl.e incr.,»»lary ratio + «"■ a., 

Upper boundary, when all pairs of points (x"' -h x'-’), {xto, in A, 
are token into account (see r, § 280). The function 
Aai» - ^ (xf», a<®>) e ^ (x<M, *:<») 

is such that i/- (x<‘> -t- API, x(»I) - 0 (*to, *(«) £ 0, for /.«>>0; tiierefoiv 
Ip (xP), xi->) is monotone non-diminishing with respeet to *'*>; and it is so 

• L'cMcigncmmI Mall,, vgl. xxiv (1625), p. TO. 

tub assorted by Cioiringor (toe. eil. p. 109) that Kuilctinaim had proved (loc, cil. p. 26) that 
ill all caeas in which (z"’. x*3) is monotone non-HiininiiihlnE with reaped to and monntnnr 
non-lnoreaaing with respect to a^**, or lie rove«e^ f (»et,a^J ie monolonoid. This osserticn is 
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also with respect to and iiier^ore ii> is a monotone function. Thus 
ifi »*^’) is expressible as the difference of the two nionotono non- 
diiuinishing fractions ^ (at*!, *•*>), The other oases may be 

treated in a simiiar manner. 

When one of the conditions in the iheoeem is satisfied, the four double 
liuiits of 4“ converge to zero, from values 

that are either both positive, both n^afavo, or ono positive and the other 
n^ativc, all exist. 


THE CONVEKOEKCK OF Tim DOODLE SESIES 


464. We proceed to consider the value of the douhlo limit of that part 
of the integral with respect to (P•^ 1**') rtipreaonting «,(»,„» it**’), which 

is taken oyer a oross-ncighbonrhood of tho point *'*>). Using tiie 
notation of S 459, this integral is 




where F i(«) denotes 
/(aW + !e(« + 2j(5i) +/(arf’» - 2ei'>.*<« + 2t<») 

+ /(*<•> + - 2HS)) +/(«»» - 21l«, *<“' - 

the integration being taken over the three celU (0,0; e, c), (0, s; «, c|, 
(e, 0; c, «), whore JirSo <. 

(1) Let us consider 




H*i 


where ^ ft*') is taken to be monotone, noti*inoroaalng, and bounded, 

in tho cell (0, 0; e , «). The integral may be written in the form 


where ^ (fl", 118) denotes the monotone non-inctcasing function 


4 > (tin, 1(B) _ 56 (€ _ 0. e - 0). 
Tho first part of the expression is equal to 


As mWj nil8 increase indefinitely, the integcala both converge to A'tt; also 
] -A (« - 0, € - 0) - ^ (+ 0, + 0) j is mrbifearily small, if e be sufficiently 
small. Hence tho oxpressioir difiets from (+ 0, + 0) by less than the 
arbitrarily chosen positive number if e(S Cg, and mm, jjjia are both S an 
integer dependent on C a°d e#. 



706 


Tngmujmetrieal Scries 


[on. vui 


II be divided into parts taken over tdic cells 


Itt 


-1- IttI 


W” wij*r* ot'!! , 
where l has the values 0, 1, 2, ... and t' lias the values f), 1, 2, 3, .. 
the integers flO), fit=t being socJ) < c # ^ 




mIW 


It is oouvouiciit to take ^ (tio, <(») „ o, wlion >< or > « ; tho integra- 
tion can thenbe taken over the whole of the cells for which i = «i’'or 


The integral can be expressed in the form Z S (— « (r, i'), 
<-o *'-0 

where 




V \8in fljOifOi sinml'lfi® 




+ 35 + sra 

It is seen that t( (i, t') is positive, and monotone decroosing %vith respect 
to i and t'. 

If C^. = u (t, 0 - u (i , . -f 1) -h «.(t, . -h 2) - ... + (- 1)'+*"’ w (t, «<») 
and 


r. - - a (, + 1, 0 -f M(t -b 2. *) - « (. + 3, *) H- ... -I- (- ])■+•"' « {«'«. 0. 

it is easUy seen that the integral can be expressed as 

(C^c + V,) + (17, + r,) + ... + (17.™ + V.m). 

We have u ((, t) > 17. > « (t, «) — »(«,» + 1) 

-«(‘+ J,0+»(‘ + 2,0> F.> -a(c+ 1. 0; 

and hence we have 

Sw (c, c) - S {« (. + 1, 0 - tt (t + Z, •)} > S (t7. + I' ) 

> S {« (i, 0 - « ‘ + 1)} - (t + 1. 0}. 
and therefore S m (», t) > £ (17. + F.) > — S w (t, i ) ; 
and thus j £ (17, + F.) | < S«{i, t). 

The numerical value of the integral to be estimated is accordingly le.ss than 

u (0, 0) -f- w (1, 1) + ... + w (at". «">). 
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«{ 0 , 0 ). 


■'(0, 0) 




which is lose than w» (^ (+ 0, + 0) — {« — 0, « — 0)} , and this is < 

provided f is elioeeti to ^ not greatw than some value e,. 

The sum S it (t, i) is less than ^ {+ 0, + 0) S i , or is less than a fixed 
multipie of {i/i (+ 0. -f 0) — — 0, e — 0}}, and this is < provided e 

is less than some valwo 


It has now bean shewn that the integral under consideration differs 
from ^ ^ 0, 4- 0) by leas than 3{, provided * is not greater than the 

smallest of the nmabors f„ for all values of w<”, which arc not 
Jess than on integer dependent on r. 

(2) Wo proceed to consider the integral 

j, 

The integral may bo divided into parts taken over the oolls 
/ {g t'lr _ *+Jw t' 4- lw \ 

Bi"' ’ m'** /’ 


where i = 0, 1, 2, ... S<^, «<*• beii^ determined by the condition 
^ (s<» + 1)b . 

»»•>' ^ * »a‘ ’ 

and we may assume that ^ {fi^, <•*•) <» 0, whwi > c, so that tiie integra- 
tion may bo taken over the whole of the oells for which i « The integer 
I has the values p, p + l,p + 2 , ... where p is such that 
P” ^ ji-p iw 

and ^(“1 is such that <03 " we may assume that 

^ (<'«, = 0, when > c. 

The part of the integral taken over the ceils for whioli £3 S is 

St ^ 
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and this is numerically less than 

5I (+ 0, + 0] ae I 5 J j . 

As is indoSriitcly inoreascd.pisso also, hciico the expression converges 
to zero, as ~ oj. It is accordingly numerically < J, provided is 
Bufliciontly largo. The remaining part of the integral may bo denoted by 

2 2 (— l)‘+‘’ n (t, 4 '), where M (t, t') denotes 

\ sinju<^id^ , , , , 




We see that u (i, t') is posiUTo and monotone decreasing with respect to 
I and 


U. - H (t.p + r + 1) - « (t.p + 4 + 2) + M{t,p + 4 + 3) - , 

F.--M(4+l.i! + *+l) + «(t + 2,p + , + l)-«(t + 3,p + 4+l)+.„, 
As in COSO (1) it< then appears that the integral is et^ual to 2 + F,), 

and that this is less in absolute value than 

« (0,p + 1) + «(l,p + 2) + ... + « + 1 + 

This is less than 

ffesi'S*) ^ „ .mmllC" sm«.n«» 

J (0, fi) 


»»*•> ’ 




«*» + 


+ iA(+o. + 0) 2 - 


1 


The first integral is less than 0 (+ 0, + 0) ( dd ( , — r^— , ; ' ■ 
Jo V Jo o -i- vP + *J V 

or than a fixed multiple of log' ^ - ^ which converges to zero, asmt-* — w. 

Thus the integral is nuiiiorically less than if m<*) is sufficiently great. 


The series 2 - 


. is < 2 - 


(p+4+1) .-Jt(p+t+l) .-4 + l‘*’ 

Choosing A so that 2 we sec that, when A has been so fixed, 

2 ' provided p is suffimently large. Thus the integral is 

numerically less than 5, when »»**1 is sufSoiently largo. 
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It Las now Leon slievm that 

is numericaliy < 2{, proTided is saflSciently large. The integral over 
(«, 0; Itt, e) may be estimated in precisely the same manner. 

It has now been proved that the mtcgral 

over tlie three cells {0, 0; «, <), {0, e; «, c), (c, 0; c, «) differs from 

.J,S(+0, + 0) 

by ieaa tiian an arbitrarily chosen positive number, provided t bo chosen 
snfTioienfcly small, and sulSciently large. Choosing siicli ii. fixed 

valiio of e, the upper and '3o\ver double limlU of the integral both differ 
from 0. 4- 0) by less than an arbitrarily chosen positive nitiaber. 

It can bo shewn that 

*7:'“''”" 

converges to' zero, ns jn'®~oo. For ooaeofi') coseot'*! is 

Bummablo in tlio cell (c, c; c, c), when c < firi and the result tlien follows 
as in § 4G0. 

Ittlius appears that, wlicnO < eg *ir, the upper and lower dcniblo limits 
of the Integra! over (0, 0; c, t) both di^ from ^ ^ 0, + 0) by loss than 

an arbitrarily chosen positive number, and tlmrefore the limit has a Jtniqiio 
vnlnc. Itfollows that, forafi.xed valncof <, thodoublclimit of the integral 
over tlio three cells (0, 0; c, «), (0, »: f, C), («. 0; c. c) is ~ (+ 0, + 0). 

465. If tlie function F (<!“, whioh denotes 
/(*(') 4- 2<U), 4- 2f=l) +/(aK« - - tl^) 

+/(*(n + 2t(«',ai!=» - 2«=») +/(a:('' - gia 

is buunded and monotonoid In the area wliicii constitutes a cross-neigh- 
bourhood of tlio point {ai**, so that 

P (<«", d=>) - Fj (i(«. d3) ~ F. (d'l. flO), 

where Pj, Fj are monotone bounded fuuotions in the domain under con- 
sideration, Fi and F- can be so defined that they ate monotone in 
(0, 0, Iw. in). 

Tims the integral f F f<s) 
conveqjes to JF (-{- 0, -r 0), as «!*'• ~«o, 



710 Ti-igononietrical Series [cii. vm 

We have accordingly tbo following tiieorcm: 

7// 3^^), a periodic fitmetim, loith periods 2v, be STimmablc in the 
cdl (— 7T, — 77 ; 77, tt), the Fourier’s series correspondi-ng to il converges nf Ihe 
point 2<5') interior to ihe celt, to the value (+ 0, - 1 - U), w)iere F (ffl, 
denotes ihe function. S/ (*<’* H: ± if the ooijf/iY/oii is satisfied 

that F {<■’>, is bounded and monotonoid in some cross-neighbourhood of 
the point .'c'®). At a point of conlinvity of the Junction f (a^", {( 

converges to f if the condition is satined. 

If / *'-)) Ir of bounded variation in a cross-neighbourhood of tlio 

point of the four functions /(z*” ± i are 

monotonoid. and the otlicr two are quasi-monotonoid (§ 462) for values 
of in the oroas-neiglibourhood o£ (a^”, a4®). In case the two quasi- 

jnonotonoidal fuiiotions are monotonoid, wliifdi is certainly the case (see 
1 4C3) if f has its derivatives sritli respect to one of the varinbles 

bounded in the cross-neighbourhood, then the function f (i'”, tf*!) is 
monotonoid, and the four double limits /(*•'• i 0, ar*t) i- 0) all exist, M'o 
have accordingly llic following theorem ; 

If f (zi*’, »<“)) be periodic, of periods 2n, and it be eummable m the edl 
{— TT, — rri rr, n), and (f the conditions are satisfied (1), fAaf / is of 

bounded uartolfon in some cross-ndghOovrltood of the point a*®), and 
(2), liiat, in that cross-neighbourhood, the partial dcrimtives of 
with respect to one of the variables are bounded, wAetfier the;/ have everywhere 
unique values or not, then the double Fourier's series corresponding to 
f (zl‘l, z<®) converges at to the value 

+ 0,ai® -l- -0) +/(af« + O.af® - 0) 

+/(ztn- 0 .zi» + 0 )}. 

or to f (zl’h .i:'®), in case ihe function is continuous at the point. 

In case the function f (a*®, ts of bounded variation in the whole cdl 
(— 7T, — v; 77, v), and the contHiion is satisfied that one of its j/arlial de- 
rivatives (whether a giartial differential confident ermrywhere or not) is bounded 
in the cell, then the. double Fourier’s series is everywhere convergent in the cdl. 

A scrutiny of the foregoing investigations suflices to estal>lislB tlie 
following theorem: 

If the function f(x^^'‘, is qfbownded variation, in the cell (-n,-7r;n,n], 

and one of (he partial derivatives is bounded inlhe cdl, then the dotdileFourier's 
series converges uniforndy lof (a^®, a4®) at the points of a dosed set in all the 
points of which the function is continvous. In case the dosed set has points 
on. the boundary of ihe cdl, at such points the periodic fimclion obtained by 
extension to the outside of the cdl must be continvous. 
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466. The following criterion of coiwargence ab a point will be suffioietib 
in many caaes, and is simple in applioation; 


The double Fourier's series is convergatt at a point if 

ari« ' ' ~ dxtn ' ftcoari** 

all exist, and are bounded in some cross-atagftbourliaad of {^‘*1, 
function f (3^", *(*>) heinq assumed to he summaide in the. cdl ( — tt, w, w). 


We may consider tlie cell 4- 

the integral 


exists, and isinonotonoid (seei, § 41S) witji respect to t’**); its value is 
/(f‘> + 2Jf«. f »i + iM'«) -/(f «, ?» + 2l'») -f(&^ + »i> +/(?“. 


which is accordingly raonotonoid. Since / + 2fl'>) is an indofioito 

integral wth rospeot to it ie looiiotonoid with respect to I**' ; slmilatly 
/[f*! + fi®) is mouotondd with rospeot to It foDowe that 
/(^h* + 24<‘l, + 2t<‘)) is monotonoid with respect to In a 

precisely similar matinor it can be shewn tiiat 4- — 2/1®) is 

luonotODoid with respect to fi^). Thus all four functions 
/{?’>± 2d‘K 24'®) 


arc monotonoid in each of the cells which constitute the croas-noighbour- 
iiood of (flh. ; the convergence of the double series at the point 
(f*®i ^cn follows from the first theorem of § 466. 

An investigation has been given by JCiistermann (foe. cif.) of f>lic con- 
ditions of convergence of the double Fouricc’s series when it is eummed 
diagonally (see § S3). 


EXAJrPbB 

Lct/(3!"', i»') bo defined io (-n, -n} v, «-) 1^ 

for «<*“<», 
forO<s;<"<ir. «'*><*«’<»; 

Tlip Pouriei’s scries is found lo be 

1? ■! 32 g eo3«'«a™ ^ S ^ oosn‘*'a:'”coa«‘f;^’ 

The sense U not couvei;^nC. at Cbe pointffbO), bvi the two rcpc-itcd limits 
lim lim «„<», „i» (0, 0). lim Um ^u, „<ii (0, 0) 

oust, and hove Lbe values - ir, xespcoUoel;. ^ne the series converges witen summed 
by rows and columns siiecrssivpJy, in mthcr orda, hat the sumo in tbo two cases are 
dilTeront. There is no analogy in the case o( sin^ Fourier's scries uith this phenomenon. 
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Triffonometrical Serfex 


This example was given Hardj*, in * alightlj differ 
Titclimarght with a gracral discusaion of double Riuricr'B 




[Cil. Vflf 

was related hy 
tionswliich arc 


THE INTEGRATED SERIES 

4 B 7 . The functio)i/(a:<'>,a^*) being summabic in the cell (— w, —w; 77,77), 
let ua suppose the function to be such that a*,B. '/„ii7 5, ao,„ui, bo ,ii), c„iii 
are all zero. liCt F a:*^) denote the indefinite integivil 
j-f*' 

then the function F (*<’>, *1*1) is continuous and monotonoid. 

The function F {?» + 2f'», f *> + Zf"*) - F (?«, is equal to 

J(t>v 

’'’iff'" 1 

The second integral is monotonoid with resi>cct to atid tho third i« 
monotonoid with rospnot to fl'*, therefore the first integral is monotonoid 
with respect to <<**), since the sum of the three is ho. Similarly, it is 
seen that the integral over f***; - 2f<“, is monotonoid 

wth pospeot to (ffh, tW). TTonce also the integrals over tho cells 

are monotonoid. Tho continuous periodic funcHon F (z'**, z*®) is noconl- 
ingly ropreseiitablo by a double Fourier’s series which convolves iinlformiy 
in every finite cell. If 

/f „<» , ,<» . C.,0, „«> 

are the typio.i) coefflnients in this series, we have 

« .1. f'**’ cos rO'**" cosJi‘-hc<‘> (*'«,. r"'). 

TJie expressions for the other coefficients arc obtained by cliaiigiiig ono or 
botli of the cosines into sines. 

Writing 7r’.4„ii>,,rj> in the form 

J' cosTjtniinrfaifaJ’ F(a<>t,*<®)cosn<®z'=i£fa;<='. 

I’ ^ sin 

wliere, in accordance with i, 6 419, exists for almost ail values of 
except when belongs to an enumerable ect of points in the linear 
interval (— 77, v). 

t r-ryr. c 


cil. p. os. 


fiV. p, -■too. 
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4C6, 4C7} The Inlegraied Series 

We now have for .'n‘An<o,^ the e^resaon 

_ 4= [' —cosnOls^rfilU; 

on iiitegiution by parte with respect to *<», and raiaembering tiiat gyij^ ' t 'S ) 
nxisla (I, § 419) almost e^orywhere in the ocU, and is eijual to / (»'“', 
we have 

or 

It can be shewn that ^g.n® “ 0> *“<<1 tb**' A„u\ii «• 0, in a similar manner, 
it being assumed that the Fourier’s series £or/(*™,aK*)) lias no terms which 
involve one variable only. 

The relations 



with tho corresponding retnUoiis, wiien nl'> or is zero, can bo obtained 
by tho same mothod, 

It has thus boon sbe^vn that the series obtained by integrating twice 
each tei'm of such a Fonrior's scries converges uniforjnly to an indefinito 
integral. , 

Conversely, the series obtained by differentiating twice the Fourier’s 
double series which converges nnifotmly to an indefinite iiiiogral is a 
Fourier's series. 


For, if 

= 1 1"'*’ F'(a:‘«,iBl»)cosjt'«>Jst»cosR<»a<» d («:<», 

where F (*<*>, ia an indblinite int^ral, it can be shewn as before, by 
two integrations by parts, that 

wliere exists almost everywhere. The function / (a:"’, being 

defined to have the values of almost eve^y^vl^ere, it is seen that 
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The other corresponding results for the other coefficients 

C.W...... D^l.nO, 

may be obtained in a similar manner. 

We have thus the following theorem, conesponding to tlic tlicorom of 
§3(10: 

The necessary and snjfieient condition that a double Irigonoineirkal scries, 
withovt a constant term, and viithoul terms which contain one variable only, 
shall be a Fourier’s dotible series is that the series obtained by integrating 
each term with respect to both variables shall converge uniformly to an indcfinile 
integral. 

In case the double Fourier’s series for / ari”) contains the terms 
involving a constant and mnltiplesof cosn*"*, sin mi”®, cosm*'’®, 8in;i<”a:, 
we see that the single Fourier’s scries corresponding to 

which exists for almost aO values of ®<”, and is summable ^vith respeot to 
®<”, is 

ao,g+ £ (OaU).oCOsn*”®'” + c«ii>.«sinni”®’”); 

and the single Fourier's series coiresponding ^ J U 

a„+ {a,^»g>,cosn<»®<” + ti«.R‘"8inm'*>*t*i). 

Hence the double Fourier’s scries corraspoiidii^ to tiic function 

/(*(”,*<«)) - ^ J' - ^1' 

+ j” 

consists of the same terms as that corre^Kinding to/ (d‘>, except tiiat 
tlie constant term, and the terms involving ono of tlic variable only, are 
omitted. The integral of this expresrion over (- v, - w; ®(‘>. s'”) an 
indefinite integral of / (aK”, ®(^). Applying llic theorem last obtained to 
this function, we see that the Fourier’s series corre.sponding to 

.. dxto j’ 

is the series S -jn— ~ L.ai -m, where denotes 

sin . sin n<^id^ — sin - cosrj'”®*® 

-c„<j.,„.o cos «<”*<». sin + co.sn<')®<'>.fi0.s 
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If we apply the known theorem for sii^le Fourier’s scries (§ 360), w( 
see that the series 2 L^o,^ is nniformly convergent, its sum being 

p +11)2^00,0. 

A similar result holds for the series S IVe now find tliat 




(irrii.ieifl) - (®<« + n) (»(» + a-) 


is the sum of tlie series 

+ ’^ V ^ ; ,*•*> + *■ 

-si— * 


gA*..® 1 


aA,u', 


the expression converging unifOTmly. 

If wo take any cell we find that 

I {/(a-'”. *•») - a<»)} d<a^V, 

•’(^0 

converges to *ero, as nt*l. »<>• become indefinitely great, 

. This is the analogue of the theorem given in § 362 for single Fouiiec's 


Tino CSSAKO SUMMATlOlt OF A DOUBLE FOUBIEIt'S SliJUBS 
468. If the partial snnunation of a double Fourier’s series ho taken in 
accordance witli Ceahro’s method (0, 1), both with respect to »<*• and with 
rrapect to «<«, we obtain the partial Cosi«o sum wliich may he denoted by 
n (x). We have ns the expresaon for this partial sum 

-A 

,Ti 


If rj_ 

[2«t” 


L2n>^ 
s equal to 


i:;r2i+ S 




BOBS (fa -a;‘a)l/(f ». f"') d (f », f =i)- 


1 {8inim<«(f«-a^‘>)|M' 


m _ u<») ■} 




and this may he expressed in the fonn 

Siim J [ 

' <li (t'U, m) =J (i(« + 2(0), *<«) 4- U”) +/{*'« - 2p1, a:”) - 2i<«) 

+ /(aitO + 2d‘), *<*1 - 2f(») +/(ri'l - a4=i + 2J«)). 
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[Oil. vni 


.7iC 


The integral 




^^'lle^e 4 ’ whether ifc be bounded or not, is simimablo in tlic coll 

(c, e; W, Jw), can be seen by means of the general theorem of § 270 to 
converge to zero, uniformly for all points at a distance not less 

than 2€ from the boundary of A, as nlh ~eo, ~ co. Kor the conditions 
1 /«n n^tflNS/sin 

are satisfied that j bounded in tlie coll 

<c, e; J»r), and that its integral over that rectangle converges to zero, 
as beconie indefinitely great. 


Wo consider next the integral over the cell (0, <; e, Jw). Let ifc be 
assumed that ip (<<*>, is boimded in the cell (0, 0; Jw, ^tt), and that U 
is the upper boundary of its absolute value; then the integral is numerionUy 
not greater than 




the fiteb integral eonverges te and tlic second to zero (soo §300}, as 
nd), 7i(‘> are indofinitely increased. Xliereforc tbo integral under considora* 
tloii converges to zero. The integral over the cell (c, 0; Jw, 0) may bo 
considered in the same manner. 


Ldstly, we take 

If the function / is continuous at the point (a'"!, sef®), < can bo bo 

chosen tliat i/i (ti®, ti^l) iliffere from 4/(iel®, by loss than an arbitrarily 
prescribed positive number ij; tberefure the limit of the integral differs 
from / by not more than wliich is arbitrarily Rmall. It 

follows tliat, in these circumstances, the Cesaro eiun {x) inf x*®). 

If the function is not continuoTis at **'•). but if p (JO, t'®) hes a 
definite limit, which will in particular be the case if the four limits 
/(a:l>l + 0, + 0),/(a-(*5-0,a4>3-0),/(a:«'I + 0.al*'-0),/(!El'>-0,*l=> + 0) 

all exist, it is seen as before tliat the sum (*t", exists, and has 
the value Ip (+ 0, + 0). 

Wc have now obtained the following result: 

/y/faitil, *(2)) bcadoubly periodic fuuetion, of periods Z-n, andboBummabh 
in the cell (— n, — w; w, v), the doiMc ^Viartcr'a a&ries, corresponding to 
J (ait", 3^^), converges to /(»•*>, *1^) at tmy point at which (he function is con- 
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iinvons, provided Ihe poini /mm a eroea-nagbhourhood in which the function 
is bounded. Subjccl lo the same eonditioti, tie series converges to 
} lim {/(a^'l + /iW, .•e<*l + /i‘^)+/(®W its -/»(*)) 

+/(*{« + m, #,« - AW) *1=1 -1- A(=))} 

provided this double limit exids. 


It is easily seen tJjat Uie following Uieorem liolds good as regards 
uniform' convorgcnco : 

If the function be continuous at exenj point of a closed scl, attd be eoefi/- 
where bounded, the partial Cesdro «in» converges in the closed set 

uniformly to the value of the function. 

Tbe convergence of the Oesnro sum of double Fourier’s series has been 
investigated by W. H. Young, Kustornumu, nnd C. N. Moore; the lust of 
these hfis dealt explicitly with oases in which there are lines of disoontinuity 
of the function. I’ho oonvorgenco of the sumss2'’fn“”^n''*^n‘'’' *” ’■'’liioh the 
siimnation witli respect to one of the variables is talccn iii the ordinary 
manner, niid tliat with regard to the otiicr variable in the CesAro manner, 
liaa been oonaidored by W. II. Yoimg (Aic. cU.). 


rUE POISSON SUM OF THE DOUBLE SERTES 

469. The Poisson method of summation may be applied to the doublo< 
Fourior's series. The partial sum of the series 

“o,o+ (n„iii_,mco8JjU>®(ii co8«Wa:0.(.ft^,„_^i„eosjjh)a;<‘> sinwWajW 

+ «Bin,flUi8in«WiK<®cosnW*<* + rf„m.«mBinn<'>«l’>Bin»iW!KW), 
whci'o I /i.t'i [ < 1, I I < 1, may be expressed in the form 

-rW) = — 1 _ MUicos 

^ 1 - 2fti=>cos 

The limit of this integral may be investigated by a method similar to 
that which has been nppbed to tbe CcaAro sum. This has been carried out 
by Gross* and by ILusterraaim (loc. cit.). A thooioni analogous to that of 
§ 410, that the Poisson sum of a angle Fourier’s scries is convergent 
almost evcrywliere, has been given by Gwinger {loa. cit. p. 135) for the 
PoiesoQ double sum. 

• SihujiQtbrr. 4. b. Aati. IFicn, vol. oxziv (191B), p. 1017. 
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Trigono^nclriaA Series 


[cu. VIII 


PAK-SEVAI.’S THROBBM FOB THE DOUBLE SEBlJiS 
470. Tl. has been sliewii in § 467 that, if Aj denote any cell, 

Let it now be asswmed that **®1))* U aunimable over the coll 

{- 77, - 77; 77, 77); it is then seen, pcecincly as in | 302, that the aeries 


ivhcro 6 »■ 1 wlioii Ji<’t > 0, »•* > 0, and 6 = 2 when one of the numbors 
n'® is zero, and 5 = 4 when both are zero, converges to a sum 

< i ['’■'* {/{»<'>, a^«))*<f(a4'), 41(0). 

It can then be proved, exactly as in § 303, that 

liin^^ ^ {/(*<■>, *'») - Sn<».n«- d (*[■>, a:f')) - 0, 

'where e is any measurable set of points. 

As in § 377, it oan then be proved that, if g («<h, bo any fiinotioti 
wljoeo square is summable in (— w, — 77; 77, »), 

This is equivalent to the follcnving theorem: 

If f 44*1), g (44:), a:t*i) 6e funclions toAoae aguares ore summablt over 
the cell (—77, — 7t; 77,77), then the series 

2 2 5 „<« -f 

' + fO, ru«,) 

converges to (**”. *‘®) 9 (*“’> *'”) i 

where 5 1 t/ ?»(*> > 0, w*® > 0, astd 6 i if one of the numbers is 

zero, and 5 = 4 when both, are zero. The eoustasUs A, B, C, D have reference 
to the function g (4:**),xl->). 


Also the series 

2 2 5 T 

nvergesto (/{44‘*,a4®pd(®l®,*'®)- 
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470 ] Pars'eval's Tfieoretn for the Double Seri^ 

There is no difficulty iu extending tho Riosz-Fisolrer theorem (§ 379) to 
tlic case of double sequoncos of constante 

{6^..^.}, {d,, 

For we find lliat the double limit of 

{«<■>.«"' (*'■*. *”) - d {^'"f 

os 7~®, has the valne bcto; where (j:d>, *(“) is that 

partial sum of the double series for which n***£ n},' ^ 

The theory of the average convetgonco of a Bequonoe, given in 
§ 171, is now applicable. It follows that, having given a double set of 
nuinbtas n,,,, o.u>,„cd, function/ (*<“, whose 

square ia summabic exists, and is unique (except for oquivalcntiunctions), 
suoli that tlic given set of ituinbcra, Avlilcli ate assumed to bo such tlmt 
' the series of their squares is convergent, nte the coefficients in the double 
Fourier’s series eorrosponding to tho function. Tiio detailed proof Is similar 
to tiiat in § S78 for-Uie case of tlic single Fourier's series. 



CHAPTER IX 


THK REFRRSRNTATJOJf OF FONCTIOKS BY FOURIER’S IKTEGRAI^ 
FOURTER’S SIHGIiE DfXEORAL 

471. It ha$ been shewn in the conise of tlic investigation of conditions 
for the convergence of Fourier’s series at a- point, or in an interval, that 

^/o ~ 

converges to the value i { / 1* + 0) + / (a? ~ 0)} , 
when the positive number m, which is not necessarily integi'ai, is induftnitcly 
increased, eitiier through a sequence of values, or as a continuous variahie ; 
provided / {.t:) is summablo in the intorvol (•- w, «■), and satisfies one of a 
group of aufiioient conditions in the uoighbourhood of the point x, at whioli 
the existence of / (a- + 0). / (a; - 0) is Msiimed. The number s is such that 
0<«fi Jtt. 

This is equivalent to the statement tliat 

i“ - ! (/(i" + “) +/(* - »»■ 

wiioro a — IT S « < a:< a: + w. If s:, a' be changed into Trxjl, -rric^ll, and 
n be changed into Tru/f, and the function / (’rx/f) be replaced by / (x), we 
see that tlie inequality bolds for points x witiiin the interval (-1, i|, 
whero a, ^ now satisfy the conditions x-fSc<x</9Sx + i> When 
X has the value a, or jS, the value of the limit is ^/(a + 0), or J/ - 0), 
provided the function is such that the limit exists, and also satisfies one 
of the sufficient conditions already roferted to. For a given point x, and 
for given values of a and jS. the number I con always be so chosen that 
the conditions x--l&a<x<p&x + l arc satisfied. 

Moreover, in a given interval contained witiiin {a, P), in which / (r) is 
continuous, the continuity bring on botli sides at the ends of the interval, 
the convergence of ^ | / (o') value/ {x) is uniform, 

provided / (x) is of bounded variation in an interval which contnirs tlic 
given interval, Sufficient conditions will now be investigated that, in the 
integral, we may substitute eo and — eo for JS and a respectively. 

(1) Let it be assumed f.hat/(x) is aummable in every finite interval, 
and that j | dx, [ | ^ exist, where A is any positive 

number. 
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Wcbavcjj" /(!!/) — ^ ~\x\ l j'^^j 
\x\<A,A'>A. Now A can be so chosea that j (-1^ j dx' < ij, 

for nU values of A'(>A), wbm i; is an arbitraril 3 ' chosen number. 
Similarly a negative numb» B can be bo chosen that 

where B' < B, and j a | < [ 5 j. If « is not less than some number «, , we have 

I //<*'> *■ - i (/(« + 0) +/(» - 0)) I < 

where a Is -within the interval {S, A), and one of the sufficient conditions 
is satisfied by / (a) in the anghbourhood of the point x. 

It follows that, whon u s 

I ; *■ - H/c + ») +/<=:- 0)) I < 3,, 

for A' > A, B’<B; or 

I ; /"./<*'! *' - H/(» + 0) +/ - »)! I s 3^. 

for u S u, . Hence wc have 

^ i J"_/ M it- . H/ (« + 0) + / (» - »». 

subject to the conditions already stated. 

Moreover, if /(a) be continuous in n finite interval, the continuity at 
the end-pointa being on both rides, and the finite interval is oontained in 
an interval in which/ (a) is of bounded vnrinfiOD, the convergence to / (a) 
is -uniform in the finite interval. 

It should bo observed that the conditions that / (a) is sumznablc in 
every finite interval, and that >® summable in (-4,«3) and in 

(- 05, — A), where .4 > 0, are both satiefied, in paitioulor, if / (») is 
absolntely Bummable in the whole infinito interval (— eo.co). 

(2) Let it be assumed that/ (a) is Bummabk) in every finite intervai, 
and that ft positive number .4 exists such that, iu and in (— ®, —A)._ 

is of bounded variation, or in particular monotone and bounded. 

Let j) (a') denote then -we have to consider the limit of 

ij” ^ (a/) sin « (s'— a) da'. 
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f t^\ 

Since, in (A, A'), the function is of bounded Tariation, it can be ex- 
pressed as the difference (*') — ^ (a^ of two non-increasing functions, 
snch that the total variation in. {A, A') is 

{0, (A) - {A’)} + {A) - {A')). 

Since this total variation has a finite limit, as we may, by 

taking ^i(co), i/'sfos) both to be zero, take ^i[A), 4‘tW to he finite 
positive numbers independent of A'. Thus ij>, {x') — in 

{A,eo)-, and, since — diminishes as x' increases, we ma^' write 
^ (*') “ (*') - 4‘i (*'). for “>). where (*'). it f.^) are positive 

monotone diminishing functions. Wo have 

sill « (*' — x)dx' = 4>i (A) I sin u (*' — r) dx', 
by using Bonnet’s form of tJ»e second mean value theorem (i, 1 422), tvhoro 
a is in the interval {A, A'). Tito expression on the right- liand side is numeric- 
2 

ally not greater than - (.^), and this is independent of A', and converges 

to zero, as 

Thus lim j {x') siu u (*' ~ x) dx' — 0; and we may substitute ^ (s') 
for ^(*'); therefore limj ~~^sinii (x' — x) dx' =• 0; and the same 
holds for the limits ~ A, - <o, as is seen in a similar manner. It is easily 
seen that the convergence is uniform for all values of x in an interval 
interior to {—A, A)-, for thevalnes of (4). it (A), as* varies in such an 
interval, will lie between fixed multiples of (A), (A). The suflicienoy 

of the conditions has now been established that 

lim . 1 {/(*+») +/(» - 0)), 

it being assumed that a sufficient condition is satisfied by / (z) in tlio 
neighbourhood of the point a:. 

(3) have in {A, co) andin {- <», - A) a differential coofiicient 

/' (a:), such that its indefinite int^jral in either interval is / (z), and sucli 
that j I Is summable in the intervals, where A is some positive number. 

It will be shewn that this is a special case of (2); it is however of some- 
what simpler application in particular cases. 

If j" I tfr exists, for somepoattvevalueof A, it can he sheun that 

p dx also exists; tliat this is tie case was proved* by Hardy. 

• See Prmgsheim, Uali. AntuAat, voL lisl (1911-12), p. 294. 
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Wo have, by Integration by parts, 

!/■(,) I \jjr M i *} &. 

It \riJl be shown that 

J,™ !/'(*) 

wo have = 1/' W |<fo + (^) 1 

where ^4 < /I" < A'] also 

hence ^ (/'{*) | tiu < ^, [/'{») | rf* + rfs. 

Lot ^''v as, wo bavo then 

i ^ ^ Ii~ 

and tLo integral on the right-hand side is urbitrorily small, if A" bo taken 
krgo enough; thorofurc the limit bas the value zero. 

Wo now haro 

From this it follows that 

i: -L" 

«oah«« |'l4iJ&aJ'*l£Ml* + li^, 

from wliich the absolute sinnmability i'^ (^i«o) k clear. Sinco 

it follows from tUo absolute 8ummab3ity of 
and consequently of in {A, <o), that'^^ has bounded variation 
in [A, os). Hence the condition in (2) is satisfied in ease that in (!5) is 
satisfied, 

•The following theorem has now been established: 

If f{z) be mmmablc in etiery finite intemd, and, om of the sufilcienl 
conrfiVions for the co7ivcrgaice of Fourier’t series at a point to 

U/(* + o)+/(»-o». 

or for jfs uniform a>7tverge]ice in an interval, be satisfied, Oim 

Ita 1|" 
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has the value i {/ (* + 0) +/(* — 0)} at titc point x, or converges tintfomly 
in an interval to the valve off(^), provided one of the following additional 
conditions be satisfied: 


(1) IfaposilivemanberAoxiBlssueittliatj ^~~Klx and j 


exist as finite numbers. 


(2) If a positive number A exists such Ihat^-^- is of bounded variation 


in (A.ra) and in — A); or in particular if it is hounded andmonolone 
in those intervals. 


(3) If f (x)have,forsomeposUivevalueof A, in (A, a)andin{—eo, - A) 
a differential coefficient f [x) suck UuU its irulefiniie integral in the intervals 
isf {*). and such thai issitimnable in the two intervale. 


This is ImoAvn as Fourier’e roprcscatation of a function by means of 
A single integr^. 

The condition (i) was given by Hobson* and by Prings)»eijnf; tlio 
condition (2) was given by Fringshcini, and (3) was also given by Flings- 
beim, but contained, as given by bim, the redundant oondition that 
must bo suininable in tlie two mtervals (/l.os], (- eo, - A). 

472. If, in tiie theorem of § 471, we assume that f (x) has the vaiiio 
zero in the interval (— 05, A), where A > 0, and we let ® — 0, then, pro- 
vided one of the conditions of tbe tbeorom is satisiiod, wc have 

By a slight modification of the proofs in § 471 it can be shewn that 
!im j" /ex ') ^ 0. 

provided x is not in the biterval (A, eo), and thus, by taking x — 0, that 
lim I / (®'> dx' =‘ 0, the altomative conditionu satisfied by f (x’j 

being the saine as before; we have in fact only to change sin u (x' — z) 
into cosu («' — x). In this manner we obtain the following theorem; 

The integrals j f (x') j /(a:') dg' converge to zero, as 

u~~ 05, if f (®) be summable in every finite interval {A, A ),whereA> O.and 
if one of the following conditions be satisfied: 

(1) That exists. 

• Pros. Land. Jfatt. Sac. (2). vd. Tl{IB08). ji. 373. 
t Math. Xnimfea, voL urvm flOOS-lO), p. 38J. 
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(2) Thai is of bounded eariatioR in an interval {A', co), where A' 
■ is some number 5 A. 

(3) Thai f (k) have in. some tniemtZ {A',<o), where A' S A, a differential 

coejjicienl f (a:), of which f^x) is an indefinite integral, and ilial j ^ 

summoble in (A', oo ). 

FOUBIBR’S BEFSATED IWTEaKAI. 

473. Since = J cos f> («' — *) <i», 

the single integraJ j f (*') daf" 
may be written in the form 

I d*' p /(*') cos v(i^ —*)&'; 

and therefore the theorem of §471 may be talcen to refer to 
Jim i I ds’ j f (a/) cos t> f*' — s) eft. 

It will now be shewn that, subject to certain sufficient oonditions 
satisfied by/ (»'), tho order of integration may be changed without altering 
thb value of the integral, so that Hmit then becomes 

-j dvj f{z')voav{x'—x)<lx’, 

which is known as Fourier’s double int^al representation of the funotion, 
although it is in reality a repeated Integral representation, the order in 
which cannot be reversed, because /{*') dx" j cos v (s' — z) dv does 

not exist, as [ cos vlsd — x)dv has no deflaite value. 

Jfl 

(1) Let it be assumed that/ (w) is absolutely aummablo in (— m, <o). 
Let j*f(3f)o06v{x'~x)dx' 

be denoted by tf (a, v\ and let 

I f(fd)coBo(x' — x)dx', 

which exists, on account of the absolute summabifity of/ (as'), bo denoted 
by (v). 

It baa he shewn that J ^(v)dv = Jim j (c, o) dv; for, since 

1 (a, p, v) I is less than a fixed poative number, independent of a and. j9, 
hy the theorem of § 225 the equ^ity bolds when a and p have continuous 
values which diverge to — «o and + oo respeotav^y. 
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We have therefore 

/ (k') GOB V {*' — *) lie' = Km f{z')cosv{x'--x)dx' 

= jim j''dx' j^f{x')coiiv(x' -x)dx'=j’ dx' j'‘/(x')cosv[x' -xjdx, 

from which llio required result follows, by letting u diverge to ®. 

(2) Let I (z) be such tliat, for some positive number A, f{x) Ls of 
bounded variation in {A, oo) and in (— m, — A), and that it converges to 
zero, as 3! TO , and as a: ~ - oo. 

It will he clearly euiKcient to assume that, in the interval {A,eo),f{x) 
is monotone non-increaaing, and converges to zero; the genera! cane wilt 
then be deduced by taldng/ (*) to be the difference of two such fiiuctions, 

If we have 

(*') cos t> (z' - *) tlx' *’ (*' - ®) 

wliore Af is in the interval and thus the integral on the left-hand 

side is numerically leas than - /(A,), which is arbitrarily small, provided 
A^ is large enough. Since this holds for all values of {> A:), the oxistoneo 
of the integral J" f(x')tiosv{a ^ -*)«&' ia assured. 

We have I f {x') cosv (te' - xjdx' ~f{A) j cos u (s' — ®) dar', 

■where a is in the interval {A,c»); hence 

[|“ f{aI)cos.v{a' 

■svhere v> 0. 

A similar result holds when ~ aa, — A arc the limits of integration. 

The difference of j dv^ /(z'lcosofa^ — x)rfa:' 
and J dpj f{x!')eoev{3^~x)dz’, 

where m > rzo > 0, is Jess than c J" provided A is sufficiently largo, 
where € is arbitrarily chosen; theieforc 

/(z')cos!;{z'-a:J<fa'=Km j“ dvj‘^y(z’)cosv(z’~z}dz' 

= /^ rfa/ T-f (*') co.s P(z'-z) fh. 
an interval (0, a), / {z') cos v [z' — z) rfw | 


For all values of (> 0), ii 



InUgral 

■ , te. thim . I /. M I . ‘ * 


55 V C*' —*)*' = J ^ 
— as) d*' = J 


d®' !“/(*') CDS J> {x' -x)dv. 
’1“ f(a')cosv(x’-x)dv, 

x)dv. 
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the theorem of § 226; 

lim j dx' j / (® ) 

Hence, we have 

/ (s') COB V (as' 

from which ive have f« , 

[■ f ; COB . (•■ - «) *■' I.-'*'''’ * 

.„d th.. fc repeM ™'“ 

p,.vlM/W .*«.«»> * "•18“”“'“’”“ ”' 

(3) Lot it be u.™od th.t/ M 

• Cl/- Old., .nd,» teote. Mf. Th". the .o"dlt.o". of W 

satisfied. 

It has now been proved that: 

If f [as) fee summable in every finiU iitfensoZ, (/*«» 

I (“d«r f(arico6v{x' ~x-\dx' 

to, .* ! (/(." 0 ) -h/h' r «» 

for the eanvergmce ofFovrife eeriee « eaUsfiedi provided one oj j 

additioTuil conditions be satined: 

(2) , fix] converges to zero, as as-^oa, or a:~ ^ i_ tVferwds 

positive number . A such that /(*) /««, 6ounded ^Ktrtalwn 

{A,<a].{-^.-A). ond o pos««‘= 

(3) , f (as) converges to zero, as x~co. or x fig., a differential 

e-a. «» <- «. - »'» 

?i j“ dv J^/ 1»0 cos* fas' 

has the value J {/ (a: + 0 ) +/(® "" 
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at an interior point of tie interval (a, p), provided one of tiio sufficient 
conditions is satisfied in the ndghboinhood of the point x. At the point a 
it has the value \f (a + 0), and at the point p the value H {P — 0 ), pro- 
vided / (z) satisfies a sufficient condition in the neighbourhood of either 
point. If * is exterior to the interval (a, p), the value of the repeated 
integral is zero. 

If we assume that/ (*) is zero for aD negative values of x, we have 

^lo 

wlicre / (*) is taken to have the valne ^ {/ (x d- 0) f (x — 0)} at a point 
of ordinary discontinuity; it being assumed that the requisite conditions 
are satisfied. Also 

^ f ivf Jix')oosv{x' + x)dx' = 0; 

IT Jo Jo 

hence we have ^j" oosvxdvj /(x"} cos tix'dz' •=/(z) (1), 

sittMsdvJ /(a:') antee'<£r' •■/{») (2). 

The expressions (1) and (2) are known os Courier’s cosine and sine 
integrals for the represenfation of a function. It is clear that‘(l) affords 
a ropiesentation, subject to the stated condlUoru. of an ovenjfunction/ (s) 
in the interval (— 09, «>); and (2) affords a representation of »n odd fiinotioD. 


THE STTSmABILlTY (^) OP A FOTTBJEB’S BCFBATED IMTEOnAt 
476. The method of summability (4), given in § 266, may be applied 
to J dii j f (x') cos tc (j^ — a:) tie'. This int^ral will be. in accordance 
ivith the method, replaced by 

limj^ ^(ku)duj /(x')cosii(x' —x)dx', 

where ^ (a) is a function which eatisfies the condiUone laid down in § 260; 
and this limit may exist in cases in which the original integral is not con- 
vergent. 

Denoting by J (^) the integral ( ^ («) cos ^ti«, we may write 
Jo 

I <^(Sw)c03tt(®' — 

in the form j 7 (* (‘^ ~ ’»’bero » j. 
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Since 4‘ 75 absolutely summable in tbe domain (0, k>, B), 

^ (*') cos u (a.’' — *) ia absolutely aummablc, and therefore (see§ 240) 


4“ (^*0 


dit I /(a:')co8«(*'— *)c£c' = J' nl {nix' — x))f{x')(Lt:'. 


We have therefore to investagate tie T^ne of 

lim [ f(x')F{3i' — x,H)dx', 

where F (1, n) =« nl (nl) • and thie may be done by means of the general 
convergencotbeoroTn of § 27ft. We first show that the conditions (1) and (2) 
of that theorem are aaJ.i^cd. 


Wc have j?" (s' — *,ti) 

assuming that | s' - as | it ft, tl» expression on the right-hand side is 

1 r" 

^i(w)n(!B' — »)co8«h(»' - »)<iB;and,itvvirtuoof atheocomgivon 
in § 880,' Ex. (2), the condiUons of which are satisHed by 4 (u), wo have 


where E’ia a fixed number iodopondont of « and *' — as; thus tlio condition 
. (1) is satisfied. In order to shew that the condition (2) is satisfied, we have 


j ffse' — a5,n)cfa:' »• l^jida:' [ ^ (tt) countt (as' — as) du 

. f ^ w r?'° "» g-a.-:.*"*.’!; 


Since j ^ (it) --j” dw convorgc-s to g ^ 0), i 


provided A £ A<, honco | J F {x' — x,v) dx' | < 2e, provided n a w,, some 
number dependent on «, for all values of as in a finite interval which has 
DO points in common with the interval (A ~ it,B + p,). Thus the condition 
(2) of the theorem of § 279 is satisfied. It follows that 

iimj /(as'Jcoswf*' — *)aic' = 0, 

for all points x notin the closed intrarvid (j 4, S); moreover, the convergence 
is uniform for all points aria a finite interval exterior to (A, B). 

It :yill now be shewn that ibe condhaons («} and (6) of the theorem in 
§ 202 are satisfied. 
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We have 

j F{t,n)di = j di j n^{u}6oamtldu = j ij, («.) Vl Ul dji ■ 

and the integral on the right-hand ade converges to ^ ^ (-}- 0) ; therefore 
the condition (a) of § 292 is sattefied. 

Let us next consider | | J* {t, ») [ dt, which is 

^ (it) cosnfudujdt, or I jj ^ (ft)cos iarfu j d/. 

It can bo Bhe%vii that | |J ^(v)(KisilutUi^dl cxisU as adcfinilc number; 
it then foEowa that j [ F (t , «) j dl ts bounded with respect to (fi, n), and 
thus tliat the condition (b) of § 292 is satisfied. 

Using the properties of the fnncUon ^ (u), we sco, by two integrations 
by parts, that I ^ («) cos fwdw ^ | (u) (I -cosvt)du. Since ^"(w) 

is positive for sufficiently large values of a, wc sec that, for all values of 
f , the integral on the left-hand side is numerically less than a fixed inulUplo 
of moreover it is a continuous function of <, therefore it is absolutely 
summable in the interval (O.ao) of t. 

We have now established tlie {ol]o^ving theorem: 

If («) satires the eondilimis laid dmm in § 206, then 
lim - I tfev) dujf (*') cos m (*' — s) dz' 

has the value zero, ifxis exterior to ike interval (A. S);a{an7/ paint interior 
to {A, B), at which j [x + 0),/(a: — 0) erist, illuxs Ike valve 

H/(*H 0)+/(*-0)}- 

In anij interval inla-ior to {A,B) in which f (*) is oordinvemo, the ccnilinuily 
at the end-points being on both sides, the convergence to f {x) is uniform. At 
A and B it has the values \f{A 0), if{B - 0) provided these limils exist. 

476. We proceed to the extension of the last theorem to the case in 
which A and B are replaced by — os, oo respecUvely. 

(1) Let it be assumed that/{a:) is absolutely sununable in the in- 
definitely great interval (— “o, «>)• in §476, <fi {l:u)f{x ) cosu{x — x) 
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is absolutely summable in the dosiain {0, — to;ers,m), aud we have 
aecordiiigly 

j>{ku.)du^ /(a:')eosw(®'~*)4fo' = J” f{xl)F{x' — x,n)i}o^, 
where F (/, «) denotes nZ (nt), or » J ^ (») cos ntudu, which may also be 
expressed as | ^ cos fudv. 

By the theorem of § 280, ance j is absolutely summahle, and the 

other conditions of the theorem are satisfied, wc see that 

j ^ (btt) duj f oos u (z' — as) dx', 

and the corresponding expression in whioli B, «o are replaced by — eo, A, 
oonvei^e to roro, as i — 0, provided x ia interior to the interval (A, B). 
Moreover, the oonvorgenoe is uniform for all points x in an interval 
inferior to (A, B). It then follow tliat 

lim 4" (*") J / U"') cos a (a^ — x) did 

has tho properties stated LO the laslthcoremfor the case in which the limits 
of ,thc integration with respect to *' are finite. 

(2) Txitlt be assumed that A ondB canbesoeho.tcn that, in{— to, A) 
and in {B, w) tho lunotion f {x) has bounded variation and oonvorges to 
0, ns a; ~ os, aud as — <o; onto particular that f(x) dectcasea stearlily 
to zero, as x increases irom B to to, and as x dcoieascs from to — ss , 
It IB snflioient to consider this special case, since, in tho general case, / (*) 
is representable as tlie dtlTcrence of two functions, each of which has this 
property. 

Let us consider 

4>(kuid7i-j^/(x!')eoatt(x’-x)dx'. 

irhere/(a;') is non-iiioreasiiig in the interval {B, co), and converges to zero, 
as x' ~ 05, Tho integral irith respect to « will be divided into two parts, 
tahen over tlic intervals (0, »j) and (Mj, co); wJwre, for 0 < I- £ 1, Uj is so 
chosen that ^ {hi) is monotone in fbe interval (0, «,). 

Tailing first fbe integral 

j" f(xt)eo3w(3d — x)dx'; 

Bince j 
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for all values of ^ (> B); and educe is saminnble in the inteirnl 
(■Uj, eo), we have 

J ^(fci4)(fuj /(*') cos It (i' — *)<!*' 

= lim I ^(ku)j f[x')co9ii(z' — 

= 1 ^ (*w)eosjt(a/ — 3 ;)</h, 

The inversion of the order of integration in the last step is justified, 
since / (x') <fi (in) cos u (*' — x) is absolutely summable over the domain 
(J?, it,; 03), of {s:, It). 

The integral on the right-hand side may be \7Titten, by taking 
*' = X + (k , « = j, in the form 

I J(x + ik)d4j ^ (v) cos 

which is less than /(£)j jj ^(p)cosft’dv|5^, 

■jr 

and this converges to zero, ae k~0, and uniformly for all values of x in 
a fixed finite interval not abutting on the interval (£, eo). liforeover 

j I^4(ku)dul^/(x0cosu(x'~x)dx'l<i], 
for all aufiioiently large valnee of £, and for all values of 
Next, wc have 

j ^(ku)duj /(x')coBu(x’~x)dx' 

+ ^ (t^) /” / 1*') cos u(x'-x) dz', 

where tt' is a number in theintaTralfO.uJ. ItwiI! be sbeu-n that the order 
of integration in the repeated int^rals on the right-hand side m.iy be 
reversed. 

We have, as before, if 0<€<«,, 

f(x')cQa'uix' —xyda^ j /{*')| coswfx'-*)*:' 

. j'/M ,fa-. 
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Also ' 

and 

ivliorc Bi A P'. Since may bo taken to be auch that/ (B,) is arbitrarily 
small, we SCO that, for aJ! positave values of «, and for all values of x in an 
interval that docs not abut upon the interval {B,os), we have 

for a fixed value of Bi, and for all positive values of e. Lot e-^ 0, then we 
have Ilm | / (a:') - ”*/? ~ -— rhf numerically not greater than the 
arbitrary number i]\ and ^ua tlio common value of tho limite is zero. 
It follows that 

/ (j;'l cos K (a:' -#)<£*' 
existSM /(*') cos 

andiBcqualto | 

We now see that 

^ (itt) 1 / {ar')cos«(ir''-*)£fcB' == ^ (0)|^ 

-I- 4 1«J J' ~ fc-, 

hence the integral on tho left-band ^de is numerically loss than tt/ (B), 
which can be made orbitrarily small, by teddng B largo enough. The same 
remark applies to the other intends. 

It follows that 

/{ar')cos«(a:' — *)<fe' 

is numerically less than the arbitrarily chosen positive number ij, provided 
B is chosen sufficiently large; and this fcr all values oft such that 0<lc S 1, 
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and for all values of a: in an interval -which does not abut on the point B. 
It has now been shewn that, if is snfiiciently large, 

<ji{ha)^^^f{3f)aosu[a/~x)dx'^<Zj). 

If I -4 1 be sufficiently large, a similar statement may be made as regards 
the expression in which the integratioo with respect to s' is over the interval 

The numbers A and B having been fixed so that these conditions are 
satisfied, we see that 

I /(*')cosw{*' — aids' 

differefrom | ■f>(ku)dKj f(af)cosii{a^ — x)dz' 

by leas than 4>j, where ^ and if are properly chosen; and this for all values 
of k suoli that 0<k^ 1 . 

As the second exprea«ion satisiies the conditions of thu theorom of 
§ 470, it follows that 

hm^j^ /(a:')cosa(j:'-a:)da!' 

diflorsfrom J {/ (® "h f>) +/(* - 0)} by less than 4ij, at any point at wliloh 
/{a; + 0) and / (a — 0) exist. Since i) is arbitrary, wc now obtain the 
following theorem: 

If 4’{u) Balisfitaih€coniltii(mein%i^^, ond^eii^er (1),/ {x) U abeolvielg 
Bummable in the internal (— to, to), or (2), / (*} i» surnTTiaile in ei«ry^»tVc 

interval, convergesU>0,asx~ta,and.asx to, and luxs bounded variation 

in intervals {B, oo), {— to, A), where A, B aere properly chosen numbers, then 

lim^l if{ku)dwj / (s') cos «(*' —*)/&' 
hastJievalue^{f (x + O) +/ {x—Q)}aianypoi7Uatv>hicIif{x + 0>,/(k — Cl) 
exist. Moreover, the convergence to f {x) is vni/orm in any finite interval in 
which f (x) is conlimurus, ihe continuity at the end-points of the iRlertaf being 
on both sides. 

This theorem was ^ven* by Hardy, who obtained a more general result 
applicable to the case in which / {*') is replaced by/ {*') COS ax' . 

The cases in which ^ (u) = e-“, ^ («) = e-^’ are of importance in 
problems of Matbematical Byrnes. We obtain in fact the following 
theorem : 

If either (1), f(x) is absdutdy eummable in the interval (— co, co), or 
(2), / (*) is summabh in every finite inUxval, and has bounded, vanatxon in 

• Canb. Pkit. Trmt. vol. XZI (ISIS), p. 437. 
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the inUrvals {B, w), (— co. A), inhere A, B are jrroperl)/ chosen, and con- 
verges to zero as X’— ’Ti, and as x-~-- — co, Men 

~J e~*“duj f(fi^eosu(se' — x)dx' 
and f{x')(sos«(x^ —x)dz' 

both converge, as i:~0, to the valtie ^ {/(» + 0) +/(a; — 0)), at any point 
z at which f {x + 0), / (a — 0) both exist. They converge to f {x) uniformly in 
any finite interval in which f (x) is confintunis, the continuity at the end-points 
of the interval being on both sides. 

This theorem ^vas given* by Sonuncrfeld for the case in which the 
integration with respcct to a' is over a- finite intervaJ. 

477, Let the function /(a^), assumed tosatisfyoneof the conditions of 
the theorem in § 470, ha expressed as tho sum of two functions /i (a:') and 
/i(x'), whore has the valnc/fatO in the interval (* — p, ® + p), for a 
fixed value of x, and has the value zero outeide that interval. Tho 
fuQoUon /s (o') has tho vsdue zero in the interval (x ~ p,x + p), and tlie 
value /(a') outside that intervri. Applying the theorem of §470, it is 
seen that 

lim^l 9l(Att)ifaJ /t (»') cos « (*' — a) rfa' 
hns 'tlie value atav at all pmnte interior to the interval (z — ft, x + p), It 
thus appears that 

4(hu)ttuj J{x') C03tt(*' — Sjjf®’ 

■Hill converge to f (x) if 

^ '*^*'/(»'>co8tt(ar'— *)<?** 

converges to/ (*). 

The condition that thfe should be Uie case is that 
lim j ^(hu)tluj ^{<)eos«/tA = 0, 
where fi {t) denotes f(x + t)+f(x — t) — 2f (as). 

Let it now be assumed tliat, for the point x, 

from ^vhich it follows that, if < be an arbitrarily chosen isositivo number, 
Jj for OgfSfi, 

where t, depends upon t. 

■ • • Scp his Di^vrrliition, 7Jif icfUl-Sriieten FanUimOt in rfer JtoiA. Phyut, KOnigsberg, 1001. 
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We have 

1^ (t!t) )^{<) COS«<A = J ^ l®‘) 

where ^ tliis may be expressed in the form 

The first repeated integral is numerically less than 

which is less than c | j ^ («) | du, provided n> j . 

Je tj 

The second repeated integral la nvunorieally loss than 




where 1:' is a fixed number, and this ie equivalent to 


denoting j | ^ (() [ by <h (0, wo have, int^rating by parts, 

We have < e,U n> j-; also 

The first integral on the right-hand side is less than « | ' jj) 

and tJie second is less than it follows that is 

numerioaOy less than e -f- (>*)' ****“ provided m be sufficiently 

large. 

It has now been she:vTi that, if n be suffidontly large, or sufficiently 

small, J (^(ku)dv.j ^ (f) cos ntiftiBnumcriejdly less than a fixed multiple 
of «, provided lim ^ j" { ^ (<} | <ft » 0. Since ris arbitrarily small, the limit, 

as it ~ 0, of the repeated int^ral is zero. The following theorem has thus 
been established; 
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The integral i | | / (*') cos u(3f — x) dx' is summabk (^), and 

lmf{x) forik spn (^), a( any point at tohieh 

St + ') - 0 - 2/w idi.o. 

This is the cast almost everywhere in the interval (— co, oo). It is assumed 
ikatf(x) satisfies one or other of the conditiona laid doton in the Iasi theorem. 
In parltcvlar 

l~o^Jo 

lim^l /(i')co8u(ai' — a:)<ie' »»/(*) 

aJm<wi c«eri/!«^erc in the interval {— to, «). 

This tiieorom includes that of § 47C, since 

Is T +«+/<*-') - ?T(«) I * - 0 

'at any point * at which / (* + 0), / (* — 0) exist, provided 

THE BTOlSJABarTV (<?, T) OF FOUWER’s REPEATED IKTEORAL 
476. The sum ((7,r) of the integral j ii(u)du has been defined in 
§ 264aa the limit of as the number n diverges through 

continuous values to <e, srhenevor that limit exists. 

We shall accordingly consider the integral 

J”(l -^J 

where r > 0. 

The order of the successive integrations may be reversed, so ‘that ‘we 
have to consider j f {ad) F{d — ») dx', where F (s' — x, n) denotes 

L (^ ~ ^) In OTder to evaluate the limit, os }i~ «, of 

the integral, the theorem of 1 290 may be applied. 

Oa integration by parts, 'wo hara 

= ^ P(1 — «)'-» sin»«idu. 
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Hence ]F{t,n)l<jj (1 — < ^. Thus if ^S/x, [-?’(<,«)! is 

bounded witli respect to {I, n); tiierefore the condition (1) of the theorem 
is satisfied. 

To 8hcT7 that the condition (2) is satisfied, we have 
j J" (t, 7i) di s= J dtj co3«tifee = J ^1 — du 

f* , , einndu — sinmou , 

= (1— «)' dll. 


Since limj (1 — j''F(t,n)du 

converges to zero, as n — eo, niuformly for alf values of x that are not in 
the interval (a — fi, ^ d- ft), as » —«; where a and ^ are both >* + /i, or 
both <x — ft. Hence the condition (2) is satisfied. 

To shew that the condition (a) of § 292 is satisfied, we have 

and this converges to ae oo. 

We have also 

I f (<, to) f A < J** ndt j J (* “ “)' nvtdv |; 
the eiqiression on the lighf-hand side is equivalent to 
costtfduj, 

which is less than 

I dfjj (1 -«)'’costtf<itt| + 1 d(jj*(l-«)'co3«fduj. 

The first term is less than | ^ , and the second is less than K j or 
than — , where if is a fixed number (see § 371); it is here assumed that 


r J 1. If r> 1, the second int^ral is less than £ j ^,orthan.K. It thus 
follows that I I J" (i, to) I dt is Ipaa than a number which is independent 
of p. and n ; hence tlie condition (6) of the theorem in § 292 is satisfied. 

It now foUows that j”/ (»') da' cos w (s' - s) dx' converges, 

as TO ~ CO, to i {f {x + 0) + / (x — 0)}, at any point x at which / (s H- 0) 
and / (a: — 0) exist. Moreover, the convergence to f (s) is uniform in an}' 
interval interior to (A, B] in which the function is conlinuou.s, the con- 
tinuity at the end-points being on both sides. 
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It has now been proved tliat 

Theinlegral - j cIk. J /(as^ cos — a:)<Ia;' js ffiimmaWe (C, r;, luAere 
r>0,nt any gwint x, within {A,B) <rtirf«cft/(a; + 0),/ (*— 0) exist, the sum 
{C, r) being J {/ (x 4 - 0 ) /{x —-0)}. At any /joint x exterior to {A, ff) the 

stm{G,r) is sero. 

¥J9. If ^ is any ;>oint wiiliin the interval {A, li), we may divide f (*') 
into tlie sum of two functions /, (*'), /, (*'), suoli that /, (*') =/(«') in 
the interval (f — p, f + ^) and is elsewhere zero. The function /j (a') is 
zero in the interval (f — ? + fi), and Iras the value / (x’) elsewhere, B}- 

the tlieorem just established the sum (0,r) of 

I AtJ ft{td)aogu(x' - x)fix' 

is zero at all interior pcwls of the interval ^ + p^). Thus the sum- 

mnbiiity [0, f) of ^ j du | / (s') cos « (x' - x) ds' at the point ( depends 
I r* * rt+i. * 

upon that of - du / (x') cos u [x' - x) dx'. 

In ease / (x') has the constant value / g) in the interval (f - /t, / 4* y), 
the sum (0, r) at f is / ({). Thus the condition that the repeated integral 
is summnble (0, r) at the point and has J {^) for its sum {Q, r), is tliat 

!,"(*' ti * j’t/lf + 'I +7(f - ‘> - V (f)) “"•“‘i'l 

should converge to zero, as n- ~ <o . 

The expression is equivalent to 

I* (1 —uydu |*^<t>^^^cos«<d<, 

where (t) denotes / (I + t) +/ - 0 - 2/ ); and this is equivalent to 

- wroosuldJ; 

and this may be expressed by 

j' <1' dt J' (I - uyeos tadu + |“<I» d( j' (1 - ’‘J' eos nld^i. 

The first of these integrals is numerically less than j*!’ j if 

now it be assumed that lim ^ J 1 ® (() | d( = 0, we have | <IJ (i) j dl < cl, 

provided I is suffioiently small; and so J | *1* ~ ” /o i i 

if 7t is Rufiiciently largo. Thus the first integral is < e, for all sufficiently 
large values of n. 
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The second integral 5s less than where i: is a fixed 

number (see § 371), or than — j | ^ (t) | where r S 1, and bj' integra- 
tion by parts tliis bcconica 

§ { I' I ® » I *]; + (•■ + 1 ) I' j4 J V (I) 1 ifi} , 

» 5 + ‘I.C ?#*}. 

where 'F (<) “» | | O (<) 1 *- Snoe 'F {/) < rf, for / < <i , we have 

„d thus i p d, <!;.!» i r ,u i. 'nii . 1 ' 

w jj r n' .(,<'** n' r -t H,'+* 

and this Is arbitrarily small, for all sufficiently large values of n. It is thus 
BOOH that, provided n is sufficiently largo, the second integral Is loss than 
an arbitrarily ohosen positive number 17. In case r > 1, a slight obango in 
tlio calculation is required. 

It has now been proverl that, provided 

has, at < = 0, a differential coefficient equal to zero, 

^lo 

converges at the point f to/ (f). The condition isaatisfied almost everywhere 
in {A, B). 

It has thus been established that: 

The sum {C, t), fen- r > 0, o/i J du j f (x') cos w (2^ — f) djf exists, and 
has the value f (f), of any point i, itUerior io {A, B], at which 

\ j'l/(f+i)+/tf-()-V(fll* 

converges to zero, unthi 1; and this is the case almost everywhere in {A, B}. 


480. In the theorems of §§ 478, 479. A and B may be replaced by 
— (E, CO, provided either (1), |/ (a) | is summable in the interval (— co, ®), 
or (2), f{x) converges to zero, as a:~®, sjid as 2:~ — ®, and it is of 
bounded variation in neighbourhoods {S', to), (— ® , A') of these points. 
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In case (1), the expression 

(l -|) j^/(*')cosit(*'-j:)rf*' 

is nuraerlottlly < ij, if B be sufficiently large, where is an arbitrarily 
cliosen positive nuuibor; and tiie dmilar statement holds for 

/‘(i 

That this is tiie case follows from f^e fact ibat 

I I 

is fiunimable in the doronin (», jB; n, oo), exactly as in § 476. 

In case , (2), tho proof in § 476 is applicable, if wc take ^ (w) — (1 — it)’’, 
for 0 s « s 1. and ^ (n) = 0, for it > 1, to shew that the above integrals 
are numerically less than when B and - <4 are suffioiontly largo, 

At a point z within {A, B) at which tho sum (C, r) exists, and is eijual 
ha'^o 

provided n is snfHoiwitly large; hence 

I? C “01 

for ell Buffioiontly large values of n. Since ij is arbitrary, it follows that 
lini i I" j /(*')co6«(®'-*)iia:' -/(*). 

The following theoi'em bos now been established; 

TAesitm {C,r),forT><i,of^j dv j f (x')<x'03uix' ~z)dx' cxisls.and 

lmt)ievaltief{x),aianypoinix,atvdtieh~j -i f{z-t)~-2f{x) \ dl 

converges loith I to zero. This hdda at eBeri/ point of corUimuly, at every 
point of ordinary disconitmiU;/ of l&e/«ncftiw«tw/rtcft 
f{T)^i{f{z+0)+f{z-0)). 

and almost everywhere in the ishtde itUerval (— to, eo). The convergence to 
f (*) is wiiform, in any interval f» wliiekf (*) is continwiUS, the caiUinuUy at 
the end-points being on both sides. 

The theorem is subject to one or other of the conditions (J), that I /(ic) ( 
is mimmaUe in the interval (- a>, ®), or (2), thalf{z) is sununniiie in every 
Jiflite interval, and converges to zero at eo and — <» , and is of bounded variation 
in some neighbourhood of each of these points. 



742 Rfpresentai.ion of Fmxcliom hy Fourier's Integrals [cii. ix 


FOxnoEK xrahsforms 

481. It has been shewn in § 474 that, subj^st to certnin conditions, 

/ («) = ^ I cos wdu ^ / (a^) cos luc'dx' 
in the interval (0, oo). This may be expressed by the two aquations 

/(*)=(|)*J”j'(«)c08«*rf« (1), 

F (*) = j f {«) cos iixdv (2), 

which oonneot tlie two fnncUoi»8/{»), F {»). W)»en (]) and (2) liold good 
they express symmei-rical relations between the two functions/ (ar), F (*), 
and each of these functione may be s«d to be tlic Fourier ccsine transform 
of the other. The repeated integral formula has been shewn to hold good 
when [/.{*} I is aummable In the interval (0,«), at a point x in the noigh- 
bouriiood of which fix) satisfies one of a set of sufficient conditiotis; in 
partionlacwhenin such neighbourhood the function is of bounded variation, 
and / (as) « Jf {/(» + 0) +f(x ~ 0)}. It also holds good when fix) is 
suminablo in ovory finite interval contained in (0, «}, converges to zorn at 
so, and is of bounded variation in some neighbourhood sc) of the point 
so, provided a sufficient condition is satisded in a neighbourhood of the 
point *. Tlie formula holds for eveiy point *, provided / (a) is o£ bounded 
va, nation in the whole interval (0, os), and/ (®) “ J {/{» H- 0) +/(» — 0)}, 
except that, at the point 0,/(0) “ if i+ 0). 

The integral in (2) exists, and is a contbiuoue function of x, at any point 
a > 0, when | / (*) | ia summable in (0, «), or when / (*), aummable in 
every finite interval, converges to zero at to, and is of bounded variation 
in some interval {A, m) {see Ex. (4), § 229). A complete theory of trans- 
forms should enable us to infer the properties of the function F (*) from 
those of/ (ar). This can be carried out in case {/ (*)}*i3 summablo in (0, m), 
and more generally, when | / (ar) [• is b'lnamablc in (0, ro), for some value of 
q such that 1 < 17 4 2. This tlieoiy has becai given* 3>y Titehmarsh, and is 
a particular case of a more general theory, duef to Plancherol, of transfornis 
applicable to the case of ortliogoDal functions of any type. Tlie tlieory as 
developed by Titehmarsh is independeat of, and considerably simpler than, 
t.hc genera] theory of Planoherel, which was applied by him to tlie case 
q ■= 2; and Titehmarsh ’s investigatioiMi form the basis of the noeount given 
below. 

• Proc. Cnmk Phil. Soc. vol. A.\I 1.1933), p. 483} ond JVee. Land. Math- Sac. (2). vol. XXJII 
(1B24), p. ztg. 

t ^cn<ri'i;o>ir.<JiPn(w77io,voi.xxx{I9IO),|i.2e9:aadJrorti./)»!<iotCT.TCl.rja:vi<IGIO),p.31ci. 
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If the theory of the repeated Fourier’s integral, as given in §§ 473 -480, 
be regarded from the point of view of the formulae ( 1 ), ( 2 ), there is complete 
forma! syrnmetry, hut as no wsemWanoo has been made manifest between 
the properties of the two functions/ (s:), F (»), there is logical asymmetry. 
This is remedied, so far as the case penmts, by the tlieory of Plancherel- 
Titchmarsh. In the case ff = 2, the symmetry established by that theory 
is complete; when 1 < <7 < 2 , complete ^pmmetry does not hold, hut this 
lies in the nature of the onse, and is consequeoitly not a defect of the theory. 
Various formal resemblances will he esddhitcd in the results of this t lieory 
with corresponding theorems in the theory of Fourier's series. 

In these cases the integrals (1), (2) do not in general exist, and it will 
he shewn that, instead of ^em, the foimnlae 

W 


must be snbatituted. The exprc&dons ( 1 )', (2)' reduce to (1), (2) whenever 
the diifereatiation under the integral sign can he ejected. It ivill appear 
that (2)' has a meaning for almost every value of x, and that the Integra- 
bility of j F (*) |«^ follows as a cooscqiieuoe of that of j/(®) |®, when 
1 < g s 2. T]\o whole theory is applicable to the oonesponding Fourier 
sme transforms, in which the reciprocal relation is expressed by 




1 —cosite , . 

F(«)d«, 

1 — 00.S «* , , , . 

/(w)'^«- 


,483. Let us consider the integral j f («) co 8 «»rfw, where I/(») j’ is 
sumniable in (0, co), for Kume value of q sudi tliat J < 9 ^ 2; the numbers 
a and b will be taken to be such that 0 < « < 6 . 


Tire interval (a, t) may be divided into the parts 

here »i, Ji, and A are positive integers, such that 
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Let h, denote | / («) da; then, if demotes S h, cos we have 

I /(ji) = J /(tt)costi*dw + J J(u)cos-iixdu 


The first and second intcgrais on the right-hand side are less numerically 
than the integrals of | / {«) | in the intervals ^ ^ , tuid 
tlierefore converge to zero, aa A uniformly for all values of *. 

The last expression on the right-hand side is less, numerically, than 

2Bin^s[ lf(v)ldu. 
orthan 28 in^J |/(u)|d«, 

and therefore converges, as A co, to zero, uniformly for all values of x in 
an interval (*,, *,), where 0 < *, < *,. It follows that 
j costae/ (te)<fu B lim 

the convergence beiug uniforiu for x, £ « £ a^. 

Wo have, employing a known inequality theorem (i, § 435), 

l/(«) !•■*«] [1/ *]'■'«»-/_* I/Ml'*- 

If we apply to the finite Ifourier’s series 

’ha — ’km— S A,cos^, 
the Theorem 11 in § 392, wc have 

j I |'2-* (te = aJ I S A,cossx|* S J /i, 

If 0<Xi<X2<-TrX, we have now, 

1“ I |A*:-S [f* l/W 
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As A ~ 03 , w Uius hapo, ance ^ oojjTorgcs unifornily to 

, I / («) COB VSciu, 

for 0<®i<Zj. 

I^etting a'l ~ 0, *j '“qj, wo now have 

J|^/Wcos«arrf»-l* dF£jn-^| . 

If a itnd b diverge in :iuy manner to oo, we have 

h '^1 

lim [ j I / {«) cos luedu j* i* = 0, 

Let (*) — / (a) cos nzdu; 

wethenlaTO lim J | /»(*)— J", {*) <i» «» 0 ; 

and thus {F, (s)) is convei^nt on the average, when a bus the values 
In a divergent sequence. rVom an oxUnuion of Uie tbcorom in § 177 we 
infer* that there easts a CnnoHon .Ffs;}. deflnod uniquely, almost evexy- 
wlisie, sueb that { F (») |«-*> is sumznable in (0, «}, and that 
iim J* I f (*) - (») 1 *^ dx 0. 

It will be seen that this function f (s) is the tiansiorm of/(iE). 

483 . Since i ^ 

where (x) is any fuDctimi such that ( g (x) |s is summablo in (0, ce>), it 
follows that 

lim j y(*){P(*) — Ja (*)}</* = 0. 

Talcing x to have any finito value, we have 

2m I* {JP {() - J". W) * * 0 ; 

Pa io di = I dij f(u)oaevldu=(^j ?i~^/(u)du, 
wehave F (f) dt = j ^^^f(u)du; 

• It was QKniiiied TitoLmanh tliat F. Efcrf* Uwacooi In { 177 lold* wh«i the internal 
o! ialcgruUcin is inanitc. In ti>e cms Ude bu bom proved in 171, 172; b; a modi- 
iication ol the proof there given, lie geneml llieoieiii ow bp ratoblialiwl for voluos of j > 1 . 
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and tliereforo, almost everywhere 

It has now been shewn tliat: 

1 1 (^) I'. 1 < ? S 2, w summaMe iJi (0, oo), Ihcfvnetion 

is such that | F (») |^- * is integrable over (0, oo). 

This theorem is the analognc of Parficval’s tlieoretn (§ 378), 

Denoting [ / (0 dl by ^ (*), the continuous function ^ (*) has bounded 
variation in the finite interval (0, o); and thus 

^(x) = ?| sintttcfwj" ain«x'^(r')rfa:', 
provided 0 < o. Since 

j“ sin 0 (*') &' = - 4, (a) -i- j" '/ (*') dx’, 

we have = [ /(*‘)co8«ir'£iE', 

because J sin ijaicitt = 0, when z<a. 

It follows that 

/ (ic) dx ■ ^ F^ (w) du, (x < a) i 

and since lim j — F^ («)} du — 0, 

j sm ux j jjgjjjg gujuniable over (0, oo), we find that 

It then follows that, for almost all values of x 

^ " Qfi ^0 ^ ^ 

It has accordingly been shewn that: 

7/ 1/(2^) I* M sum7/iable over (0, to), for some value of q such that 1 < 7 £ 2, 
there exists a function F (*) auck that \ F (as) |«^ is summabh over (0, m ), 
which satisfies the rdalinn 

This theorem is the analogue of the Biess-Fificber theorem (§ 3/0). 
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TitoliDiarah has shewn* that neither of the above theorems is in gcncrai 
valid if ff > 2. He has also ehewn that [/(*) |® may be integrablo, and 
that, liowover small « may be, the integrals of 

may bo both divergent. It should be observed that a function ^ (z) may 
be Buramable in (0, «), but (*)}*"* need not be sutnmable in (0, os); for 
example if ^ (*) where, ft > 0, in the neighbourhood of os, (k)}’"’ 

is not summahie if r? S summability of j (ji (*) j” in the interval 

(0, to) docs hot necessarily involve that of (ar) I*" for any value of 

484. hot F (*), G (*) ,be tlio transforms of / (*) and g {x). Wo have then 

I g (»)/, {®)dsr= ['’ff (*)<?* I*/ (k) cos laeir 

“ (w)^ I ? (*) cos vxdx 

^^'‘S(x)F,{r)dx. 

Slnoe lim J g (*) [ J* (x) — F, (i)J <ie = 0, 

end lim | */(*)!<?(*) - (?» (*)]<?* — 0, 

wo now obtain the important relation 

j /{x)0(x)iixm g(x)F{x)<lx (A). 

In the case g «» 2, wo may put g (*) “ F <*), but we cannot do this 
when g < 2, bccauso g (®) F {z) is then iK>t necessarily eummable over 
(0, w). We thus Lave 

= {f'(a:)}*rf», when g ^ 2. 

Tile corre.'iponding relation for the case 1 < g < 2 is 

j’ I r (») |A 5 1 [IJ \m f*]'"'. 

485. It will bo proved that: 

If\f{x) i« is sum?7ia01eovcr{0,eo),f<»'aomtvabici>fgsuch(hat 1 <gs. 2, 
then j f (i) cos ‘riadr. — o 0ogz),far almoH all mlves of u. 

• Proc. /-wiif. JtoA. SCPC. (2), «-oL xmnllBM). p. 28C. 
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If F [x) te the transfoim of / {x), and g (*) be the transform of the 
function defined by G (x) ^ cos ux, vben 0 £ a; £ 2 , «7 (r) = 0, •when = < ?. 

We have 

5 w . g)‘ j; CO. «« ccoSif = * (|)‘ 

On account of the rctadon (A) "TO have 

// w 1 ©’ 1 : ^ (») 

The integral on the right-hand side may be divided info three parte, faien 
over the intervals (— S, S), (— «, — 8), (8, w) respectively. 

It is known that [ F(S + u) = 0 (leg 2 ), 

for almost all values of tt (sec § 400). 

We have next 

<\r ’ r- 0 (l)=.oaog 2 ). 

Since the remaining integral, over (— «, — S), may be treated in the 
same manner, it has now been shown that 

j / (x) cos vxdu a o (log s). 

436. It will now be shewn that: 

If ] / (*) |« 6e summcble in the interval (0, < 0 ), for some mlw of g evch 
that 1 < g S 2, the integral ^ F(x)costtxdx converges (0,1) to f {v) 
for almost all values of v. The convergence is vniform in an interval in ichieh 
f (a) is caniinuous, the conimnity at Oie end-jtoinls being asaumoi to be on 
both sides. 

We have to consider the expr^aon 

(§)^ j ~ ^ ^ nxdx. 

Let g (x) = cos ax, for 0 £ 2 ; £ z, and g (*) “ 0, for x> v, we 

have then to consider j g (x) F (x) dx, vi'hich Ls, in virtue of (A), 

gfjjew/w*:. 
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We have 


J^ovrier Ttxm^orms 

(?(^) = -|jcosfrcosiif^ 

— i=i + ’‘■) sin' (x 


(x - «)' 


a L (* + «)* 

The expression to be conadered thus becomes 

and the integral may be divided, as in § 485, into three parts. 

It is seen as in the case of 

Uiit + 

Is nnmerieaUy lesa than a fixed number indq}eodent o£ u and 2 ; therefore, 
when miiltiplied by tbe expression cooTerges to zero, as Z'^m, 
nniformly for ali vahios of «. The integral over (- < 0 , - 8) has the same 
property. Wo have then to consider 

which is equivalent to 

II' (/(« + f) + / (X - «) - 2/(«)) I' 

It boa been shewn in § 808 limt tlie first part of this expression con- 
verges to zero, as s ~ eo, at every point at which 

Ito j II |/(» + i) +/(« - fl - 2/(«) I « - «. 

and also that, in any interval in -which / («) is continnona, the continuity 
at the end-points of the interv^ being on both sides, the convergence is 
imifonn. Since the second part of tho expression is 


2 , fJ** sinfli*.- 


it converges to/ (w), asz~co. 
It bas now been shotra that 
j\i I' f. 


0 [„(* 

converges almost everywhere to / («), or that 

(w)* J ^ *** rw'i® 

everywhere eummable (C. I). 


is almost 
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It follows that, if !/(*)!« is suntmable in (0, co), and consegueiUiy 
1 (x) ]«-> IS so afao, I /(a:)costM:rfa; conwiff&s (0,i) lo F {x) for 

almost all values of «, Cite convergence being uniform in an interval in which 
f (w) is coniinvavs, ike continnUy at the end-points being ossriTncii, 

3?or, in tho proof of the foregoing theorem no use is made of the fact 
that < 2, and the proof is accordingly applicable when F [x) and / (x) 
are interchanged. 


487. Since F (*) is the transform of / (*), we see that F [x] is, for 
almost all values of x, the sum {C, i) of j / {v) cos vzchi. It thus 
follows that 

/(a:) = ?J cosM-rdteJ f (x') con ux'dx'. 

wlicro both the integrations are understood to be taken with the mcaiung 
{C, 1}. The repeated integration has, in this sense, a meaning for almost 
all values of x, and in parUcular at cvciy point of continuity, or of ordinary 
dUoootdnuity of f (®). The whole Uieory is applicable to tJie sine integrals, 
We have thus obtained the following theorem: 

If I / (») I* be stmmabU in the interval (0, <o) for some valve of q such 
that ] <q£ 2, ihe tioo expressions 

costixditj /(*') co.s«*Vx', 


sin uxdii f (s') sin ux'dx' 


have the value f (x), for almost all values of x, provided, all ihe integrals are 
understood lo be iakm {C, 1). In parlimdar Uteg represent Ike value of f (x) 
at any point of continuity x (> (»), and in every interval of continuity their 
■convergence lof (x) is uniform., tiie eoniinuity at the end-jjoinfs being assumed 
to be on both sides. 


488. From the theorem in §265 which exprcsaCK the necessary and 
sufficient condition that an integral | ^ (x) dx which is convcigent (5', !) 
should exist in the ordinary sense, Uiat is (C, 0), we see that the ncees-saty 
and sufficient conilition l.hat, at a point a, at which 

^ / (*) cos uxdx 

oxists (C, 1), the integral shonld be convergent is llia(. 
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1 i , J, 1 Iftom a» ‘>>00™,. to S 4SS, w h.™ 

j €? (*) cos = o Gog s)i 

for almost all values of «- 
Now 

„ ® r (? (a;) coB«a:<fe- | <'* (ftg s) ,[„ 
lOgSjn “ 

= o(s)+ I* 0(1) rf» ■=«(*)' 

and tliie holds good for alynost .-01 values ot «. 

Wc hsvo also 

1 f" */ (») ooB j < f. I */ (®) I . 1 




o(logs). It follows that 

j‘ gj cos v*0* “ 0 (log *)• 

„ado<,»»,»en% ©‘j'/M™”** 

. to .k. crdtotoj to W. «» , ,, 

tto ttotomtion. to the 

not a necessary conseq.Hence, aa is seen y 
neighbourhood of the point, a: - 1. 

W. ,..y= to, Ctoto^l to M toridBtto toto- 

It 1 1 M l« t,vA I f lx) log * • «« summabU wi (0, ® ). J ' 

r fix) QOS Kcdx is convergent 

, -j „n «7«es of «. and fh6 fuwtion i («) to 

in 1U ordinary stMaJoralmotA^val^oJ . , 

1 .1^! \ F (wt l«-‘ is awntnable in (0, « )- 
wKich i( converges is sues Ouii | J I J I 
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The particular ease of this theorem iduch arises when (7 — 2, that, if 
I / (3:) and i / (as) log x |® are snmmable in (0, co), / (ar) cos wdx 

converges, for almost aH values of «, to & function svhose square is suin- 
mable was obtained* by Plancbcrel, who stated it in the form that, if 
(t > 1, and / (x) is defined iu («, co), and is such that | {/ (r) log 3}- ilz 
is finite, then lim J / (x) cos turds conTCTges for almost nil values of u in 
the interval, and represents a. function J’(m) such that j {F(n)]‘rhi 
eadste. This theorem is analt^ous to that for Fourier’s series given in § 401). 

* Math. ,4nna)cn, to1.ucxvi(] 91S},]>.324. See also SfaUA.^fl'Ujt^n.vol.l.xxii' (ISIS), p. 
lor so Bsrlitr tfioorcm. 



CHAPTER X 


SHRIES Oi-’ NORMAL OB3HOGOSAL FUNCTIONS 

489. If (a, b) te a finite, or infiiute, interval, and (i)} be a sequence 
of functions sucJi fchafc{^„ (a)}* for every value of n, euaiiaablein {a, b), 

fii 

and such that i (ar) (a:) dx has the value zero, for every pair of 

unequal values of n and n', the aystem (a:)} ie said to be an orthogonal 
rk 

system of functions for the interval (o, b). If j {ji„ (ar)}^ dx has a value 
difiorenfc from unity, that value can be made to be unity by multipiying 
(i) by the factor ly || {^(a:))*(ij:|'. When this is done for each value 
of n, we have j (a!j}=(ia: -■ 1, where (a:) k the new value of the 
function. 

A system of orthogonal funttions for the interval (a, 6) is said to form 
a system of nonual ortbogoDoI fusetioDs when | (x)}^ dx = I, for all 

the values of n. 

The system is such that no function (a) is (nrpressible as a linear 
funotion of a finite number of tbo othor fimclaons, for if we assume that 
" 'h.hx (»> + ^4^9, (*) + - + (*)» 

where n is not equal to any of the finite setpi, ft, ... p„ we have 

4 ,^ [x] 4 ,^ {X) rfr = c, j\4^ (a:)}* di: = Cj > 0, 

which is not in accordance wilb the proper^ of orthogonality. Thus it 
has been shown that tho ^tem {4» (*)} ie euch that the functions are 
linearly independent. 

A sequence {4„ (a;)} of functions such that {4» (*)}* is summable in 
(a, h) is said to be a coTnpfetc segwence offuneliom in {a, b), if no function 
F (*) whoso square is summable in {a, 6) oziste and is sucli that 

j^F{x)4,(x)dx = 0, 

for all values of 71 . 

In particulai, tho set {4„ (»)} of normal orthogonal functions in (a, b) is 
complete if no function F (*) whoso square iesuinniabie in (a, b) exists and 
is such that j F (a:) 4 ^ (*) dc = 0, for evay value of n. 
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U {'I'n (*)} 6c a cmnpleie sequenee of Imearly inde-pendenl funclimf! for 
the interval [a, b), a normal rxrthogm^ and com-plcte system of fvvclions 
(a:)) 0071 be so detemUncd Oial (») is a linear Jimeiion of 

•k (*). k (*). — (*)- 


The system (»)} may be said to be formed from {0„ (a:)} by tbe process 

of orfcliogonaliKatioB. 

, v 




wo then have j {^j (*)}* ifz ; j (z) {*) rfz •» 0, 

and j (z})‘ dx = 1. 

Geoerally we take 

•/<» (*) - Vi (*) _[V- («) ^4 (*) ^ 

(z) - s v» (z) jVm (*) *4 (*) ’ 

it can then bo easily verified that 

1, Jor »><». 

It will be observed that the denominator in (z) cannot vnnisli, for 
otherwise (z) would be a linear funotion of k (*)• k (*)• ••• k-i (*)• 
Since (z) is a linear function of ^ (z), k (*)• ••• k complete- 

ness of {^„ (z)} is a coiisequencB of the completeness of {\}/„ (z)}. 

A ample case is that in whioh the eeqnence {jS-r (z)}, for the interval 
{— 1, 1), consists of the sequence 1 ,*,**, .... Then ifi„ (z) is a polynomial 
of degree rt; and it is easily verified tiiat (») = ^ 

F„ [x) is tho mth Legendre’® function. 


For the interval {— n, rr). 


(27r)i’ Tri ' ’ -n* ’ w* ’ w* 

forms a complete set of normal orthogonal functions ivhich are employed 
in Fourier’s series. 
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„„ independ^t s.f »f nomml for tto 

interval (0,Tr), 



©*“*■ 

omployod in t JFonri.rt oooin. nnd sta. »»» rorpootivoly. 


TH1! COUV^EGBIICK OF THE SKBIES OF 
4^. m theory compute 

is olosely connected wi»i f^cx^ted, t)Ut this relation tvill 

diSotonHoI. .qii»tion» imlopondonf of tho 

not bo oouidorod tore. There ^ „„„rgOTie to • poi"‘. * 

Uffin of the functions ^ (*). coefficients 

eerlss Oi-ki t») + ftinttion f *) sizable in the iDteiral (a, 6). 

.ft« expressed in terns of a function/ We s>inw“ 

kd . . (V W *. W *, in .nelog, with the oto. of I?o»i.r . rede., I. 
i-e genorel SlepeXto^'^- - 

arbitotay amad “‘8'*'’“"''^ everXhere In the tnterval (“.W. «< 
theory of the convergence, alinost e ^ f (all* is sunimablc 

the Sries corresponding to fon^ens/W.^^ 

in (n, 6), independent of the paxtoclat of orthogonal ^ 

employed in forming the coefficients (*) (^) 

.pending to / W; an acconnt of this tl.eory rvffl be grven bcW. 


lining to j v-vf, • — • 1 r«an bo determined, 

Itf,a.to.n.h=wo* bySUiol.«»*tot. toot™W 

and a set of normal orthf^onal fmctiote ^, ( )} to / (^)- 

(s, b), sncli that the series a,<f>i {») + ' ' ”■ ’ 

l, nowhere conroreoto in tteintorraH.!, I- ^ ,, eet of norma) 

IthasbeenshewntbyBanaoh^ta&mo^n^^ 

orthogonal functions W} cm* ®° . g^te interval (c, >>), to 

.spending to J {x) is everywhere ugre difierent from tlie value 

which (a)} refer, but that its sum is everywn 

of/W, 


K. Ltmd. fSoc- (2), Vi X* ’ 

li. (2), voL in tlBSS), p- SO. 
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Let [iji„ (z)} denote the sot of oonnal orthogonal functions in (n, b) 
defined by 



that is the Fonricr’a system for (a, b). 

Let J {x) denote a fimcfion aninmable in (a, b), and 2 0, but such that 
{f (a;)}° is not sununable in (o, by, and let 

a„ = -J^/(ar)^(»)Ary| J{x)dx. 

Let it bo assumed that, if possible, a function i' (z), such that {F (j;)}= 
is summable in (a, 6), exists and is such that 

J {«„ + (*)} F {*) dx - 0, for « = 1, 2, 3, ... ; j {F (z)}® dx > 0. 

Wo haye then (see § 492) S || F{x)^„{x)d:^ =| {F(a!)}*Jxj 
and therefore L |o„| F(*)<£e| =j {F(x)ydx>0, 

hence j F (*) dx ^ 0, and S a„* is conyergent; therefore 

is oonyergent, from which it follows (see § 493), that | {/ (*))*{?* exists and 

which is contrary to tbe bypothrads as to / (*). It follows that no such 
function as F (z) can exist, and thoroforo tbo system {«„ 4- (z)} is 

complete. From this system wc can define by orthogonalization a complete 
system (z)} of normal orthogonal functions. Since J / (z) (z) dx is 

a linear function of 

(a;) ('I'l (z) -i- a,) dx, I / (*) (z) + Ot) dx, ... j J {x) (z) + a„) dx, 

all of which are zero, it follows tbat 

j'‘f{x)<f>.{x)dx = 0, for «= 2,2,3 

Consequently the series corresponding to/ (z) vanishes identically, and 
if we add to J (z) a function x {*) that the series 
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corresponding to x (*) evetywhere converges to x (*)/ function f {x) 
defined by x (*) + / (*) bare e^, — for tbe nocEcieots in the series 

oorresponding to it, and the series m® be everywhere convergent but ■criK 
nowhere converge to/ (a). 

It has thus bees shewn that; 

S set o/ noTTnal orthogonal fattcltons (x}},for a finite inlenol (a, 6), 
can. be d^nri, and a funciion /{*), «io«7na6fe in (a,b), and even/wfiere 
positive, can be defined, eueh that the cotutaate j /(*) (a) dx are all zero. 

A series (x) + Cj^j (x) + ...,ockieh is everywhere convergent, can be so de- 
fined that it dou not at any point converge io a certain funciion f {x) for ocMch 

J /(a:}^. (*)(£«-• C„, /or 1,8,3 

Another example of Donnal functions which have this property bos 
been given*, in a ease in •which the interval is infinite, by Looman. 

TUB FAILTTBB or COirVEMES'CE AT A PABTICtfLiR POnfT 
491. The nth. partial sam of the scries coiresponding to /(z) in an 
interval (a, fi), for which («)} is a set of orthogonal fasetions. is ^^*00 by 

where F„ fat', x) » X (x’) A, fe). 

. It can be ahewn that, if a be a point in (a, 6) «icfi (hat [ [ F„ (z, a) 1 dz 
U unbounded, then a function /{x),continuoM in (a,b),canUeo defined that 
the series of orthogonal functions corresponding to it is nem-convergatt at fie 
point a. 

This theorenTi’ was given by Haar. 

Denofing | j F„ (x, n) j dx by since is unbounded, a partis! 
sequence at,, , w.,, ... belonging to the sequence {oi,J can be determined so 
ns to be divergent. 

Let r (®) “ 1, - 1, or 0, according as/’,^{x,a) is positive, negative, 
or zero ; we have then 

I Kp (1^. o) I = (*) (*■ «)■ 

and tberefpre = f n,^{x)F,^(x,a)dx; 

the functions tv (a:) have for the Vpth partial sura.s of the orthogonal 
scries corresponding to them. 

• Pm. Umi. Halt. Sec. (SJ, vol xxn (1924). ^tcor*, p. ziiii. 

t .Vflrt. AnTiortn.ToLliUS(l9I0),ik,33S. 
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We next eonstruct asequenec of continnons functions (x),f, (z), ... 
all of which are in absolute value £ I, and are Ruoh that 

(%(*) -/.^(»))»da;<8„ 

for p = 1, 2, 3, ..., where {&„} is a sequence of positive inmibers. This 
oonstniof.ion can be mode by means ctf a theorem given in I, § 433, in 
which, when / (a:) is bounded, with U for its upper boundary, ^ (z) can 
always be so chosen that ^ (ar) S 17, and J {/(a;) — <^ (z)}-i/z < e, For, 
if in an interval ^ (x) £ I/, or £ — f7, we can replace ^ (x) by tlie con- 
tiniioua function wliicii has the value IT or ~ C7 whenever ^ (z) •» or 
s — U, and is elsewhere unaltezod. 

We have 

“ 1 la ~ lo 1 

s - [I V-s (*■ -IIk <*> -u *=] *• 

Let Sp be so chosen that 

we have then j j (x) F,^ (x, «) <te j > , 

The vith partial sum erf the series corresponding to (*) =/►, (*) at 
3i — a is greafor than If the serie.s corresponding to this function is 
convergent at ar = a, choose the number CP” so that, at a, the nth partial 
sum of the series is, for every value of », < C*”. Let »<"i v, ; from the 
sequence i>2,vj,... , we choose p*” so that <«,«■> 6.4 (ff”' + I). Taho 
^(=) (z) - /,iii (*) + ipe). If the series corresponding to [x] con- 
verges at X = «, a number C” can be so delennined that, for every value 
of n, the Tith partial sum of the series, at the point a, is < (?*’’. Take tlien 
aj,(a) > C.4^ ((?*” H- 2), and forni the fanction 

^(5) (z) =f^„(x) -h l/rwf®) 

Proceeding in Uiis manner, we form a function 

(X) =/,«. (») + \jMx) + ... + yj.u.„ (X). 

If the series corresponding to (x) is convergent at x = a, the nth 
partial sum of the series correspondiDg to (s) is, at the point c. 
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< £or every value o£ «. We then choose an index v*"’ out of the 

Reqiieiice {i> } such that 

+ g - I). 

If this process does not come to an end the ascertainment of a value 
of 2 for which the series corre^ondiug to {*) docs not converge at the 
point a, we consider the function ^ (»), given by the infinite series 

(*)'h (x) + ■■■■ 

It can be shewn that the ftinoKon ^ (x) is continuous, and that the 
series of ortiiogonal functions corresponding to it does not converge at 
the point a. 

The series for ^ (®) converges uniformly In (o, h), since ail the functions 
f.it) (*) are in nhaolute valns s 1; thus ^ {*) is continuous in (a, 6). 

. In order to oalculato the partial sum of tho series correBpoiiding 
U) ^ {x) nt tho point a, vra take 

4 W - j/.™ W w} + —i/... M + {j/-.... W + 

The expression in the first bracket has for the vWth partial sum at the 
point *, of tlio sorloH oorresponding to it, a value which is numorioally less 
than Tiie expression in tJie second bracket Is nuraorically S 

end the i't‘'’th partial sum of the series coirespondiiig to it has, at tho point 
a, a v^uo less than It now follows that the vW'th paitial sum of 

^ («),' at tho point a, is in absolute value, 



or greater tiian ~ In consequence of the relation 

we ndiv sco that the i-i’^th partial sum of ^ {*), at the point a, is > g — 1. 
It follows that the sequence of the partial sums of ^ (k), at the point a, 
of- indices ... mcreoscs indofinitcly- TKereforo tho scries corre- 

sponding to (k) is not convergent at the point a, and in fact either 
diverges, or oscillates infinitely. 

EXTENSION OP THE THEOREMS OP PARSBVAE ANJ1 RTBSE-FiaCKER 
493. J-et it be assumed that {/ («)}* is summable in the fim'te, or 
infinite, interval (o, 6), for which {^.(a:)} is a system of normal orthogonal 
functions. Let a„ denote tho ooef&cient j /(ib) (ai) da;, of ^„{a;) in tho 
series corresponding to / far). 
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We hare 

r [■*' ~ w]’* " J* [/ Wl* ~ 

it follows that, for all values of », S a,* is not greater than j [f{x)ydx; 
and thus that the aeries S Oy® converges to a number that is s | [/(x)Ydx. 
Denoting hy f„ (*) the partial aum S (*), we have 

JV, W M)’& Vi 

and from this it follows that 

•in' j^{/p (*) -ft ■» 0. 

Thus the sequence (/„ (x)} is convergent on the average in (a, b); and 
the theoiems of §§ 171, 172 arc therefore applicable to the sequence. 
There exists a function / (x), whose square is summabie in {a, b), to which 
the sequence {/„ (x)} converges on the average, and so that 

lim |^{7(*) 

If g (x) be another function whose square is enmmable in (a, li], we have 

jj (») {/(») (»» (»))•*] 

and it then follows that 

lim -/« (x)}dx« 0. 

Let ff (x) (x), then 

J / (x) <f'„ (x) dx ■= lim j f„ (x) <f>„ (:?) dx = lim J S c,<p, (x) (x) rfx; 

and thus I /(x)^«,(x)<£e = c„. 

We now have j 1/ (x) — /(x)} ^ (x) <fa: = 0. 

for every value of m; the square of the function / (x) — / (x) is summabie, 
and therefore, if the set of orthogonal functions is complete, / (x) and 
J (x) have the same value almost everywhere in {a, S}, and therefore {/„ (x)} 
converges on the average to/(x). 

It now follows from the results ^ven in § 172 that 

] *{/<" {*)>* 

lim /__*{/{*) -/« C*))**' = 0- 


and that 
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45)2.493] Theorem-^ of J^arseval and Riesz- Fischer 

We have now lini j g (®) {/ (x) — J„ (*)} dx = 0, 
wliere g (s) is any funulion snuh thal {g (»)}* is sunimable in (a, b). 

Thercforo 

I J (x) g (x) dx - Sm {0^0^' + ato/ -f- ... + a„0- 
where a^', a,', ... are the coefficients in the series corresponding to g (s). 

We have now eaUhlisbed the iolloving theorem which is a generalisa- 
tion of Parseval’s theorem in the theory of Fonricr’s series (sec § 378): 

If (a:)} be a eomplete eet of normal orthogonal functions for the finite, 
or infin He, interrxil (re, 6) ; ond , {a„7 ^ of eoe^etcnt? corresponding 

lo tioo functions f (z), g (*) tehose oguares are summable in {a, b), then 
2 a„a,' eomxrges lo j f(x)g {*) lir, 

S e,® cont«/*f« fo I {/(*)}* rf*. 

493. Lot e,4>i (*) + (*) + ... + (*) + ... 

be a series such that 2 c„® is craveigent, where (s)} is a set of soniial 
orthogonal functions for the ioterval (a, b). 

Denoting tho partial soms of the series by s, (*), wo hayo 

lire j lire +c5+a + ■•• + 4) 

- 0 , 

where q> p. It follows from § 172' that there exists a function -whose 
square is aninniahle in (a, b) such that 

lira 

j {/(®)}*da: — liin | {*,(»)}* <fe=« S e„*. 

Alsosinee iim j {fix)--s„{x))^{x)dx^O, 

we have j / (*) f>„ (*) dc=‘C,„. 

Ill case the set (*)} is compete, •m see that / (x) is iiniqne, except 
for equivalent functions^ for, if there ‘were two such functions, their dif- 
ference would be orthogonal to all the fnneidons {x). 

We have thus obtained the following theorem -which is a generalization 
of the Eiesz-Fischer theorem oht^ed in § 370i 

If {fa (.i;)} is a, set of normal orthogonal funeiione for the finite, or infinite, 
interval {a, b); and c,, c,, ... e„, ... be a set of constants such that 
c,® + <^» 4- ... -1- c,,®-!- ... 
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is convergent, there eirists afuneiim f {*) wAose sqvare is svmmabh in (a, 6), 
for whieli c„ = f /(x)^„(a:), (ft = 1, 2, 3, Moreover f(x) is miigiic 
(except for eguivdkni functions) in ceue the, oriJiogonal si/slcm [f<„ (*)) is 
complete. 

Tlio following extensions of the tiicorcms obtained above for the cape 
in which {/ (a:)}' is siunmable in the interval for which {:f,„ (x)} is n sj'stem 
of orthogonal funotioiis have already been established in §| 392, 393 by 
a method which is applicable, not only to the case o£ the particular set of 
orthogonal fnnetiona employed in Fourier's series, but to the case of any 
bounded set of orthogonal fimctionB for a finite interval. 

If (*)) 6e a oomplele system of orthogonal functions for a finite interval 
(a, b), fixuih ihai \ {*) j £ M, for all the valves of n and x, and f (a) ic 

such that !/{*) j' w stmmabh in {a,,b), for some value of q such that 
I <q£2; and if S (®) be the series corresponding to f (i), llm the 

series Z { a„ is convergent, and its sum is 

If the series 2 | I* if convergent for some value of q such that l<q6‘2, 
(he numiers o„ are the coefficients in 0ie series corresjxnding to a function f (x) 

g 

such that \f(x) is convergent, and 

It has been pointed out* by F. Ricsz that the foUouing tiicorem is 
contained iti botli theso tbeorems. and teat convcisely both thooreius may 
be deduced from it by means of a limitai^ process: 

If the system ®i, ... a:, pitsses over into tlie system fi, fs, . by 

means of an orthogonal substitution, of determinant ± 1, and if ell the 
coefRciente of the siibstitui.ion are, in absolule value, £ M, then 


where 


!<«</?, and “ + ^ ~ *• 


TIIE CONVERQBNCB OP SERTIffi OF ORTHOGOWAI, FUNCTIOXS 

494. A series of investigatioas has been made relating to the conver- 
gence, almost everywliere, of the series of type S Cn-^n (^) fbc finite 
interval, taken for convenience to be (0, 1), for which [x)} form a 
systenj of orthogonal functions. 

• .?riiflLZei(«c*r. vd. SVIII(I«23). p. ’2<. 
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It was first shewn* by We;^ that the convergence of the series S • n^a„- 
is sufficient to ensure that the series 2 4^5^(a:)isconyergentalino8teveiy- 
where in the interval (0, 1). Weyl shewed further that, when | {*) | is 

bounded with respect to (», *), the ccnyeigence of S n*a„* is sufficient to 
ensure the same result. The more general theorem was provedf 1^7 Hobson 
that, if S n’‘a„^ be oonver^nt for some value of k (> 0), the series 
S (x] converges almost eveiy^rtiere in the interval (0, 1), whether the 
functions (*) be bounded or not. It was next provedf by Plancherel, 
by re-arranging Hobson’s proof, that the convMgence of 2 a„‘ (logn)® is 
■ sufficient for the convergence of the .scries almost 'everywhere. 

Lastly, it waa proved by§ Bademacher aud by|| Menchoff that, if 
. 2 a„*(log»)* is ooiivergent, then 2 converges almost every- 

where; this residt includee oil the pre<^ing theorems. 

Moroovoriitlsflnal.inthceenso that (log n)* cannot bo replaced by any 
function of n ivhich is o {(h^ n)*}. so long os the system {<^„ (a:)} is not 
specialized. 

We proceed to establish the theorem that: 

IftkeotmManlsa^aro/iuchliat 2 a„®(Jogn-)*i(!conucri7e»J, w?kere{^„(a!)} 
is a system of 'oiihogonal ftittelims far the htUrval (0. 1). then the series 
2 a„^{x) converges almost ererjndiere tn (0, 1). 

Let « {x, n) = 2 (x). 

(1) It will be shewn that, if 2 a,* log» is convergent, e (*, 2") is con- 
vergent, as B .— CO, for almost all valnes of x in (0, 1). We have 
I* [{s (t, 2’-^^) - 8 (x, S’)}* 4- {«(®, 2"H-) - 8 (x, 2’-*'«)}= 4- ... 

4- {« (*. 2^™) - s {X, dx 

= 2 c,® 4- 2 C|®-l-'.-4" 2 Cj* 

3'+l + i 

2'+* 2’i*' 

-= 2 Ct* + 2 2 2 C{®< 2 Cf^logi; 

2'+! 2^‘+l s^-i+i r + i 

where the logarithm is tairen for oonvenience to have the base 2. 

* Jlalh. Annalm, toL lova (1908), p. 136. 
t Prat. Loni, Ac. ToL xn(I6l3). p. 297, 
t Conxpits lUjiSua, voL fsjm P913), p. 539. 

§ Jfalh. .4nRAlra, vcd.xxvn[(l^>, p. 112. 

Pu$idamtnla Voft. ToL IV (1923). p. 82. 
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Choosing r so that 2 Ct*logt < 8®, we have 

J ‘ (x, 2’-*^) - a (x, 2’*^)}^ dx < S». 

The set of points in which the integrand is S 8= has its measure < S, 
and tlicrefore tliat in which it is < 8* has measure >1 — 8, 

Hence, in a set of points of measure >1—8, 

I s (x, a'*-) - a (x, 2'*”) I < 8, 
for p = 0, 1, 2, ... m — I; and thus, in ff„, 

I c (x, 2») - a (*, 2»') I < 28, 
for oU pail's of values of q and q’ such that 

Considor the sets H„, each of •which is of measure 

>1-8. 

A point of the set belongs to H„. so that each set contains the 
next. It follows that a sot H, common to ail the sets ... oxiats, 

and is of ineasuro & 1 — 8. 

In the set B we have 

I fi (X. 2*) - ,•» (X, 2«') I < 28 

for all pairs of values of g and q" such that rag, rsq'. Let i) bo an 
arbitrarily chosen positive number, and let 8,, 8^ denote a sequence such 
that $1 8j + ••• converges to the value ij. Corresponding to each value 
S„, of S, there is a value r„, of r, and a sot B*’‘\ such that 
I s (X, 2«) - s (x. 2*') I < 28„ , 

in that set, for all pairs of values of q and q' such that £ g, r„ £ g' ; the 
meaeure of fl!"! is S I — 8,. The seta /f<"l have in common a set B, of 
measure £1— S8„£l — ij. 

In the set K we have ( « (x, 2«) — a (x, 2»') | < 28„ provided £ q, 
r„ £ q', for all values of »; therefore, in the set K, s {x, 2') is uniformly 
convergent, as < — co . Since ij is arbittarfly Email, it foUo'we that a (x, 2') 
is convergent for almost all values of x, as r — eo. 

It should be remarked that the special sequence s (x, 2") wliicli has been 
sheTO to be convergent, subject to the condition that S a„=log7! is 
convergent, is such that the sequence {2") is independent of the particular 
system of normal functions. 

(2) Anj’ integer n, such that 2’* < « < is of the form 2" -)• K.2‘, 
where I has one of the values 0, 1, 2, ... « — 1, and K is an odd integer, 
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Let xih s) = 2”’ +.5.2', where 2, « may have all values such that 
0€2<m 1 

Ogs<2«-'| 

Let D(x,l,s)^a(x,x(l,s+ J)) “■*(*.* (L i)), 

f {D 

We have 

s {x, n) — -5 (x, 2~) 

=r{a(a:,2" + 2»)-«(a:,2«)} 

4- {a {», 2“ + 2.2') - «{a:. 3- + 2‘)} 

+ 

+ {9 [X, 2" + iC . 2‘) - a («, 2“ 4- 2')} 

-*'s'‘i)(*.2,a). 


•where I has eflxed vdue for a given value of w, such that u 2« + 

(3) Lot e (2, a) be the set of all points z such that { D (s, 2, s} | g S, 
whore £ is a prescribed positive niunber; we lieve then 

:m{c(2,«))£ 

* 

(4) Let 9 he ft proscribed positive integer, and let E (£] be tho set of 
oil points X such that the number of the dilTerent funotioiis D (a?, 2, a) for 
which 0 fi a < 2 "-', 0 s 2 < m which ore eud* that | D (», 2, «) | £ S, at ». 
is &g; then 

Let E {I, s) sD{E (8), e(2,s)}, tho set common to B (S) and e (2, «),. 
then m [E (2, «)] S me (2, s). Also let B « ZB {I, s), the summation being 
taken for all 2 and s such that 0 £ « < 2"*“', QSl<m. 

Each point of E belongs to a number the sets E (2, s) of -which the 
number in the sum SE (I, a) is £ g. 

Let/i., (*) be the oharaeferistde funetton of E (2, «) ; that is the function 
wMch has tlie value 1 at all p<nnfs of B (2, s), and is elsewhere zero ; and let 
/ (z) be the characteristic function of 

We have / (x) ^ ^ , (x), j^f(x)s~Z , (x) dz, 
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(5) Let Gm (8) denote the set of aU points * such that 

for all pairs of values of n and «' such that 2“ 3 n < m' < 2"+'. It mil 
be shewn that 2 m {C (©„)} is a conveigcnt series. 


Let Rp he the set of all points * for which the number of function!- 
D (.V, I, *5 which satisfy the condition 

^ S |i)(a:,f,a)(<|- is <^. 

Employing (4) and writing for 8, and ^ for q, we see that 

Let he the common part of ell the sets e,, e,, e„ ... ; 0 (,B„) is the 
setof points each of which belongs to one at least of the sets 0 (eg), 0(<,), ... 
and thus 

m(7 (*„) S iaC (.,) < T a,’ T 

It can he shewn thatE„ is a part of 0„. 

Let X he a point of'^„; it thus belongs to «U the sote ef(p= 1,2,3,...). 
If Nf (p = 2, 3, ...) be the number of difTcrent functions D (x, 1, s) for 
wJiicb S I (x, /,«) I < ^ , then 

«,_1 Cf p 

If p g 2, there are if, dilTereot functions D (x, I, e), all such that 

and for all the other functions i> (z, 1, 4), we have | £• (x, i. e) | < ^ . 

If 71 is any integer such that 2'" n < 

|«(x,7j.)-s(x,2-)(£ S (i)(x,f,e)f. 

t-0 

Among the K terms | D (z, I, e) | there aio at most A% terms for which 
p-2,3 

•all the other terms, of which the number cannot exceed m, are < 


|s(2,n)-a(x.2-)|3S+ AT, <8 -I S ^ ^=<25. 
i ] »(*,»') -s(x,»)t < 48. 
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Therefore each point of belongs to ©„ (S) : is a part of G ,„ , and 

consequently C (G„) is a part of O (£„). 

Hence w {C (GJ) < fl„*(Iognr-; 

and thus 2m {C (G„)) ia ft oouveigent scries. 

The set of points, each of trhich bedongs to an infinite number of the 
sols C (G„), has measure zero; for, if e be an arbitrary positive number, 
each point belongs to one or more of the sets O (G,), C (Gr^i), .... the sura 
of the luensures f)f which is < e\ thus the set has mensure < e. Since c is 
arbitrary, t }iu> measure is zero. The measure of the set H, each part of wliich 
belongs to all the sets G, , Gj, ... , from and after some fixed one of the sets, 
dependent on the point, lias measure 1. Thus tlicre is R' set of pointe of 
measure 1 svich that, for each suclr point, for all values of n and n' 
j 5 (#. »') — « (*, ft) I < 48, 

where 2"' <«<?!.'< S"'*’ ; and for all valnes of w, from and after a fixed 
one. 

Also, since |«(a:, 2**) — «(*, Z"')! <S, if m and m' are both > some 
fixed vnhie of m, it followa that | .r (a:, »') — a (ar, a) } < 98, for all values of 
n and n' greater than 2>". for some fixed value of m, in n. set Ht such 
that m {H,) = 1 . 

Irfiatly, giving 8 the valnes in a acqnonec wjiich converges to soro, wo 
see that there exists a set of messnre 1, in irhioh a (a, n) is convergent. 

Mennhoff has also proved that, if II' (n.) is such that 

« 0 . 

there exists a set of normal functions such that 2a„^„ [x} converges no- 
where in the interval (0, 1), although SIF («) is convergent. It thus 
appears that the theorem cannot be replaced by one in wliioh (Jog n)- is 
replaced by a lower power of log «• than tiie squnro. Tiiis may however be 
the case for a special set of orthogoual twnctions; ns for example in the 
case of Fourier’s series, for which it has been sliewn in § 409 that (log n)* 
may bn replaced by (log «)*, where > 1. 

A prool was skclolied by Weyi*, and given fully by Hobson]-, that the 
series 2 (x), currespooding to a fnuetion, of which the square is 

suinraablc in the finite interval for which (i)} forms a normal orthogonal 
systoin, is summable (0, 1), almost everywhere in the interval, if the series 
2 n„*log7! is convergent. Tlie wider theorem has been established}: by 

• Molh. Antialai, voL Kt\-n (1909], p. 24L 
t JVtf. x«™l Math. &>e. (S), voL 31T (1915), p. 42S. 

} Math. Ztilahr. toJ. xmi (IKS). Pl 2C3. 


„^(ioi^)» 



768 Series of Jfbrmal Orthogonal Functions [cu, x 

Kaczmarz that the convcrgtsnce of the series S c„- (logn)^ is sufficient, 
lie has also shewn that, for any fnnctjon whose square is siuninabio in tiie 
domain Sa„^„ (a) is either snimnohle (0, I) almost everywliere, or else its 
Poisson sum does not almost e v e ryw here exiAt. 

It has however been announced* by MenehoS that he has obtained 
the following oomplefie theoreni: 

If S o,= (log log 7i)- is series S is simmablc 

(C, }r),for fc > 0, almoat e»cryioftere i» Ihc inlerval for which Hie orthogonal 
functions exist; and coneeguently the series is almost everywhere simmahh 

by Poisetwi's method. If u> (») satisfies lie catulilion lim „ D. 

(logJogn)- 

there exists a series v^iich is not summable at any point by the method of 
PoifisoTt, while Sio (n) is coeivergerU. 

495. The foUowing theorems liave been establishedf by Menolioff : 
7/S \a„ ]*-’• is convergent, for sotne positive valtie of h such that 2>h>^. 
then ths series S a„^„ (it) contierj^es almost everywhere w the finite inlenvl 
(0, 1) for wkieh {<!>„ (»)) is a sequence of orthogonal functions. 

This is a particular case of the more general theorem that: 

If to (ti) is a positive fwiclion of u wkielt increases with u, anil the series 

2 i , 

-„(iogioe|A|) 

are botit convergent, then 'Sa„<l>„ (®) cont«rj 7 es almost everywhere. 

The logarithms arc taken to the base 2. It will bo observed timt the 
convergence of the second scries implies the divergence of ]oglog|-^-j, 
and this involves the convergence of a, to zero. 

The first theorem is included in the second because, if S ) a„ p"* is 

conveigent, it is possible to choose the function a> (li) so os to satisfy the 
conditions of the second theorem, tiie convergence of the two series being 
then a consequence of the conveagence of S { p“*- 

* CimptcJ Jicnthu, vcl. ctasx (192ii). p. 2011. 

t Comptti Hendua, vol. CLvm (1924). p. 802. The cdn»fition X > 5 i» not utatcd there, Iml it 
appeara to bo necessary in ottlfc that the firaltheorom may be incIndcUin (lie second. 
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In fact the ratio of the general tenn of the first series in tbo second 
theorem to that In the scries of the fiist theorem is 

and rvriyng Jog j — a, this becsooies [fl» (logz)]* z*2-‘‘. If now wo 
take cy (u) = 2<"’, tlio series £ becomes S wliicli is con- 

vergent if p £ 2 — A; al602*2-*-.2**“ converges to zero, as s ~ if A > 2p. 
If then A > oi (u) cnri he so chosen that the first series of the second 
theorem converges if the scries £ | o» (*“‘ converges. 

It will be assumed that £ a^* < 1 ; this utvolves no loss of generality. 
AVe proceed to group Iho oonstants o,. Hio group Pp consists of those 

constants a- M'liioh are such that 2*'’ S 7-^ < 2 *'’''. Wo denote the values 

I®* I 

of h wMch belong to T, by n (p, 1), n (p, W^); where onoh ore 

of these values of n, in I',, is less than the next; the number of values of n 
in r, is ocoordlngly jVp. 

«e } 

Since S o„‘ is less than I, and j | < it follows that 
AT 1 <) or W^<2^‘'. 

• 2 *^” 

Choosing a positive number 8, w« define tlie set of points (S) to be 
tliat set of points s, in (0, 1), for which 

1 u* I 


for all integers s and s' suoh that 1 S s S s' £ W, . Wikon It, » 0, wo 
take JSg (8) to bo the intorvoJ (0, 1); then m {(7 (if, (S)}j = 0. 

We talse ai (p) to denote the least value of 01 ^Icglog — j^, for the 

values « = 1, 2, 3, .... iV,; and we trie the number 8 to be 
^ . is the greatest of tho numbers . 

tlie assumption of the coaverg«)ce of the seriCB of whioh 
is tlic general term that S — ~ is convergent. 


to(p)' 

it follows from 


. (^loglog 
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It has been shown ia § 494 that, if denote the set of points fot wliich 
S (a;) |< 8, for all values of »' and n" such that 2'»£ n' < ?i" < 
the measure »i[t7 of ttic complemontof <?„, is less than S c„^. 

where k is an absolute constant. In the last expression m- may be replaced 
by the square of the logarithm of any one of the indices n w'liich occure in 
the auramation. 

Let = 0, except when *» has a value n (p, *), in which case 
we then see that 

m [C (S,)j < I a»E»,)''^’4<,,o, if J’, > 1. 

!3iace log N, < 2’'+*, and S = 1/w {p), where 

tt> (p) S <o (log log - 

and log a'**, 

we have 

mlO {Egy}<k' |a» (log log I 0^^ j ^[ ' 

whore k' ie an absolute constant. Tlic same incqtiality holds when E, » 1. 

From the assumed convcigcncc of the ecriee found by taking y <’> 1, 2, 

3 and adding the series togetlier, we see that the series 2 m\0 (£,)] 

Is convergent, and consequently lim m [0 (£-,)] » 9. Therefore the set F, 
of points, each of whioh belongs to an infinite number of the sets C [Bf), 
has its measure zero. 

Take any two indices n', n" such that n' < n", and let p' and p" be 
the smallest and greatest of those values of p for which the condition 
2^’’ s I ^ j < 2^’’*^ is satisfied for at Iea.sfc one value of n such that 
m'STiSn". It is clear that j>' and j/' diverge as ft' does so. Correspnnding 
to each point x, of C (F), there ie a minimum value n (x), of n, for which 

the condition 1 2 ^ -y- , is eaUsfied for all values of ft' and 

ii" such that ft" > ft' > ft (x). Since S convergent, it follows that 

j If <i„^„(x)j<€, provided »' is huge enough; therefore the florics 
2 a„^„ (x) converges at a point x, of O (J^; and aitice C (F) has measure 
unity, it foUows that 2 a^<f>„ (x) convmgoB almost everyivhcre in the 
interval (0, 1). 
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SERIES OF STOBU-UOtmiJS FUNCTIONS 

496. The class of normal orthogonal hmcMons Ioiotch as the Stiirm- 
LiouviUe functions has the apeeial property that tlie series of'whioh the 
terms consist of multiples of these fnnciions behave in the same manner, 
in relation to convergonno, diveageneo, or osoUation at a point as Fourier’s 
scries do. A brief sketch the investagations relating to these functions 
■will he given here. 

lig,k,l are functions of x which are positive and continuus, and do not 
vanish, in an interval {a, b), of *, mid r is a parameter, the functions ore 
the solutions of the difTeroDtia] equaiion 

dV dV 

which are such that ^ — ftF = 0, for» = a, and ^ + ifv = 0, fora: = b, 
where h, £1 are positive oonstants, and the parameter r is so determined 
that a solntion of the diS^nrial equation exists which satisfies the oon* 
dilious at a and b. It is conveniont to assume that I and havo 

bounded variation in (a, 6). 

The differential equatdon reduoee to the form 

g + (,•-!.> 17 -0 


bjT means of the transforniatloQ 

'■/Id)**’ y->v, T.p\ 

where 2, hoe the value 

and tho conditions at the end-points of ti)C interval become 


dU 


-h'l7*= 0, for z = 0, and ff'w=:0, for z<=ir, 

•where the assumption, involving no real loss of generality, is made that 

An asymptotic form of the normal foootioDS was obtained* by Liou- 
villc, and a more precise afg>mptotiB expression of them, sufficient for tie 
purpose of the investigation of the series, was obtainedf by Hobson. This 
expression is 

/2\i f, .o(8,«)) . 1/8(8) , a(z,n}} 
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wboro p (z) denotes functions vhioh are bounded with respect to z, and 
a (z, n) denotes functiona wfiich are bounded with respect to (2, n). It is 
known from the general theory of the fnnetions conneotod with differential 
eq^uations tliat the system {<fi„ {z)) is crHuplolc. 

It was shown (foe. cit.) by Hobeou that the eorics 

(■#.«/(*■)&• 

corresponding to a function/ (*), aummaWe in (0, w), converges to 

H/(2 + 0)+/(z-0)} 

at any interior point of the interval (0, jr) if, in somo neiglibourhood of the 
point z, / (z) is of bounded variation. Also it was shewn that, in any 
interval in which / (2) is continuous, and whioh is interior to an inlorval 
in whioh the function has bounded variation, the convergence of the series 
to/(z) is uniform. It was atso shown that, at 0 and v. the series converges 
to/(+ 0), /{w — 0) If at 0 and w there ato neighbourhoods in which / (z) 
is of bounded variation. 

The more general theorem was established by Haar*, and by Morcorf, 
independently of one another, lliot: 

Tl\e ecrifts beJiaves at any jioiiU, cw reportfo cenvergenw, divtrgencc, or 
osciUaiion, in ike eamz manner ae Ihe Fourier’s cosine series corresponding 
to f (z) behaves at the same point. 

A proof of this result wan givenj by Hobson, based upon a oonsidoration 
of the function 

f*n Or^n 

S — S cosrzoosrz' «i''' (*,2', n). 

It can bo shown that the function F (z, n) satisfies the oonditions of 
tlie general oonvergenoe theorem of § 270, and thus that 
lim j /(z')!*' (z, 2', »)&'-= 0; 

the convergence to the limit being uniform in tho interval (0, tt) of 2. 

The result stated above is now dcducible from this result. 

By considoriiig the function 

'j" (1 - (=•) ¥) - I's 

in a similar manner, the tlieoroni, due to Haar (foc. ci'k), can bo established, 
that the summation of the series of Sturm-Liouvilie functions by the 
method of arithraetio means is tho same os that for the Fourier’s cosine 
aeries; and thus that the CesAro sum of the Stunn-Liouvillo series, corre- 
sponding to a summablo functacm, existe for almost all values of z. 

* Math. AimeleB, voL sux {ieu>), p. 39S. 
t HI- 

1 Pm. Land. Moth. Soe. (S), «t id (1912), ^ HO. 



CORRECTIONS AND ADDITIONS TO VOLUME I 


Pegol04- Linenirom OioJoot,/or“e?«ei"Kai“y9/«».'' lioe ICIroia thefMt,/ffr “oloarf" 
raai “ perfect.” 

Pago 105. Lino 3,/or “5” 

Page 110. lino 10 from the lool,/«r“0<f<i"«ai“0<f-X<f." 

Page 131. Lino 13 Iromthe foot,a/ref “nooeof whiohcontwna apoint olOj.” 

Page 143. Lino 5, a/(er "If P be a point of O’,” vU “aiidP' be a point of 0,.” 

Page 144. Line 17, /or "0" «oi “0." 

Page 170. Lino 22, /or “Ai,. each ot which coalains an Bnamerahlc set" rtad 

“0,^, il .... each ot inhich containa n Ml of p^taef 0 of neasurozero," line 24, 
jor “enoraerabla " teai “of mnauce teto." line lOfrotn the foot^/or “of measure 
icrd" Ttai "of moBsora >0." 

Pago 180. Line 10 from the foot, /w “>e(>0)’’ remi “>^, vihtrt \ ii a auJjKiVntljr Jorpe 
numler, iniepMdexi ef e." Lim>7fn>iD lii0f<wL/m‘''the two^ataina of nets" reoi 
“the apalesii of ncU the mcaanro nt wboec mcebea ia <heV 

Pape 181. .Linea 15, 19, /or "«*’ tasf “c/X.” liaelO £»» th» foot, /or “> a" rai ‘‘>n/X.’‘ 
Lino 2 from the foot, /or rtai “jfliCAip." 


P*6ol82. Lines 4, 1C, /or"ttin{S4r«*i' 

Pago 270. lino S, efltr "anatter ponWw nnrnlcr" iiwert “ij.” 

Pngs 277, lino 5, /or “ | ^ (»} t rerf " 1 4 (a) |.” 

Page SST. lino 8 from the foot, tfao moodO part of lbs onnsmtics of the Iheoistn should rend 
Mortovtr, if Iht fifil limit hot m trnigve tnfue, the vpptr ati Imetr foluw of (he eceond 
li'tni'l art in (he iaferiol horniM by lit upper and lotoer intuu of lit Jirtt limit. 

It may happen that I'M a uniguo nluo, \ehiljt this ia not the ease for 

f' (a+ij 

Page 338. In the eeeond pact of (ho atatcmcnl o( the (heotem, the eame amendment is roqulced 


Pago 371. Line 14, for "/(i) -4" rend '7(*)-ijr.“ 

Pago 390. §307. Tho theoicm is sorrect oolp for (ho two open quadnnfa for which a4-A>z, 
y +4>y; a -i<a,p-i<y.iOie proof for thoothw two quadrants is invalid, because 
it is impossible to chooeeibenmabGiilh,> 4|i 8,', 4/ os stated on page 321. 

A theorem hw been ^ven I7 B. C. Yooog (L'ensefynemenl malh&ntUi^ue, 1924-25, 
p. 79} from which it foPows that, fbraqiusi.niORQtoaD funotion of any of the four 
types speciCed in § 255, the Jindt exiala for aD four quadrants 
If (1, y), (z.)-8,y 4-8) donate two pointed, B, tho expression 
/f*+*,p+^-/(:^y+i)-/{x+i.j)+/(x,y) 


may ho denoted by and will he tahen to be>0. for all pain olpointe A,P, for 
which 8 and i sro positivei in sanio ^rea domain. Par any ocU (P, Q) contained in 
{A, B), Apgd®! fortUcecII (P.^may hooneof anumberof ccUainto whichfA, B) 
is divided, and is cqnal to (he mm for idl Uiese coifs (a, fi) of A^, and A^ is by 
hypothesis > 0. 11 {A> Qih (d, (A, ^ .» bo a sequeoca of ceUs such that Q„ 

it in the cell (A, ^ vshtca of N, tho sequence {A^") is monotone non-in. 
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/■n.. Qm„ Fn,. ft-,.... Pn,. Qm,. 

enn be so determined that Cm, to in the ocH M, Pn,V and Pn. in Ihe cell (dCm.-.l, 
tor all value* of «! then the seqnenee 4^"'. ... be* a unitiuo iiiuil. If 

|4^'[ both lAvo definite limits it folloue that these liraib, have llie *nrac 

]niaitive!ittitlraBt. Al»/(*, if+t),/{a:+h,sr) bclngmonotonein t and h respectively, 
Cecil heinj! cither aon.incresaing or noa-dimintohing, it foUoir* that / (* + A, rt + i) baa 
adcflaite liinit asbanO I- ranvergo to zero.inany niuiiovr.^in the quadrant. Therefore 

ivliinhover quadrant bo laVon. 

rage 401. Lines C and 7, /of "P (*,*)” read "P(i, iJ/W." 

Page 402. IJno 4 from the foot,/«r“l^*”rc<rf*'J!/fi.’’ lino I ftom tlie foot,/of ‘’b/A" roi/f "A/b.” 

Pago 408. Lino 13, jar “s<0‘’ read line 10. /or “0<s’’ read "S<p.'’ 

Pago43S. liuo 12,/or “S g 2” rend "Za S.” Por " S and S," rrod “ S and S,” 

Pago 450. Lino 14, /or "Ibo sot" read " U*c mcnauie {/) of tfioeot.'" 

FagedGO, Lines 10, II from the foot. la Uw fomulaessbouM toko the place of A. 

Page 458. Line 10. In IL« Eorioulaessbinild lolie tlie jilacoof {>. 

Page 008. Lines 8, 4. Tho tonauta shotdd rend 

-:/(«) 

+ /lA)l*(6)-,KW}l*(/(*)4'<*)^. 

At tite feel, of the page, iu Uie eajitv-asloiia fee 6 and S tlio soooitd 2 sliould ho £ > 
and in the next lino ''4.(z^-a)=^<n)” should be eddod. 

It has bcou poinled out b/ Pruf. D. G. CUIespiu e( Comal] ViiivQnlt,p that (ha 
definition hote given of the upper and lower K.^.integtals to not always cqulvalont Ui 
that on p. 507. For exanplo, lot «(z)=0, for 0Sc<ii «'(>)rrl, for i jS S.'S 1| 
/(c) asl, fore to It 1 bo talcoo as a point of division is funsing Ao upper 

sum of p. 308, this upp» ram Is aote.nitdlbouppor and lover integrals ara Inili equal 
to sore, but tholnCcgntl asdefised on p. 607 does not exist, eiBco/(s) and 4.(x)have 
aoomtnoiipoint of JBOontinuity. In order to oiocnd tbu tlofiuilioii on p. 608, so a* to 
got tid of this disocopam^. ve should tfllte 

’„(/<»)) {*t.,+0)r 4 '£"/(*r)(?(*r+0)-d(*r-0)J, 

S=''2”'i^'®^j(/(*))Xw,-0)-dfsv-,+0)} +'‘2"/(ir,)(d(x, + 0)-d(s,-0)), 

where /(ij), /(c,) sro the moriiaa and minima of /(x) at z„ 4.(x„ + 0)=ci(t), 
^ (a - 0) (“)• tin p. 610, ] (c*) most be taken iustuad of / (P). 

The definitions and properties of Stfeitjea* inCegmls bavobcen treated ia detail by 
i’ollatd (Caorferfg dcutmol, voL XHX (1023), p. 73). 

Page 5tl. Lino 4 should rrrai ovor the sot of discimtrnuitioB of / (z) slioulel be 2cro is 

satisfied.” Lino 13 should nad ”To ahov Usat tho condition coneeming the variation 
of 4. (I)....” 

Page 612. lino 11 from the foot, /or " coovergenoe” read "contlnuKy.” 

Page 520. Lino 10 from tho foot should rend “If Use intwal (L, V) bo Bucoesalvcly oub-ilividcd 
liy introducing farther points of division, aueb (hat the corresponding value* of tj 

Pagc533. Line ll),/or "Sa" read '‘»oc.'' Lino II,/or “ <p + 1 ” read " <(p+ 1) 

Page 639. Line 3,/or “convurgenco"reoil “continuity.” lineli,/i>r“/ (*. A’) "rend"/ (ir,2+A'|,’ 
Line 10, /or " I [x, h]” Trad “I (», x+Aj.” 

Page .143. Line 2, /or “in (ff, ft)” swirf “in t” 
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ORDINARY DIFFERENTIAL EQUATIONS 
by E. L. ince 

The theory of ordinory differential equations in real and complex domains 
is here clearly exploined and analyzed. Tfie author covers not only classical 
theory, but also main developments of more recent times. 

The pure malhemoticion will find valuable exhaustive sections on existence 
and nature of solutions, continuous transformadon groups, the algebrolc 
theory of linear differential systems, and the solution of differential equa- 
tions by contour integration. The ettgineer and physicist will be interested 
in on especially fine treatment of the equations of Legendre, Bessel, ond 
Mothieu; the transformations of Laplace and Metlin; the conditions for the 
oscillatory character of solutions of a differential equation! the relation 
between a linear differential system and on integral equollan; the asymp- 
totic development of characteristic numbers ond functions; and many other 
topics. 

PARTIAL CONTENTS! Real Domain. Elementary methods of integration. 
Existence ond nature of solutions. Continuous tronsformotlon-groups, Linear 
differential equations — theory of, with constont coefficients, solutions of, 
algebrolc theory of. Sturmion theory, its later developments. Boundary 
problems. Complex Domain. Existence theorems. Equations of first order. 
Non-linear equations of higher order. Soluliorts, systems, classifications of 
linear equations. Oscillation theorems. 

"Will be welcomed by mathematicians, engmeers, and others," MSCH. 
ENGINEERING. " Highly recommended." ElECTRONiCS INDUSTRiES. "De- 
serves the highest proiso," BUILETIN, AM. MATH. 50C. 

Historical oppendix. Bibliogrophy, index. 18 figures, vlii m 558pp. 5% x 8. 

53*19 Paperbound $2.55 



INTRODUCTION TO THE THEORY OF 
FOURIER'S SERIES AND INTEGRALS 
by H. S. Carslaw 

As an introductory explanation of the theory of Fourier's series, this cleor, 
detailed text has long been recognized as outstanding. This third revised 
edition contains tests (or uniform convergence of series; o thorough treat- 
ment of term by term integration and the Second Theorem of Mean Value, - 
enlarged sets of examples on Infinite Series and Integrals; and a section 
dealing with the Riemann-Lebesgus Theorem and its consequences, An 
appendix compares the Lebesgue Definite Integral with the classical 
Riemann Integral. 

CONTENTS: Historical Inirodociion. Rotional and irrational numbers. In- 
finite sequences and series. Functions of single vorioble. Limits and con- 
tinuity. Definite integrol. Theory of infinite series, whose terms ore functions 
of a single variable. Definite integrals contoining on arbitrary parameter. 
Fourier's series. Nature of convergence of Fourier's series ond some proper- 
ties of Fourier's eonstonts. Approximation curves ond Gibbs phenomenon 
in Fourier's series. Fourier's integrals. Appendices: Practical hormenie 
analysis and periodogrom onolysrs; lebesgue's theory of the definite 
Integral. 

"For the serious student of motbematicol physics, anxious to have a firm 
grasp of Fourier Iheory as for os the Riecnonn integral will serve, Corslow 
is still unsurpassed," MATHEMATICAL GAZem. 

Bibliography, index. 39 figures. 96 examples for students, xill + 368pp. 
5%x8. 

S46 Papsrbound $1.95 



GESAMMELTE MATHEMATISCHE WERKE 
VON BERNHARD RIEMANN 
(The Collected MathemaHcal Works of 
Bernhard Riemann) 

This unabridged text of Ihe complete works of the great mathe- 
tnatidar Bernhard Riemann now enables you to examine Riemann's 
revolutionary concepts exactly as he set them down. 

It contains both the 1892 edition of his works, edited by R. Dedekind 
and H. Weber, and the 1902 supplement, edited by M. Noether 
and W. Wirtinger. II includes 31 monographs, 3 complete lecture 
courses, and 1 5 miscellaneous papers, it contains his epoch-making 
papers on Abelierv functions, representation of a function by trig- 
onometrical series, non-Euclidean geometry, the study of space, 
ecriformal mapping, number theory, topology, end other mathe- 
matical topics. 

Many of these papers have been of great influence upon Einstein, 
do Sitter, Minkowski, Heisenberg, Dirac, and other outstanding 
mathematicians and physicists. 

“Most of his memoirs ere maslerpleces-futl of original methods, 
profound Ideas and far-reaching imagination," ENCYCLOPAEDIA 
BRITANNICA. "With SOrnhard Riemann. Oirichlet's successor at 
Goeir'ngen, we reach the man who more than any other has In- 
fluenced the course of modern mathematics," 0. Struik, CONCISE 
HISTORY OF MATHEMATICS. 

English introduction by Professor Hans lewy of Stanford University. 
German text. Total of 690pp. 5% x 0. 


S226 Paperbound $2.85 
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r^-I^tfFERENkiAL ^^QUATks 

' by A. A. Bennett, ’W. E. Milne, tthrry Bateman 


Todhpu” 


Unabridged repiiblicotion ol on original monogroph for the Nolionc 
Research Council. This well-known greatly sought-after volume dc 
scribes new methods of integration of differential equations developed 
by three leading mathematicians. It contains much material not readily 
available in detail elsewhere. Discussions on methods for partial dif- 
ferential equations, tronsition from difference equations to differential 
equations, solution of differential equations to non-integral values of 
a porometer ore of special interest to mothemoticlens, physicists, 
mathematical physicists. 


Partial contents. THE CNTBRPOLATIONAl POIYNOMIAL, A. A. Bennell. 
Tabular index, arguments, values, differences. Disploeemenfs, divided 
differences, repealed orguments, derivation of the Interpelatlonal 
polynomial, integral. SUCCESSIVE APPROXIMATIONS, A. A. Bennett. 
Numerical methods of successive substitutions. Approximate methods In 
solution 6f differenliol equations. STEP-fiY-STEP METHODS OF INTE- 
GRATION, W, E. Milne. Differenliol equations of the 1 st orderi Taylor's 
series, methods using ordinates, Runge.Kulto method. Systems of dif- 
ferentiol equations of the first order. Higher order differential equa- 
tions. Second order equolior-s in whkh first dcrivotives ore obseni, 
METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS, Horry Balemon, 
Transition from solution of difference eqoolions to solution of difforen- 
tial equations. Ritr's method, leosf squares method, Extension of solu- 
tion to nonintegral volues of a parameter. 

288 footnotes, mostly bibliographic, 285 item classified biblography. 

108pp. 5% X 8. 

S305 Poperbound $1.35 
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THE THEORY OF FUNCTIONS OF A REAL VARIABLE 
by E. W. Hobson 


This monuinerfal work undertakes a detoiled development of the 
theory of functions of o real variable. It is based upon on eriacf con- 
cepiion of the Orilhmetic coirtinuum forming the field of the vorioble, 
o precise arithmetic theory of the nature of a limit, and a definite con- 
ception of functionol relotion. 

The exposition is rigorous,' and based upon precise definitions of 
classes of functions with respect to continifity, differentiability, etc., 
over the region of the vorioble or over selected point-sets of the 
region. The exoct formulolion of necessary and sufficient conditions 
for the validity of the limiting processes of onolysis is one of the maior 
objectives. In addition, direct opplication of such topics as Riemann, 
Lebesgua ond Fourier integrals, trigonomelric and power series, and 
functions es limits of integrols, con be made to many fields including 
hydrodynamics, aerodynomlcs, atomic physics, sleller mechanics end 
information theory. Because this book conloirts hundreds of valuable' 


proofs, It hos become a stondord reference work for mofhamoticians''' 
and physicists'. 

Poftiol Contents of Vol. h NUMBER — Arithmeticcl fh^o*^ 

Conlor’s ond Dedekind's theory, theory of irtdice^r"'^ 
numbers. PROPERTIES OF POINT-SETS — lineo*^ ^ ^ 
iransfltiile cordinois, Heine-Borel theor^,^ ^ ^ ^ 

families of sets. METRIC PROPERTtES^ 
measure, congruent sets, meos^'"^ 

to a system of sets, Vilolpv-^ ■ ^ ^ 

NUMBERS AND ORDF’'^ « ^ V \ % \ ^ 

type of simply or^ ' ^ o. tt. . %% 

OFAR.-' ^ 


,^soiutely' 

.^rals, Denjoy in- 


Thlrd revised.'s..,^ .y 
Index. XV -j- 736pp>~^ 


^tailed examples. 10 figures, 
''OI..I 5387 Papetbound $3.00 



